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Abstract

This paper proves that every recursively enumerable language is generated by a scattered
context grammar with no more than four nonterminals and three non-context-free produc-
tions. In its conclusion, it gives an overview of the results and open problems concerning
scattered context grammars and languages.
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1 Introduction

The family of propagating scattered context languages, defined by Greibach and
Hopcroft in [3], is a subset of the family of context-sensitive languages. However,
the equality of these two language families is an open problem. Allowing eras-
ing productions, the family of scattered context languages equals to the family of
recursively enumerable languages (see [5]).

Besides the theoretical aspects, the motivation to study the descriptional complex-
ity of scattered context grammars with respect to numbers of nonterminals and
non-context-free productions is the recently started work on parsers and compilers
based on these grammars, and the problems concerning them (for more details see
Rychnovsky [8]).

Over its history, some interesting results have been achieved in the descriptional
complexity of scattered context grammars, however, some questions remain open.
Specifically, Meduna [7] proved that scattered context grammars with only one
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nonterminal are not able to generate the exponential language {azzn :n>0}. How-
ever, this language is a propagating scattered context language (see [4]). In ad-
dition, Meduna [6] proved that scattered context grammars with no more than
three nonterminals characterize the family of recursively enumerable languages.
In this case, the number of non-context-free productions—productions with more
than one nonterminal on the left-hand side—is not limited for the whole family
of languages (and thus it depends on the generated language). Later, Vaszil [10]
limited the number of non-context-free productions by showing that the family of
recursively enumerable languages is characterized by scattered context grammars
with no more than five nonterminals and two non-context-free productions. Finally,
the previous result has been improved with respect to the number of nonterminals;
see [4] for a proof that the family of recursively enumerable languages is character-
ized by scattered context grammars with no more than four nonterminals and four
non-context-free productions.

This paper proves that every recursively enumerable language is generated by a
scattered context grammar with no more than four nonterminals and three non-con-
text-free productions. Furthermore, this paper summarizes the results and open
problems concerning scattered context grammars and languages.

2 Preliminaries and Definitions

We assume that the reader is familiar with formal language theory (see [1,9]). For
an alphabet (finite nonempty set) V, V* represents the free monoid generated by V.
The unit of V* is denoted by €. Set V' = V* — {g}. For w € V*, wR denotes the
mirror image of w. Denote the families of recursively enumerable languages and
context-sensitive languages by Zzg and £, respectively.

A scattered context grammar is a quadruple G = (N, T,P,S), where N is a nonter-
minal alphabet, 7 is a terminal alphabet such that NN7T =0, S € N is the start

symbol, and P is a finite set of productions of the form (Ay,...,A,) — (x1,...,%),
for somen > 1, where A; € Nand x; € (NUT)*, foralli=1,2,....n. If n > 2, the
production is said to be non-context-free. If for each i = 1,...,n, we have x; # &€,

the production is said to be propagating. G is propagating if all its productions are
propagating.

For u,v € (NUT)*, u=-vin G provided that
(D) u=uAruy.. uApini,
(2) V=UXiuy ... upXppi1, and

3) (Al,...,An) — (xl,‘..,xn) eP,

where u; € (NUT)*, foralli=1,...,n+ 1.



The language generated by G is defined as L(G) = {w € T* : S =* w}, where ="
denotes the reflexive and transitive closure of =. A language L is a (propagating)

scattered context language if there is a (propagating) scattered context grammar, G,
such that L = L(G).

Let m,n € {1,2,3,...} U{oo}. Define the family of languages Zsc(m,n) so that
L € Zsc(m,n) if and only if there is a scattered context grammar G = (N, T, P,S)

with no more than m nonterminals and n non-context-free productions such that
L(G) =L.

For example, it is shown in [4] that for any integers k, [ > 2, there is a propagating
scattered context grammar G such that L(G) = {alk :n >0} € Lsc(12,10).

3 Main Results

The main result of this section proves that every recursively enumerable language is
generated by a scattered context grammar with no more than four nonterminals and
three non-context-free productions none of which has more than six nonterminals
on its left-hand side.

