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•  Lecture 1 
–  Introduction to nuclear reaction theory 

•  Lecture 2 
–  Nuclear forces 

•  chiral EFT, two-nucleon, three-nucleon 
–  Nuclear many-body calculations for bound states 

•  No-core shell model (NCSM) 
–  Similarity Renormalization Group 

•  Lecture 3 
–  Nuclear many-body calculations including continuum 

•  NCSM with the Resonating Group Method (NCSM/RGM) 
•  NCSM with continuum (NCSMC) 

•  Lecture 4  
–  Applications to exotic nuclei and astrophysics 

•  7He, 11Be, 10C(p,p), 11C(p,γ)12N 
•  7Be(p,γ)8B, 3He(α,γ)7Be, 3H(α,γ)7Li, 3He(d,p)4He, 3H(d,n)4He 
•  Progress towards 2H(α,γ)6Li, 4He(nn,γ)6He,  

Outline 
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•  A+BèC+D  ;   A(B,C)D 
–  conserve   

•  number of nucleons 
•  charge 
•  energy 
•  momentum 
•  angular momentum  
•  parity (strong, electromagnetic) 
 

–  Q-value: Q = MA c2 + MB c2 – MC c2 – MD c2 

•  Exothermic: Q>0 – increase of kinetic energy in the final state 
•  Endothermic: Q<0 – decrease of kinetic energy in the final state 

Nuclear reactions  
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•  Elastic scattering 
–  p+4Heèp+4He; 4He(p,p)4He; 1H(α,p)4He 
–  n+4Heèn+4He; 4He(n,n)4He  
–  12C(p,p)12C 
–  3He(α,α)3He  

•  Inelastic scattering 
–  12C(p,p’)12C*(2+) 
–  196Pt(11Be,11Be*)196Pt  

•  inverse kinematics, Coulomb excitation 
•  Transfer reactions 

–  7Li(d,p)8Li 
–  3H(d,n)4He (fusion) 
–  11B(p,α)8Be* 
–  12C(p,α)9B 

•  Charge exchange reactions 
–  7Li(p,n)7Be 

•  Breakup reactions 
–  d+10Bèp+n+10B 

•  Capture reactions (electromagnetic) 
–  7Be(p,γ)8B 
–  3He(α,γ)7Be 
–  12C(p,γ)13N 

•  Photo-disintegration (electromagnetic)  
–  γ+11Be è10Be+n 

•  Fission 
–  n+235U èC*+D* 

Nuclear reactions - kinds 
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•  Direct reactions 
–  fast 
–  involve few nucleons 
–  high incident energies 
–  typical examples: transfer and breakup 
–  DWBA theory 

•  neglects antisymmetrization 
•  Resonance reactions 

–  peaks in the cross sections 
–  resonances: long-lived configurations of 

nucleons 
–  various lifetimes 
–  typically at low energies 

•  elastic, inelastic scattering 
•  capture 

–  at high energies collective giant resonances 
–  nuclear many-body theory 

•  Compound nucleus reactions 
–  low energy reactions 
–  slow 
–  compound nucleus formation, equilibrium 
–  decay independent on the details of the 

initial channel 
–  typical examples 

•  neutron-induced reactions on heavy 
nuclei 

–  Hauser-Feshbach theory 
 

Nuclear reactions – times and energy scales 
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•  Center of mass 

•  Relative motion 

•  Total kinetic energy   

–  center of mass energy and momentum conserved in reaction 

Kinematics of binary reactions 
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!
Rcm = MA

!rA +MB
!rB( ) / MA +MB( )

!
Pcm =

!pA +
!pB

!rAB =
!rA −
!rB

!pAB = MB
!pA −MA

!pB( ) / MA +MB( )

Etotkin =
!pA
2

2MA

+
!pB
2

2MB

=

!
Pcm
2

2(MA +MB )
+
!pAB
2

2µAB

; µAB =
MAMB

MA +MB

; Ekin =
!pAB
2

2µAB



•  Laboratory – target (B) at rest: vB=0 
–  Relative kinetic energy 

–  velocity relations 

–  measured angle of nucleus C 

Laboratory and CM scattering angles 
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!RCM

!RCM

!RCM = 0

Ekin =
MB

MA +MB

EA = 1
2 µAB vA

2

!v = ʹ
!v +
!"RCM

vC sinθlab = ʹvC sinθCM
vC cosθlab = ʹvC cosθCM + !RCM

tanθlab =
ʹvC sinθCM

ʹvC cosθCM + !RCM
=

sinθCM
cosθCM + ρ

; ρ =
MAMC

MBMD

Ekin

Q+Ekin

!pAB
2

2µAB

+Q =
!pCD
2

2µCD
Using the energy conservation: 



•  Asymptotic wave function for a short range potential 

 
 

–  if 
–  then 

•  Differential cross section    

Cross section 
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Htot =

!
PCM
2

2M
+H ; H =

!p2

2µ
+V (r)

Ψ(!r1,
!r2 ) = e

i
!
KCM ⋅

!
RCMψ(!r ) ;

!
PCM = "

!
KCM

Hψ(!r ) = Eψ(!r )

rV (r)→ 0 for  r →∞

ψ(!r )→ ei
!
k ⋅!r + f (θ,ϕ ) e

ikr

r
; !p = "

!
k

dσ (Ω) = probability current into dΩ in the direction Ω
probability current density of the incident wave

!
j = "

2µi
ψ∗∇ψ −ψ∇ψ∗( )

!
jin =
"
!
ki
µi

=
!vi

dσ
dΩ

=
jrR

2

|
!
jin |

= f (θ,ϕ ) 2 dσ
dΩCM

dΩCM =
dσ
dΩlab

dΩlab ⇒
dσ
dΩlab

=
1+ ρ2 + 2ρ cosθ( )

3/2

1+ ρ cosθ
dσ
dΩCM



•  Simplest case: Central short-range potential, no Coulomb 

–  The (initial) expansion plane wave expansion 

–  No dependence on azimuthal angle φ 

–  Assume V(r)~0 for r ≥ a (valid for a nuclear potential) 

–  We introduced phase shift δl . For V=0 the phase shift is zero: δl=0   
 

Calculation of scattering amplitude 
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Hψ(!r ) = Eψ(!r )

−
"2

2µ
!
∇2 +V (r)

⎛

⎝
⎜

⎞

⎠
⎟ψ(
!r ) = Eψ(!r ) ; −

"2

2µ
!
∇2 = −

"2

2µ
1
r
∂2

∂r2
r +

!
L2

2µr2

ei
!
k ⋅!r = 4π il jl (kr)Ylm

* (k̂)Ylm (r̂)
l,m
∑ = (2l +1)il jl (kr)Pl (cosθ ) ;

l
∑

!
k ⋅ !r = krcosθ

ψ(!r ) = 1
kr

(2l +1)ilul (r)Pl (cosθ ) ;
!
L2

l
∑ Pl (cosθ ) = !

2l(l +1)Pl (cosθ )

d 2

dr2
−
l(l +1)
r2

−
2µ
!2
V (r)+ k2

⎛

⎝
⎜

⎞

⎠
⎟ul (r) = 0 ; k2 = 2µE / !2

ul (r)→ bl kr cosδl jl (kr)+ sinδl nl (kr)( ) for r ≥ a

→ bl cosδl sin(kr − π
2 l)+ sinδl cos(kr − π

2 l)( ) = bl e−iδl
e2iδl ei(kr−

π
2 l ) − e−i(kr−

π
2 l )

2i
for r→∞

Equation to solve 

€ 

δ



–  To find the amplitude f(θ) we use 

–  Then we match 

–  with 

–  and set 
–  S-matrix (element) S or collision matrix U: 

–  Cross section: 

Calculation of scattering amplitude 
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ψ(!r ) = 1
kr

(2l +1)ilul (r)Pl (cosθ )
l
∑ →

1
kr

(2l +1)ilbl e
−iδl e

2iδl ei(kr−
π
2 l ) − e−i(kr−

π
2 l )

2i
Pl (cosθ )

l
∑

=
1
2ikr

(2l +1)bl e
−iδl (−1)l+1e−ikr + e2iδl eikr( )Pl (cosθ )

l
∑ for r→∞

f (θ ) = (2l +1) fl Pl (cosθ )
l
∑

ψ(!r )→ ei
!
k ⋅!r + f (θ,ϕ ) e

ikr

r
= (2l +1)(il jl (kr)+ fl

eikr

r
)Pl (cosθ )→

1
2ik

(2l +1)(il e
i(kr−π2 l ) − e−i(kr−

π
2 l )

r
+

l
∑ 2ik fl

eikr

r
)Pl (cosθ )

l
∑

=
1
2ikr

(2l +1)((−1)l+1e−ikr
l
∑ + (1+ 2ik fl )e

ikr )Pl (cosθ )

bl = e
iδl and 1+ 2ik fl = e

2iδl ⇒ fl = (Sl −1) / 2ik
Sl = e

2iδl

dσ
dΩ

= f (θ ) 2 = 1
4k2

(2l +1)(2 ʹl +1)(Sl −1)(S ʹl
* −1)

l, ʹl
∑ Pl (cosθ )Pʹl (cosθ )



•  Rutherford scattering 

–  Regular and irregular Coulomb functions 

–  Coulomb scattering amplitude 

–  Rutherford cross section 

Charge particle scattering 
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VC (r) = Z1Z2e
2

r
; −

!2

2µ
!
∇2 +VC (r)

⎛

⎝
⎜

⎞

⎠
⎟ψC (!r ) = EψC (!r )

ψC (kẑ, !r ) = (2l +1)il Pl (cosθ ) 1
kr
Fl (η,kr)eiσ l (η) ;

l
∑ η =

Z1Z2e
2

!v
… Sommerfeld parameter

σ l (η) = argΓ(l +1+ iη) … Coulomb phase shift

Fl (0,kr) = kr jl (kr) ; Gl (0,kr) = krnl (kr)
Fl (η,kr)→ sin(kr −η ln2kr − l π2 +σ l ) ; Gl (η,kr)→ cos(kr −η ln2kr − l π2 +σ l ) for r→∞

Hl
(±) (η,kr) =Gl (η,kr)± iFl (η,kr)

ψC (kẑ,
!r )→ ei(kz+η ln[k (r−z)]) + fC (θ )

ei(kr−η ln2kr )

r
for r→∞

fC (θ )=
1
2ik

(2l +1) e2iσ l −1( )Pl (cosθ )
l
∑ = −

η
2k sin2 θ2

e−iη ln(sin
2 θ
2 )+2iσ 0

dσ R

dΩ
= fC (θ )

2
=

η2

4k2 sin4 θ2

Gamow factor 
 
 
 

…relevant for low-energy 
charged nuclear reactions 

- astrophysics 

ψC (0) = Γ(1+ iη)e
−ηπ /2

ψC (0)
2
≈ 2πηe−2ηπ for η >>1



•  Nuclear plus Coulomb scattering 

–  only outgoing Coulomb function in the nuclear part of the wave function 

•  nuclear phase shift 
–  scattering amplitude – Coulomb plus nuclear 

–  Cross section 

Charge particle scattering 
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−
!2

2µ
!
∇2 +VC (r)+V (r)

⎛

⎝
⎜

⎞

⎠
⎟ψ(
!r ) = Eψ(!r )

ψ(!r ) = 1
kr

(2l +1)il eiσ lul (r)Pl (cosθ )
l
∑

ψ(!r ) =ψC (
!r )+ψN (

!r )

ψN (
!r )→ fN (θ )

ei[kr−η ln(2kr )]

r
for r→∞

ψ(!r ) =ψC (
!r )+ 1

kr
(2l +1)il eiσ l fl

N Hl
(+) (η,kr)Pl (cosθ )

l
∑

fl
N =

1
2i
(Sl

N −1) ; Sl
N = e2iδl

N

f (θ ) = fC (θ )+ fN (θ )

fN (θ ) =
1
2ik

(2l +1)e2iσ l (e2iδl
N

−1)Pl (cosθ )
l
∑

dσ
dΩ

= f (θ ) 2 = dσ R

dΩ
+ 2Re fC

*(θ ) fN (θ )⎡⎣ ⎤⎦+ fN (θ )
2



 
•  Many methods… let’s apply Microscopic R-matrix on a Lagrange mesh 

–  Very efficient also for the case of non-local potentials 
–  Powerful for coupled channel problem 

 

–  Solution in the external region 

How to solve scattering equations? 

13 

Internal region 
V =VN +VC

External region 
V =VC

0 a r

ψ(!r ) = 1
kr

(2l +1)ileiσ lul (r)Pl (cosθ ) ;
!
L2

l
∑ Pl (cosθ ) = !

2l(l +1)Pl (cosθ )

d 2

dr2
−
l(l +1)
r2

−
2µ
!2
V (r)+ k2

⎛

⎝
⎜

⎞

⎠
⎟ul (r) = 0 ; k2 = 2µE / !2

Tl (r)+V (r)−E( )ul (r) = 0 ; Tl (r) = −
!2

2µ
d 2

dr2
−
l(l +1)
r2

⎛

⎝
⎜

⎞

⎠
⎟

ul (r) =
i
2
Hl

(−) (η,kr)− SlHl
(+) (η,kr)( ) ≡ Il (kr)− SlOl (kr)



–  Internal region 

–  λn … weights of the Gauss-Legendre quadrature approximation of the integral 

–  Lagrange basis functions orthonormal within the quadrature approximation 

–  Matrix element calculation trivial 

Microscopic R-matrix on a Lagrange mesh 
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ul (r) = Aln fn (r)
n=1

N

∑ ; N Lagrange basis functions fn (r) 

associated with a Lagrange mesh of N  points axn ∈ [0,a]
xn  ... zero of shifted Legendre polynomials: PN (2xn −1) = 0

fn (r) = (−1)N−n a−1/2 1− xn
xn

r
r − axn

PN ( 2r
a −1)

f ʹn (axn ) = 1
aλn

δn, ʹn … zero at all mesh points except one

€ 

g(x)dx ≈ λn
n=1

N

∑
0

1

∫ g(xn )

fn (r) f ʹn (r)dr ≈ δn, ʹn0

a
∫

fn V f ʹn = fn (r)V (r) f ʹn (r)dr ≈V (axn )δn, ʹn0

a
∫



–  Back to solving the Schrödinger equation 

–  Logarithmic-derivative 
      matching at r=a facilitated 
      by the Bloch operator 

 
    

Microscopic R-matrix on a Lagrange mesh 
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ul (r) = Aln fn (r)
n=1

N

∑

Internal region 
V =VN +VC

External region 
V =VC

0 a r

ul (r) = Il (kr)− SlOl (kr)

Tl (r)+V (r)−E( )ul (r) = 0

L = !
2

2µ
δ(r − a) d

dr
−B

⎛

⎝
⎜

⎞

⎠
⎟ … B boundary condition, for scattering B = 0

Tl (r)+V (r)+L −E( )ul (r) = L ul (r)
Tl +L … Hermitian on r ∈ [0, a]

C ʹn n −Eδn, ʹn( )
n=1

N

∑ Aln = f ʹn (a)
!2k
2µ

ʹIl (ka)− Sl ʹOl (ka)[ ]

C ʹn n = f ʹn Tl +V +L fn = dr
0

a

∫ f ʹn (r) Tl (r)+V (r)+L[ ] fn (r)

1) Invert C-E to get Aln & ul in the internal region 

2) Match ul to the external solution at r=a 

3) Obtain R-matrix Rl & S-matrix Sl 

   

ul (0) = 0

Rl =
!2

2µa
fn (a) C −E1[ ]n ʹn

−1 f ʹn (a)
n, ʹn =1

N

∑ ; Sl = e
2iδl =

Il (ka)− kaRl ʹIl (ka)
Ol (ka)− kaRl ʹOl (ka)



•  Example: n-4He elastic scattering 

 
–  Phase shift increasing – attractive interaction : 

•  A sharp resonance in l=1 2s+1lJ=2P3/2  

•  A broad resonance in l=1 2P1/2  

–  Phase shift ~ 0 – interaction ~0 
•  l=2 2D3/2 

–  Phase shift decreasing – no resonance 
•  l=0 2S1/2   – Pauli-forbidden bound state 

–  An isolated resonance can be phenomenologically 
described by a Breit-Wigner shape 

Phase shift properties 
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NN+3N-ind ≈ bare NN
Expt.

dσ el

dΩ
=
1
4k2

(2l +1)(2 ʹl +1)(Sl −1)(S ʹl
* −1)

l, ʹl
∑ Pl (cosθ )Pʹl (cosθ ) ; Sl = e

2iδl

σ el =
π
k2

(2l +1) Sl −1 =
l
∑ 4π

k2
(2l +1)sin2 δl

l
∑ ; δl = δl, res +δl, bg

σ l
res (E) ≈ 4π

k2 (2l +1) Γ2 / 4
(E −Er )+Γ

2 / 4
=

4π
k2 (2l +1)sin2 δl,res (E)

δl,res (E) = arctan Γ / 2
Er −E
⎛

⎝
⎜

⎞

⎠
⎟ (+n(E)π ) ; δl, bg ≈ 0

Γ≈ 2 / dδ
dE
⎛

⎝
⎜

⎞

⎠
⎟
E=Er

… resonance width, Er resonance energy, τ ≈ ! / Γ time delay



 
–  S-matrix near an isolated resonance 

 
•  used to define the resonance Er and Γ  
•  n-4He 3/2- : E~ 0.96 – i 0.92/2 MeV 
•  n-4He 1/2- : E~ 1.9 – i 6.1/2 MeV 

–  l=0 neutral scattering (neutron S-wave scattering) 
•  special case: neutral unbound poles called 

virtual states 
 

 
 

Phase shift properties 
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S(E) continued to complex energy E: Pole at Ep = Er − iΓ / 2

S(k) = − k + i / a0

k − i / a0

… pole at kp = i / a0

δ(k) = −arctan(a0k) … k cotδ(k) = −1/ a0

a0 … l = 0 scattering length

n-p 

n-p 

a0~ -23.7 fm 



•  Binary collisions – A1+A2èA1+A2 ; A1+A2èA*1+A*2 ; A1+A2èA3+A4 …  

–  (A-a,a) … defines a mass partition 
–  s … channel spin, l ... relative orbital momentum, J ... total momentum  
–  Hamiltonian 

–  Coupled channel equations 
 

Multi-channel scattering & reactions 
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ψ JπT = Âν A− aα1I1
π1 aα2I2

π2( )
(s)
Yℓ(r̂A−a,a )

⎡
⎣⎢

⎤
⎦⎥

(Jπ ) uν
Jπ (rA−a,a )
rA−a,aν

∑

ν ≡ A− aα1I1
π1;aα2I2

π2 ;sℓ{ } channel q.n. ; Âν… antisymmetrizer

!rA−a,a =
1

A− a
!ri

i=1

A−a

∑ −
1
a

!rj
j=A−a+1

A

∑ !s =
!
I1 +
!
I2 ;

!
J = !s +

!
ℓ

H = H(A−a) +H(a) +Trel +Vrel ; Trel =
!2

2µA−a,a

∇A−a,a
2 ; Vrel →VC, rel =

ZA−aZae
2

rA−a,aα
for rA−a,a →∞

H(A−a) A− aα1I1
π1 = Eα1

I1
π1
1 A− aα1I1

π1

H(a) aα2I2
π2 = Eα2

I2
π2 aα2I2

π2

H ψ JπT = E ψ JπT



–  Wave function expansion considering the beam in the ki direction 

–  Scattering amplitude follows from the asymptotic expansion 

Multi-channel scattering & reactions 
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ψ JπT =
4π
ki

vi iℓiYℓimi
* (k̂i )(simsiℓ imi | JM )eiσ ℓi Âα A− aα1I1

π1 aα2I2
π2( )

(s)
Yℓ(r̂A−a,a )⎡

⎣⎢
⎤
⎦⎥M

( Jπ ) uαsℓ, αisiℓi
Jπ (rA−a,a )

rA−a,aαsℓsiℓiJ
∑

α ≡ A− aα1I1
π1;aα2I2

π2{ }

Beam in the ẑ  direction (
!
ki = kiẑ): Yℓimi

* (ẑ) = δmi ,0
2ℓ i +1

4π

uαsℓ, αisiℓi
Jπ (rA−a,a )→ i

2
1
vα

Hℓi
(−) (ηα,kαrA−a,a )δα,αi

δℓ,ℓiδs,si − Sαsℓ,αisiℓi
Jπ Hℓ

(+) (ηα,kαrA−a,a )⎡
⎣

⎤
⎦ for rA−a,a →∞

Sαsℓ,αisiℓi
Jπ  … symmetric and unitary S-matrix

Âα → 1 for rA−a,a →∞ … no antisymetrization for separated nuclei

fαsms ,αisimsi
(θα ) = δα,αiδs,siδms ,msi

fCαi (θαi )

+
2πi
ki

iℓi−ℓ(simsiℓ imi | JM )(smsℓm | JM )e
i(σ ℓ+σ ℓi ) δα,αiδs,siδℓ,ℓi − Sαsℓ,αisiℓi

Jπ⎡
⎣

⎤
⎦Yℓ(r̂A−a,a )Yℓimi

* (k̂i )
JℓℓiMmmi

∑

with
"
ki ⋅
"rA−a,a = ki rA−a,a cos(θα )



–  Cross section 

–  Polarized beams 
•  non-uniform distribution of the M-states, e.g., of the 

projectile 

•  Ay analyzing power: projectile polarized in y(2)-
direction, beam in z(3)-direction, reaction plane x-z 
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dσα,αi

dΩ
=

1
(2I1i +1)(2I2i +1)

fαsms ,αisimsi
(θα )

2

smssimsi

∑

dσ pol
α,αi

dΩ
=
dσα,αi

dΩ
tQq

* TQq
α,αi

Qq
∑

… tQq
*  chracterizes spin-projection distribution

I2M2 tQq
* 2Q+1(I2 ʹM2Qq | I2M2 ) I2 ʹM2

Qq
∑

… TQq
α,αi  tenzor analyzing powers

dσ Ay
α,αi

dΩ
=
dσα,αi

dΩ
1+ 1

2 py Ay( ) ; Ay = 2 iT11
α,αi

1
2 py Ay =

NL − NR

NL + NR

dσ Ay
α,αi

dΩ
=

2
(2I1i +1)(2I2i +1)

(−1)I1i+I2 i+1+si
I1i I2i ʹsi
1 si I2i

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
3(2I2i +1)(2 ʹsi +1) ( ʹsi ʹmsi11| simsi ) f

*
αsms ,αi ʹsi ʹmsi

(θα ) fαsms ,αisimsi
(θα )

smssimsi ʹsi ʹmsi

∑
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Why nuclei from first principles? 
§  Goal: Predictive theory of structure and reactions of nuclei 

§  Needed for   
•  Physics of exotic nuclei, tests of fundamental symmetries  
•  Understanding of nuclear reactions important for astrophysics 
•  Understanding of reactions important for energy generation 
•  Double beta decay nuclear matrix elements 

•  Neutrino-nucleus cross sections 
•  … 
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Understanding our Sun 



What is meant by ab initio in nuclear physics? 
•  First principles for Nuclear Physics: 
      QCD  

–  Non-perturbative at low energies 
–  Lattice QCD in the future 
 

•  Degrees of freedom: NUCLEONS 
–  Nuclei made of nucleons 
–  Interacting by nucleon-nucleon and 

three-nucleon potentials 
 

•  Ab initio 
²    All nucleons are active 
²    Exact Pauli principle 
²    Realistic inter-nucleon interactions 

²  Accurate description of  NN (and 3N) data 

²    Controllable approximations 



From QCD to nuclei 
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Low-energy QCD 

Nuclear structure and reactions 

NN+3N interactions  
from chiral EFT 

…or accurate 
meson-exchange 

potentials 



electromagnetic force: 
infinite range  
exchange of massless particle  

NN force: 
finite range  
exchange of massive particle  

analogy  

 Nowadays: 
 New vision of Effective Field Theory   Links low energy physics to QCD in a systematic way 

e e 

Yukawa 
Nobel price in 1949 

Nuclear forces 

N N 

Nucleon-Nucleon force  one-pion 
 exchange 
 potential 
 (OPE) 
 

Nucleon-Nucleon force 

Many-Nucleon forces 

N N N N 

+ ... + Details of short distance physics not 
resolved, but captured in short 
range couplings 
should come from QCD 
but are now fit to experiment 

Arise due to the effective nature of  
nuclear forces 
 



Lawrence Livermore National Laboratory 4 LLNL#PRES#XXXXXX 

To develop such an ab initio nuclear theory we: 
 1) Start with accurate nuclear forces (and currents) 

+ ... + ... + ... 

NN force NNN force NNNN force 

Q0 

LO 

Q2 

NLO 

Q3 

N2LO 

Q4 

N3LO 

Worked out by Van Kolck, Keiser, 
Meissner, Epelbaum, Machleidt, ... 

