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Introduction — 1

Abstract Algebraic Logic (AAL): Abstract study and
classification of (propositional) logics based on their relation to
algebras. (Universal logic)

Algebraizable logics (Blok-Pigozzi, 1989):
@ propositional logics enjoying an algebraic counterpart in
the same way as classical logic

@ logics are finitary and their algebraic counterpart are
quasivarieties

@ translations between logical entailment and equational
consequence

@ these translations are given by finite sets of formulae
@ correspondence between logical and algebraic properties
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Introduction — 2

AAL has extended Blok and Pigozzi’s notion of algebraizability
in two directions:

@ By considering weaker links between algebras and logics:
weakly algebraizable, equivalential, protoalgebraic logics,

@ By dropping the finitary condition on BP-algebraizable
logics, but formally keeping the same link (translations)
between algebras and logics.

We concentrate on the latter.

Aim of this talk: Discuss (in)finiteness issues in the generalized
notion of algebraizable logic, clarity their relations and obtain a
hierarchy (classification) of algebraizable logics.
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Propositional logic

A logic L in a language L is a relation -, C P(Fm,) x Fm. st.

@ ifoel, thenT k. . (Reflexivity)
@ if Ay ¢foreachy e T"and T k. ¢, then A Fr . (Cut)

@ if I' k. ¢, then o[T'] L o () for each substitution o.
(Structurality)

V.

Observe that reflexivity and cut entail:

@ ifl'FL pand ' C A, then A . (Monotonicity)

L is finitary iff for every ' U {¢} C Fm,, if T L ¢, then there is a
finite I'y C I" such that T'g Fr .
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Algebraic counterpart — 1

L-algebra: A = (A, (c* | c € C,)), where A # ) (universe) and
cA: A" — Afor each {(c,n) € L.

Algebra of formulae: the algebra Fm with domain Fm, and
operations cf™z for each (c,n) € £ defined as:
Cle:(SD], e 79071) = C((plv e 79071)'

Fm/ if the absolutely free algebra in language £ with
generators Var.

A-evaluation: a homomorphism from Fm, to A

L-matrix: a pair A = (A, F) where
@ A is an L-algebra (algebraic reduct of A)
@ F C A (filter of A, set of designated elements).
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Algebraic counterpart — 2

Semantical consequence: I' |=x ¢ if for each (A4, F) € K and
each A-evaluation e, we have e(yp) € F whenever ¢[I'] C F.

LetK a class of L-matrices. Then =k is a logic in L.
Furthermore if K is a finite class of finite matrices, then the
logic =k is finitary.

Aisan L-matrix iff L C =4 (i.e if T @, then T =4 )

MOD(L): the class of all L-matrices.
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Leibniz congruence

Let L be a logic and A = (A, F) € MOD(L).

Leibniz congruence: (a,b) € Q4 (F) iff for each formula x and
each A-evaluation e it is the case that

elp—al(x) € F iff e[p—b|(x) € F

Q4 (F) is the largest congruence of A compatible with F.
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Algebraic counterpart — 3

An A = (A, F) is reduced, if Q4 (F) is the identity relation Id4.
MOD*(L): the class of all reduced L-matrices.

An algebra A is an L-algebra if there is a set F C A s.t.
(A,F) € MOD*(L).

ALG*(L): the class of all reduced L-algebras.

Theorem (Completeness)

LetL be a logic. Then for any setT" of formulae and any
formula ¢ the following holds:

I I_L (%2 Iff I ‘:MOD*(L) ®».
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Generalized equivalences

Let A = (A, F) be an arbitrary matrix and E a set of formulae in
two variables.

We define a relation Qf(F):

(a,b) € QL(F) iff E*(a,b) CF
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When is Q< the Leibniz congruence?

LetL be a logic and < a set of formulae. TFAE:
@ QF (F) is the Leibniz congruence of each (A, F) € MOD(L)
@ Q7 (F) is the identity for all (A, F) € MOD*(L)
@ L satisfies:

R) FLeep

(MP) ¢, p < YLy

(Cl’lg) ()D<:>w'—L C(Xlw"ina(Pa"'aXn) <:>C(X1?"'7Xi7w7"'>xn
for each (c,n) € L and each0 <i < n.
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Algebraizable logics

An equation in the language £ is a formal expression of the
form ¢ =~ 1, where p, 9 € Fm,.

A logic L is algebraizable if

@ there exists a set < (p, ¢) of formulae st. QF (F) is the
identity for each (4, F) € MOD*(L).

© there is a set of equations 7 in one variable such that for
each A = (A, F) ¢ MOD*(L) and each a € A holds:

a € Fif, and only if, yA(a) = v4(a) forevery u~ v € T.
We say that 7 is a truth definition.