Recall that Geffert [2] proved that every recursively enumerable language is gen-
erated by a grammar G| = ({S,A,B,C,D},T,PU{AB — ¢,CD — ¢€},S), where P
contains only context-free productions of the forms

(1) S — uSa,
2) S — uSv,
3) S—¢,

forue {A,C}*,ve {B,D}*, and a € T. In addition, any terminal derivation of G is
of the form S =* wiw,w by productions from P, where w; € {A,C}*, w, € {B,D}*,
we T*, and wiwow =" wby AB — € and CD — €.

Lemma 1l Ler G, = ({S,A,B,C,D},T,PU{AB — ¢,CD — €},S) be a grammar
in Geffert normal form. Then, there is a grammar

G = ({S,A,B,$},T,P'U{AB$BA — $,A$A — $,$ — €},5)

such that L(G") = L(G\) and P’ contains only context-free productions.

PROOF. Let G| = ({S,A,B,C,D},T,PU{AB — &,CD — €},S) be a grammar
in Geffert normal form. Define the homomorphism 4 : {A,B,C,D}* — {A,B}* so



that h(A) = AB, h(B) = BA, h(C) = A, and h(D) = A. Construct the grammar G’ =
({S',A,B,$},T,P'U{ABSBA — $,A$A — $.$ — €},5') with

P ={8 — h(u)S'a:S— uSa € P}
U{S — h(u)S'h(v): S — uSv € P}
u{s —$}.
Then, any terminal derivation of G’ is of the form S’ =* w$w,w by productions
from P', where wy € {AB,A}*, wy € {BA,A}*, w € T*, and wi$wow =" $w=w

by AB$BA — $ (simulating AB — € in G1), ASA — $ (simulating CD — €), and
finishedby $ — . O

The main result follows.

Theorem 2 Zrp = Lsc(4,3).

PROOF. Let L be a recursively enumerable language. Then, there is a grammar
G in Geffert normal form such that L(G;) = L. Let G’ = ({S',A,B,$},T,P' U
{AB$BA — $,A%A — $.$ — €},5’) be a grammar constructed from G; by the con-
struction given in Lemma 1.

Define G = ({S,A,B,$},T,P,S) with P constructed as follows:

(1) (S)— (BaBSu)  ifS'—uSacP,
(2) (S) — (vSu) if ' —uSveP,
(3) (S) — (BB$$BB) ifS —$ecP,
(4) (8) — (¢),

(5) (B,B,$,$,B,B) — ($,¢,¢,¢,€,$BB),
(6) (B,$,$,B) — (3,¢,¢,9),

(7) (A,$,8,A) — ($,¢,¢,9).

To prove that L(G’) C L(G), consider a terminal derivation of G’. Such a derivation
is of the form

s = Lt]SIV1
= ulugS’vzvl
=* uiuy ... unS'vn ...V
= wuy ... up$vy, .. vavy,

by a sequence of productions p}p5 ... p)p;. . for some n > 1, where p; € P/, u; €
{AB,A}*,vic ({BA,A}UT)* foralli=1,...,n,and p)_, € {§' — $}.



In G, by the sequence of productions p;,...p2pi1pn+1, where foralli=1,...,.n+1,
pi 1s constructed from pg as shown in (1) through (3) of the construction, we have

S = h(vy)Suy
=* h(Vn .. .vz)Suz LUy
= h(vy...vov))Sujuy ... uy,
= h(vy...vov1)BB$$BBuu; . . .uy,

where h: ({A,B}UT)* — ({A,B} UT)* is a homomorphism defined as h(A) = A,
h(B) =B, and foralla € T, h(a) = BaB.

Let vy...vpvy be of the form va ...ay, for some k > 0, where v € {BA,A}* and
aieT,foralli=1,... k (k=0 implies that there is no terminal symbol). Then,
h(vy...vavi) =vBa\B...Ba;B. Let u = uj ...u,. As the derivation continues in G’
by ABSBA — $ and A$A — §, finished by $ — ¢, i.e., uSva;...ay =" a;...ar, we
have u = vE.