"  Two- plus three-nucleon (NN+3N) 
forces from chiral effective field 
theory (EFT) 

 

Chiral Effective Field Theory 

•  Inter-nucleon forces from chiral 
effective field theory 
–  Based on the symmetries of QCD 

•  Chiral symmetry of QCD 
(mu≈md≈0), spontaneously broken 
with pion as the Goldstone boson 

•  Degrees of freedom: nucleons + 
pions 

–  Systematic low-momentum 
expansion to a given order (Q/Λχ) 

–  Hierarchy 
–  Consistency 
–  Low energy constants (LEC) 

•  Fitted to data 
•  Can be calculated by lattice QCD 

Λχ~1 GeV :  
Chiral symmetry breaking scale 



Chiral EFT NN interaction in the leading order (LO) 
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Starting from the pioneering work of Ref. [2], this approach has developed rapidly
over the last decades and is nowadays widely employed in studies of low-energy
few- and many-nucleon dynamics and nuclear structure calculations, see [3,4,5] for
recent review articles. While offering many attractive features such as simplicity
and the ability to use well-developed machinery to treat few- and many-body dy-
namics, Weinberg’s approach suffers from being rather intransparent with regard to
renormalization. One issue is related to the fact that iterations of the truncated NN
potential within the LS equation generate contributions to the amplitude beyond the
order one is working. These higher-order terms generally involve ultraviolet (UV)
divergencies which cannot be absorbed by counter terms (contact interactions) in-
cluded in the truncated potential so that one needs to employ a finite UV cutoff Λ
of the order of a natural hard scale, say Λ ∼ Λχ ∼ Mρ [6]. While subleading and
higher-order corrections to the potential do not have to be resummed in Weinberg’s
power counting scheme and can be treated perturbatively, the LS equation for the
leading-order (LO) potential already turns out to be not renormalizable (in the usual
sense). In particular, infinitely many counter terms are needed to absorb UV diver-
gences emerging from iterations of the LO long-range potential due to one-pion
exchange (OPE), whose singular 1/r3-piece generates UV divergencies in all spin-
triplet partial waves. This problem, in fact, shows up in every spin-triplet partial
wave. To be specific, consider the lowest-order potential in Weinberg’s approach,

V LO = −
g2A
4F 2

π

τ 1 · τ 2
σ⃗1 · q⃗ σ⃗2 · q⃗
q⃗ 2 +M2

π

+ CS + CT σ⃗1 · σ⃗2 , (1)

where gA, Fπ and Mπ are the nucleon axial-vector coupling, pion decay constant
and the pion mass, respectively, σ⃗i (τ i) denote the spin (isospin) Pauli matrices
of the i-th nucleon and q⃗ = p⃗ ′ − p⃗ is the nucleon momentum transfer. It is easy
to see by dimensional arguments that the 2n-th iteration of this potential in the LS
equation generates a logarithmic divergence∝ (Qm)2n [7], wherem is the nucleon
mass andQ denotes the generic soft scale corresponding to external three-momenta
of the nucleons and Mπ. In the 1S0 channel, where the singular tensor part of the
OPE potential vanishes, the coefficients in front of the logarithmic divergences do
not involve external momenta and can be absorbed by derivative-less contact op-
erators with multiple insertions of M2

π . The potentially enhanced contributions of
these higher-orderM2

π-dependent operators might become an issue if one is inter-
ested in the quark mass dependence of nucleon-nucleon scattering but do not affect
the predictive power of the theory in terms of describing the energy dependence
of the phase shift at the physical values of the quark masses. On the other hand,
in spin-triplet channels, the coefficients of the logarithmic divergences do involve
powers of external momenta. 1 Their removal requires the inclusion of an infinite
number of higher-derivative contact interactions. For example, calculating the dia-
grams of Fig. 1 in dimensional regularization with n spatial dimensions one finds
1 If cutoff regularization is employed, which is normally the case in calculations with non-
perturbative pions, one also needs to keep track of power-like divergences. The coefficients
in front of power-like divergences generally also involve powers of external momenta.

2

π

one-pion exchange contact 

q =

!k −

k …momentum transfer 

gA=1.29 …axial-vector coupling constant 
Fπ=92.4 MeV …pion decay constant  

Regularized, e.g., by: 
 
 

Λ ~ 500 MeV << Λχ~ 1 GeV 

exp −( "k /Λ)2n − (k /Λ)2n( )

CS , CT :  
Low-energy constants (LECs) 

fitted to NN data 



The NN interaction from chiral EFT 

•  24 LECs fitted to the np scattering 
data and the deuteron properties 

–  Including ci LECs (i=1-4) from 
pion-nucleon Lagrangian  



Three-nucleon forces why? 

•  Leading three-nucleon force terms 
–  Long-range two-pion exchange  
–  Medium-range one-pion exchange + two-nucleon contact  
–  Short range three-nucleon contact  

 
The question is not: Do three-body forces enter the description?   
The only question is: How large are three-body forces?  
 

–  Fujita & Miyazawa (1957)Two-pion exchange with virtual Δ excitation 



Leading terms of the chiral NNN force 

From NN & 
pion-nucleon 

scattering 
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Chiral EFT provides a link 
between the medium-range 
(cD term) NNN force and 

the meson-exchange 
current appearing in 

nuclear beta decay 

Three-Nucleon Low-Energy Constants from the Consistency of Interactions and Currents
in Chiral Effective Field Theory

Doron Gazit
Institute for Nuclear Theory, University of Washington, Box 351550, Seattle, Washington 98195, USA

Sofia Quaglioni and Petr Navrátil
Lawrence Livermore National Laboratory, P.O. Box 808, L-414, Livermore, California 94551, USA

(Received 23 December 2008; published 1 September 2009)

The chiral low-energy constants cD and cE are constrained by means of accurate ab initio calculations

of the A ¼ 3 binding energies and, for the first time, of the triton ! decay. We demonstrate that these low-

energy observables allow a robust determination of the two undetermined constants, a result of the

surprising fact that the determination of cD depends weakly on the short-range correlations in the wave

functions. These two- plus three-nucleon interactions, originating in chiral effective field theory and

constrained by properties of the A ¼ 2 system and the present determination of cD and cE, are successful
in predicting properties of the A ¼ 3 and 4 systems.

DOI: 10.1103/PhysRevLett.103.102502 PACS numbers: 21.30."x, 21.45.Ff, 23.40."s, 27.10.+h

The fundamental connection between nuclear forces and
the underlying theory of quantum chromodynamics (QCD)
remains one of the greatest contemporary theoretical chal-
lenges, due to the nonperturbative character of QCD in the
low-energy regime relevant to nuclear phenomena.
However, the past two decades of theoretical developments
provide us with a bridge to overcome this obstacle, in the
form of chiral perturbation theory ("PT) [1]. The "PT
Lagrangian, constructed by integrating out degrees of free-
dom of the order of!" # 1 GeV and higher (nucleons and

pions are thus the only explicit degrees of freedom), is an
effective Lagrangian of QCD at low energies. As such, it
retains all conjectured symmetry principles, particularly
the approximate chiral symmetry, of the underlying theory.
Furthermore, it can be organized in terms of a perturbative
expansion in positive powers of Q=!" where Q is the

generic momentum in the nuclear process or the pion
mass [1]. Though the subject of an ongoing debate about
its validity [2,3], the naive extension of this expansion to
nonperturbative phenomena provides a practical interface
with existing many-body techniques, and clearly holds a
significant value for the study of the properties of QCD at
low energy and its chiral symmetry.

The chiral symmetry dictates the operator structure of
each term of the effective Lagrangian, whereas the cou-
pling constants (not fixed by the symmetry) carry all the
information on the integrated-out degrees of freedom. A
theoretical evaluation of these coefficients, or low-energy
constants (LECs), is equivalent to solving QCD at low
energy. Recent lattice QCD calculations have allowed a
theoretical estimate of LECs of single- and two-nucleon
diagrams [4], while LECs of diagrams involving more than
two nucleons are out of the reach of current computational
resources. Alternatively, the undetermined constants can
be constrained by low-energy experiments.

The strength of "PT is that the chiral expansion is used
to derive both nuclear potentials and currents from the
same Lagrangian. Therefore, the electroweak currents in
nuclei (which determine reaction rates in processes involv-
ing external probes) and the strong interaction dynamics
(#N scattering, the NN interaction, the NNN interaction,
etc.) are all based on the same theoretical grounds and
rooted in the low-energy limits of QCD. In particular, "PT
predicts, along with theNN interaction at the leading order
(LO), a three-nucleon (NNN) interaction at the next-to-
next-to-leading order or N2LO [5,6], and even a four-
nucleon force at the fourth order (N3LO) [7]. At the
same time, the LO nuclear current consists of (the stan-
dard) single-nucleon terms, while two-body currents, also
known as meson-exchange currents (MEC), make their
first appearance at N2LO [8]. Up to N3LO both the NNN
potential and the current are fully constrained by the
parameters defining the NN interaction, with the exception
of two ‘‘new’’ LECs, cD and cE. The latter, cE, appears
only in the potential as the strength of the NNN contact
term [see Fig. 1(a)]. On the other hand, cD manifests itself
both in the contact term part of the NN-#-N three-nucleon
interaction of Fig. 1(a) and in the two-nucleon contact
vertex with an external probe of the exchange currents
[see Fig. 1(b)].

cD cE cD
(a) (b)

FIG. 1. Contact and one-pion exchange plus contact
interaction (a), and contact MEC (b) terms of "PT.
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NNN parameters determined  
from the 3H binding energy and half life  
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Low-energy QCD 

Nuclear structure and reactions 

NN+3N interactions  
from chiral EFT 

…or accurate 
meson-exchange 

potentials 

Many-Body methods H Ψ = E Ψ
NCSM, NCSM/RGM,  
NCSMC, CCM, SCGF, 
GFMC, HH, Nuclear 

Lattice EFT… 



•  Start with the microscopic A-nucleon Hamiltonian 

–  Nucleons interact with two- and three-nucleon forces: this yields 
complicated quantum correlations 

•  Solve the many-body Schrödinger equation 

 
 

–  Negative energies (relative to a breakup threshold)– bound-state 
boundary conditions 

•  Find eigenfunctions and eigenenergies 

–  Continuum of positive energies – scattering boundary conditions 
•  Find elements of the Scattering matrix 

H (A) =
p

i

2

2mi=1

A

∑ + V 2b(!ri −
!rj )

i< j=1

A

∑ + Vijk
3b

i< j<k=1

A

∑
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

H
(A)
Ψ

(A)
(

r
1
,

r
2
, ...

r
A
) = EΨ

(A)
(

r
1
,

r
2
, ...

r
A
)



•  A active nucleons – spatial, spin, and isospin degrees of freedom 

•  Nucleons are fermions – wave function antisymmetric  

•  Conserved total angular momentum J and parity π 
–  approximately conserved total isospin T 

 

•  We are not interested in the motion of the center of mass, but only in the 
intrinsic motion 

–  Look for translationally invariant wave function. Two options: 

•  Work with A - 1 translational invariant coordinates known as Jacobi coordinates 

•  Work with A single particle coordinates and aim at exact separation between 
intrinsic and center of mass motion 

  

€ 

Ψ
(A )
(
 
r 
1
,
 
r 
2
, ...
 
r k , ...

 
r j , ...

 
r A ) = −Ψ

(A )
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1
,
 
r 
2
, ...
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r j , ...
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r k , ...
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r A )


r
i
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i
,
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σ
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,
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τ
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(
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•  The nuclear wave function must factorize, e.g., for free c.m. motion   

•  First option: solve eigenvalue problem for the intrinsic Hamiltonian 
☺   The c.m. motion is not present from the beginning 

☺   Work with 3(A-1) spatial degrees of freedom (Jacobi relative coordinates) 

☹  Jacobi coordinates do not treat the nucleons in a symmetric manner 

E = ε +
P
CM

2

2Am
Ψ (A)

=ψ (A)
exp −i


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CM


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


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

ξ
1
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•  Second option: tie the system to a fixed point  

–  Sum of single particle Hamiltonians 

–  Antisymmetrized product of single-particle wfs: use these as A-body basis states 

0s N=0 

0d1s N=2 

0f1p N=4 

0p N=1 

φ
n

(A)
=
1

A!

ϕ
i


r
1( ) ϕ

i


r
2( ) … ϕ

i


r
A( )

ϕ
j


r
1( ) ϕ

j


r
2( ) ϕ

j


r
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  

ϕ
l


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l


r
2( ) … ϕ

l


r
A( )

p
2

2m
+U (r )









ϕk (

r ) = εkϕk (


r ) The mean field determines  

the shell structure 

HSM

(A)
=

p
i

2

2m
+Ui (ri )











i=1

A

∑ + V
2b
(

r
i
−

rj )

i< j=1

A

∑ − Ui (ri )
i=1

A

∑

mean field residual interaction 

Slater Determinant (SD): 
•  Great to implement Pauli 

exclusion principle 
•  Very convenient, especially in 

second quantization formalism 



•  Single-particle shell-model states are very convenient basis states 
for expanding the many-body wave function 

•  However, the introduction of the mean-field potential U destroys the 
invariance of the system with respect to translations 

•  The c.m. motion is no longer separable and remains mixed to 
intrinsic motion, giving rise in general to spurious effects  

–  Factorization for Hint only when complete convergence reached (exact solution) 

•  Exception: harmonic oscillator (HO) potential is exactly separable 
 

 

ΨSM
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= ψn
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

ξi{ }( )gn (
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•  An ab initio approach to solve the many-body Schrödinger equation 
for bound states (narrow resonances) starting from 

–  High-precision NN+NNN interactions  

     (coordinate/momentum space) 

§  Choice of either Jacobi relative or Cartesian single-particle coordinates 
according to the efficiency for the problem at hand 
•  Translational invariance of the internal wave function is preserved also when 

single-particle Slater Determinant (SD) basis is used with Nmax truncation 

§  Convergence to exact result using effective interactions (obtained from 
unitary transformations of the bare interaction) 

 

 

1max += NN
§  Uses large (but finite!) expansions 

in HO many-body basis states 
A 

ΨA = cNiΦNi
HO (r 1,

r 2 , ... ,
r A )

i
∑

N=0

Nmax

∑

Nmax … maximal allowed HO excitation above the lowest possible A-nucleon configuration 
Full Nmax space: All basis states with N ≤ Nmax kept 



•  Build many-body basis by adding one particle at the time 

•  Antisymmetrized two-particle states 

–  Start with two-body basis states (LS coupled) 

–  Now keep only antisymmetric ones, that is only those for which 

–  Total energy 
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–  Add one more body 

 

 

–  Three-body basis (JJ coupled) 

 
 

–  Total energy:                            with 

–  To find totally antisymmetric states, diagonalize: 

•  Keep only antisymmetric eigenstates, that is those with eigenvalue 1 
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•  Start with single-particle HO spatial wave function, defined by radial 
quantum number n, orbital angular momentum l, and z-projection µ  

 

•  Now include the spin and isospin wave functions: 

–  Uncoupled scheme 

–  j-coupled scheme  
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•  Many-body HO Slater determinants 

–  Antisymmetrization is trivial 
–  Good M, MT and parity quantum numbers, but not J and T 

•  Huge number of basis states  
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•  One of the most useful representations in many-body theory 
–       : the state with no particles (the vacuum) 

–       : creation operator, creates a fermion in the state i 

–       : annihilation operator, annihilates a fermion in the state i 

–  Anticommutation relations: 

 

–  So that the Slater determinant can be written as: 
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•  How are Slater determinants actually represented in a computer 
program? 

–  We are dealing with fermions, so a single-particle state is either occupied or 
empty, which in computer language translates to either 1’s or 0’s 

–  A very useful approach is a bit representation known as M-scheme 

•  If the mean-field is spherically symmetric, the single-particle states will have good j, mj 

 

•  A single integer represents a complicated slater determinant 

–  While the many-body states will have good M, they do not have good J. States of  good 
J must be projected and will be a combination of Slater determinants. Same for T and MT . 
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Getting the eigenvalues and wave functions 

•  Setup Hamiltonian matrix 〈Φi | H |Φj 〉 and diagonalize
•  Lanczos algorithm

—  Bring matrix to tri-diagonal form (v1, v2 … orthonormal, H  Hermitian)

—   nth iteration computes 2nth moment
—  Eigenvalues converge to extreme (largest and smallest) values
—  ~ 100-200 iterations needed for 10 eigenvalues (even for 109 states)

—  Typically we use M-scheme: 
—  Total MJ , MT =(Z-N)/2 and parity conserved

€ 

Hv1 =α1v1 + β1v2

Hv2 = β1v1 +α2v2 + β2v3

Hv3 =             β2v2 +α3v3 + β3v4

Hv4 =                        β3v3 +α4v4 + β4v5



•  Repulsive core of nuclear force introduces coupling to high momenta 
–  Very large model spaces are required to reach convergent solution of the 

nuclear many-body problem  



From QCD to nuclei 
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Low-energy QCD 

Nuclear structure and reactions 

NN+3N interactions  
from chiral EFT 

Unitary/similarity 
transformations 

…or accurate 
meson-exchange 

potentials 

Identity or SRG 
or OLS or UCOM … 

Softens NN, induces 3N 

Many-Body methods H Ψ = E Ψ
NCSM, NCSM/RGM,  

CCM, GFMC, HH, 
Nuclear Lattice EFT… 



 4He from chiral EFT interactions:  
g.s. energy convergence 

•  Chiral N3LO NN plus N2LO NNN 
potential 

–  Bare interaction (black line) 
•  Strong short-range 

correlations 
§  Large basis needed 

–  SRG evolved effective 
interaction (red line) 

•  Unitary transformation 

•  Two- plus three-body 
components, four-body 
omitted 

•  Softens the interaction 
§  Smaller basis sufficient 
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Why similarity renormalization? 
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Why Similarity Transformations?

Robert Roth – TU Darmstadt – 06/2012

chiral N3LO
Entem & Machleidt, 500 MeV

Jπ = 1+, T = 0
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•  Continuous transformation driving Hamiltonian to band-diagonal form 
with respect to a chosen basis 

•  Unitary transformation 

•  Setting                      with Hermitian 

•  Customary choice in nuclear physics            …kinetic energy operator 
–  band-diagonal in momentum space plane-wave basis 

•  Initial condition                               

Similarity Renormalization Group (SRG) evolution 
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anti-Hermitian generator 
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SRG evolution in two-nucleon space 
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SRG Evolution in Two-Body Space

Robert Roth – TU Darmstadt – 06/2012

chiral NN
Entem & Machleidt. N3LO, 500 MeV

α = 0.000 fm4

Λ =∞ fm−1

Jπ = 1+, T = 0
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SRG Evolution in Two-Body Space

Robert Roth – TU Darmstadt – 06/2012

α = 0.320 fm4

Λ = 1.33 fm−1

Jπ = 1+, T = 0
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SRG evolution in two-nucleon space 



SRG evolution in three-nucleon space SRG Evolution in Three-Body Space

Robert Roth – TU Darmstadt – 06/2012

chiral NN+3N
N3LO + N2LO, triton-fit, 500 MeV
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SRG Evolution in Three-Body Space

Robert Roth – TU Darmstadt – 06/2012

α = 0.320 fm4

Λ = 1.33 fm−1
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3B-Jacobi HO matrix elements
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SRG evolution in three-nucleon space 



•  Evolution induces many-nucleon terms (up to A)  

•  In actual calculations so far only terms up to        kept 

•  Three types of SRG-evolved Hamiltonians used  
–  NN only: Start with initial T+VNN and keep   
–  NN+3N-induced: Start with initial T+VNN and keep 
–  NN+3N-full: Start with initial T+VNN+VNNN and keep  

SRG evolution for A-nucleon system 

54 

Hα = Hα
[1] + Hα
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α variation (Λ variation) provides a diagnostic tool  
to asses the contribution of omitted many-body terms,  

tests the unitarity of the SRG transformation  



SRG evolution: 3H and 4He 

Ab initio calculations (NCSM, in this case) 
used also for SRG evolution of  NNN force (in HO basis) 
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Figure 29: Alpha particle binding energy during SRG evolution. The
curves correspond to those in Fig. 28.
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Figure 30: Correlation plot of the binding energies of the alpha parti-
cle and the triton. The dotted line connects (approximately) the locus
of points found for phenomenological potentials, and is known as the
Tjon line [40].

potential. The change in energy with λ reflects the vi-
olation of unitarity by omission of the induced three-
body force. When this induced 3NF is included (“NN
+ NNN–induced”), the energy is independent of λ for
A = 3. If we now turn to the alpha particle (4He) in
Fig. 29, we see similar behavior, except now the inclu-
sion of the induced 3NF does not lead to a completely
flat curve at the lowest λ values. If there is sufficient
convergence, this is a signal of missing induced 4NF.

In both cases, it is evident that starting with an initial
NN-only interaction (in this case, an N3LO(500 MeV)

1 2 3 4 5 10
λ

−40

−30

−20

−10

0

10

20

30

40

g
.s

. 
E

x
p
ec

ta
ti

o
n
 V

al
u
e

<Trel>
<V

NN
>

<V
3N

>

1 2 3 4 5 10
λ

−1
−0.5

0

<Trel>
<V

NN
>

<V
3N

>

3
H

h- ω = 28

N
max

 = 18

N
max

-A3 = 32 NN+NNN

Figure 31: Contributions to the triton binding energy during SRG evo-
lution. Plotted are the expectation values of the kinetic energy, the
two-body potential, and the three-body potential [17].

interaction [29]), does not reproduce experiment. The
third line in each plot of Figs. 28 and 29 shows that an
initial 3NF (labeled NNN) contribution leads to a good
reproduction of experiment. The triton energy is part of
the fit of this initial force, but the alpha particle energy
is a prediction. Note that the magnitude of the NN-only
variation is comparable to the initial 3NF needed. This
is an example of the natural size of the 3NF being mani-
fested by the running of the potential (which is, in effect,
the beta function).

The nature of the evolution is illustrated in Fig. 30,
which is a correlation plot of the binding energies in
each nucleus. The dotted line is known as the Tjon
line for NN-only phenomenological potentials. It was
found that different potentials that fit NN scattering data
gave different binding energies, but that they clustered
around this line. With the SRG evolution starting with
just an NN potential, the path follows the line, passing
fairly close to the experimental point. With an initial
NNN force and keeping the induced 3-body part, the
trajectory is greatly reduced (see inset), at least until λ
is small.

Figures 31 and 32 show individual contributions to
the energy in the form of ground-state matrix elements
of the kinetic energy, two-body, three-body, and (im-
plied) four-body potentials. The hierarchy of contri-
butions is quite clear but the graphs also manifest the
strong cancellations between the NN and kinetic energy
contributions. These cancellations magnify the impact
of higher-body forces. Even so, it appears that a trunca-
tion including the NNN but omitting higher-body forces

R.J. Furnstahl / Nuclear Physics B (Proc. Suppl.) 228 (2012) 139–175154

π π π

c1, c3, c4 cD cE

Figure 27: Leading three-body forces from chiral EFT. These contri-
butions represent three different ranges: long-range 2-pion exchange,
short-range contact with one-pion exchange, and pure contact interac-
tion.

energy correct. In fact, low-energy effective theory tell
us generalized diagrams such as those in Fig. 26 with
four or more legs imply that there are A-body forces
(and operators) initially!

However, there is a natural hierarchy predicted from
chiral EFT, whose leading contributions are given in
Fig. 27 (we’ll return to this in Section 4.1 and supply
additional details). If we stop the flow equations be-
fore induced A-body forces are unnaturally large or if
we can tailor the SRG Gs to suppress their growth, we
will be ok. (Another option is to choose a non-vacuum
reference state, which is what is done with in-medium
SRG, to be discussed later.) Note that analytic bounds
on A-body growth have not been derived, so we need to
explicitly monitor the contribution in different systems.
But the bottom line that makes the SRG attractive as
a method to soften nuclear Hamlitonians is that it is a
tractable method to evolve many-body operators.

To include the 3NF using SRG with normal-ordering
in the vacuum, we start with the SRG flow equation
dHs/ds = [[Gs,Hs],Hs] (e.g., with Gs = Trel). The
right side is evaluated without solving bound-state or
scattering equations, unlike the situation with Vlow k, so
the SRG can be applied directly in the three-particle
space. The key observation is that for normal-ordering
in the vacuum, A-body operators are completely fixed in
the A-particle subspace. Thus we can first solve for the
evolution of the two-body potential in the A = 2 space,
with no mention of the 3NF (either initial or induced),
and then use this NN potential in the equations applied
to A = 3.

What about spectator nucleons? There is a decou-
pling of the 3NF part. We can see this from the first-
quantized version of the SRG flow equation,

dVs

ds
=

dV12

ds
+

dV13

ds
+

dV23

ds
+

dV123

ds
= [[Trel,Vs],Hs] , (42)

where we isolate the contributions from each pair and
the 3NF. Using each SRG equation for the two-body
derivatives, we can cancel them against terms on the
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Figure 28: Triton binding energy during SRG evolution. The three
curves are for an initial potential with only NN components where
the induced 3NF is not kept (“NN-only”), for the same initial NN
potential but keeping the induced 3NF (“NN + NNN-induced”), and
with an initial NNN included as well (“NN + NNN”).

right side. The result is [12]:

dV123

ds
= [[T12,V12], (T3 + V13 + V23 + V123)]

+ {123→ 132} + {123→ 231}
+[[Trel,V123],Hs] . (43)

The key is that there are no “multi-valued” two-body
interactions remaining (i.e., dependence on the excita-
tion energy of unlinked spectators); all the terms are
connected. An implementation of these equations in a
momentum basis would be very useful and has very re-
cently been achieved by Hebeler [37]. But an alternative
approach has also succeeded: a direct solution in a dis-
crete basis [38, 16, 17].

The idea is that the SRG flow equation is an opera-
tor equation, and thus we can choose to evolve in any
basis. If one chooses a discrete basis, than a separate
evolution of the three-body part is not needed. This was
first done for nuclei by Jurgenson and collaborators in
2009 using an anti-symmetrized Jacobi harmonic oscil-
lator (HO) basis [16]. The technology for working with
such a basis had already been well established for appli-
cations to the no-core shell model (NCSM) [39]. This
approach leads to SRG-evolved matrix elements of the
potential directly in the HO basis, which is just what
is needed for many-body applications such as NCFC or
coupled cluster.

In Fig. 28, the comparison of two-body-only to full
two-plus-three-body evolution is shown for the triton
(3H). The NN-only curve uses the evolved two-body

R.J. Furnstahl / Nuclear Physics B (Proc. Suppl.) 228 (2012) 139–175 153 omitted induced 4N 

omitted induced 3N 



NCSM calculations of 6He g.s. energy 
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Nmax= 2
Nmax= 4
Nmax= 6
Nmax= 8
Nmax=10
Nmax=12
extrap

6He SRG-N3LO NN 
Λ=2.02 fm-1 

•  Soft SRG evolved NN potential 
ü  Nmax convergence OK 
ü  Extrapolation feasible 

2

Eg.s. [MeV] 4He 6He 7He

NCSM Nmax=12 -28.05 -28.63 -27.33

NCSM extrap. -28.22(1) -29.25(15) -28.27(25)

Expt. -28.30 -29.27 -28.84

TABLE I: Ground-state energies of 4,6,7He in MeV. An expo-
nential fit was employed for the extrapolations.