L is regularly algebraizable if it further satisfies p, ¢ 1. p < ¢.

Petr Cintula and Carles Noguera A note on the hierarchy of algebraizable logics



Characterizations of algebraizable logics

pll = | (@e8) 10 ={alp)=B(p)|pel, arBeT}

ar~pBeIl

Given a logic L, TFAE:

@ L is algebraizable with the equivalence < and the truth
definition T .
@ Thereis asetT of equations in one variable and a set <
of formulae in two variables such that:
Q@ I Farc ) ¢ = ¢ iff pIT] FL p(p = ¥)
Q p v p[r(p)]
© Thereis asetT of equations in one variable and a set <
of formulae in two variables such that:
Q@ 'L @ iffT[l] Farcrw) T(v)
® p = q=FaLc-w) Tl = q)]
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Finiteness issues

LetL be an algebraizable logic. Then the following hold:
@ IfL is finitary, then T can be chosen finite
@ If =aLg+ () Is finitary, then p can be chosen finite
@ IfL is finitary and p is finite, then =arg+(v) /s finitary.
@ If =aLG+ () Is finitary and T is finite, then L is finitary.
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More kinds of algebraizable logics

An algebraizable logic L is
@ finitely algebraizable if p can be taken finite

@ elementarily algebraizable if ALG*(L) is a quasivariety, i.e.,
FaLg+ ) Is finitary

@ algebraizable in the sense of Blok-Pigozzi if it is finitary
and finitely algebraizable
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More kinds of algebraizable logics

N

Elem Finitary

Fin p

N\,
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More on finiteness issues

LetL be an algebraizable logic. Then the following hold:
@ IfL is finitary, then it has a finite truth definition.
@ IfL is elementarily algebraizable, then L is finitely
algebraizable.

@ IfL is finitary and finitely algebraizable, then L is
elementarily algebraizable.

@ IfL is elementarily algebraizable with a finite truth
definition, then L is finitary.
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Extending the hierarchy

BP
Elem Fint, p Finitary
Finp Fint

N\
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Separating example — 1

Raftery’s logic is elementarily finitely algebraizable but not
finitary. It has the language {0, «», 71, 1 }, axioms:

pore pompeoy) vomlpoy) (poy) o Opoy)
and rules
PP
X ooy (xoe) < (00 9)
0 P Foxp < x) x € {my,m, 0}
wk WI(Dicp) & TrZ(Digo) i€w

{m(0'p) & m(T'p) i €w} ¢
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Separating example — 2

Dellunde’s logic is finitary regularly algebraizable but not finitely
algebraizable. It has the language {0, ++} and is axiomatized
by:

Foep
QP
Q) F O+ O™
p P, o O p < @) & 0Ny < YY)

foreachn c w
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Separating example — 3

tukasiewicz logic £, is regularly finitely algebraizable but not
finitary and not elementarily algebraizable. It has the language
{—,—}, axioms:

p=>W—=0) (=)= ((¥—=x)— (—X)
((p=) =) = (0 —=9) = 9) (mp—= )= (Y —=9)
and rules:
o, p > EY

lip—=vlicwu{-p—=9}Fy
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Extending the hierarchy

BP
3
1 2
Elem Fint, p Finitary
Finp Fint

NS
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Weakly implicative logics

A logic L is weakly implicative if it satisfies any of the following
equivalent conditions:

@ Thereis aset <(p,q) = {p — ¢,q — p} of formulae s.t.

R) FLpe e
(T) e—=vyY>xFLe—X
(MP) ¢, = ¢ FL 9
(Cng) <P<:>¢'_LC(X1,-~-7X1'>%-~-) <:>C(X17"'7Xiawu-~')
for each (c,n) € Land each 0 <i < n.
@ There exists a formula p — g st. &} "(F) is an order on
(A,F) € MOD*(L) and F is an upper set w.r.t. this order.
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Extending the hierarchy even more

Finitary Reg Imp

Finitary Imp Reg Imp BP Reg

[ —

ElemImp  Imp+Fint BP Reg+Fin p Finitary Reg
4 N

Imp Elem Fint, p Finitary Reg

Fin p Fin t

Alg
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More separating examples

4 Linear logic: finitary implicative, but not regularly
algebraizable.

5 L, —,: regularly BP-algebraizable but not weakly
implicative.
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Extending the hierarchy even more

Finitary Reg Imp

N

Finitary Imp Reg Imp BP Reg

1 3\/3\

ElemImp  Imp+Fint Reg+Fin p Finitary Reg
Elem Fint, p Finitary
Fin p Fin t

\./
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