In G, however, the simulation continues as follows. By a sequence of production 5,
finished by two applications of production 6,

vBa\B...Bay_1BBa;BBB$$SBBu = vBaB...Ba;_1BBa;B$$BBu
= vBa|B...Ba;_1B$a;$BBu

= vBaB$...a;_1a;$BBu
=vBai$...a;_1a;$Bu
=v$ai...a_1a;$u.

Then, as u = VR, by a sequence of productions 6 and 7, finished by two applications

of production 4,

v8ap ...aqp_ 1 Su="%a; ...aqr_1a;$
:>2 a...ag_10 .

Thus, it proves that if there is a terminal derivation S’ = w of G’, w € T*, then there
is a derivation S =" w of G.
To prove the other inclusion, L(G) C L(G’), consider a terminal derivation of G.

Such a derivation is of the form

S="v,...voviBB$$BBu u; .. .u, (by productions 1-3)
="ay ...a; (by productions 4-7),



where, for somen > 1,k >0 (k=0implies a; ...a, =€), v; € {BA,A}*U{B}T{B},
u; € {AB,A}* and q; € T, foralli=1,...,n.

By a sequence of productions corresponding to productions applied in the deriva-
tion of G but in the inverted order, we have

S =% uu, . ..un$h*1(vn .V2V])

in G'. To prove that ujus ... u,$h™ ' (v,...vov)) =% ajas...ax and h=1(v,...v]) €
{AB,A}*T*, examine the form of v, ...vy.

Notice first that if a nonterminal occurs between two $s, then it can never be re-
moved. In addition, from now on, we do not consider production 4 because after
this production, none or only production 4 is applicable. Thus, we say that an ap-
plicable production is feasible if it is not production 4 and it does not introduce any
nonterminal between two $s.

(A) If v, ...v; = &g, the sentential form v,,...v,viBB$$BBuu; . ..u, is of the form
BB$$BBuu; . ..u,, and only productions 5 and 6 are feasible. By production 5
followed by the only applicable production 4, however, the derivation is blocked;
BB$$BBujuy . . .uy = $$BBujus . . .u, =2 BBujus . . . u,. Thus, only production 6 is
feasible in the derivation, followed by the only applicable production 4, i.e.,

BB$$BBujus . ..u, = BS$Bujus...u,
= $Suiuy ... u,
:>2u1u2...un,

which means that u; ...u, = € because uj ...u, € {AB,A}*. Thus, if BB$$BB =" ¢
in G, then $ = ¢ in G'. Clearly, A~ (v,...v{) € {AB,A}*T*.

(B) If v,...vy = vBaB, for some a € T and v € ({BA,A} U{B}T{B})", the sen-
tential form is vBaBBB$$BBuu; . . .u,, where u; ...u, € {AB,A}*. The only feasi-
ble productions are 5 and 6. However, production 6 blocks the derivation; clearly,
vBaBBB$$BBuu; . ..u, = vBaBB$$Buu; .. .u, and only productions 6 is feasible
because u ...u, € {AB,A}", i.e., vBaBB$$Buu; ...u, = vBaB$$u u;...u,. On
the other hand, by production 5,

vBaBBBS$$BBuu; . . .u, = vBaB$$BBuju, . . . u,

and only productions 5 and 6 are feasible.

Consider a more general sentential form vBaB$w$BBuu;...u,, v € ({BA,A} U
{B}T{B})*,a €T, uy...u, € {AB,A}*, and w € T*. Then, only productions 5
and 6 are feasible.



(B1) Assume that v € {BA,A}*, then production 5 blocks the derivation because
vBaBSw$BBuu; . . .u, = v$aw$BBuu; . . .u, and any of productions 5, 6, 7 adds
a nonterminal between $s. Thus, production 6 has to be applied twice, and we have

vBaB$w$BBu uy . . .u, =2 vSawSuus . . . u, .