We begin by presenting NCSM calculations for 6He
and 7He that will serve as input for the subsequent
NCSM/RGM and NCSMC investigations of 7He. In
this work, we use the similarity-rnormalization-group
(SRG) evolved [30–33] chiral N3LO NN potential of
Refs. [34, 35]. For the time being, we omit both induced
and chiral initial three-nucleon forces, and our results de-
pend on the low-momentum SRG parameter Λ. However,
for Λ = 2.02 fm−1, we obtain realistic binding energies
for the lightest nuclei, e.g., 4He and, especially important
for the present investigation, 6He (see Table I). Conse-
quently, this choice of NN potential allows us to perform
qualitatively and quantitatively meaningful calculations
for 7He that can be compared to experiment. Except
where differently stated, all results shown in this work
have been obtained with an harmonic oscillator (HO)
Nmax=12 basis size and frequency !Ω=16 MeV.

The variational NCSM calculations converge rapidly
and can be easily extrapolated. At Nmax=12 (our 6,7He
limit for technical reasons), the dependence of the 6He
g.s. energy on the HO frequency is flat in the range
of !Ω ∼ 16−19 MeV. In general, when working within
an HO basis, lower frequencies are better suited for the
description of unbound systems. Therefore, we choose
!Ω=16 MeV for our subsequent calculations. Extrap-
olated g.s. energies with their error estimates and the
Nmax=12 results are given in Table I. Calculated 6He ex-
citation energies for basis sizes up to Nmax=12 are shown
in Fig. 1. The 6He is weakly bound with all excited states
unbound. Except for the lowest 2+ state, all 6He excited
states are either broad resonances or states in the con-
tinuum. We observe a good stability of the 2+1 state
with respect to the basis size of our NCSM calculations.
The higher excited states, however, drop in energy with
increasing Nmax with the most dramatic example being
the multi-!Ω 0+3 state. This spells a potential difficulty
for a NCSM/RGM calculations of 7He within a n+6He
cluster basis as, with increasing density of 6He states at
low energies, a truncation to just a few lowest eigenstates
becomes questionable.

For the 7He, the NCSM predicts the g.s. unbound in
agreement with experiment. However, the resonance en-
ergy with respect to the 6He+n threshold appears over-
estimated. Obviously, it is not clear that the ad hoc
exponential extrapolation is valid for unbound states. In
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FIG. 1: (color online). Dependence of 6He excitation energies
on the size of the basis Nmax.

addition, no information on the width of the resonance
can be obtained from the NCSM calculation. We can,
however, study the structure of the 7He NCSM eigen-
states by calculating their overlaps with 6He+n cluster
states, which are related to ḡλν (see Eq. (2)), and the
corresponding spectroscopic factors summarized in Ta-
ble II. Overall, we find a very good agreement with the
VMC/GFMC results as well as with the latest experi-
mental value for the g.s. [2]. Interesting features to no-
tice is the about equal spread of 1/2− between the 0+ and
2+2 states. We stress that in our present calculations, the
overlap functions and spectroscopic factors are not the
final products to be compared to experiment but, on the
contrary, inputs to more sophisticated NCSMC calcula-
tions.

7He Jπ 6He−n(lj) NCSM CK VMC GFMC Exp.

3/2−1 0+−p 3
2

0.56 0.59 0.53 0.565 0.512(18) [2]

0.64(9) [36]

0.37(7) [11]

3/2−1 2+1 −p 1
2

0.001 0.06 0.006

3/2−1 2+1 −p 3
2

1.97 1.15 2.02

3/2−1 2+2 −p 1
2

0.12 0.09

3/2−1 2+2 −p 3
2

0.42 0.30

1/2− 0+−p 1
2

0.94 0.69 0.91

1/2− 2+1 −p 3
2

0.34 0.60 0.26

1/2− 2+2 −p 3
2

0.93

TABLE II: NCSM spectroscopic factors compared to Cohen-
Kurath (CK) [37] and VMC/GFMC [16, 38, 39] calculations
and experiment. The CK values should be still multiplied by
A/(A−1) to correct for the center of mass motion.

Dependence on: 

Basis size       – Nmax 
HO frequency – hΩ 
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In recent years, the Similarity Renormalization Group has provided a powerful and versatile means to soften
interactions for ab initio nuclear calculations. The substantial contribution of both induced and initial three-body
forces to the nuclear interaction has required the consistent evolution of free-space Hamiltonians in the three-
particle space. We present the most recent progress on this work, extending the calculational capability to the
p-shell nuclei and showing that the hierarchy of induced many-body forces is consistent with previous estimates.
Calculations over a range of the flow parameter for 6Li, including fully evolved NN + 3N interactions, show
moderate contributions due to induced four-body forces and display the same improved convergence properties
as in lighter nuclei. A systematic analysis provides further evidence that the hierarchy of many-body forces is
preserved.

DOI: 10.1103/PhysRevC.83.034301 PACS number(s): 21.30.−x, 21.45.Ff, 05.10.Cc, 13.75.Cs

I. INTRODUCTION

A major goal of nuclear structure theory is to make
quantitative calculations of low-energy nuclear observables
starting from microscopic internucleon forces. Renormaliza-
tion group (RG) methods can be used to soften the short-
range repulsion and tensor components of available initial
interactions so convergence of nuclear structure calculations
is greatly accelerated [1,2]. A major complication is that these
transformations change the short-range many-body forces.
In fact, any softening transformation will induce many-body
interactions in the course of renormalizing the matrix elements
in a lower sector. To account for these changes, we must include
consistently evolved three-body (and possibly higher) forces
in structure calculations.

A previous letter [3] presented the first such evolution
of three-body forces in free space by using the Similarity
Renormalization Group (SRG) [4–9]. The SRG offers an
approach to evolving many-body forces that is technically
simpler than other unitary RG formulations. Irrespective of
the chosen initial Hamiltonian, the evolution produces a
variational Hamiltonian and enables smooth extrapolation of
results, in contrast to Lee-Suzuki [10] type transformations
which produce results that are model-space dependent (in
both Nmax and A) [11]. While the SRG induces many-body
forces as a product of renormalization, these terms come in
a hierarchy of decreasing strength if a hierarchy is initially
present. Particularly useful in an analysis of such a hierarchy
are chiral effective field theories (χEFTs), which provide a

*jurgenson2@llnl.gov
†navratil@triumf.ca
‡furnstahl.1@osu.edu

systematic construction of many-body forces as the initial
input to our evolution calculations [12]. Our results expand on
prior evidence that the SRG explicitly preserves the initial EFT
many-body hierarchy as it improves convergence properties of
evolved Hamiltonians.

Section II reviews some background material on how the
SRG is applied in these calculations. In Sec. III we explore
the convergence properties of the renormalized Hamiltonians,
including new A = 6 calculations. In Sec. IV we present the
calculations as a function of the evolution parameter and
explore the effect of SRG flow on other initial interactions.
Section V dives deeper into the analysis of how the SRG acts to
evolve the input interaction, expanding on the analysis done for
one-dimensional models [13]. We make a brief advertisement
of operator evolution and conclude with comments on the
future use of this approach.

II. BACKGROUND

As implemented in Refs. [7,8] for nuclear physics, the SRG
is a series of unitary transformations, Uλ, of the free-space
Hamiltonian,

Hλ = UλHλ=∞U
†
λ , (1)

labeled by a momentum parameter λ that runs from ∞ toward
zero, which keeps track of the sequence of Hamiltonians (s =
1/λ4 is also used elsewhere [7,8]). These transformations are
implemented as a flow equation in λ (in units where h̄2 =
M = 1),

dHλ

dλ
= − 4

λ5
[[T ,Hλ],Hλ], (2)

whose form guarantees that the Hλ’s are unitarily equivalent
[6,7]. Once the Hamiltonian has been evolved we also have the

034301-10556-2813/2011/83(3)/034301(16) ©2011 American Physical Society
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Figure 25: IT-NCSM ground-state energies for 4He, 6Li, 12C and 16O as function of Nmax for the three types of
Hamiltonians (see column headings) for a range of flow parameters: α = 0.04 fm4 (•), 0.05 fm4 ( !), 0.0625 fm4
("), 0.08 fm4 (!), and 0.16 fm4 (★). Error bars indicate the uncertainties of the threshold extrapolations. The
bars at the right-hand-side of each panel indicate the results of exponential extrapolations of the individual
Nmax-sequences. For further details see Ref. [119].

body HO basis truncation. A smooth extrapolation of eigenenergies then becomes much more straightforward.
Second, the SRG dependence on the evolution parameter λ (or α) can be utilized as a gauge of the unitarity or a
violation of the unitarity by the transformation. In another important development, a transformation from NNN
Jacobi matrix elements to a JT -coupled representation with a highly efficient storage scheme was proposed
and implemented [119], which allows us to handle NNN matrix-element sets of unprecedented size in the
Slater-determinant basis calculations. While the previous scheme [105, 106] was limited to the maximum of
Nmax=8 basis size, the new scheme, based on the expressions derived in Ref. [106], but with a new, more
clever factorization, is applicable to Nmax = 14 spaces and beyond. Finally, the importance-truncated NCSM
approach has been introduced [184, 185]. This approach, further discussed in Subsection 5.2, uses many-
body PT to select a subset of basis states of the Nmax!Ω space prior to the Hamiltonian diagonalization. While
the full-space calculations with the NNN interactions for heavy p-shell nuclei are limited to Nmax=8, the
importance-truncated NCSM approach allows us to reach, e.g., Nmax=12 for 16O [119].

IT-NCSM calculations of g.s. energies for 4He, 6Li, 12C and 16O are presented in Fig. 25. The SRG
transformed chiral NN+NNN interactions were used. In particular, the chiral NN at N3LO [20, 21] and the
chiral NNN at N2LO in the local form [134] with low-energy constants determined from the triton binding
energy and β-decay half-life [133] as described in Subsection 4.1. In order to disentangle the effects of the
initial and the SRG-induced NNN contributions, three different Hamiltonians were considered. (1) NN only:
starting from the chiral NN interaction only the SRG-evolved NN contributions are kept. (2) NN+NNN-
induced: starting from the chiral NN interaction the SRG-evolved NN and the induced NNN terms are kept.
(3) NN+NNN-full: starting from the chiral NN+NNN interaction all SRG-evolved NN and NNN terms are
kept. For each Hamiltonian the dependence of the g.s. energies was assessed on the flow-parameter α. Five
values were used, α = 0.04 fm4, 0.05 fm4, 0.0625 fm4, 0.08 fm4, and 0.16 fm4, which correspond to momentum
scales λ = α−1/4 = 2.24 fm−1, 2.11 fm−1, 2 fm−1, 1.88 fm−1, and 1.58 fm−1, respectively. For extrapolations to
infinite model space, Nmax → ∞, simple exponential fits based on the last 3 or 4 data points were employed.
The 4He and 6Li results reproduced here from the original Ref. [119] agree completetely with the previously
published full space NCSM calculations with the same SRG evolved chiral Hamiltonians [117, 118]. The
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Similarity-TransformedChiralNNþ 3N Interactions for theAb InitioDescription of 12C and 16O
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We present first ab initio no-core shell model (NCSM) calculations using similarity renormalization

group (SRG) transformed chiral two-nucleon (NN) plus three-nucleon (3N) interactions for nuclei

throughout the p-shell, particularly 12C and 16O. By introducing an adaptive importance truncation for

the NCSM model space and an efficient JT-coupling scheme for the 3N matrix elements, we are able to

surpass previous NCSM studies including 3N interactions. We present ground and excited states in 12C
and 16O for model spaces up to Nmax ¼ 12 including full 3N interactions. We analyze the contributions of

induced and initial 3N interactions and probe induced 4N terms through the sensitivity of the energies on

the SRG flow parameter. Unlike for light p-shell nuclei, SRG-induced 4N contributions originating from

the long-range two-pion terms of the chiral 3N interaction are sizable in 12C and 16O.

DOI: 10.1103/PhysRevLett.107.072501 PACS numbers: 21.30.#x, 05.10.Cc, 21.45.Ff, 21.60.De

Nuclear Hamiltonians constructed within chiral effec-
tive field theory (EFT) provide a systematic link between
nuclear structure physics and low-energy quantum
chromodynamics (QCD). It is a supreme challenge for
modern nuclear theory to exploit this link and to apply
these interactions consistently in ab initio nuclear structure
calculations for a wide range of nuclei and observables.
This is vital to provide robust QCD-based predictions, e.g.,
for light exotic nuclei, to constrain approximate nuclear
structure approaches, and to understand the relevant QCD
mechanisms driving nuclear structure phenomena. At
present the most advanced calculations beyond the few-
body domain use chiral two-nucleon (NN) interactions at
N3LO [1,2] and three-nucleon (3N) interactions at N2LO
[3] in the ab initio no-core shell model (NCSM) [4]. A first
milestone was the study of the spectroscopy of mid-p-shell
nuclei in moderate model spaces using a Lee-Suzuki (LS)
transformed Hamiltonian [5], which proved the predictive
power of chiral Hamiltonians and the need to include the
3N interaction consistently. Recently, light p-shell nuclei
were studied in the NCSM employing a consistent simi-
larity renormalization group (SRG) transformation of the
chiral NN þ 3N Hamiltonian [6,7]. The SRG transforma-
tion provides a model-space independent Hamiltonian with
superior convergence properties that can be used univer-
sally in a variety of many-body approaches [8,9].

In this Letter we present the first ab initio calculations of
nuclei throughout the whole p-shell including 12C and 16O
using SRG-transformed chiral NN þ 3N interactions.
Through a combination of conceptual and computational
developments we are able to extend the range of previous
NCSM studies using full 3N interactions to significantly
larger model spaces and particle numbers.

SRG-transformed NN þ 3N interactions.—A crucial
step for NCSM calculations beyond the lightest isotopes

is the unitary transformation of the initial Hamiltonian in
order to improve the convergence behavior with respect to
the size of the many-body model space. In addition to the
LS similarity transformation, which is tailored to decouple
the NCSM model space from the excluded space, several
model-space independent unitary transformations, e.g., the
unitary correlation operator method (UCOM) and the SRG,
have been introduced [8,9]. Here, we focus on the SRG,
mainly because of its simplicity and flexibility.
In the SRG framework the unitary transformation of an

operator, e.g., the Hamiltonian, is formulated in terms of a
flow equation d

d!H! ¼ ½"!; H!% with a continuous flow
parameter !. The initial condition for the solution of this
flow equation is given by the ‘‘bare’’ chiral Hamiltonian.
The physics of the SRG evolution is governed by the anti-
Hermitian generator "!. A specific form widely used in
nuclear physics [8,9] is given by "! ¼ m2

N½Tint; H!%,
where mN is the nucleon mass and Tint ¼ T # Tcm is the
intrinsic kinetic energy operator. This generator drives the
Hamiltonian towards a diagonal form in a basis of eigen-
states of the intrinsic kinetic energy.
Along with the prediagonalization of the Hamiltonian,

which is the reason for the transformation in the first place,
the SRG induces many-body operators beyond the particle
rank of the initial Hamiltonian. Only if all the induced
terms up to the A-body level are kept, the transformation is
unitary and the spectrum of the Hamiltonian in an exact
A-body calculation is unchanged and independent of the
flow parameter !. In practice we have to truncate the
evolution at a particle rank n < A, thus violating formal
unitarity. In this situation we can use the flow-parameter !
as a diagnostic tool to quantify the contribution of omitted
beyond-n-body terms.
Whereas the SRG transformation at two-body level has

been used for some time [8,10,11], the solution of the
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Figure 25: IT-NCSM ground-state energies for 4He, 6Li, 12C and 16O as function of Nmax for the three types of
Hamiltonians (see column headings) for a range of flow parameters: α = 0.04 fm4 (•), 0.05 fm4 ( !), 0.0625 fm4
("), 0.08 fm4 (!), and 0.16 fm4 (★). Error bars indicate the uncertainties of the threshold extrapolations. The
bars at the right-hand-side of each panel indicate the results of exponential extrapolations of the individual
Nmax-sequences. For further details see Ref. [119].

body HO basis truncation. A smooth extrapolation of eigenenergies then becomes much more straightforward.
Second, the SRG dependence on the evolution parameter λ (or α) can be utilized as a gauge of the unitarity or a
violation of the unitarity by the transformation. In another important development, a transformation from NNN
Jacobi matrix elements to a JT -coupled representation with a highly efficient storage scheme was proposed
and implemented [119], which allows us to handle NNN matrix-element sets of unprecedented size in the
Slater-determinant basis calculations. While the previous scheme [105, 106] was limited to the maximum of
Nmax=8 basis size, the new scheme, based on the expressions derived in Ref. [106], but with a new, more
clever factorization, is applicable to Nmax = 14 spaces and beyond. Finally, the importance-truncated NCSM
approach has been introduced [184, 185]. This approach, further discussed in Subsection 5.2, uses many-
body PT to select a subset of basis states of the Nmax!Ω space prior to the Hamiltonian diagonalization. While
the full-space calculations with the NNN interactions for heavy p-shell nuclei are limited to Nmax=8, the
importance-truncated NCSM approach allows us to reach, e.g., Nmax=12 for 16O [119].

IT-NCSM calculations of g.s. energies for 4He, 6Li, 12C and 16O are presented in Fig. 25. The SRG
transformed chiral NN+NNN interactions were used. In particular, the chiral NN at N3LO [20, 21] and the
chiral NNN at N2LO in the local form [134] with low-energy constants determined from the triton binding
energy and β-decay half-life [133] as described in Subsection 4.1. In order to disentangle the effects of the
initial and the SRG-induced NNN contributions, three different Hamiltonians were considered. (1) NN only:
starting from the chiral NN interaction only the SRG-evolved NN contributions are kept. (2) NN+NNN-
induced: starting from the chiral NN interaction the SRG-evolved NN and the induced NNN terms are kept.
(3) NN+NNN-full: starting from the chiral NN+NNN interaction all SRG-evolved NN and NNN terms are
kept. For each Hamiltonian the dependence of the g.s. energies was assessed on the flow-parameter α. Five
values were used, α = 0.04 fm4, 0.05 fm4, 0.0625 fm4, 0.08 fm4, and 0.16 fm4, which correspond to momentum
scales λ = α−1/4 = 2.24 fm−1, 2.11 fm−1, 2 fm−1, 1.88 fm−1, and 1.58 fm−1, respectively. For extrapolations to
infinite model space, Nmax → ∞, simple exponential fits based on the last 3 or 4 data points were employed.
The 4He and 6Li results reproduced here from the original Ref. [119] agree completetely with the previously
published full space NCSM calculations with the same SRG evolved chiral Hamiltonians [117, 118]. The
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We present first ab initio no-core shell model (NCSM) calculations using similarity renormalization

group (SRG) transformed chiral two-nucleon (NN) plus three-nucleon (3N) interactions for nuclei

throughout the p-shell, particularly 12C and 16O. By introducing an adaptive importance truncation for

the NCSM model space and an efficient JT-coupling scheme for the 3N matrix elements, we are able to

surpass previous NCSM studies including 3N interactions. We present ground and excited states in 12C
and 16O for model spaces up to Nmax ¼ 12 including full 3N interactions. We analyze the contributions of

induced and initial 3N interactions and probe induced 4N terms through the sensitivity of the energies on

the SRG flow parameter. Unlike for light p-shell nuclei, SRG-induced 4N contributions originating from

the long-range two-pion terms of the chiral 3N interaction are sizable in 12C and 16O.
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Nuclear Hamiltonians constructed within chiral effec-
tive field theory (EFT) provide a systematic link between
nuclear structure physics and low-energy quantum
chromodynamics (QCD). It is a supreme challenge for
modern nuclear theory to exploit this link and to apply
these interactions consistently in ab initio nuclear structure
calculations for a wide range of nuclei and observables.
This is vital to provide robust QCD-based predictions, e.g.,
for light exotic nuclei, to constrain approximate nuclear
structure approaches, and to understand the relevant QCD
mechanisms driving nuclear structure phenomena. At
present the most advanced calculations beyond the few-
body domain use chiral two-nucleon (NN) interactions at
N3LO [1,2] and three-nucleon (3N) interactions at N2LO
[3] in the ab initio no-core shell model (NCSM) [4]. A first
milestone was the study of the spectroscopy of mid-p-shell
nuclei in moderate model spaces using a Lee-Suzuki (LS)
transformed Hamiltonian [5], which proved the predictive
power of chiral Hamiltonians and the need to include the
3N interaction consistently. Recently, light p-shell nuclei
were studied in the NCSM employing a consistent simi-
larity renormalization group (SRG) transformation of the
chiral NN þ 3N Hamiltonian [6,7]. The SRG transforma-
tion provides a model-space independent Hamiltonian with
superior convergence properties that can be used univer-
sally in a variety of many-body approaches [8,9].

In this Letter we present the first ab initio calculations of
nuclei throughout the whole p-shell including 12C and 16O
using SRG-transformed chiral NN þ 3N interactions.
Through a combination of conceptual and computational
developments we are able to extend the range of previous
NCSM studies using full 3N interactions to significantly
larger model spaces and particle numbers.

SRG-transformed NN þ 3N interactions.—A crucial
step for NCSM calculations beyond the lightest isotopes

is the unitary transformation of the initial Hamiltonian in
order to improve the convergence behavior with respect to
the size of the many-body model space. In addition to the
LS similarity transformation, which is tailored to decouple
the NCSM model space from the excluded space, several
model-space independent unitary transformations, e.g., the
unitary correlation operator method (UCOM) and the SRG,
have been introduced [8,9]. Here, we focus on the SRG,
mainly because of its simplicity and flexibility.
In the SRG framework the unitary transformation of an

operator, e.g., the Hamiltonian, is formulated in terms of a
flow equation d

d!H! ¼ ½"!; H!% with a continuous flow
parameter !. The initial condition for the solution of this
flow equation is given by the ‘‘bare’’ chiral Hamiltonian.
The physics of the SRG evolution is governed by the anti-
Hermitian generator "!. A specific form widely used in
nuclear physics [8,9] is given by "! ¼ m2

N½Tint; H!%,
where mN is the nucleon mass and Tint ¼ T # Tcm is the
intrinsic kinetic energy operator. This generator drives the
Hamiltonian towards a diagonal form in a basis of eigen-
states of the intrinsic kinetic energy.
Along with the prediagonalization of the Hamiltonian,

which is the reason for the transformation in the first place,
the SRG induces many-body operators beyond the particle
rank of the initial Hamiltonian. Only if all the induced
terms up to the A-body level are kept, the transformation is
unitary and the spectrum of the Hamiltonian in an exact
A-body calculation is unchanged and independent of the
flow parameter !. In practice we have to truncate the
evolution at a particle rank n < A, thus violating formal
unitarity. In this situation we can use the flow-parameter !
as a diagnostic tool to quantify the contribution of omitted
beyond-n-body terms.
Whereas the SRG transformation at two-body level has

been used for some time [8,10,11], the solution of the
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4

calculations where harmonic oscillator radial wave func-
tions are used.

III. NN+3N INTERACTIONS AND OVERLAPS

The p-shell (0!ω) shell-model calculations and overlaps
were described in Ref. [5] and were computed using the
code oxbash [13]. For the present work, a series of no-
core-shell-model calculations, each for a given number of
major oscillator shells, Nmax =0, 2, 4 or 6, were carried
out using two chiral EFT NN+3N interaction choices,
denoted ncsm1 and ncsm2 in the following.
The calculations used interactions derived within the

chiral effective field theory (EFT) approach. In particu-
lar, the chiral N3LO NN interaction of Ref. [19, 20] was
used with or without the chiral N2LO 3N interaction [21]
in the local form of Ref. [22]. These interactions were
softened by the similarity renormalization group (SRG)
technique [23–25], where a unitary transformation is used
to suppress the off-diagonal matrix elements (controlled
by a parameter Λ). The SRG interaction induces higher-
body interaction terms. These induced terms were kept
up to the three-body level. It has been shown [26, 27] that
four- and higher-body terms are negligible for light nu-
clei although some evidence for four-body induced terms
was observed in 12C calculations with one of the inter-
actions used here (ncsm2) [27]. In ncsm1 the NN+3N
Hamiltonian used a 3N cutoff of 400 MeV and used pa-
rameters fitted to the 3H lifetime and the 4He binding
energy [28]. In ncsm2 the 3N cutoff was 500 MeV and
the parameters were fitted to the lifetime and binding
energy of 3H [29]. In both cases the SRG was carried out
using Λ=1.7 fm−1, although the ncsm2 calculations were
also performed with Λ=1.88 fm−1 to verify the SRG-Λ
independence, i.e., to confirm the unitarity of the SRG
transformation. The subsequent NCSM calculations used
an harmonic oscillator (HO) basis with an angular fre-
quency !ω=16 MeV. The mass-dependent parameteriza-
tions of the oscillator frequency !ω = 45A−1/3−25A−2/3,
agreeing with charge radius observations, suggest a value
of !ω=14.9 MeV [31], in reasonable agreement with the
value used here.
In the case of the ncsm2 parameterization, the calcu-

lations were also repeated, and denoted as ncsm3, when
the chiral 3N interaction in the starting Hamiltonian
was switched off, but with the SRG-induced 3N effects
(with Λ=1.7 fm−1) included. Again, the HO frequency
of !ω=16 MeV was employed. Using these ncsm3 TNA
we can make a first assessment of the impact on calcu-
lations/observables of the inclusion, or not, of the chiral
3N interaction in the starting Hamiltonian.
It should be noted that the 10B structure poses a par-

ticular challenge to ab initio calculations. In particular, it
had been observed that standard accurate NN potentials
predict incorrectly the ground-state of 10B to be 1+0, in-
stead of the experimental 3+0. The present calculations
with the chiral N3LO NN potential (ncsm3) suffer from
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FIG. 2. (Color online) Experimental excitation energies of
10B are compared to the different calculations used in the
present work: chiral N3LO NN (ncsm3), chiral N3LO NN
plus N2LO 3N with the cutoff of 400 MeV (ncsm1), and chiral
N3LO NN plus N2LO 3N with the cutoff of 500 MeV (ncsm2).
The Nmax=6 space was used in calculations shown in the first
four columns. The SRG Λ parameter is indicated. The HO
frequency of !Ω=16 MeV was used in all calculations.

the same problem. Only after including the chiral N2LO
NNN term, with the 3N cutoff of 500 MeV ncsm2, does
one get the correct ground state spin. Interestingly, the
weaker chiral N2LO NNN with the 3N cutoff 400 MeV,
ncsm1, fails to invert the 1+0 and 3+0 states, also pre-
dicting the wrong 10B ground state spin. See Fig. 2 for a
comparison of 10B excitation energies from different cal-
culations used in this paper. Also in the figure, the sta-
bility of the spectra with respect to the SRG Λ variation
and the size of the model space Nmax is demonstrated
for the ncsm2 case. The situation is somewhat reversed
in 12C, where the Hamiltonian ncsm2 with the stronger
3N interaction over-binds 12C by several MeV and over-
corrects the splitting of the 1+0 and 4+0 states [27]. Us-
ing the weaker 3N interaction (ncsm1) both the binding
energy and excitation energy description improves. Fur-
thermore, this Hamiltonian (ncsm1) also describes the
binding energies of oxygen and calcium isotopes [28] very
well. The stronger 3N interaction ncsm2, on the other
hand, provides a very good description of lighter nuclei
(A ≤ 10), resolving even long-standing analysing power
problems in p−4He scattering [30]. These observations
suggest that our knowledge of the 3N interaction in par-
ticular is incomplete and additional terms, such as those
at the N3LO of the chiral perturbation theory, must be
included. Further, the mass region of A=10− 12 is ideal

chiral NN  
chiral  

NN+3N(400)  
chiral  
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The nuclear structure dependence of direct reactions that remove a pair of like or unlike nucleons from a fast
12C projectile beam are considered. Specifically, we study the differences in the two-nucleon correlations present
and the predicted removal cross sections when using p-shell shell-model and multi-h̄ω no-core shell-model
(NCSM) descriptions of the two-nucleon overlaps for the transitions to the mass A = 10 projectile residues. The
NCSM calculations use modern chiral two-nucleon and three-nucleon (NN + 3N) interactions. The np-removal
cross sections to low-lying T = 0, 10B final states are enhanced when using the NCSM two-nucleon amplitudes.
The calculated absolute and relative partial cross sections to the low-energy 10B final states show a significant
sensitivity to the interactions used, suggesting that assessments of the overlap functions for these transitions and
confirmations of their structure could be made using final-state-exclusive measurements of the np-removal cross
sections and the associated momentum distributions of the forward traveling projectile-like residues.
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I. INTRODUCTION

Properties of the wave functions of pairs of nucleons in a
mass A + 2 projectile can be probed using sudden two-nucleon
removal reactions that exploit fast, surface-grazing collisions
of the projectile with a light target nucleus. The sensitivity is to
the wave functions of the nucleons at and near the surface of the
projectile. When combined with γ -decay spectroscopy, partial
cross sections of populated final states in the mass A reaction
residues can be determined. This direct reaction mechanism,
its cross sections, and their distributions with the momenta
of the forward traveling residues are now being exploited as
a spectroscopic tool in studies of the evolution of nucleon
single-particle structure near the Fermi surfaces of some of the
most exotic nuclei; see, for example, Refs. [1–3] and citations
therein. The reaction observables used are, currently, inclusive
with respect to the final states of both the removed nucleons and
the struck light target nucleus. More exclusive measurements,
e.g., of the light charged fragments in the final state, may in the
future provide additional probes of the projectile structure [4].

A detailed discussion of the two-nucleon removal reaction
mechanism, its eikonal reaction-dynamical description, and
the cross sections and their momentum distributions, in the
case of high-energy two-nucleon removal from 12C, was
presented in Ref. [5]. A feature of this model description is that
the removal cross sections involve only elastic interactions of
the projectile residues with the target but sums of contributions
from both elastic and inelastic interactions of one or both
nucleons with the target [6]. New data, for the sd-shell nucleus
28Mg and the 28Mg(−2p) reaction, have quantified these
different contributions experimentally [7] and have confirmed
that the relative importance of these different processes to
the cross sections are consistent with the predictions of the
eikonal dynamical model. This has provided an important
additional test of the reaction model. In the earlier work
for 12C [5], the theoretical comparisons used the sums of

these removal contributions and p-shell (0h̄ω shell-model)
structure calculations were used to construct the required
⟨10X(J π

f , T )|12C⟩ two-nucleon overlaps. The WBP [8] and PJT
[9] shell-model effective-interaction Hamiltonians were used.

Several key elements of that analysis are also relevant here:
(i) The reaction is geometrically selective [10] and the

two-nucleon removal cross sections will be enhanced if the
projectile ground state has components with pairs of nucleons
with strong spatial correlations (localization).

(ii) The available experimental cross section data, from
high-energy primary-beam measurements, are inclusive with
respect to the populated bound states of the residues following
np, nn, and pp removal [11,12]. The data, at three energies,
reveal a significant enhancement of the ratio of unlike-pair
yields, σ−np, to those for the like-nucleon pairs, σ−nn and
σ−pp. This enhancement is significantly greater than that
expected based simply on the numbers of available two-
nucleon-pair combinations (i.e., a factor of 8/3). For example,
the experimental σ−np:σ−nn ratio was 8.54 for the data set with
a 12C beam with an energy of 2.1 GeV per nucleon. Some
(but not all) of this enhancement could be explained as due to
the pair correlations already generated in 0h̄ωp-shell-model
overlap functions and because a larger fraction of the nn-
removal strength leads to unbound 10C final states. However,
the experimental σ−np values remained factors of 1.45 to 2.2
larger than the theoretical model calculations for the three
available data sets [11,12]. Table I, reproduced from Ref. [5],
shows both the p-shell-model results and data.

(iii) The shapes and widths of the reaction residues’
momentum distributions have both diagnostic and spectro-
scopic value, being indicative of the total angular momentum
I , the total orbital angular momentum L, and hence, with
(LS)I coupling, also the total spin S carried by the removed
nucleon pair [13].

(iv) The calculated cross sections for the T = 1 states
common to all three residues, namely, the first 0+ and 2+ states,

054609-10556-2813/2012/86(5)/054609(10) ©2012 American Physical Society



•  No-core shell model (NCSM) 
–  A-nucleon wave function expansion in 

the harmonic-oscillator (HO) basis 
–  short- and medium range correlations 
–  Bound-states, narrow resonances 

No-core shell model with continuum 

61 

1max += NN

A 
ΨA = cNiΦNi

A

i
∑

N=0

Nmax

∑

Ψ (A) = cλ
λ

∑ ,λ + dr γ v (
r )∫ Âν
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Light & medium mass nuclei from first principles 

§  Nuclear structure and reaction theory for light nuclei cannot be uncoupled 
§  Well-bound nuclei, e.g. 12C, have low-lying cluster-dominated resonances 

§  Bound states of exotic nuclei, e.g. 11Be, manifest many-nucleon correlations  
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NCSM calculations of 6He and 7He g.s. energies 
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•  Soft SRG evolved NN potential 
ü  Nmax convergence OK 
ü  Extrapolation feasible 

•  7He unbound  
•  Expt. Eth=+0.430(3) MeV: NCSM Eth≈ +1 MeV 
•  Expt. width 0.182(5) MeV: NCSM no information about the width 

 
7He unbound 

2

Eg.s. [MeV] 4He 6He 7He

NCSM Nmax=12 -28.05 -28.63 -27.33

NCSM extrap. -28.22(1) -29.25(15) -28.27(25)

Expt. -28.30 -29.27 -28.84

TABLE I: Ground-state energies of 4,6,7He in MeV. An expo-
nential fit was employed for the extrapolations.

We begin by presenting NCSM calculations for 6He
and 7He that will serve as input for the subsequent
NCSM/RGM and NCSMC investigations of 7He. In
this work, we use the similarity-rnormalization-group
(SRG) evolved [30–33] chiral N3LO NN potential of
Refs. [34, 35]. For the time being, we omit both induced
and chiral initial three-nucleon forces, and our results de-
pend on the low-momentum SRG parameter Λ. However,
for Λ = 2.02 fm−1, we obtain realistic binding energies
for the lightest nuclei, e.g., 4He and, especially important
for the present investigation, 6He (see Table I). Conse-
quently, this choice of NN potential allows us to perform
qualitatively and quantitatively meaningful calculations
for 7He that can be compared to experiment. Except
where differently stated, all results shown in this work
have been obtained with an harmonic oscillator (HO)
Nmax=12 basis size and frequency !Ω=16 MeV.

The variational NCSM calculations converge rapidly
and can be easily extrapolated. At Nmax=12 (our 6,7He
limit for technical reasons), the dependence of the 6He
g.s. energy on the HO frequency is flat in the range
of !Ω ∼ 16−19 MeV. In general, when working within
an HO basis, lower frequencies are better suited for the
description of unbound systems. Therefore, we choose
!Ω=16 MeV for our subsequent calculations. Extrap-
olated g.s. energies with their error estimates and the
Nmax=12 results are given in Table I. Calculated 6He ex-
citation energies for basis sizes up to Nmax=12 are shown
in Fig. 1. The 6He is weakly bound with all excited states
unbound. Except for the lowest 2+ state, all 6He excited
states are either broad resonances or states in the con-
tinuum. We observe a good stability of the 2+1 state
with respect to the basis size of our NCSM calculations.
The higher excited states, however, drop in energy with
increasing Nmax with the most dramatic example being
the multi-!Ω 0+3 state. This spells a potential difficulty
for a NCSM/RGM calculations of 7He within a n+6He
cluster basis as, with increasing density of 6He states at
low energies, a truncation to just a few lowest eigenstates
becomes questionable.

For the 7He, the NCSM predicts the g.s. unbound in
agreement with experiment. However, the resonance en-
ergy with respect to the 6He+n threshold appears over-
estimated. Obviously, it is not clear that the ad hoc
exponential extrapolation is valid for unbound states. In
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FIG. 1: (color online). Dependence of 6He excitation energies
on the size of the basis Nmax.

addition, no information on the width of the resonance
can be obtained from the NCSM calculation. We can,
however, study the structure of the 7He NCSM eigen-
states by calculating their overlaps with 6He+n cluster
states, which are related to ḡλν (see Eq. (2)), and the
corresponding spectroscopic factors summarized in Ta-
ble II. Overall, we find a very good agreement with the
VMC/GFMC results as well as with the latest experi-
mental value for the g.s. [2]. Interesting features to no-
tice is the about equal spread of 1/2− between the 0+ and
2+2 states. We stress that in our present calculations, the
overlap functions and spectroscopic factors are not the
final products to be compared to experiment but, on the
contrary, inputs to more sophisticated NCSMC calcula-
tions.

7He Jπ 6He−n(lj) NCSM CK VMC GFMC Exp.

3/2−1 0+−p 3
2

0.56 0.59 0.53 0.565 0.512(18) [2]

0.64(9) [36]

0.37(7) [11]

3/2−1 2+1 −p 1
2

0.001 0.06 0.006

3/2−1 2+1 −p 3
2

1.97 1.15 2.02

3/2−1 2+2 −p 1
2

0.12 0.09

3/2−1 2+2 −p 3
2

0.42 0.30

1/2− 0+−p 1
2

0.94 0.69 0.91

1/2− 2+1 −p 3
2

0.34 0.60 0.26

1/2− 2+2 −p 3
2

0.93

TABLE II: NCSM spectroscopic factors compared to Cohen-
Kurath (CK) [37] and VMC/GFMC [16, 38, 39] calculations
and experiment. The CK values should be still multiplied by
A/(A−1) to correct for the center of mass motion.
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+ Âν
ν

∑ φ
1ν



ξ
1ν{ }( )φ2ν



ξ
2ν{ }( )gv (


rv )

+ Âµ
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•  φ : antisymmetric cluster wave functions  
–  {ξ}: Translationally invariant internal coordinates 

   (Jacobi relative coordinates) 

–  These are known, they are an input 
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•  Αν, Αµ : intercluster antisymmetrizers  
–  Antisymmetrize the wave function for exchanges of nucleons between clusters 

–  Example: 
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µ

∑ φ
1µ



ξ
1µ{ }( )φ2µ



ξ
2µ{ }( )φ3µ



ξ
3µ{ }( )δ(


R
1
−

Rµ1)δ(


R
2
−

Rµ2 )





d

R
1
d

R
2

+ 

•  c, g and G: discrete and continuous 
linear variational amplitudes 

–  Unknowns to be determined 
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µ

∑ φ
1µ



ξ
1µ{ }( )φ2µ



ξ
2µ{ }( )φ3µ



ξ
3µ{ }( )δ(


R
1
−

Rµ1)δ(


R
2
−

Rµ2 )





d

R
1
d

R
2

+ 

•  Discrete and continuous set of basis functions 
–  Non-orthogonal 

–  Over-complete  
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•  In practice: function space limited by using 
relatively simple forms of Ψ chosen according to 
physical intuition and energetical arguments 

–  Most common: expansion over binary-cluster basis    
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ν

∑ φ
1ν



ξ
1ν{ }( )φ2ν



ξ
2ν{ }( )δ(


r −

r
v
)





d

r

+ Gµ (

R
1
,

R
2
)∫∫ Âµ
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•  No-core shell model (NCSM) 
–  A-nucleon wave function expansion in 

the harmonic-oscillator (HO) basis 
–  short- and medium range correlations 
–  Bound-states, narrow resonances 

No-core shell model with RGMnuum 

71 

1max += NN

•  NCSM with Resonating Group 
Method (NCSM/RGM) 
–  cluster expansion 
–  proper asymptotic behavior  
–  long-range correlations 

Ψ (A) = cλ
λ

∑ ,λ + dr γ v (
r )∫ Âν

ν

∑ ,ν
A− a( )

a( )

r

Unknowns 



•  Working in partial waves (                                         ) 

•  Introduce a dummy variable    with the help of the delta function 

–  Allows to bring the wave function of the relative motion in front of the antisymmetrizer 
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•  Now introduce partial wave expansion of delta function 

•  After integration in the solid angle one obtains: 
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•  Trial wave function: 

 

•  Projecting the Schrödinger equation on the channel basis yields: 

 

•  Breakdown of approach: 
1.  Build channel basis states from input target and projectile wave functions 

2.  Calculate Hamiltonian and norm kernels 

3.  Solve RGM equations: find unknown relative motion wave functions 

•  Bound-state / scattering boundary conditions 
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Â ′v HÂv Φνr

J
π
T Φ ′ν ′r

J
π
T
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•  Depends on chosen target and projectile intrinsic wave functions  
–  NCSM/RGM approach: use eigenstates of the (A-a)- and a-body intrinsic 

Hamiltonians obtained within the NCSM approach   

•  Note : 

–  Relative kinetic energy 

–  Relative interaction: sum of all interactions between nucleons belonging to 
different clusters (minus average Coulomb interaction) 

•  Example for single-nucleon projectile (a = 1): 

–  Average Coulomb interaction 

–  (A-a)- and a-body intrinsic Hamiltonians (same interaction everywhere!) 

H int
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•  Since we are using NCSM wave functions, it is convenient to 
introduce Jacobi channel states in the HO space 

•  Note : 

–  The coordinate space channel states are given by 

 

•  We used the closure properties of HO radial wave functions 

–  We call them Jacobi channel states because they describe only the internal motion 

•  Target and projectile wave functions are both translational invariant  NCSM eigenstates 
calculated in the Jacobi coordinate basis  
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Â ′v HÂv Φνr

J
π
T
= H 1− P̂

iA

i=1

A−1

∑










- 

H ′v v
J
π
T
( ′r , r) = T

rel
(r)+V

Coul
(r)+ε ′α1

′I1
′π1 ′T1



N ′v v

J
π
T
( ′r , r)

+ (A−1) R ′n ′ ( ′r )Rn(r) Φ ′ν ′n
J
π
T
V
A−1,A 1− P̂A−1,A( )Φνn

J
π
T

′n n

∑

− (A−1)(A− 2) R ′n ′ ( ′r )Rn(r) Φ ′ν ′n
J
π
T
P̂
A−1,AVA−2,A−1 Φνn

J
π
T

′n n

∑

+ A−1( )× − A−1( )(A− 2)×

Direct potential: in the model space 
(interaction is localized!) 

Exchange potential: 
in the model space 



•  Define SD channel states in which the eigenstates of the heaviest of 
the two clusters (target) are described by a SD wave function: 
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•  More in detail: 

•  The spurious motion of the c.m. is mixed with the intrinsic motion 

•  Translational invariance preserved (exactly!) also with SD channels 

•  Transformation is general: same for different A’s or different a’s 
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•  SD to Jacobi transformation is general and exact 
•  Can use powerful second quantization representation 

–  Matrix elements of translational invariant operators can be expressed in 
terms of matrix elements of density operators on the target eigenstates 

–  For example, for a =a’ = 1 

•  Given a, a’, matrix elements are also general (same for different A’s) 
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•  There are other technical details  
–  Because of the norm kernel, the radial wave functions solutions of the 

RGM equation are not Schrödinger wave functions 

–  However, the RGM equations can be orthogonalized 

–  This procedure is explained in Phys. Rev. C 79, 044606 (2009) 
 

•  In the end, one is left with a set of integral-differential coupled 
channel equations with a non-local potential of the type: 
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•  Separation into “internal” and “external” regions at the channel radius a 

 

 

–  This is achieved through the Bloch operator: 

–  System of Bloch-Schrödinger equations:   
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•  Separation into “internal” and “external” regions at the channel radius a 

 

 

–  This is achieved through the Bloch operator: 

–  System of Bloch-Schrödinger equations: 

–  Internal region: expansion on square-integrable basis 

–  External region: asymptotic form for large r 

                                 or 
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•  After projection on the basis fn(r):

 

1.  Solve for Acn  

2.  Match  internal and external solutions at channel radius, a

•  In the process introduce R-matrix, projection of the Green’s function 
operator on the channel-surface functions 
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3.  Solve equation with respect to the scattering matrix U  

4.  You can demonstrate that the solution is given by: 

 

 

•  Scattering phase shifts are extracted from the scattering matrix elements 
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n-4He scattering within the NCSM/RGM 

chiral NN+NNN(500)  
chiral NN+NNN-induced                           
SRG λ=2 fm-1                           
HO Nmax=13, hΩ=20 MeV 

A larger splitting between  
the P-waves obtained with the 
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Ab initio many-body calculations of nucleon-4He scattering with three-nucleon forces
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We extend the ab initio no-core shell model/resonating-group method to include three-nucleon (3N )
interactions for the description of nucleon-nucleus collisions. We outline the formalism, give algebraic expressions
for the 3N -force integration kernels, and discuss computational aspects of two alternative implementations. The
extended theoretical framework is then applied to nucleon-4He elastic scattering using similarity-renormalization-
group (SRG)-evolved nucleon-nucleon plus 3N potentials derived from chiral effective field theory. We analyze
the convergence properties of the calculated phase shifts and explore their dependence upon the SRG evolution
parameter. We include up to six excited states of the 4He target and find significant effects from the inclusion of
the chiral 3N force, e.g., it enhances the spin-orbit splitting between the 3/2−and 1/2− resonances and leads to
an improved agreement with the phase shifts obtained from an accurate R-matrix analysis of the five-nucleon
experimental data. We find remarkably good agreement with measured differential cross sections at various
energies below the d-3H threshold, while analyzing powers manifest larger deviations from experiment for
certain energies and angles.
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I. INTRODUCTION

Recent progress in ab initio nuclear theory has been helping
us reach a basic understanding of nuclear properties while
paving the way to accurate predictions in the domain of
light nuclei. This has been made possible by simultaneous
advances in the fundamental description of the nuclear
interaction, many-body techniques, and scientific computing.
Today, accurate nucleon-nucleon (NN ) and three-nucleon
(3N ) interactions from chiral effective field theory (χEFT)
[1,2] offer a much-desired link to the underlying theory of
quantum chromodynamics at low energies. At the same time,
a first-principles solution of the many-body problem starting
from realistic Hamiltonians is not only being achieved for well-
bound states [3–7], but also is becoming possible for scattering
and reactions as successful ab initio bound-state techniques
are being extended to the description of dynamical processes
between light nuclei [8–11]. In techniques based on large-scale
expansions over many-body basis states, this success is in
part enabled by the use of similarity-renormalization-group
(SRG) [12–15] transformations of the input Hamiltonian,
where interactions can be softened in exchange for induced
many-body terms [16–19].

One of the emerging techniques in the area of ab initio
light-nucleus reactions is the no-core shell model combined
with the resonating-group method, or NCSM/RGM [9,20].
Here RGM [21–26] expansions in (A−a, a) binary-cluster
wave functions, where each cluster of nucleons is described

*hupin1@llnl.gov
†joachim.langhammer@physik.tu-darmstadt.de
‡navratil@triumf.ca
§quaglioni1@llnl.gov
∥angelo.calci@physik.tu-darmstadt.de
¶robert.roth@physik.tu-darmstadt.de

within the ab initio NCSM [27–30], are used to describe the
dynamics between nuclei made of interacting nucleons starting
from realistic Hamiltonians. In the recent past, this technique
has been successfully applied to compute nucleon [31] and
deuteron [32] scattering on light nuclei, based on accurate
NN potentials obtained by SRG softening of the χEFT NN
potential at next-to-next-to-next-to-leading order (N3LO) by
Entem and Machleidt [33]. In these first applications, the
omission of many-body forces induced by the renormalization
of the input NN potential introduced a dependence on the SRG
resolution scale λ. Also neglected was the 3N component
of the initial chiral Hamiltonian. Nevertheless, by choosing
an appropriate value of λ that reproduced the observed
particle separation energies, the NCSM/RGM was capable
of providing a promising realistic description of scattering
data and even complex reactions such as the 7Be(p,γ )8B
radiative capture [34] or the 3H(d,n)4He and 3He(d,p)4He
fusion rates [35]. In addition, nucleon-nucleus NCSM/RGM
wave functions combined with NCSM eigenstates of the com-
posite A-nucleon system have been successfully used to
compute the low-lying spectrum of the unbound 7He nucleus
within the more complete framework of the no-core shell
model with continuum (NCSMC) [11,36]. However, a truly
accurate ab initio description demands the inclusion of both
induced and initial chiral 3N interactions.

In this paper we present an extension of the ab initio
NCSM/RGM to include explicit 3N -force components of the
Hamiltonian in the description of nucleon-nucleus collisions,
and discuss two alternative implementations of the approach.
The extended formalism is then applied to the study of nucleon-
4He scattering using SRG-evolved NN + 3N Hamiltonians
derived from the N3LO NN interaction of Ref. [33] along with
the local form of the chiral 3N force at next-to-next-to-leading
order (N2LO) of Ref. [37] entirely constrained in the NN and
3N systems [38]. We account for target-polarization effects

054622-10556-2813/2013/88(5)/054622(16) ©2013 American Physical Society
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Unified approach to bound & continuum states; 
to nuclear structure & reactions 

•  Ab initio no-core shell model 
–  Short- and medium range correlations 
–  Bound-states, narrow resonances 
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•  …with resonating group method 
–  Bound & scattering states, reactions 
–  Cluster dynamics, long-range correlations 
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(Â2Ĥ − ĤÂ2)|ΦJπT

ν′r′ ⟩

= ⟨ΦJπT
νr |Ĥ − 1
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See Ref. [17] for more details about the NCSM/RGM
kernels.

C. The NCSMC kernels
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is the NCSM/RGM sector of the wave function when
working with the orthogonalized cluster channel states
of Eq. 6.
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found in Sect. II E.

In an analogous way to the NCSM/RGM sector, the
non-unity NCSMC norm can be orthogonalized away. To
define the inverse square root of the NCSMC norm in
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The explicit expression of the Hamiltonian kernels can
be found in Sect. ...

D. Solving the NCSMC equations

At large intercluster distances r, the clusters are as-
sumed to interact through the Coulomb interaction only.
Hence, the NCSMC equations are solved dividing the
space into an internal region r ! a and an external re-
gion r " a and applying the coupled-channel R-matrix
method on a Lagrange mesh [reference]. The separation
point r = a must be large enough to ensure that the
wave function of the A-body states |AλJπT ⟩ vanishes
when approaching the external region, where the asymp-
totic behavior of the NCSMC solutions is described by
the radial wave functions
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(Â2Ĥ − ĤÂ2)|ΦJπT

ν′r′ ⟩

= ⟨ΦJπT
νr |Ĥ − 1
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2 in Eq. 15, and multiply-
ing by N− 1

2 from the left, one gets

N− 1
2

(

HNCSM h̄
h̄ H

)

N− 1
2 N+ 1

2

(

c
χ

)

= EN+ 1
2

(

c
χ

)

.

(23)
That is, the eigenproblem

H

(

c̄
χ̄

)

= E

(

c̄
χ̄

)

(24)

for the orthogonalized NCSMC Hamiltonian

H = N− 1
2

(

HNCSM h̄
h̄ H

)

N− 1
2 , (25)

with the orthogonal wave functions
(

c̄
χ̄

)

= N+ 1
2

(

c
χ

)

. (26)

The explicit expression of the Hamiltonian kernels can
be found in Sect. ...