(B2) If v contains a substrings BcB, for some ¢ € T, i.e., v = v{BcBv;, for some
vi € ({BA,A}U{B}T{B})*, v, € {BA,A}*, and the sentential form is

viBcBvyBaB$w$BBuus . . .uy, ,

then we prove that v, = €. Clearly, by production 35,

viBcBvoBaB$w$BBujus . . . u, = viBcBv2Saw$BBujus . . . uy,

and if v, # €, the derivation is blocked; we can either remove $s or get a nonterminal
between $s. By production 6,

viBcBv2BaB$SwW$BBujus . . . u, = viBcBvaBa$wS$Bujus . . . uy,

and only production 6 is feasible because u; ...u, € {AB,A}", i.e.,

viBcBvaBa$wS$Bujus . . .u, = viBeBvaSawSuius ... u, .

Consider a sentential form v;yv,$w$u, where vi € ({BA,A} U{B}T{B})*, y €
{B}T{B}U{e} and y = ¢ if and only if there is no terminal symbol in v;, v, €
{BA,A}*,we T*, and u € {AB,A}*. Examine the form of v,.

(i) If v, = v3BA, v3 € {BA,A}", then only production 7 is feasible. Thus, u €
{Au',ABU : v’ € {AB,A}*}. Assume that " € {u/,Bu’}, then v yv3BASWSAU" =
v1yv3B$wSu” and u” = Bu'. By the only feasible production 6, viyv3B$w$Bu' =
viyv3$ws$u'. Thus, it proves that if A~!(v,...v1) is of the form vBA, for some
v e ({BA,A}UT)*, then u is of the form ABu/, for some u' € {AB,A}*.

(ii) If vy = v3XA, for some v3 € {BA,A}*, X € {A,€} and X = ¢ if and only if
vy = A, then only production 7 is feasible, i.e., u € {Au',ABu’ : u' € {AB,A}*}. Let
u’ € {u,Bu'}, then viyvsXASw$AU" = viyv3 X $w$u’. Assume that u” = Bu/, then
the sentential form is either ({BA,A} U{B}T{B})*"A$w$B{AB,A}*, or ({BA,A} U
{B}T{B})*BaB$w$B{AB,A}*. In both cases, however, we get a nonterminal be-
tween $s, i.e., u” = u’. Thus, it proves that if 21 (v,...v{) is of the form vA, for
some v € ({BA,A}UT)*, then u is of the form Au/, for some u' € {AB,A}*.



By induction, the nonterminal string v3 (v3X) can be eliminated, i.e.,

viyva$wlu =* v ySwsi’
where u’ € {AB,A}*, which proves that if =1 (v, ...v1) is of the form vw, for some
vE {BA,A}* and w € T*, then ujus ... u, = v&.
By the above, the derivation eliminates v», i.e.,

viBecBvaSawSuius . . .u, =" viBcB$aw$u,
for some u € {AB,A}*. Then, the derivation is blocked because BB is not a substring
of u. Therefore, vo = €.

Note that the case v, ...v| € {vBA,vXA:v e {BA,A}*, X € {A,e} and X = ¢ if and
only if v = €} has been examined above.

Thus, we have proved that i~ ! (v, ...v;) € {AB,A}*T* and that if there is a terminal
derivation of G,
S="v,...voviBB$$BBuu;...u, (by productions 1-3)
="ay ...a; (by productions 4-7),
forsomen > 1,k >0 (k=0 implies a; ...a; = €), where u; € {AB,A}", a; € T, for

alli=1,...,n,and v,...v; € {BA,A}*({B}T{B})*, then

S = uu,.. .un$h’1(vn coVV)
=* ayay...ag

is a terminal derivation of G'. O

4 Summary

The following results are proved in [7], [6], Theorem 2, and [10], respectively.

Theorem 3



Open Problems

(1) Zsc(1,0) C Zcs?

(2) Zsc(2,0) = ZrE?

(3) Zsc(oo,1) = Lge?

(4) Is there m > 0 such that g = Zsc(3,k), for some k < m?

(5) Can some analogous results be proved for propagating scattered context gram-

mars?

(6) Is the generative power of propagating scattered context grammars equal to

the power of context-sensitive grammars?

(7) Are propagating scattered context grammars closed under complement?
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