D. Solving the NCSMC equations

At large intercluster distances r, the clusters are as-
sumed to interact through the Coulomb interaction only.
Hence, the NCSMC equations are solved dividing the
space into an internal region r ! a and an external re-
gion r " a and applying the coupled-channel R-matrix
method on a Lagrange mesh [reference]. The separation
point r = a must be large enough to ensure that the
wave function of the A-body states |AλJπT ⟩ vanishes
when approaching the external region, where the asymp-
totic behavior of the NCSMC solutions is described by
the radial wave functions

uJπT
ν (r) = CJπT

ν Wl(ην ,κνr), for larger (27)

Calculation of h from SD wave functions: 

AλJ πT V3N AνΦνr
JπT ∝ SD Aλ J πMTMT V3NA A−1α1I1T1 SD

ϕnlj (A)$% &'MMT

(JπT )
=

1
12 (I1M1 jm | JM )(T1MT1

1
2mt |TMT ) βA−2βA−1βA V3N (βA−2 (βA−1 nljm 1

2mt
βM1m
∑

× SD Aλ J πMTMT aβA
+ aβA−1

+ aβA−2
+ a (βA−2

a (βA−1
A−1α1 I1M1T1MT1 SD



•  Calculation of h from SD wave functions: 

•  Tricky part: Sums over M1, MT1  
–  Need target eigenvectors for all M’s:  
–  Use raising and lowering J± and T± acting on 
                             with M1=0 for even A or 1/2 for odd A                                              
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1
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1
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Ab initio many-body calculations of nucleon-4He scattering with three-nucleon forces
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We extend the ab initio no-core shell model/resonating-group method to include three-nucleon (3N )
interactions for the description of nucleon-nucleus collisions. We outline the formalism, give algebraic expressions
for the 3N -force integration kernels, and discuss computational aspects of two alternative implementations. The
extended theoretical framework is then applied to nucleon-4He elastic scattering using similarity-renormalization-
group (SRG)-evolved nucleon-nucleon plus 3N potentials derived from chiral effective field theory. We analyze
the convergence properties of the calculated phase shifts and explore their dependence upon the SRG evolution
parameter. We include up to six excited states of the 4He target and find significant effects from the inclusion of
the chiral 3N force, e.g., it enhances the spin-orbit splitting between the 3/2−and 1/2− resonances and leads to
an improved agreement with the phase shifts obtained from an accurate R-matrix analysis of the five-nucleon
experimental data. We find remarkably good agreement with measured differential cross sections at various
energies below the d-3H threshold, while analyzing powers manifest larger deviations from experiment for
certain energies and angles.

DOI: 10.1103/PhysRevC.88.054622 PACS number(s): 21.60.De, 25.10.+s, 27.10.+h, 27.20.+n

I. INTRODUCTION

Recent progress in ab initio nuclear theory has been helping
us reach a basic understanding of nuclear properties while
paving the way to accurate predictions in the domain of
light nuclei. This has been made possible by simultaneous
advances in the fundamental description of the nuclear
interaction, many-body techniques, and scientific computing.
Today, accurate nucleon-nucleon (NN ) and three-nucleon
(3N ) interactions from chiral effective field theory (χEFT)
[1,2] offer a much-desired link to the underlying theory of
quantum chromodynamics at low energies. At the same time,
a first-principles solution of the many-body problem starting
from realistic Hamiltonians is not only being achieved for well-
bound states [3–7], but also is becoming possible for scattering
and reactions as successful ab initio bound-state techniques
are being extended to the description of dynamical processes
between light nuclei [8–11]. In techniques based on large-scale
expansions over many-body basis states, this success is in
part enabled by the use of similarity-renormalization-group
(SRG) [12–15] transformations of the input Hamiltonian,
where interactions can be softened in exchange for induced
many-body terms [16–19].

One of the emerging techniques in the area of ab initio
light-nucleus reactions is the no-core shell model combined
with the resonating-group method, or NCSM/RGM [9,20].
Here RGM [21–26] expansions in (A−a, a) binary-cluster
wave functions, where each cluster of nucleons is described

*hupin1@llnl.gov
†joachim.langhammer@physik.tu-darmstadt.de
‡navratil@triumf.ca
§quaglioni1@llnl.gov
∥angelo.calci@physik.tu-darmstadt.de
¶robert.roth@physik.tu-darmstadt.de

within the ab initio NCSM [27–30], are used to describe the
dynamics between nuclei made of interacting nucleons starting
from realistic Hamiltonians. In the recent past, this technique
has been successfully applied to compute nucleon [31] and
deuteron [32] scattering on light nuclei, based on accurate
NN potentials obtained by SRG softening of the χEFT NN
potential at next-to-next-to-next-to-leading order (N3LO) by
Entem and Machleidt [33]. In these first applications, the
omission of many-body forces induced by the renormalization
of the input NN potential introduced a dependence on the SRG
resolution scale λ. Also neglected was the 3N component
of the initial chiral Hamiltonian. Nevertheless, by choosing
an appropriate value of λ that reproduced the observed
particle separation energies, the NCSM/RGM was capable
of providing a promising realistic description of scattering
data and even complex reactions such as the 7Be(p,γ )8B
radiative capture [34] or the 3H(d,n)4He and 3He(d,p)4He
fusion rates [35]. In addition, nucleon-nucleus NCSM/RGM
wave functions combined with NCSM eigenstates of the com-
posite A-nucleon system have been successfully used to
compute the low-lying spectrum of the unbound 7He nucleus
within the more complete framework of the no-core shell
model with continuum (NCSMC) [11,36]. However, a truly
accurate ab initio description demands the inclusion of both
induced and initial chiral 3N interactions.

In this paper we present an extension of the ab initio
NCSM/RGM to include explicit 3N -force components of the
Hamiltonian in the description of nucleon-nucleus collisions,
and discuss two alternative implementations of the approach.
The extended formalism is then applied to the study of nucleon-
4He scattering using SRG-evolved NN + 3N Hamiltonians
derived from the N3LO NN interaction of Ref. [33] along with
the local form of the chiral 3N force at next-to-next-to-leading
order (N2LO) of Ref. [37] entirely constrained in the NN and
3N systems [38]. We account for target-polarization effects
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Abstract
The description of nuclei starting from the constituent nucleons and the realistic interactions
among them has been a long-standing goal in nuclear physics. In addition to the complex nature
of the nuclear forces, with two-, three- and possibly higher many-nucleon components, one faces
the quantum-mechanical many-nucleon problem governed by an interplay between bound and
continuum states. In recent years, significant progress has been made in ab initio nuclear
structure and reaction calculations based on input from QCD-employing Hamiltonians
constructed within chiral effective field theory. After a brief overview of the field, we focus on
ab initio many-body approaches—built upon the no-core shell model—that are capable of
simultaneously describing both bound and scattering nuclear states, and present results for
resonances in light nuclei, reactions important for astrophysics and fusion research. In particular,
we review recent calculations of resonances in the 6He halo nucleus, of five- and six-nucleon
scattering, and an investigation of the role of chiral three-nucleon interactions in the structure of
9Be. Further, we discuss applications to the 7Be gp, B8( ) radiative capture. Finally, we highlight
our efforts to describe transfer reactions including the 3H d, n 4( ) He fusion.

Keywords: ab initio methods, many-body nuclear reaction theory, nuclear reactions involving
few-nucleon systems, three-nucleon forces, radiative capture

(Some figures may appear in colour only in the online journal)

1. Introduction

Understanding the structure and the dynamics of nuclei as
many-body systems of protons and neutrons interacting
through the strong (as well as electromagnetic and weak)
forces is one of the central goals of nuclear physics. One of
the major reasons why this goal has yet to be accomplished
lies in the complex nature of the strong nuclear force, emer-
ging form the underlying theory of quantum chromodynamics
(QCD). At the low energies relevant to the structure and
dynamics of nuclei, QCD is non-perturbative and very diffi-
cult to solve. The relevant degrees of freedom for nuclei are

nucleons, i.e., protons and neutrons, that are not fundamental
particles but rather complex objects made of quarks, anti-
quarks and gluons. Consequently, the strong interactions
among nucleons is only an ‘effective’ interaction emerging
non-perturbatively from QCD. Our knowledge of the
nucleon–nucleon (NN) interactions is limited at present to
models. The most advanced and most fundamental of these
models rely on a low-energy effective field theory (EFT) of
the QCD, chiral EFT [1]. This theory is built on the sym-
metries of QCD, most notably the approximate chiral sym-
metry. However, it is not renormalizable and has an infinite
number of terms. Chiral EFT involves unknown parameters,
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2

The 4He and 5Li states of Eqs. (1) and (2), identified
respectively by the energy labels �↵ and �, are anti-
symmetric under exchange of internal nucleons. They
are obtained ahead of time by means of the ab initio

no-core shell model [25] through the diagonalization of
their respective microscopic Hamiltonians in finite bases
constructed from many-body harmonic oscillator (HO)
wave functions with up to N

max

HO quanta and fre-
quency ~⌦. The index ⌫ collects the quantum num-
bers {4He �↵J

⇡↵
↵ T↵; p

1

2

+
1

2

; s`} associated with the con-
tinuous basis states of Eq. (1), and the operator A⌫ =
1p
5

(1 � P
4

i=1

Pi,5), with Pi,5 the permutation between

a nucleon belonging to the 4He nucleus and the proton,
ensures the full antisymmetrization of the five-nucleon
system. The discrete coe�cients, c�, and the continuous
amplitudes of relative motion, �⌫(r) = (N�1/2�)⌫(r), are
the unknowns of the problem and are obtained as solu-
tions, in the interaction region, of the coupled equations

✓
H5

Li

h̄
h̄ H

◆✓
c
�

◆
= E

✓
I5

Li

ḡ
ḡ I

◆✓
c
�

◆
. (3)

Here, E denotes the total energy of the system and
the two by two block-matrices on the left- and right-
hand side of the equation represent, respectively, the
NCSMC Hamiltonian and norm kernels. In the up-
per diagonal block one can recognize the matrix ele-
ments of the Hamiltonian H (identity I) over the dis-
crete 5Li states, (H5

Li

)��0 = ���0E� [(I5
Li

)��0 = ���0 ].
Similarly, those over the orthonormalized p-4He por-
tion of the basis, H⌫⌫0(r, r0) = (N�1/2HN�1/2)⌫⌫0(r, r0)
[I⌫⌫0(r, r0) = �⌫⌫0�(r � r0)/(rr0)], which are obtained
from N⌫⌫0(r, r0)= h�J⇡T

⌫r |A⌫A⌫0 |�J⇡T
⌫0r0 i and H⌫⌫0(r, r0)=

h�J⇡T
⌫r |A⌫HA⌫0 |�J⇡T

⌫0r0 i, appear in the lower diagonal
block. The couplings between the two sectors of the ba-
sis are described by the overlap, ḡ�⌫(r)=(gN�1/2)�⌫(r),
and Hamiltonian, h̄�⌫(r) = (hN�1/2)�⌫(r), form fac-
tors, with g�⌫(r) = h5Li�J⇡T |A⌫ |�J⇡T

⌫r i and h�⌫(r) =
h5Li�J⇡T |HA⌫ |�J⇡T

⌫r i. The scattering matrix (and from
it any scattering observable) is then obtained by match-
ing the solutions of Eq. (3) with the known asymptotic
behavior of the wave function at large distances by means
of the microscopic R-matrix method [26, 27].

Results. Di↵erent from Refs. [24], where the NCSMC
was introduced and applied to the description of the un-
bound 7He nucleus starting from an accurate NN po-
tential, here we employ this approach for the first time
with an Hamiltonian that also includes in addition ex-
plicit 3N forces. This is, from an ab initio standpoint,
necessary to obtain a truly accurate and quantitative
description of the scattering process [28, 29]. In par-
ticular, we adopt an Hamiltonian based on the chiral
N3LO NN interaction of Ref. [30] and N2LO 3N force of
Ref. [31], constrained to provide an accurate description
of the A = 2 and 3 [32] systems and unitarily softened via
the similarity-renormalization-group (SRG) method [33–
37] to minimize the influence of momenta higher than 2
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FIG. 1. (Color online) Calculated p-4He phase shifts at
N

max

= 13 and ~⌦ = 20 MeV obtained with up to four-
teen states of the compound 5Li nucleus as a function of the
number of 4He states included in the calculation. The solid
red lines represent our most complete results. Also shown
(brown dashed lines) are the results of Ref. [23], i.e. without
5Li square intregrable eigenstates, as well as the phase shifts
of Ref. [38] (crosses), previously shown in Ref. [23] as a term
of reference. All values in this and the subsequent figures are
in the laboratory frame.

fm�1.

An ab initio investigation of elastic scattering of pro-
tons on 4He using the present Hamiltonian was recently
obtained within the continuous sector only of the model
space considered here [corresponding to the second term
in the right-hand side of Eq. (2)], i.e. by solving H� =
E� [23]. There, a careful analysis of the computed scat-
tering phase shifts showed that independence with re-
spect to the parameters characterizing the HO basis is
approached at N

max

= 13 (currently our computational
limit) and ~⌦ = 20 MeV, and that small variations of
the SRG momentum scale around the value chosen here
do not lead to significant di↵erences in the results. By
far the largest variation in the obtained phase shifts was
observed as a function of the number of states used to de-
scribe the helium nucleus, particularly in the 2P

3/2 and
2P

1/2 partial waves, where even the inclusion of up to the
first seven (J⇡↵

↵ T↵ = 0+
1

0, 0+
2

0, 0-0, 2-0, 2-1, 1-1 and 1-0)
4He eigenstates proved to be insu�cient for the accurate
description of the resonances below Ep ⇠ 5 MeV proton
incident energy (see Fig. 10 of Ref. [23]).

Rather than adding higher helium excitations, which
would lead to a computationally unbearable problem,
here we augment the model space adopted in Ref. [23] by
coupling the first fourteen (of which three 3/2- and two
1/2-) square-integrable eigenstates of the 5Li compound
nucleus. As illustrated in Fig. 1, and previously demon-
strated with a two-body Hamiltonian for neutron-6He
scattering [24], this substantially mitigates the depen-
dence on the number of eigenstates of the target so that
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FIG. 2. (Color online) Computed (lines) 4He(p, p)4H angular
di↵erential cross section at forward scattering angle ✓p = 25�

(a) and backscattering angle ✓p = 141� (b) as a function of the
proton incident energy compared with measurements (sym-
bols) from Refs. [3–6, 10]. The red solid line corresponds
to the most complete results of Fig. 1. Also shown (brown
dashed lines) are the results of Ref. [23], i.e. without 5Li
square intregrable eigenstates.

even a model space including only the ground state (g.s.)
of 4He is already su�cient to provide a reasonable de-
scription of the significant elastic scattering phase shifts.
Still, to reach the high accuracy we seek in the present
work higher helium excitations cannot be neglected. This
is because in spite of the correlations added by the 5Li
compound states, the J⇡↵

↵ T↵ = 0-0, 2-0, 2-1 and 1-1
(respectively the third, fourth, fifth and sixth) states do
play a role, particularly in determining the 3/2- and 1/2-

resonance energies and widths.
In Fig. 2 our most complete results (including the first

seven low-lying states of 4He) for the 4He(p, p)4He an-
gular di↵erential cross section at the laboratory proton-
scattering angles of ✓p = 25� and 141� are compared
to measurements in the range of incident energies up to
12 MeV [3–6, 10] . The agreement with data is excel-
lent both at forward and backward angles. The high en-
ergy tail of the cross section was already well described
within the more limited model space of Ref. [23], shown
as a brown dashed line. The e↵ect of the additional 5Li
states, included in the present calculation, is essentially
confined around their eigenenergies. The first 3/2- and
1/2- states play the largest role, substantially improving
the agreement with experiment at lower energies. Indeed,
we see in Fig. 2 that the calculated di↵erential cross sec-
tion lies within the experimental error bars in the peak
region dominated by the resonances, though the width of
the peak is somewhat overestimated.

In Table I, we compare the present results for the
centroids and widths of the 5Li ground and first ex-
cited states to those from an extended R-matrix anal-

TABLE I. Centroids ER, obtained as the values of the kinetic
energy in the center of mass for which the first derivative
�0(E

kin

) of the phase shift is maximal [20], and widths � =
2/�0(ER) of the 5Li ground and first excited states. The R-
matrix results are taken from Ref. [20] and correspond to the
evaluation of Ref. [39]. Units are in MeV.

R-matrix Present results

J⇡ ER � ER �

3/2� 1.67 1.37 1.77(1) 1.70(5)

1/2� 3.35 9.40 3.11(2) 7.90(50)

ysis of data [20]. The resonance positions are in
fairly good agreement. The largest deviation occurs for
the 1/2- state, which is 240 keV below the energy re-
ported in Ref. [20]. However we find larger di↵erences
for the widths, particularly for the 5Li g.s., which is
24% broader than in the R-matrix analysis. The com-
puted widths, particularly that of the 1/2- resonance,
present the largest uncertainty in terms of number of 4He
states included in the calculation (indicated in parenthe-
sis). In Fig. 3, we zoom to energies near the resonances
at the proton scattering angle of 169�, of interest for
non-Rutherford backscattering spectroscopy, where the
R-matrix analysis of Ref. [16] leads to an overestimation
of the cross section and triggered the search for new fit-
ting parameters [15]. Except for the 2.4 MeV Ep  3.5
MeV energy interval, where there is a minor disagreement
with experiment in line with our previous discussion, the
computed cross section is in overall satisfactory agree-
ment with data and shows that the present theory could
provide accurate guidance for ion beam analyses at ener-
gies/angles where measurements are not available. The
theoretical uncertainty associated with the treatment of
the helium excitations can be estimated from Fig 3, by
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results. Experimental data are from Refs. [5, 8, 10, 40].
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FIG. 4. (Color online) Computed (lines) 1H(↵, p)4He angular di↵erential cross section at the proton recoil angles 'p =
4�, 16�, 20�, and 30� as a function of the incident 4He energy compared with data (symbols) from Refs. [9–15, 41, 42]. Panel
(b) focuses on the proton recoil angle 'p = 30�, and shows, in addition to the most complete results, calculations including 5
and 6 4He states.

studying the convergence of the cross section with respect
to the last three 4He states included in the calculation.
The three curves are all within 5% one from another and
di↵erences between the results with 6 and 7 states are
minimal. This and the results of Table I earlier point to
remaining deficiencies in the nuclear interaction (and in
particular 3N force) used in this work. In fact, refine-
ment of the chiral 3N force (which a↵ects the spin-orbit
splitting between 2P

3/2 and 2P
1/2 phase shifts) is a cur-

rent topic of interest in nuclear physics [43–45].

Another kinematic setting of interest is the elastic re-
coil of protons at forward angles by incident 4He nuclei.
In Fig. 4(a), the computed 1H(↵, p)4He angular di↵er-
ential cross section at the proton recoil angles 'p = 4�,
15�, 20� and 30� is compared to various data sets over a
wide range of helium incident energies, E↵. For all four
angles the agreement with experiment is excellent close
to the Rutherford threshold (particularly at the base of
the cross section) and above E↵ ⇠ 13 MeV, but once
again deteriorates at intermediate energies due to the
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FIG. 5. (Color online) Relative di↵erence (in percent) be-
tween the calculated elastic recoil cross section at N

max

= 13
and 11 as a function of the proton angle 'p for the helium
incident energies E↵ = 3.2, 6.0 and 9.5 MeV. Only the first
two 4He states are accounted for in this study.

overestimated width of the 3/2- resonance. In Fig. 4(b),
we concentrate on the well-studied proton recoil angle of
⇠ 30�. In the dip near E↵ = 3 MeV, where the cross sec-
tion is fairly insensitive to the recoil angle, measurements
di↵er up to 40%. On the contrary our results, which lie
in between the data of Baglin et al. [9] and those of Kim
et al. [12], are very stable with respect to the number
of helium states included in the calculation at this en-
ergy. Here the uncertainty associated with the size of
the HO basis, estimated conservatively as the relative
di↵erence between the cross section at N

max

= 13 and
11 shown in Fig. 5, is less than 10%. Based on the find-
ings of Ref. [37] for the g.s. of 6Li, and the substantially
improved convergence of the present results compared to
those of Ref. [23], we also expect a very small dependence
on the SRG momentum scale. However, di↵erent from
the trend observed at the smaller recoil angles, our cal-
culation here underestimates measurements in the peak
region. The extent of this deviation goes beyond the nu-
merical error due to our finite model space and is likely
to be associated with the remaining uncertainties in the
nuclear Hamiltonian.

Conclusions. We presented the most advanced ab ini-

tio calculation of p-4He elastic scattering and provided
accurate predictions for proton backscattering and recoil
cross sections at various energies and angles of interests to
ion beam spectroscopy. Our statistical error, due to the
finite size of the model space, is within 9%. This is of the
same order as experimental uncertainties. An in depth
investigation of the systematic error associated with the
nuclear Hamiltonian is beyond the scope of the present
work. However, we found evidence that the present in-
teraction leads to an overestimation of the width of the
5Li g.s. resonance as well as to a somewhat insu�cient
splitting between this and the 1/2- excited state. With
the ability to further reduce and control the theoretical
uncertainties spurred by the development of optimized
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Low-energy cross sections for elastic scattering and recoil of protons from 4He nuclei (also known as α particles)
are calculated directly by solving the Schrödinger equation for five nucleons interacting through accurate two-
and three-nucleon forces derived within the framework of chiral effective field theory. Precise knowledge of
these processes at various proton backscattering/recoil angles and energies is needed for the ion-beam analysis of
numerous materials, from the surface layers of solids, to thin films, to fusion-reactor materials. Indeed, the same
elastic scattering process, in two different kinematic configurations, can be used to probe the concentrations and
depth profiles of either hydrogen or helium. We compare our results to available experimental data and show that
direct calculations with modern nuclear potentials can help to resolve remaining inconsistencies among data sets
and can be used to predict these cross sections when measurements are not available.

DOI: 10.1103/PhysRevC.90.061601 PACS number(s): 21.60.De, 24.10.Cn, 25.40.Cm, 27.10.+h

Introduction. The 4He(p,p)4He proton elastic scattering
and 1H(α,p)4He proton elastic recoil reactions are the leading
means for determining the concentrations and depth profiles of
helium and hydrogen, respectively, at the surface of materials
or in thin films. Such analyses, known among specialists
as (non-)Rutherford backscattering spectroscopy and elastic
recoil detection analysis, are very important for characterizing
the physical, chemical, and electrical behavior of materials, for
which hydrogen is one of the most common impurities, and for
studying the implantation of helium for applications in, e.g.,
waveguides or fusion energy research [1,2]. To achieve good
resolution, e.g., in the case of thick samples, measurements
are often performed at energies above the Rutherford threshold
where the purely Coulomb elastic scattering paradigm does not
hold anymore. In this regime, in which the incident particle
energy is of the order of a few mega–electron volts per nucleon,
nuclear physics becomes the main driver of the scattering
process, particularly near low-lying resonances where the
cross section can be enhanced by orders of magnitude with
respect to the Rutherford rate. Therefore, the availability of
accurate reference differential cross sections for a variety of
proton/4He incident energies and detection angles is key to the
feasibility and quality of these analyses.

Experimentally the elastic scattering of protons on 4He
has been studied extensively in the past [3–8], but only a
somewhat limited number of measurements were performed in
the energy range of interest for ion-beam analysis, and incon-
sistencies among data sets remain [9–15]. Consequently, cross
sections deduced from R-matrix analyses of data usually stand
as references [8,15–17]. However, there can be discrepancies
as large as 10% [15] among fits based on different data
sets in the critical region near the 3/2− and 1/2− low-lying
resonances of 5Li. An alternative way of fitting p-4He data,
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based on controlled and systematic effective-field theory
expansions, was introduced in Ref. [18]. Other theoretical
investigations of p-4He scattering include microscopic cal-
culations with phenomenological interactions [19–21] as well
as ab initio calculations based on accurate nucleon-nucleon
(NN ) [22] and three-nucleon (3N ) [23] forces. However,
both sets of calculations have limited predictive power. The
former make use of effective interactions with parameters
adjusted to reproduce the experimental nucleon-4He phase
shifts [21] and a simplified description of the 4He. In the
latter, an accurate convergence was only achieved for energies
above the 5Li resonance. In this paper we report on the most
complete ab initio calculation of p-4He scattering and provide
accurate predictions for proton backscattering and recoil cross
sections at various energies and angles of interest for ion-beam
applications.

Formalism. We solve the Schrödinger equation for A = 5
interacting nucleons by means of the no-core shell model with
continuum (NCSMC) [24]. For each channel of total angular
momentum, parity, and isospin (J πT ) we expand the five-
nucleon wave function on an overcomplete basis that consists
of (i) square-integrable energy eigenstates of the 5Li compound
system, |5Li λJ πT ⟩, and (ii) continuous states built from a
proton and a 4He (or α) nucleus (in a J πα

α Tα eigenstate) whose
centers of mass are separated by the relative coordinate r⃗α,p

and that are moving in a 2s+1ℓJ partial wave of relative motion,

∣∣%J π T
νr

〉
=

[(∣∣4He λαJ πα
α Tα

〉∣∣∣∣p
1
2

+ 1
2

〉)(sT )

Yℓ(r̂α,p)
](J π T )

× δ(r−rα,p)
rrα,p

. (1)

The resulting NCSMC translational-invariant ansatz is

∣∣(J π T
A=5

〉
=

∑

λ

cλ|5Li λJ πT ⟩ +
∑

ν

∫
dr r2 γν(r)

r
Aν

∣∣%J π T
νr

〉
.

(2)
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NCSM calculations of 6He and 7He g.s. energies 
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•  Expt. width 0.182(5) MeV: NCSM no information about the width 

 
7He unbound 

2

Eg.s. [MeV] 4He 6He 7He

NCSM Nmax=12 -28.05 -28.63 -27.33

NCSM extrap. -28.22(1) -29.25(15) -28.27(25)

Expt. -28.30 -29.27 -28.84

TABLE I: Ground-state energies of 4,6,7He in MeV. An expo-
nential fit was employed for the extrapolations.

We begin by presenting NCSM calculations for 6He
and 7He that will serve as input for the subsequent
NCSM/RGM and NCSMC investigations of 7He. In
this work, we use the similarity-rnormalization-group
(SRG) evolved [30–33] chiral N3LO NN potential of
Refs. [34, 35]. For the time being, we omit both induced
and chiral initial three-nucleon forces, and our results de-
pend on the low-momentum SRG parameter Λ. However,
for Λ = 2.02 fm−1, we obtain realistic binding energies
for the lightest nuclei, e.g., 4He and, especially important
for the present investigation, 6He (see Table I). Conse-
quently, this choice of NN potential allows us to perform
qualitatively and quantitatively meaningful calculations
for 7He that can be compared to experiment. Except
where differently stated, all results shown in this work
have been obtained with an harmonic oscillator (HO)
Nmax=12 basis size and frequency !Ω=16 MeV.

The variational NCSM calculations converge rapidly
and can be easily extrapolated. At Nmax=12 (our 6,7He
limit for technical reasons), the dependence of the 6He
g.s. energy on the HO frequency is flat in the range
of !Ω ∼ 16−19 MeV. In general, when working within
an HO basis, lower frequencies are better suited for the
description of unbound systems. Therefore, we choose
!Ω=16 MeV for our subsequent calculations. Extrap-
olated g.s. energies with their error estimates and the
Nmax=12 results are given in Table I. Calculated 6He ex-
citation energies for basis sizes up to Nmax=12 are shown
in Fig. 1. The 6He is weakly bound with all excited states
unbound. Except for the lowest 2+ state, all 6He excited
states are either broad resonances or states in the con-
tinuum. We observe a good stability of the 2+1 state
with respect to the basis size of our NCSM calculations.
The higher excited states, however, drop in energy with
increasing Nmax with the most dramatic example being
the multi-!Ω 0+3 state. This spells a potential difficulty
for a NCSM/RGM calculations of 7He within a n+6He
cluster basis as, with increasing density of 6He states at
low energies, a truncation to just a few lowest eigenstates
becomes questionable.

For the 7He, the NCSM predicts the g.s. unbound in
agreement with experiment. However, the resonance en-
ergy with respect to the 6He+n threshold appears over-
estimated. Obviously, it is not clear that the ad hoc
exponential extrapolation is valid for unbound states. In
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FIG. 1: (color online). Dependence of 6He excitation energies
on the size of the basis Nmax.

addition, no information on the width of the resonance
can be obtained from the NCSM calculation. We can,
however, study the structure of the 7He NCSM eigen-
states by calculating their overlaps with 6He+n cluster
states, which are related to ḡλν (see Eq. (2)), and the
corresponding spectroscopic factors summarized in Ta-
ble II. Overall, we find a very good agreement with the
VMC/GFMC results as well as with the latest experi-
mental value for the g.s. [2]. Interesting features to no-
tice is the about equal spread of 1/2− between the 0+ and
2+2 states. We stress that in our present calculations, the
overlap functions and spectroscopic factors are not the
final products to be compared to experiment but, on the
contrary, inputs to more sophisticated NCSMC calcula-
tions.

7He Jπ 6He−n(lj) NCSM CK VMC GFMC Exp.

3/2−1 0+−p 3
2

0.56 0.59 0.53 0.565 0.512(18) [2]

0.64(9) [36]

0.37(7) [11]

3/2−1 2+1 −p 1
2

0.001 0.06 0.006

3/2−1 2+1 −p 3
2

1.97 1.15 2.02

3/2−1 2+2 −p 1
2

0.12 0.09

3/2−1 2+2 −p 3
2

0.42 0.30

1/2− 0+−p 1
2

0.94 0.69 0.91

1/2− 2+1 −p 3
2

0.34 0.60 0.26

1/2− 2+2 −p 3
2

0.93

TABLE II: NCSM spectroscopic factors compared to Cohen-
Kurath (CK) [37] and VMC/GFMC [16, 38, 39] calculations
and experiment. The CK values should be still multiplied by
A/(A−1) to correct for the center of mass motion.
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4

Jπ experiment NCSMC NCSM/RGM NCSM

ER Γ Ref. ER Γ ER Γ ER

3/2− 0.430(3) 0.182(5) [2] 0.71 0.30 1.39 0.46 1.30

5/2− 3.35(10) 1.99(17) [40] 3.13 1.07 4.00 1.75 4.56

1/2− 3.03(10) 2 [11] 2.39 2.89 2.66 3.02 3.26

3.53 10 [15]

1.0(1) 0.75(8) [5]

TABLE III: Experimental and theoretical resonance centroids
and widths in MeV for the 3/2− g.s. , 5/2− and 1/2− excited
states of 7He. See the text for more details.

shifts is maximal [41]. The resonance widths are then
computed from the phase shifts according to (see, e.g.,
Ref. [42])

Γ =
2

dδ(Ekin)/dEkin

∣

∣

∣

∣

Ekin=ER

. (4)

An alternative, less general, choice for the resonance en-
ergy ER could be the kinetic energy corresponding to a
phase shift of π/2 (thin dashed lines in Fig. 3). While
Eq. (4) is safely applicable to sharp resonances, broad
resonances would require an analysis of the scattering
matrix in the complex plane. As we are more interested
in a qualitative discussion of the results, we use here the
above extraction procedure for broad resonances as well.
The two alternative ways of choosing ER lead to basi-
cally identical results for the calculated 3/2−1 resonances,
however the same is not true for the broader 5/2− and
the very broad 1/2− resonances. The π/2 condition, par-
ticularly questionable for broad resonances, would result
in ER ∼ 3.7 MeV and Γ ∼ 2.4 MeV for the 5/2− and
ER ∼ 4 MeV (see Fig. 3) and Γ ∼ 13 MeV for the 1/2−

resonance, respectively.
The resonance position and width of our NCSMC 3/2−

g.s. slightly overestimate the measurements, whereas the
prediction for the 5/2− is lower compared to experi-
ment [3, 40], although our determination of the width
should be taken with some caution in this case. As for
the 1/2− resonance, the experimental situation is not
clear as discussed in the introduction and documented
in Table III. While the centroid energies of Refs. [11, 12]
and [15] are comparable, the widths are very different.
With our determination of ER and Γ, the NCSMC re-
sults are in fair agreement with the neutron pick-up and
proton-removal reactions experiments [11, 12] and defi-
nitely do not support the hypothesis of a low lying (ER∼1
MeV) narrow (Γ ≤ 1 MeV) 1/2− resonance [4–8]. In ad-
dition, our NCSMC calculations predict two broad 6P3/2

resonances (from the coupling to the two respective 6He
2+ states) at about 3.7 MeV and 6.5 MeV with widths of
2.8 and 4.3 MeV, respectively. The corresponding eigen-
phase shifts do not reach π/2, see Fig. 3. In experiment,

there is a resonance of undetermined spin and parity at
6.2(3) MeV with a width of 4(1) MeV [40]. Finally, it
should be noted that our calculated NCSMC ground state
resonance energy, 0.71 MeV, is lower but still compatible
with the extrapolated NCSM value of 0.98(29) MeV (see
Tables I and III).

In conclusion, we introduced a new unified approach to
nuclear bound and continuum states based on the cou-
pling of the no-core shell model with the no-core shell
model/resonating group method. We demonstrated the
potential of the NCSMC in calculations of 7He reso-
nances. Our calculations do not support the hypothesis
of a low lying 1/2− resonance in 7He.
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6.2(3) MeV with a width of 4(1) MeV [40]. Finally, it
should be noted that our calculated NCSMC ground state
resonance energy, 0.71 MeV, is lower but still compatible
with the extrapolated NCSM value of 0.98(29) MeV (see
Tables I and III).

In conclusion, we introduced a new unified approach to
nuclear bound and continuum states based on the cou-
pling of the no-core shell model with the no-core shell
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potential of the NCSMC in calculations of 7He reso-
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tion for the 6He + n threshold energy is within ∼ 1 MeV
from the experimental value when a low-momentum res-
olution λ = 2.02 fm−1 is used. This allows us to per-
form qualitatively and quantitatively meaningful calcu-
lations and to discuss the physics involved in the scat-
tering process. All calculations shown in this work are
done with λ = 2.02 fm−1 two-body low-momentum inter-
actions, while the implementation of 3NF is in progress
[Ref.] and its inclusion is left for the future. At variance
with effective interactions that change as a function of
the model-space size (i.e., through the Lee-Suzuki renor-
malization, [Ref.]), the SRG potential enters unaltered
all the calculations. This makes the theories variational.

The NCSM/RGM and the NCSMC phase shifts for
the 7He negative-parity states up to J = 5/2 and for
the Jπ = 1/2+ state are shown in Fig. 2. We adopt
the standard notation 2s+1ℓJπ for the channel quantum
numbers, where the total spin s of the two clusters and
the relative orbital angular momentum ℓ add up to give
the total spin of the system J⃗ = s⃗+ ℓ⃗ (cf. Eq. 2). All the
phase shifts in Fig. 2 have been obtained using the lowest
three 6He states (i.e., the 0+ ground state and the two
lowest 2+ excited states). The NCSMC basis includes
also the lowest six (four) 7He negative- (positive-) parity
eigenstates. The neutron kinetic energy corresponding
to a phase shift of π/2 is taken as the resonance centroid
and it is plotted in Fig. 1, while the resonance width is
computed as [Ref.]

Γ =
2

∂δ(Ekin)/∂Ekin

∣

∣

∣

∣

Ekin=ER

(38)

evaluated at the resonance centroid ER and with the
phase shift in radians. Computed centroids and widths
are reported in Tab. I, together with the available ex-
perimental data. While the above procedure to extract
centroid energy and resonance width is safely applicable
to sharp resonances, broad resonances would require an
analysis of the scattering matrix in the complex plane.
As we are more interested in a qualitative discussion of
the results, we extend here the above extraction proce-
dure to broad resonances.

As expected for a variational theory, the introduction
of the additional A-body basis states |AλJπT ⟩ and the
coupling to the continuum lead to lower centroid values
for all 7He resonances when going from NCSM/RGM
to NCSMC. In particular, the 7He 3/2− ground state
and 5/2− excited state are sensitevely pushed toward the
6He + n threshold, getting closer to the experiment. The
resonance widths also shrink toward the observed data.

NCSM/RGM and NCSMC theories predict a 1/2− res-
onance above the 5/2− excited state, in contrast with the
NCSM. The latter, though, is not expected to provide a
reliable description for broad resonances, as this requires
a correct description of the coupling to the continuum.

The NCSM and the NCSM/RGM centroid energies for
the 3/2- and 5/2- resonances are just ! 200 keV apart,
while a significant energy shift is brought by the coupling
to the continuum, with a compression of the separation
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FIG. 2: NCSM/RGM (a) and NCSMC (b) 6He + n phase
shifts as a function of the kinetic energy of the impinging
neutron projectile. The phase shifts are taken from the diag-
onal matrix elements of the scattering matrix (see Sect. IID).
The dashed vertical area centered at 0.44 MeV indicates the
experimental centroid and width of the 7He ground state [29].
In all calculations the lowest three 6He states have been in-
cluded in the construcction of the basis states (cf. Eq. 2).

Jπ experiment NCSM NCSM/RGM NCSMC
E Γ Ref. E E Γ E Γ

3/2− 0.44(3) 0.16(3) [29] 1.30 1.42 0.52 0.75 0.31

5/2− 2.9(3) 2.2(3) [30] 4.56 4.58 3.06 3.69 2.57

1/2− 3.54 10 [42] 3.26 4.96 14.95 4.01 15.15

3.04 2 [38]

TABLE I: Experimental and theoretical values for the reso-
nance centroids and widths in MeV for the 3/2− ground state
and the 5/2− and 1/2− excited states of 7He.

energy of about 0.4 MeV, closer to the experimental find-
ings.

All these results show that the coupling to the contin-
uum is strong, which leads to an overcompleteness of the
NCSMC basis. This overcompleteness is at the heart of
the method, which is then able to get converged results
with fewer cluster states than the NCSM/RGM. The lat-
ter often requires many target states |A − a α1I

π1
1 T1⟩ to



•  Z=4, N=7 
–  In the shell model picture g.s. expected to be Jπ=1/2-  

•  Z=6, N=7 13C and Z=8, N=7 15O have Jπ=1/2- g.s. 
–  In reality, 11Be g.s. is Jπ=1/2+ - parity inversion 
–  Very weakly bound: Eth=-0.5 MeV 

•  Halo state – dominated by 10Be-n in the S-wave 
–  The 1/2- state also bound – only by 180 keV 
 

•  Can we describe 11Be  
     in ab initio calculations? 

–  Continuum must be included 
–  Does the 3N interaction play  
    a role in the parity inversion?  

    
 

Neutron-rich halo nucleus 11Be 
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•  New experiment at TRIUMF with the novel IRIS solid H2 target 
•  First re-accelerated 10C beam at TRIUMF 
•  10C(p,p) angular distributions measured at ECM ~ 4.16 MeV and 4.4 MeV 

10C(p,p) @ IRIS with solid H2 target  
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10C(p,p)   @ IRIS  with solid H2 target
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•  NCSMC calculations with chiral NN+3N (N3LO NN+N2LO 3NF400, NNLOsat) 
–   p-10C    +   11N 

•  10C:   0+, 2+, 2+ NCSM eigenstates 
•  11N:   ≥4 π = -1 and ≥3 π = +1 NCSM eigenstates 

A. Calci, P. Navratil, G. Hupin, S. Quaglioni, R. Roth et al with IRIS collaboration, in preparation 



p+10C scattering: structure of 11N resonances 

103 

60 90 120 150 180
ΘCM [deg]

10

100

dσ
/d
Ω

 [m
b/

sr
]

chiral NN

p-10C
NCSMC

Ekin=4.16 MeV

60 90 120 150 180
ΘCM [deg]

10

100

dσ
/d
Ω

 [m
b/

sr
]

chiral NN

p-10C
NCSMC

Ekin=4.4 MeV

0 1 2 3 4 5 6 7 8
Ekin [MeV]

-60

-30

0

30

60

90

120

150

180

δ 
[d

eg
]

2P1/2

2S1/2

3/2+

2P3/2

10C+p

5/2+

6P5/2

chiral NN

A. Calci, P. Navratil, G. Hupin, S. Quaglioni, R. Roth et al with IRIS collaboration, in preparation 



p+10C scattering: structure of 11N resonances 

104 

60 90 120 150 180
ΘCM [deg]

10

100

dσ
/d
Ω

 [m
b/

sr
]

chiral NN
chiral NN+3NF400

p-10C
NCSMC

Ekin=4.16 MeV

60 90 120 150 180
ΘCM [deg]

10

100

dσ
/d
Ω

 [m
b/

sr
]

chiral NN
chiral NN+3NF400

p-10C
NCSMC

Ekin=4.4 MeV

0 1 2 3 4 5 6 7 8
Ekin [MeV]

-60

-30

0

30

60

90

120

150

180

δ 
[d

eg
]

2P1/2

2P3/2

10C+p
6P5/2

2S1/2

5/2+

3/2+

chiral NN+3NF400
0 1 2 3 4 5 6 7 8

Ekin [MeV]
-60

-30

0

30

60

90

120

150

180

δ 
[d

eg
]

2P1/2

2S1/2

3/2+

2P3/2

10C+p

5/2+

6P5/2

chiral NN

A. Calci, P. Navratil, G. Hupin, S. Quaglioni, R. Roth et al with IRIS collaboration, in preparation 



Structure of 11Be from chiral NN+3N forces 

105 

•  NCSMC calculations including chiral 3N (N3LO NN+N2LO 3NF400) 
–   n-10Be  +  11Be 

•  10Be: 0+, 2+, 2+ NCSM eigenstates 
•  11Be: ≥6 π = -1 and ≥3 π = +1 NCSM eigenstates 

June 19 2015 Angelo Calci

11Be with continuum effects
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9Be: NCSM vs. NCSMC

! NCSMC shows much better Nmax convergence 

! NCSM tries to capture continuum effects via large Nmax 

! drastic difference for the 1/2+ state right at threshold
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in the Hamiltonian kernel. Detailed expressions for these
form factors are given in the Appendix. The calculation of
⟨AλJ πT |Âν$

J π T
νr ⟩ overlap matrix elements between NCSM

wave functions and binary-cluster states was also discussed in
Ref. [36]. We also note that by squaring the absolute value
of these matrix elements and integrating over r , one obtains
spectroscopic factors.

The NCSMC equations can be orthogonalized in a way
analogous to that presented for the NCSM/RGM in Sec. II B1.
To define the square and inverse square root of the NCSMC
norm in the r-space representation, we first rewrite Eq. (24)
as the convolution of the model-space norm kernel plus a
correction for the finite size of the HO model-space P ,

Nλλ′

νrν ′r ′ =
(

0 0

0 δνν ′
δ(r−r ′)

rr ′ − δνν ′Rnℓ(r)δnn′Rn′ℓ′(r ′)

)

+
(

δλλ̃ 0

0 Rνr ν̃n

)

N λ̃λ̃′

ν̃n ν̃ ′n′

(
δλ̃′λ′ 0

0 Rν ′r ′ ν̃ ′n′

)

, (27)

where the sum over the repeating indexes λ̃, ν̃, n, λ̃′, ν̃ ′, and
n′ is implied, the notation Rνr ν̃n stands for Rnℓ(r)δνν̃ , and the
model-space NCSMC norm is given by

N λ̃λ̃′

ν̃n ν̃ ′n′ =
(

δλ̃λ̃′ ḡλ̃ν̃ ′n′

ḡλ̃′ν̃n δν̃ν̃ ′δnn′

)

. (28)

Here, the model-space cluster form factor is related to the
r-space one through ḡλν(r) =

∑
n Rnl(r)ḡλνn (as demonstrated

in the Appendix). We note that, in principle, the norm kernels
(15) and (28) can become singular because of Pauli forbidden
states in the NCSM/RGM or because of linear dependencies
owing to the overcompleteness of the NCSMC basis. In
that case, one simply removes explicitly the norm kernel
eigenvectors corresponding to the singular eigenvalues to
facilitate the inversion and the orthogonalization process. The
square and inverse square roots of N can then be defined as

(N± 1
2 )λλ′

νrν ′r ′ =
(

0 0

0 δνν ′
δ(r−r ′)

rr ′ − Rnℓ(r)δνν ′δnn′Rn′ℓ′(r ′)

)

+
(

δλλ̃ 0

0 Rνr ν̃n

)

(N± 1
2 )λ̃λ̃′

ν̃n ν̃ ′n′

(
δλ̃′λ′ 0

0 Rν ′r ′ ν̃ ′n′

)

.

(29)

Inserting the identity N− 1
2 N+ 1

2 in both left- and right-hand
sides of Eq. (22) and multiplying by N− 1

2 from the left one
obtains the orthogonalized NCSMC equations

H

(
c̄
χ̄

)
= E

(
c̄
χ̄

)
, (30)

where the orthogonalized Hamiltonian is given by

H = N− 1
2

(
HNCSM h̄

h̄ H

)

N− 1
2 , (31)

and the orthogonal wave functions by
(

c̄
χ̄

)
= N+ 1

2

(
c
χ

)
. (32)

Finally, the ansatz (21) in terms of the orthogonalized NCSMC
wave function takes the form

∣∣(J π T
A

〉
=

∑

λ

|AλJ πT ⟩
[ ∑

λ′

(N− 1
2 )λλ′

c̄λ′

+
∑

ν ′

∫
dr ′ r ′2(N− 1

2 )λν ′r ′
χ̄ν ′(r ′)

r ′

]

+
∑

νν ′

∫
dr r2

∫
dr ′ r ′2Âν

∣∣$J π T
νr

〉
N− 1

2
νν ′ (r, r ′)

×
[ ∑

λ′

(N− 1
2 )λ

′

ν ′r ′ c̄λ′

+
∑

ν ′′

∫
dr ′′ r ′′2(N− 1

2 )ν ′r ′ν ′′r ′′
χ̄ν ′′(r ′′)

r ′′

]
. (33)

2. Solving the NCSMC equations

At large intercluster distances r , the clusters are assumed
to interact through the Coulomb interaction only. Hence, the
NCSMC equations are solved dividing the space into an
internal region, r ! r0, and an external region, r > r0, and
applying the coupled-channel microscopic R-matrix method
on a Lagrange mesh [37]. The separation radius r = r0
must be large enough to ensure that the wave function of
the A-body states |AλJ πT ⟩ vanishes when approaching the
external region, where the asymptotic behavior of the NCSMC
solutions is described entirely by the radial wave functions

uJ π T
ν (r) = CJ π T

ν Wℓ(ην, κνr), (34)

and

uJ π T
ν (r) = i

2
v

− 1
2

ν

[
δνiH

−
ℓ (ην, κνr) − SJ π T

νi H+
ℓ (ην, κνr)

]

(35)

for bound and scattering states, respectively. Here, Wl(ην, κνr)
are Whittaker functions and H±

l (ην, κνr) are the incoming and
outgoing Coulomb functions, with vν the speed, κν the wave
number, and ην the Sommerfeld parameter of the final state
being studied. Asymptotic normalization constant for bound
states and scattering matrix between initial (i) and final (ν)
scattering states are denoted, respectively, with CJ π T

ν and SJ π T
νi .

The functions uJ π T
ν (r) stand for either the nonorthogonalized

wave function χν(r) or for the orthogonalized χ̄ν(r) according
to which set of equations, Eq. (22) or (30), is being considered.

One of the advantages of the microscopic R-matrix method
is that the wave function in the internal region can be ex-
panded on a set of square-integrable functions. A particularly
convenient choice when dealing with nonlocal potentials, as
in our case, is the set of Lagrange functions fn(r) associated
with the shifted Legendre polynomials and defined on the mesh
points rn ∈ (0, r0) [37], labeled by the index 1 ! n ! N . When
the Gauss quadrature approximation is adopted, the Lagrange
functions are orthogonal to each other. In addition, thanks to
the Gauss quadrature approximation and the properties of the
Lagrange functions, matrix elements of nonlocal potentials are
proportional to the values of the nonlocal potentials at the mesh
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in the Hamiltonian kernel. Detailed expressions for these
form factors are given in the Appendix. The calculation of
⟨AλJ πT |Âν$

J π T
νr ⟩ overlap matrix elements between NCSM

wave functions and binary-cluster states was also discussed in
Ref. [36]. We also note that by squaring the absolute value
of these matrix elements and integrating over r , one obtains
spectroscopic factors.

The NCSMC equations can be orthogonalized in a way
analogous to that presented for the NCSM/RGM in Sec. II B1.
To define the square and inverse square root of the NCSMC
norm in the r-space representation, we first rewrite Eq. (24)
as the convolution of the model-space norm kernel plus a
correction for the finite size of the HO model-space P ,

Nλλ′

νrν ′r ′ =
(

0 0

0 δνν ′
δ(r−r ′)

rr ′ − δνν ′Rnℓ(r)δnn′Rn′ℓ′(r ′)

)

+
(

δλλ̃ 0

0 Rνr ν̃n

)

N λ̃λ̃′

ν̃n ν̃ ′n′

(
δλ̃′λ′ 0

0 Rν ′r ′ ν̃ ′n′

)

, (27)

where the sum over the repeating indexes λ̃, ν̃, n, λ̃′, ν̃ ′, and
n′ is implied, the notation Rνr ν̃n stands for Rnℓ(r)δνν̃ , and the
model-space NCSMC norm is given by

N λ̃λ̃′

ν̃n ν̃ ′n′ =
(

δλ̃λ̃′ ḡλ̃ν̃ ′n′

ḡλ̃′ν̃n δν̃ν̃ ′δnn′

)

. (28)

Here, the model-space cluster form factor is related to the
r-space one through ḡλν(r) =

∑
n Rnl(r)ḡλνn (as demonstrated

in the Appendix). We note that, in principle, the norm kernels
(15) and (28) can become singular because of Pauli forbidden
states in the NCSM/RGM or because of linear dependencies
owing to the overcompleteness of the NCSMC basis. In
that case, one simply removes explicitly the norm kernel
eigenvectors corresponding to the singular eigenvalues to
facilitate the inversion and the orthogonalization process. The
square and inverse square roots of N can then be defined as

(N± 1
2 )λλ′

νrν ′r ′ =
(

0 0

0 δνν ′
δ(r−r ′)

rr ′ − Rnℓ(r)δνν ′δnn′Rn′ℓ′(r ′)

)

+
(

δλλ̃ 0

0 Rνr ν̃n

)

(N± 1
2 )λ̃λ̃′

ν̃n ν̃ ′n′

(
δλ̃′λ′ 0

0 Rν ′r ′ ν̃ ′n′

)

.

(29)

Inserting the identity N− 1
2 N+ 1

2 in both left- and right-hand
sides of Eq. (22) and multiplying by N− 1

2 from the left one
obtains the orthogonalized NCSMC equations

H

(
c̄
χ̄

)
= E

(
c̄
χ̄

)
, (30)

where the orthogonalized Hamiltonian is given by

H = N− 1
2

(
HNCSM h̄

h̄ H

)

N− 1
2 , (31)

and the orthogonal wave functions by
(

c̄
χ̄

)
= N+ 1

2

(
c
χ

)
. (32)

Finally, the ansatz (21) in terms of the orthogonalized NCSMC
wave function takes the form

∣∣(J π T
A

〉
=

∑

λ

|AλJ πT ⟩
[ ∑

λ′

(N− 1
2 )λλ′

c̄λ′

+
∑

ν ′

∫
dr ′ r ′2(N− 1

2 )λν ′r ′
χ̄ν ′(r ′)

r ′

]

+
∑

νν ′

∫
dr r2

∫
dr ′ r ′2Âν

∣∣$J π T
νr

〉
N− 1

2
νν ′ (r, r ′)

×
[ ∑

λ′

(N− 1
2 )λ

′

ν ′r ′ c̄λ′

+
∑

ν ′′

∫
dr ′′ r ′′2(N− 1

2 )ν ′r ′ν ′′r ′′
χ̄ν ′′(r ′′)

r ′′

]
. (33)

2. Solving the NCSMC equations

At large intercluster distances r , the clusters are assumed
to interact through the Coulomb interaction only. Hence, the
NCSMC equations are solved dividing the space into an
internal region, r ! r0, and an external region, r > r0, and
applying the coupled-channel microscopic R-matrix method
on a Lagrange mesh [37]. The separation radius r = r0
must be large enough to ensure that the wave function of
the A-body states |AλJ πT ⟩ vanishes when approaching the
external region, where the asymptotic behavior of the NCSMC
solutions is described entirely by the radial wave functions

uJ π T
ν (r) = CJ π T

ν Wℓ(ην, κνr), (34)

and

uJ π T
ν (r) = i

2
v

− 1
2

ν

[
δνiH

−
ℓ (ην, κνr) − SJ π T

νi H+
ℓ (ην, κνr)

]

(35)

for bound and scattering states, respectively. Here, Wl(ην, κνr)
are Whittaker functions and H±

l (ην, κνr) are the incoming and
outgoing Coulomb functions, with vν the speed, κν the wave
number, and ην the Sommerfeld parameter of the final state
being studied. Asymptotic normalization constant for bound
states and scattering matrix between initial (i) and final (ν)
scattering states are denoted, respectively, with CJ π T

ν and SJ π T
νi .

The functions uJ π T
ν (r) stand for either the nonorthogonalized

wave function χν(r) or for the orthogonalized χ̄ν(r) according
to which set of equations, Eq. (22) or (30), is being considered.

One of the advantages of the microscopic R-matrix method
is that the wave function in the internal region can be ex-
panded on a set of square-integrable functions. A particularly
convenient choice when dealing with nonlocal potentials, as
in our case, is the set of Lagrange functions fn(r) associated
with the shifted Legendre polynomials and defined on the mesh
points rn ∈ (0, r0) [37], labeled by the index 1 ! n ! N . When
the Gauss quadrature approximation is adopted, the Lagrange
functions are orthogonal to each other. In addition, thanks to
the Gauss quadrature approximation and the properties of the
Lagrange functions, matrix elements of nonlocal potentials are
proportional to the values of the nonlocal potentials at the mesh
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in the Hamiltonian kernel. Detailed expressions for these
form factors are given in the Appendix. The calculation of
⟨AλJ πT |Âν$

J π T
νr ⟩ overlap matrix elements between NCSM

wave functions and binary-cluster states was also discussed in
Ref. [36]. We also note that by squaring the absolute value
of these matrix elements and integrating over r , one obtains
spectroscopic factors.

The NCSMC equations can be orthogonalized in a way
analogous to that presented for the NCSM/RGM in Sec. II B1.
To define the square and inverse square root of the NCSMC
norm in the r-space representation, we first rewrite Eq. (24)
as the convolution of the model-space norm kernel plus a
correction for the finite size of the HO model-space P ,

Nλλ′

νrν ′r ′ =
(

0 0

0 δνν ′
δ(r−r ′)

rr ′ − δνν ′Rnℓ(r)δnn′Rn′ℓ′(r ′)

)

+
(

δλλ̃ 0

0 Rνr ν̃n

)

N λ̃λ̃′

ν̃n ν̃ ′n′

(
δλ̃′λ′ 0

0 Rν ′r ′ ν̃ ′n′

)

, (27)

where the sum over the repeating indexes λ̃, ν̃, n, λ̃′, ν̃ ′, and
n′ is implied, the notation Rνr ν̃n stands for Rnℓ(r)δνν̃ , and the
model-space NCSMC norm is given by

N λ̃λ̃′

ν̃n ν̃ ′n′ =
(

δλ̃λ̃′ ḡλ̃ν̃ ′n′

ḡλ̃′ν̃n δν̃ν̃ ′δnn′

)

. (28)

Here, the model-space cluster form factor is related to the
r-space one through ḡλν(r) =

∑
n Rnl(r)ḡλνn (as demonstrated

in the Appendix). We note that, in principle, the norm kernels
(15) and (28) can become singular because of Pauli forbidden
states in the NCSM/RGM or because of linear dependencies
owing to the overcompleteness of the NCSMC basis. In
that case, one simply removes explicitly the norm kernel
eigenvectors corresponding to the singular eigenvalues to
facilitate the inversion and the orthogonalization process. The
square and inverse square roots of N can then be defined as

(N± 1
2 )λλ′

νrν ′r ′ =
(

0 0

0 δνν ′
δ(r−r ′)

rr ′ − Rnℓ(r)δνν ′δnn′Rn′ℓ′(r ′)

)

+
(

δλλ̃ 0

0 Rνr ν̃n

)

(N± 1
2 )λ̃λ̃′

ν̃n ν̃ ′n′

(
δλ̃′λ′ 0

0 Rν ′r ′ ν̃ ′n′

)

.

(29)

Inserting the identity N− 1
2 N+ 1

2 in both left- and right-hand
sides of Eq. (22) and multiplying by N− 1

2 from the left one
obtains the orthogonalized NCSMC equations

H

(
c̄
χ̄

)
= E

(
c̄
χ̄

)
, (30)

where the orthogonalized Hamiltonian is given by

H = N− 1
2

(
HNCSM h̄

h̄ H

)

N− 1
2 , (31)

and the orthogonal wave functions by
(

c̄
χ̄

)
= N+ 1

2

(
c
χ

)
. (32)

Finally, the ansatz (21) in terms of the orthogonalized NCSMC
wave function takes the form

∣∣(J π T
A

〉
=

∑

λ

|AλJ πT ⟩
[ ∑

λ′

(N− 1
2 )λλ′

c̄λ′

+
∑

ν ′

∫
dr ′ r ′2(N− 1

2 )λν ′r ′
χ̄ν ′(r ′)

r ′

]

+
∑

νν ′

∫
dr r2

∫
dr ′ r ′2Âν

∣∣$J π T
νr

〉
N− 1

2
νν ′ (r, r ′)

×
[ ∑

λ′

(N− 1
2 )λ

′

ν ′r ′ c̄λ′

+
∑

ν ′′

∫
dr ′′ r ′′2(N− 1

2 )ν ′r ′ν ′′r ′′
χ̄ν ′′(r ′′)

r ′′

]
. (33)

2. Solving the NCSMC equations

At large intercluster distances r , the clusters are assumed
to interact through the Coulomb interaction only. Hence, the
NCSMC equations are solved dividing the space into an
internal region, r ! r0, and an external region, r > r0, and
applying the coupled-channel microscopic R-matrix method
on a Lagrange mesh [37]. The separation radius r = r0
must be large enough to ensure that the wave function of
the A-body states |AλJ πT ⟩ vanishes when approaching the
external region, where the asymptotic behavior of the NCSMC
solutions is described entirely by the radial wave functions

uJ π T
ν (r) = CJ π T

ν Wℓ(ην, κνr), (34)

and

uJ π T
ν (r) = i

2
v

− 1
2

ν

[
δνiH

−
ℓ (ην, κνr) − SJ π T

νi H+
ℓ (ην, κνr)

]

(35)

for bound and scattering states, respectively. Here, Wl(ην, κνr)
are Whittaker functions and H±

l (ην, κνr) are the incoming and
outgoing Coulomb functions, with vν the speed, κν the wave
number, and ην the Sommerfeld parameter of the final state
being studied. Asymptotic normalization constant for bound
states and scattering matrix between initial (i) and final (ν)
scattering states are denoted, respectively, with CJ π T

ν and SJ π T
νi .

The functions uJ π T
ν (r) stand for either the nonorthogonalized

wave function χν(r) or for the orthogonalized χ̄ν(r) according
to which set of equations, Eq. (22) or (30), is being considered.

One of the advantages of the microscopic R-matrix method
is that the wave function in the internal region can be ex-
panded on a set of square-integrable functions. A particularly
convenient choice when dealing with nonlocal potentials, as
in our case, is the set of Lagrange functions fn(r) associated
with the shifted Legendre polynomials and defined on the mesh
points rn ∈ (0, r0) [37], labeled by the index 1 ! n ! N . When
the Gauss quadrature approximation is adopted, the Lagrange
functions are orthogonal to each other. In addition, thanks to
the Gauss quadrature approximation and the properties of the
Lagrange functions, matrix elements of nonlocal potentials are
proportional to the values of the nonlocal potentials at the mesh
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in the Hamiltonian kernel. Detailed expressions for these
form factors are given in the Appendix. The calculation of
⟨AλJ πT |Âν$

J π T
νr ⟩ overlap matrix elements between NCSM

wave functions and binary-cluster states was also discussed in
Ref. [36]. We also note that by squaring the absolute value
of these matrix elements and integrating over r , one obtains
spectroscopic factors.

The NCSMC equations can be orthogonalized in a way
analogous to that presented for the NCSM/RGM in Sec. II B1.
To define the square and inverse square root of the NCSMC
norm in the r-space representation, we first rewrite Eq. (24)
as the convolution of the model-space norm kernel plus a
correction for the finite size of the HO model-space P ,

Nλλ′

νrν ′r ′ =
(

0 0

0 δνν ′
δ(r−r ′)

rr ′ − δνν ′Rnℓ(r)δnn′Rn′ℓ′(r ′)

)

+
(

δλλ̃ 0

0 Rνr ν̃n

)

N λ̃λ̃′

ν̃n ν̃ ′n′

(
δλ̃′λ′ 0

0 Rν ′r ′ ν̃ ′n′

)

, (27)

where the sum over the repeating indexes λ̃, ν̃, n, λ̃′, ν̃ ′, and
n′ is implied, the notation Rνr ν̃n stands for Rnℓ(r)δνν̃ , and the
model-space NCSMC norm is given by

N λ̃λ̃′

ν̃n ν̃ ′n′ =
(

δλ̃λ̃′ ḡλ̃ν̃ ′n′

ḡλ̃′ν̃n δν̃ν̃ ′δnn′

)

. (28)

Here, the model-space cluster form factor is related to the
r-space one through ḡλν(r) =

∑
n Rnl(r)ḡλνn (as demonstrated

in the Appendix). We note that, in principle, the norm kernels
(15) and (28) can become singular because of Pauli forbidden
states in the NCSM/RGM or because of linear dependencies
owing to the overcompleteness of the NCSMC basis. In
that case, one simply removes explicitly the norm kernel
eigenvectors corresponding to the singular eigenvalues to
facilitate the inversion and the orthogonalization process. The
square and inverse square roots of N can then be defined as

(N± 1
2 )λλ′

νrν ′r ′ =
(

0 0

0 δνν ′
δ(r−r ′)

rr ′ − Rnℓ(r)δνν ′δnn′Rn′ℓ′(r ′)

)

+
(

δλλ̃ 0

0 Rνr ν̃n

)

(N± 1
2 )λ̃λ̃′

ν̃n ν̃ ′n′

(
δλ̃′λ′ 0

0 Rν ′r ′ ν̃ ′n′

)

.

(29)

Inserting the identity N− 1
2 N+ 1

2 in both left- and right-hand
sides of Eq. (22) and multiplying by N− 1

2 from the left one
obtains the orthogonalized NCSMC equations

H

(
c̄
χ̄

)
= E

(
c̄
χ̄

)
, (30)

where the orthogonalized Hamiltonian is given by

H = N− 1
2

(
HNCSM h̄

h̄ H

)

N− 1
2 , (31)

and the orthogonal wave functions by
(

c̄
χ̄

)
= N+ 1

2

(
c
χ

)
. (32)

Finally, the ansatz (21) in terms of the orthogonalized NCSMC
wave function takes the form

∣∣(J π T
A

〉
=

∑

λ

|AλJ πT ⟩
[ ∑

λ′

(N− 1
2 )λλ′

c̄λ′

+
∑

ν ′

∫
dr ′ r ′2(N− 1

2 )λν ′r ′
χ̄ν ′(r ′)

r ′

]

+
∑

νν ′

∫
dr r2

∫
dr ′ r ′2Âν

∣∣$J π T
νr

〉
N− 1

2
νν ′ (r, r ′)

×
[ ∑

λ′

(N− 1
2 )λ

′

ν ′r ′ c̄λ′

+
∑

ν ′′

∫
dr ′′ r ′′2(N− 1

2 )ν ′r ′ν ′′r ′′
χ̄ν ′′(r ′′)

r ′′

]
. (33)

2. Solving the NCSMC equations

At large intercluster distances r , the clusters are assumed
to interact through the Coulomb interaction only. Hence, the
NCSMC equations are solved dividing the space into an
internal region, r ! r0, and an external region, r > r0, and
applying the coupled-channel microscopic R-matrix method
on a Lagrange mesh [37]. The separation radius r = r0
must be large enough to ensure that the wave function of
the A-body states |AλJ πT ⟩ vanishes when approaching the
external region, where the asymptotic behavior of the NCSMC
solutions is described entirely by the radial wave functions

uJ π T
ν (r) = CJ π T

ν Wℓ(ην, κνr), (34)

and

uJ π T
ν (r) = i

2
v

− 1
2

ν

[
δνiH

−
ℓ (ην, κνr) − SJ π T

νi H+
ℓ (ην, κνr)

]

(35)

for bound and scattering states, respectively. Here, Wl(ην, κνr)
are Whittaker functions and H±

l (ην, κνr) are the incoming and
outgoing Coulomb functions, with vν the speed, κν the wave
number, and ην the Sommerfeld parameter of the final state
being studied. Asymptotic normalization constant for bound
states and scattering matrix between initial (i) and final (ν)
scattering states are denoted, respectively, with CJ π T

ν and SJ π T
νi .

The functions uJ π T
ν (r) stand for either the nonorthogonalized

wave function χν(r) or for the orthogonalized χ̄ν(r) according
to which set of equations, Eq. (22) or (30), is being considered.

One of the advantages of the microscopic R-matrix method
is that the wave function in the internal region can be ex-
panded on a set of square-integrable functions. A particularly
convenient choice when dealing with nonlocal potentials, as
in our case, is the set of Lagrange functions fn(r) associated
with the shifted Legendre polynomials and defined on the mesh
points rn ∈ (0, r0) [37], labeled by the index 1 ! n ! N . When
the Gauss quadrature approximation is adopted, the Lagrange
functions are orthogonal to each other. In addition, thanks to
the Gauss quadrature approximation and the properties of the
Lagrange functions, matrix elements of nonlocal potentials are
proportional to the values of the nonlocal potentials at the mesh
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in the Hamiltonian kernel. Detailed expressions for these
form factors are given in the Appendix. The calculation of
⟨AλJ πT |Âν$

J π T
νr ⟩ overlap matrix elements between NCSM

wave functions and binary-cluster states was also discussed in
Ref. [36]. We also note that by squaring the absolute value
of these matrix elements and integrating over r , one obtains
spectroscopic factors.

The NCSMC equations can be orthogonalized in a way
analogous to that presented for the NCSM/RGM in Sec. II B1.
To define the square and inverse square root of the NCSMC
norm in the r-space representation, we first rewrite Eq. (24)
as the convolution of the model-space norm kernel plus a
correction for the finite size of the HO model-space P ,

Nλλ′
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(
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+
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)
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(
δλ̃′λ′ 0

0 Rν ′r ′ ν̃ ′n′

)

, (27)

where the sum over the repeating indexes λ̃, ν̃, n, λ̃′, ν̃ ′, and
n′ is implied, the notation Rνr ν̃n stands for Rnℓ(r)δνν̃ , and the
model-space NCSMC norm is given by

N λ̃λ̃′

ν̃n ν̃ ′n′ =
(
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)

. (28)

Here, the model-space cluster form factor is related to the
r-space one through ḡλν(r) =

∑
n Rnl(r)ḡλνn (as demonstrated

in the Appendix). We note that, in principle, the norm kernels
(15) and (28) can become singular because of Pauli forbidden
states in the NCSM/RGM or because of linear dependencies
owing to the overcompleteness of the NCSMC basis. In
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Inserting the identity N− 1
2 N+ 1

2 in both left- and right-hand
sides of Eq. (22) and multiplying by N− 1

2 from the left one
obtains the orthogonalized NCSMC equations

H

(
c̄
χ̄

)
= E

(
c̄
χ̄

)
, (30)

where the orthogonalized Hamiltonian is given by

H = N− 1
2

(
HNCSM h̄

h̄ H

)

N− 1
2 , (31)

and the orthogonal wave functions by
(

c̄
χ̄

)
= N+ 1

2

(
c
χ

)
. (32)

Finally, the ansatz (21) in terms of the orthogonalized NCSMC
wave function takes the form
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A

〉
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r ′′

]
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2. Solving the NCSMC equations

At large intercluster distances r , the clusters are assumed
to interact through the Coulomb interaction only. Hence, the
NCSMC equations are solved dividing the space into an
internal region, r ! r0, and an external region, r > r0, and
applying the coupled-channel microscopic R-matrix method
on a Lagrange mesh [37]. The separation radius r = r0
must be large enough to ensure that the wave function of
the A-body states |AλJ πT ⟩ vanishes when approaching the
external region, where the asymptotic behavior of the NCSMC
solutions is described entirely by the radial wave functions

uJ π T
ν (r) = CJ π T

ν Wℓ(ην, κνr), (34)

and

uJ π T
ν (r) = i

2
v

− 1
2

ν

[
δνiH

−
ℓ (ην, κνr) − SJ π T

νi H+
ℓ (ην, κνr)

]

(35)

for bound and scattering states, respectively. Here, Wl(ην, κνr)
are Whittaker functions and H±

l (ην, κνr) are the incoming and
outgoing Coulomb functions, with vν the speed, κν the wave
number, and ην the Sommerfeld parameter of the final state
being studied. Asymptotic normalization constant for bound
states and scattering matrix between initial (i) and final (ν)
scattering states are denoted, respectively, with CJ π T

ν and SJ π T
νi .

The functions uJ π T
ν (r) stand for either the nonorthogonalized

wave function χν(r) or for the orthogonalized χ̄ν(r) according
to which set of equations, Eq. (22) or (30), is being considered.

One of the advantages of the microscopic R-matrix method
is that the wave function in the internal region can be ex-
panded on a set of square-integrable functions. A particularly
convenient choice when dealing with nonlocal potentials, as
in our case, is the set of Lagrange functions fn(r) associated
with the shifted Legendre polynomials and defined on the mesh
points rn ∈ (0, r0) [37], labeled by the index 1 ! n ! N . When
the Gauss quadrature approximation is adopted, the Lagrange
functions are orthogonal to each other. In addition, thanks to
the Gauss quadrature approximation and the properties of the
Lagrange functions, matrix elements of nonlocal potentials are
proportional to the values of the nonlocal potentials at the mesh
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Ψ (A) = cλ
λ

∑ ,λ + dr γ v (
r )∫ Âν

ν

∑ ,ν
A− a( )

a( )

r

χν (r) ~ CνW (kνr) χν (r) ~ vν
−12 δνiIν (kνr)−UνiOν (kνr)[ ]

Bound state Scattering state Scattering matrix 

Asymptotic behavior             : r→∞
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wave function between target and projectile:

~E1 = e
A�aX

i=1

1 + ⌧ (3)
i
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⇣
~r
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� ~R(A�a)
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� ~R(a)
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⌘

+ e
Z(A�a)a� Z(a)(A� a)

A
~r
A�a,a

. (79)

Here, ~R(A�a)
c.m.

and ~R(a)
c.m.

are the c.m. coordinates the (A � a)- and a-nucleon systems,

respectively, and ~r
A�a,a

= ~R(A�a)
c.m.

� ~R(a)
c.m.

is the relative displacement vector between

the two clusters, while Z(A�a) and Z(a) represent respectively the charge numbers of the

target and of the projectile. It can be easily demonstrated that Eqs. (77) and (79) are

exactly equivalent.

The reduced matrix elements of the ~E1 dipole operator between two bound states

of an A-body nucleus with spin J
i

, parity ⇡
i

, isospin T
i

, energy E
i

in the initial state

and J
f

, ⇡
f

, T
f

, E
f

in the final state are given by:

ME1
fi

⌘
D
 

J

⇡

f

f

T

f

A

(E
f

)
���
��� ~E1

���
��� J

⇡

i

i

T

i

A

(E
i

)
E

(80)

=
2J

f

+ 1

C
J

f

M

f

J

i

M

i

1µ

D
 

fM

f

A

(E
f

)
���
r

4⇡

3
e

AX

j=1

1 + ⌧ (3)
j

2

��~r
j

� ~R(A)
c.m.

��Y1µ(
\

r
j

�R(A)
c.m.

)
��� iM

i

A

(E
i

)
E
.

In the second line of Eq. (80) we have introduced the short notation f(i) for the group

of quantum numbers {J⇡

f(i)

f(i) T
f(i)} that will be used throughout the rest of this section.

In the NCSMC formalism the matrix element of Eq. (80) is given by the sum of four

components, specifically, the reduced matrix element in the NCSM sector of the wave

function, the “coupling” reduced matrix elements between NCSM and NCSM/RGM

(and vice versa) basis states, and the reduced matrix element in the NCSM/RGM sector:

ME1
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. (81)

The algebraic expression for the reduced matrix elements in the NCSM sector

hA�0J
⇡

f

f

T
f

|| ~E1||A�J⇡

i

i

T
i

i can be easily obtained working in the single-particle SD

harmonic oscillator basis. In the following, we consider the reduced matrix elements

Ψ (A) = cλ
λ

∑ ,λ + dr γ v (
r )∫ Âν

ν

∑ ,ν
A− a( )

a( )

r
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operator acting exclusively on the first A � a nucleons (pertaining to the first cluster

or target); ii) an operator acting exclusively on the last a nucleons (belonging to the

second cluster or projectile); and, finally, iii) an operator acting on the relative motion

wave function between target and projectile:

~E1 = e
A�aX

i=1

1 + ⌧ (3)
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. (79)

Here, ~R(A�a)
c.m.

and ~R(a)
c.m.

are the c.m. coordinates the (A � a)- and a-nucleon systems,

respectively, and ~r
A�a,a

= ~R(A�a)
c.m.

� ~R(a)
c.m.

is the relative displacement vector between

the two clusters, while Z(A�a) and Z(a) represent respectively the charge numbers of the

target and of the projectile. It can be easily demonstrated that Eqs. (77) and (79) are

exactly equivalent.

Noting that the dipole operator can be expanded in terms of spherical basis vectors

{ê
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it is convenient to introduce the reduced matrix elements between two bound states of

an A-body nucleus with spin J
i

, parity ⇡
i

, isospin T
i

, energy E
i

in the initial state and

J
f

, ⇡
f

, T
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, E
f

in the final state:
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In the second line of Eq. (81) we have introduced the short notation f(i) for the group

of quantum numbers {J⇡

f(i)

f(i) T
f(i)} that will be used throughout the rest of this section.

In the NCSMC formalism the matrix element of Eq. (81) is given by the sum of four

components, specifically, the reduced matrix element in the NCSM sector of the wave

function, the “coupling” reduced matrix elements between NCSM and NCSM/RGM
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(and vice versa) basis states, and the reduced matrix element in the NCSM/RGM sector:
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The algebraic expression for the reduced matrix elements in the NCSM sector
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i can be easily obtained working in the single-particle SD

harmonic oscillator basis. In the following, we consider the reduced matrix elements

in the NCSM/RGM sector. First, we notice that the inter-cluster antisymmetrizer

commutes with the A-nucleon ~E1 dipole operator of Eq. (77) and
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1 Â⌫

||�i

⌫r

i= 1
2

⇣q
A!

(A�a)!a!
h�f

⌫

0
r

0 ||Â
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Second, using the ~E1 operator in the form of Eq. (79) we can rewrite, e.g., the first

matrix element in the right-hand side of Eq. (83) as:
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⌫

0 e
A�aX

i=1

1 + ⌧ (3)
i

2

���~r
i

� ~R(A�a)
c.m.

���Y1(
\

~r
i

� ~R(A�a)
c.m.

)||�i

⌫r

i

+ h�f

⌫

0
r

0 ||Â
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Given the long-range nature of the electric dipole operator and the fact that the e↵ect

of the exchange part of the antisymmetrization operator is short-ranged, if there are no

allowed E1 transitions between the target (projectile) eigenstate in the initial state and

that in the final state (e.g., only positive-parity eigenstates of the target/projectile are

included in the model space), the first two terms on the right hand side of Eq. (84) are

expected to be negligible and one obtains:
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Bound to bound NCSM NCSMC-phenom Expt. 

B(E1; 1/2+è1/2-) [e2 fm2] 0.0005 0.117 0.102(2)  
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… to be simultaneously determined  
by solving the coupled NCSMC equations 
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FIG. 4. (color online) Cluster form factor corresponding to the
NCSMC-pheno calculation with the N2LOSAT interaction at Nmax =
9. Note the coupling between the 10Be target and neutron in the clus-
ter state |ΦJπT

ν,r ⟩ ∼
[(

|10Be : Iπ11 T1⟩ |n : 1/2+1/2⟩
)sT Yℓ(r̂)

]JπT .

NCSM NCSMC NCSMC-pheno exp.
NN+3N(400) 0.0005 - 0.146 0.102(2) [6]N2LOSAT 0.0005 0.127 0.117

TABLE II. Reduced transition probability B(E1: 1/2− → 1/2+) be-
tween 11Be bound states in e2fm2.

periment the widths are predicted. The theoretical widths tend
to overestimate the experimental ones but overall show a rea-
sonable agreement, in particular for the N2LOSAT interaction.
Experimentally only an upper bound could be determined for
the 5/2− resonance width and the N2LOSAT interaction pre-
dicts this resonance to be extremely narrow.
A physical intuition of the halo structure present in the 11Be

g.s. wave function, is provided by the cluster form factor in
Fig. 4 given by r · ⟨ΦJπTν,r | Aν |ΨJπTA ⟩ with |Ψ

JπT
ν ⟩ and |ΦJπTν,r ⟩

from (1). The corresponding spectroscopic factors are: S =
0.90 (S-wave) and S=0.16 (D-wave). The S-wave asymptotic
normalization coefficient (ANC) is 0.786 fm−1/2.
The B(E1) transitions are summarized in Tab. II. The

NCSM calculations predict the wrong g.s. and underestimate
the E1 strength by several orders of magnitude. For the NC-
SMC calculations with the NN+3N(400) interaction the 1/2+
state is very weakly bound leading to an unrealistic E1 tran-
sition. Within the NCSMC and NCSMC-pheno using the
N2LOSAT interaction the strong E1 transition is successfully
reproduced, albeit the latest measurement [6] is slightly over-
estimated. There might be small effects arising from a for-
mally necessary SRG evolution of the operator. Works along
these lines for 4He suggest a slight reduction of the dipole
strength, once the operator is consistently evolved [48, 49]. A
similar effect would bring the calculated E1 transition in better
agreement with the latest measurement [6].
Finally we study the photodisintegration of the 11Be g.s.

into n+10Be in Fig. 5. We analyze the dipole strength dis-
tribution dB(E1)/dE and the 1/2− and 3/2− contributions
and compare the NCSMC and NCSMC-pheno approaches for
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FIG. 5. (color online) Dipole strength distribution dB(E1)/dE of
the photodisintegration process as function of the photon energy. a)
Partial wave contributions (thin lines) to the full dipole strength dis-
tribution (thick lines) obtained with the NCSMC-pheno using the
N2LOSAT interaction (solid lines) compared to a microscopic clus-
ter model [50] (dashed line). b) Dipole strength distribution for
the N2LOSAT interaction with the NCSMC (brown) and NCSMC-
pheno (red), as well as for the NN+3N(400) interaction with the
NCSMC-pheno (orange) compared to the experimental measure-
ments at GSI [51, 52] (black dots) and RIKEN [52–54] (violet dots).

the N2LOSAT and NN+3N(400) interactions to experiments
and the microscopic cluster-model results of Ref. [50]. In
all approaches, a peak of non-resonant nature (see Fig. 3) is
present at about 800 keV above the n+10Be threshold, par-
ticularly pronounced in the 3/2− partial wave. The strong
peak for the NCSMC with the N2LOSAT interaction is caused
by the underestimated binding energy of 1/2+ state. The
NCSMC-pheno prediction certainly discriminates between
the two experimental data sets and agree well with the data
from RIKEN [52–54]. A dip in the dipole strength distribu-
tion is present at about 2.7MeV, due to the 3/2−1 resonance.
At this energy, the E1 matrix element between the 11Be g.s.
wave function and the 3/2− partial wave of the n+10Be scat-
tering wave function cancels before changing its sign. Due
to large uncertainties the experimental data neither confirm
nor exclude such a dip. A similar feature, but much less pro-
nounced, can be noticed in the microscopic cluster calcula-
tions around 4MeV, which is close to the 3/2−1 resonance en-
ergy (3.6MeV) obtained with that model [50].
Conclusions. We have demonstrated that the inclusion of

continuum effects is crucial for a description of the 11Be sys-
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periment the widths are predicted. The theoretical widths tend
to overestimate the experimental ones but overall show a rea-
sonable agreement, in particular for the N2LOSAT interaction.
Experimentally only an upper bound could be determined for
the 5/2− resonance width and the N2LOSAT interaction pre-
dicts this resonance to be extremely narrow.
A physical intuition of the halo structure present in the 11Be
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state is very weakly bound leading to an unrealistic E1 tran-
sition. Within the NCSMC and NCSMC-pheno using the
N2LOSAT interaction the strong E1 transition is successfully
reproduced, albeit the latest measurement [6] is slightly over-
estimated. There might be small effects arising from a for-
mally necessary SRG evolution of the operator. Works along
these lines for 4He suggest a slight reduction of the dipole
strength, once the operator is consistently evolved [48, 49]. A
similar effect would bring the calculated E1 transition in better
agreement with the latest measurement [6].
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the N2LOSAT and NN+3N(400) interactions to experiments
and the microscopic cluster-model results of Ref. [50]. In
all approaches, a peak of non-resonant nature (see Fig. 3) is
present at about 800 keV above the n+10Be threshold, par-
ticularly pronounced in the 3/2− partial wave. The strong
peak for the NCSMC with the N2LOSAT interaction is caused
by the underestimated binding energy of 1/2+ state. The
NCSMC-pheno prediction certainly discriminates between
the two experimental data sets and agree well with the data
from RIKEN [52–54]. A dip in the dipole strength distribu-
tion is present at about 2.7MeV, due to the 3/2−1 resonance.
At this energy, the E1 matrix element between the 11Be g.s.
wave function and the 3/2− partial wave of the n+10Be scat-
tering wave function cancels before changing its sign. Due
to large uncertainties the experimental data neither confirm
nor exclude such a dip. A similar feature, but much less pro-
nounced, can be noticed in the microscopic cluster calcula-
tions around 4MeV, which is close to the 3/2−1 resonance en-
ergy (3.6MeV) obtained with that model [50].
Conclusions. We have demonstrated that the inclusion of

continuum effects is crucial for a description of the 11Be sys-

272 P, Descouvemont/Nuclear Physics A 615 (1997) 261-276 

7 > 

-= 

A 

% 
v 

m 

1.00 

0.80 

0.60 

0.40 

0.20 

1.00 

0.80 

0.60 

0.40 

0.20 

. ~ 3 / 2 -  

2 4 6 8 10 
E x (MeV) 

Fig. 5. 11Be(y,n)l°Be dipole strength distribution (upper panel) with partial contributions ½- and 23- - .  The 
experimental data are taken from Ref. [36]. The lower panel gives the corresponding sum rules (10). 

whose limit for energy tending to infinity provides a sum rule which is model indepen- 
dent (integration of  Eq. (9) yields a model-dependent sum rule). For dipole transitions, 
one has [38] 

9e 2 h 2 N Z  
S(E1) = lim B ( E ) -  - - - - ,  (11) 

E--.oo 4¢r 2mN A 

where mN is the nucleon mass, and N and Z are the neutron and proton numbers of  
the nucleus (A = N + Z) .  For halo nuclei, Suzuki [35] suggested to separate in (11) 
the contribution of  the core nucleus, and the contribution of  the halo. This latter term, 
related to the soft dipole mode (SDM),  reads 

S (E1 ,SDM)  = 9e2 h2 nZ2c (12) 
4¢r 2mN AAc ' 

where n is the number of  external neutrons (n = 1 here), and index c refers to the core 
nucleus. For llBe, we have S(E1, SDM) = 2.2 e 2 fm 2 MeV. Notice that, contrarily to 
Eq. ( 11 ), expression (12) is model dependent since it assumes that the core nucleus is 
in its ground state, and that the wave functions can be exactly factorized into a core wave 
function and individual wave functions of  the valence neutrons. These requirements are 

A. Calci, P. Navratil, R. Roth, J. Dohet-Eraly, S. Quaglioni, G. Hupin,  arXiv: 1608.03318 



•  Measurement of 11C(p,p) resonance scattering 
planned at TRIUMF 
–  TUDA facility 
–  11C beam of sufficient intensity produced 

•  NCSMC calculations of 11C(p,p) with chiral NN+3N 
under way 

•  Obtained wave functions will be used to calculate 
11C(p,γ)12N capture relevant for astrophysics 

Next: p+11C scattering and 11C(p,γ)12N capture 
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•  11C(p,γ)12N capture relevant in hot p-p chain: Link between pp 
chain and the CNO cycle - bypass of slow triple alpha capture 
4He(αα,γ)12C 

Next: p+11C scattering and 11C(p,γ)12N capture 
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TRIUMF EEC New Letter of Intent Detailed Statement of Proposed Research for Experiment #: 1691

Study of the

11

C+p compound system via resonant elastic scattering in inverse kinematics

The scientific motivation behind this measurement is twofold. Firstly, the 11C(p,�)12N reaction has been considered
for decades as a potentially important reaction in astrophysics, as linking reaction between the hot-pp chain and the
CNO cycles. Considerable uncertainty exists in the properties of the low energy cross section of that reaction in the
energy region of interest for astrophysics. Secondly, this system has currently become within reach of ab-initio theory
calculations, some of which are pioneered here at TRIUMF. Having precise scattering and reaction data to compare
the theoretical calculations to over as wide a variety of light systems as possible is imperative to constrain and develop
the theory, in the hope that one day a consistent ab-initio theory will be able to make accurate predictions of cross
sections over a wide range of astrophysically important reactions at energies inaccessible to experiments.

(a) Scientific value of the experiment

Astrophysical importance: The formation of very massive, low-metallicity stars occurred in early stages of
the Universe (Population III stars) when the only existing seed material consisted of hydrogen and helium.
Initially, those stars existed in a quasi-static stage in an equilibrium between thermal expansion and gravita-
tional contraction. Fuller et. al. [1] investigated the evolution of super-massive stars under consideration of the
pp-chains, the triple-↵ process, the CNO cycles and the rp-process. The question whether the early, massive
stars contributed substantial amounts of material to later generations of stars, however, is still open. Fryer et.
al. [2] suggested that massive, non-rotating stars (�260 M�) with zero metallicity would undergo direct gravi-
tational collapse into black holes without losing mass after burning their pp-chain fuel, as the triple-↵ process
would be initiated too late to prevent the collapse. But Fuller et. al. [1] found that the presence of only a small
amount (fraction of 10�8) of CNO seed nuclei prior to helium burning would slow down the collapse process
and the energy release of the hot CNO cycle could change the density of the star, thus permitting it to explode.
Therefore, the presence of CNO seed material might turn the scale to whether a very massive, low-metallicity
star will turn into a core collapse super nova or not.

Traditionally, the triple-↵ ! 12C reaction is the main link between the pp-chains and the CNO cycle. However,
there may be an alternative way. The astrophysical 11C(p,�)12N reaction could be one of the key reactions in
the hot pp-chain since the relatively long half life of 11C allows for further proton capture, and thus this capture
reaction could re-link the pp-V branch with the breakout processes [3]. Evidently, this reaction is thought to be
an important branch point as it bypasses the slow triple-↵ process by producing CNO seed nuclei in supermassive
low-metallicity stars. In particular, the following reaction sequences in the hot pp-chain [3] called rap-II and
rap-III are of relevance for the path from helium to carbon isotopes:

3He(↵, �)7Be(↵, �)11C(p, �)12N(p, �)13O(�+, ⌫)13N(p, �)14O (1)

3He(↵, �)7Be(↵, �)11C(p, �)12N(�+, ⌫)12C(p, �)13N(p, �)14O (2)

The rap-II as well as the rap-III reaction sequences include the 11C(p,�)12N reaction responsible for bypassing
the competing �-decay of 11C and the decay back to 4He (11C(�+ ⌫)11B(p,↵)8Be(4He,4He)) via proton capture
into the A�12 mass region at T9 >0.2 (compare Fig. 1). This means that the speed at which 3He is transformed
into CNO material largely depends on the 11C(p,�)12N reaction rate. The high influence of this reaction on the
evolution of metal-deficient massive stars is why substantial e↵ort, both experimentally and theoretically, has
been put into determining the energy dependence of the stellar reaction cross section for this linking reaction.
Due to the low reaction Q-value, the cross section at astrophysically relevant energies for the 11C(p,�)12N re-
action is mainly governed by direct capture into the 12N ground state as well as by resonant capture into the
low-lying excited states of 12N. In addition, interference between direct and resonant processes is present and
must be considered in any derivation of the cross section from indirectly determined nuclear structure parame-
ters. While the contribution of the narrow first excited state to the overall (p,�) capture rate may be minor, the
large width of the second excited state has significant impact on the rate. Since the 11C(p,�)12N reaction may
play an important role in the synthesis of elements with masses of A�12 and the evolution of metal-deficient
stars, the nuclear astrophysics interest in 12N around the 11C+p threshold at S

p

=0.6012(14) MeV [5] is driven
by the necessity to gain detailed insight into the low-lying level structure of 12N (T1/2=11.0 ms [5]) in order to
determine the 11C(p,�)12N reaction rate.

1
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action is mainly governed by direct capture into the 12N ground state as well as by resonant capture into the
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must be considered in any derivation of the cross section from indirectly determined nuclear structure parame-
ters. While the contribution of the narrow first excited state to the overall (p,�) capture rate may be minor, the
large width of the second excited state has significant impact on the rate. Since the 11C(p,�)12N reaction may
play an important role in the synthesis of elements with masses of A�12 and the evolution of metal-deficient
stars, the nuclear astrophysics interest in 12N around the 11C+p threshold at S
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Figure 2: Top: Microscopic calculation with NCSM and NCSMC for the 12N system in relation to the ENDSF data. The spectrum
further shows the phenomenological fits of the NCSM 12N energies. The excitation energies for 11C are taken from the ENDSF
data base [6]. Bottom: The corresponding NCSMC eigenphase shifts for positive and negative parity to illustrate the e↵ect of the
phenomenological NCSMC adjustment. Figures from Ref. [7].

incomplete and the novel NCSMC (no-core shell model with continuum) [11] method becomes mandatory. For
instance, when applying the conventional NCSM calculation, the negative parity states in 12N converge signifi-
cantly slower than the positive parity states, whereas a more realistic description is accomplished by performing
NCSMC calculations (compare Fig. 2). The phase shifts as presented in Fig. 2 give additional information about
the resonances, i.e., they show the additional channels (2sL

J
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Figure 3: Elastic cross sections around the 2�, 1� resonances (energy scan around the theoretically predicted resonance position)
calculated using the NCSMC and the phenomenological calculation. Figures from Ref. [7].

and E
x

=3.6 MeV (J⇡=(2)+) were assigned. The J⇡=3� assignment was consistent with a previous 12C(p,n)12N
experiment carried out by Anderson et. al. in 1996 [14] (compare Tab. 1), which concluded that either J⇡=2+

or J⇡=3� were possibilities. However, the J⇡=(2)+ assignment for the E
x

=3.6 MeV level was only adopted
tentatively as the calculations performed to reproduce the experimental spectrum did not take contributions
from higher levels into account.

The second 11C+p experiment [17] was realized a few years later in form of a measurement campaign at two
di↵erent facilities, namely at the Berkeley Experiments with Accelerated Radioactive Species (BEARS) coupled
cyclotron system [18] and the Texas A&M University (TAMU) with the magnetic separator MARS [19]. This
was done in order to cover the energy range from E

x

=2.2 MeV up to E
x

=11.0 MeV. The use of a gaseous target
in comparison to a solid target opened up the opportunity to analyze the contribution of inelastic scattering
in the solid target. In total 16 levels in 12N were identified and the analysis of the excitation functions was
performed based on an R-matrix framework. However, the choice of input parameters relied strongly on the
properties of known levels in the mirror nucleus 12B, assuming a shift of 200 keV of the energy levels towards
lower energies and allowing 500 keV variation. Further, the resonance widths for the levels in 12B were utilized
as initial parameters for the determination of all widths in the level structure of 12N. The data for resonance
widths within the excitation energy of E

x

=3.37 MeV to 5.49 MeV in 12B were based on the neutron decay to
the ground state of 11B. Thus, the widths in 12B had to be converted to 12N widths by making use of a potential
model (also employed in Ref. [20]) before the parameters were applied to describe the proton decay widths to
the 11C ground state.

The authors of Ref. [17] further state that any conclusions regarding potential resonance states above E
x

=5.6 MeV
are merely speculative due to the uncertainties in the theoretical predictions resulting from the constrains of
the shell model space. In addition, the cross sections generated from the R-matrix calculations were too large
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•  NCSMC calculations of 11C(p,p) with chiral NN+3N under way 
 

Next: p+11C scattering and 11C(p,γ)12N capture 
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p-p chain 
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Solar neutrinos 

   Eν < 15 MeV 



7Be(p,γ)8B S-factor 

•  S17 one of the main inputs for understanding the solar neutrino flux 
–  Needs to be known with high precision 

•  Current evaluation has uncertainty ~ 10% 
–  Theory needed for extrapolation to ~ 10 keV  
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•  Similarity-Renormalization-Group 
(SRG) evolved chiral N3LO NN 
interaction 

•  Accurate 
•  Soft: Evolution parameter Λ 

§  Study dependence on Λ 

•  7Be 
–  NCSM up to Nmax=10, Importance 

Truncated NCSM up to Nmax=14 
–  Variational calculation 

•  optimal HO frequency from the 
ground-state minimum  

•  For the selected NN potential 
with Λ=1.86 fm-1: hΩ=18 MeV 

7Be(p,γ)8B radiative capture: 
Input - NN interaction, 7Be eigenstates  
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•  Excited states at the optimal HO frequency, hΩ=18 MeV 

Input: 7Be eigenstates 
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•  NCSM/RGM p-7Be calculation 
–  five lowest 7Be states: 3/2-, 1/2-, 7/2-, 5/2-

1, 5/2-
2 

–  Soft NN SRG-N3LO with Λ = 1.86 fm-1 

•  8B 2+ g.s. bound by 136 keV (Expt 137 keV) 
–  Large P-wave 5/2-

2 component  

Structure of the 8B ground state 
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§  NCSM/RGM calculation of p-7Be scattering 
§  7Be states 3/2-,1/2-, 7/2-, 5/2-

1, 5/2-
2

 

§  Soft NN potential (SRG-N3LO with Λ = 1.86 fm-1) 
 

p-7Be scattering 

8B 2+ g.s. bound by 136 keV  
(expt. bound by 137 keV) 

New 0+, 1+, and two 2+ resonances  
predicted  
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s =1 l =1 2+ clearly visible  
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We apply the ab initio no-core shell model/resonating group method (NCSM/RGM) approach to calculate
the cross section of the 7Be(p,γ )8B radiative capture. This reaction is important for understanding the
solar neutrino flux. Starting from a selected similarity-transformed chiral nucleon–nucleon interaction
that accurately describes two-nucleon data, we performed many-body calculations that simultaneously
predict both the normalization and the shape of the S-factor. We study the dependence on the number
of 7Be eigenstates included in the coupled-channel equations and on the size of the harmonic oscillator
basis used for the expansion of the eigenstates and of the localized parts of the integration kernels. Our
S-factor result at zero energy is on the lower side of, but consistent with, the latest evaluation.
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The core temperature of the Sun can be determined with high
accuracy through measurements of the 8B neutrino flux, currently
known with a ∼ 9% precision [1]. An important input in modeling
this flux is the 7Be(p,γ )8B reaction [2] that constitutes the final
step of the nucleosynthetic chain leading to 8B. At solar energies
this reaction proceeds by external, predominantly nonresonant E1,
S- and D-wave capture into the weakly-bound ground state (g.s.)
of 8B. Experimental determinations of the 7Be(p,γ )8B capture in-
clude direct measurements with proton beams on 7Be targets [3–5]
as well as indirect measurements through the breakup of a 8B
projectile into 7Be and proton in the Coulomb field of a heavy tar-
get [6–8]. Theoretical calculations needed to extrapolate the mea-
sured S-factor to the astrophysically relevant Gamow energy were
performed with several methods: the R-matrix parametrization [9],
the potential model [10–12], microscopic cluster models [13–15]
and, recently, also using the ab initio no-core shell model wave
functions for the 8B bound state [16]. The most recent evaluation
of the 7Be(p,γ )8B S-factor at zero energy, S17(0), has a ∼10% er-
ror dominated by the uncertainty in theory [2].

In this Letter, we present the first ab initio many-body calcula-
tions of the 7Be(p,γ )8B capture starting from a nucleon–nucleon
(NN) interaction that describes two-nucleon properties with high
accuracy. We apply a recently developed technique that combines
ab initio no-core shell model (NCSM) [17] and resonating-group
method (RGM) [18,19] into a new many-body approach [20–22]
(ab initio NCSM/RGM) capable of treating bound and scattering

* Corresponding author at: TRIUMF, 4004 Wesbrook Mall, Vancouver, BC V6T 2A3,
Canada.

E-mail address: navratil@triumf.ca (P. Navrátil).

states of light nuclei in a unified formalism. We use, in particular,
the orthonormalized NCSM/RGM many-body wave functions given
by
∣∣Ψ Jπ T 〉

=
∑

νν ′

∫
drr2

∫
dr′r′2 Âν

∣∣Φ Jπ T
νr

〉

× N −1/2
νν ′

(
r, r′)χ

Jπ T
ν ′ (r′)

r′ , (1)

with the inter-cluster antisymmetrizer Âν , the center-of-mass sep-
aration r⃗ A−a,a , and binary-cluster channel states
∣∣Φ Jπ T

νr
〉
=

[(∣∣A−aα1 Iπ1
1 T1

〉∣∣aα2 Iπ2
2 T2

〉)(sT )

× Yℓ(r̂ A−a,a)
]( Jπ T ) δ(r − rA−a,a)

rrA−a,a
. (2)

The wave functions χ Jπ T
ν (r) of the relative inter-cluster motion

satisfy the integro-differential coupled-channel equations

∑

ν ′

∫
dr′r′2[N − 1

2 H N − 1
2
]
νν ′

(
r, r′)χν ′(r′)

r′ = E
χν(r)

r
(3)

with bound- or scattering-state boundary conditions. The Hamilto-
nian and norm kernels,

H Jπ T
ν ′ν

(
r′, r

)
=

〈
Φ

Jπ T
ν ′r′

∣∣Âν ′ H Âν

∣∣Φ Jπ T
νr

〉
, (4)

N Jπ T
ν ′ν

(
r′, r

)
=

〈
Φ

Jπ T
ν ′r′

∣∣Âν ′ Âν

∣∣Φ Jπ T
νr

〉
, (5)

contain all the nuclear structure and antisymmetrization properties
of the problem. Further relevant details of the NCSM/RGM formal-
ism are given in Ref. [20].
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§  Soft NN potential (SRG-N3LO with Λ = 1.86 fm-1) 
 

7Be(p,γ)8B radiative capture 
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8B 2+ g.s. bound by  
136 keV  

(expt. 137 keV) 

S(0) ~ 19.4(0.7) eV b 

Data evaluation: 
S(0)=20.8(2.1) eV b 
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projectile into 7Be and proton in the Coulomb field of a heavy tar-
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Key reactions 

7Li puzzle 



 
Deuterium-Tritium fusion: a future energy source 

§  The d+3H→n+4He reaction 
•  The most promising for the production of fusion energy 

in the near future 
•  Will be used to achieve inertial-confinement (laser-

induced) fusion at NIF, and magnetic-confinement 
fusion at ITER 

•  With its mirror reaction, 3He(d,p)4He, important for Big 
Bang nucleosynthesis 

  

NIF 

ITER 

Resonance at Ecm =48 keV (Ed=105 keV) 
in the J=3/2+ channel 
Cross section at the peak: 4.88 b 
 
17.64 MeV energy released: 
14.1 MeV neutron and 3.5 MeV alpha 



Ab initio calculation of the 3H(d,n)4He fusion 
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d* deuteron pseudo state in 3S1-3D1 channel: 
deuteron polarization, virtual breakup 



•  NCSM/RGM with SRG-N3LO NN potentials 

3H(d,n)4He & 3He(d,p)4He fusion 
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3H(d,nγ)4He bremsstrahlung, electron screening at very low energies … 
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Ab InitioMany-Body Calculations of the 3Hðd; nÞ4He and 3Heðd; pÞ4He Fusion Reactions

Petr Navrátil1,2 and Sofia Quaglioni2

1TRIUMF, 4004 Wesbrook Mall, Vancouver, BC V6T 2A3, Canada
2Lawrence Livermore National Laboratory, P. O. Box 808, L-414, Livermore, California 94551, USA

(Received 4 October 2011; published 24 January 2012)

We apply the ab initio no-core shell model combined with the resonating-group method approach to

calculate the cross sections of the 3Hðd; nÞ4He and 3Heðd; pÞ4He fusion reactions. These are important

reactions for the big bang nucleosynthesis and the future of energy generation on Earth. Starting from a

selected similarity-transformed chiral nucleon-nucleon interaction that accurately describes two-nucleon

data, we performed many-body calculations that predict the S factor of both reactions. Virtual three-body

breakup effects are obtained by including excited pseudostates of the deuteron in the calculation. Our

results are in satisfactory agreement with experimental data and pave the way for microscopic inves-

tigations of polarization and electron-screening effects, of the 3Hðd;!nÞ4He bremsstrahlung and other

reactions relevant to fusion research.

DOI: 10.1103/PhysRevLett.108.042503 PACS numbers: 21.60.De, 25.10.+s, 26.35.+c, 27.10.+h

The 3Hðd; nÞ4He and 3Heðd; pÞ4He reactions are leading
processes in the primordial formation of the very light
elements (mass number, A # 7), affecting the predictions
of big bang nucleosynthesis for light nucleus abundances
[1]. With its low activation energy and high yield,
3Hðd; nÞ4He is also the easiest reaction to achieve on
Earth, and is pursued by research facilities directed toward
developing fusion power by either magnetic (e.g., ITER
[2]) or inertial (e.g., NIF [3]) confinement. The cross
section for the dþ 3H fusion is well known experimen-
tally, while more uncertain [4] is the situation for the
branch of this reaction, 3Hðd;!nÞ4He, that is being con-
sidered as a possible plasma diagnostic in modern fusion
experiments [5]. Larger uncertainties also dominate the
3Heðd; pÞ4He reaction that is known for presenting consid-
erable electron-screening effects at energies accessible by
beam-target experiments. Here, the electrons which are
bound to the target (usually a neutral atom or molecule)
lead to enhanced values (increasingly with decreasing
energy) for the reaction rate, effectively preventing direct
access to the astrophysically relevant bare-nucleus cross
section. Consensus on the physics mechanism behind this
enhancement has not been reached yet [6], largely because
of the difficulty of determining the absolute value of the
bare cross section. Past theoretical investigations of these
fusion reactions include various R-matrix analyses of
experimental data at higher energies [7–10] as well as
microscopic calculations with phenomenological interac-
tions [11,12]. However, in view of remaining experimental
challenges (some of which are described above) and the
large role played by theory in extracting the astrophysi-
cally important information, it would be highly desirable
to achieve a microscopic description of the 3Hðd; nÞ4He
and 3Heðd; pÞ4He fusion reactions that encompasses
the dynamic of all five nucleons and is based on the

fundamental underlying physics: the realistic interactions
among nucleons and the structure of the fusing nuclei.
In this Letter, we present the first ab initio many-body

calculation of the 3Hðd; nÞ4He and 3Heðd; pÞ4He fusion
reactions starting from a nucleon-nucleon (NN) interaction
that describes two-nucleon properties with high accuracy.
The present calculations are performed in the framework of
the ab initio no-core shell model combined with the
resonating-group method (NCSM/RGM) [13–15], a uni-
fied approach to bound and scattering states of light nuclei.
We use, in particular, the orthonormalized many-body
wave functions (" being the channel index)

j!J#Ti ¼
X

"

Z
drr2Â"j"J#T

"r i ½N
'1=2$("ðrÞ

r
; (1)

with an intercluster antisymmetrizer for the (A' a, a)

partition Â", center-of-mass separation ~rA'a;a, and
binary-cluster channel states

j"J#T
"r i ¼ ½ðjA' a%1I

#1
1 T1ija%2I

#2
2 T2iÞðsTÞ

) Y‘ðr̂A'a;aÞ(ðJ
#TÞ &ðr' rA'a;aÞ

rrA'a;a
: (2)

The intercluster relative-motion wave functions $J#TðrÞ
satisfy the integral-differential coupled-channel equations

X

"0

Z
dr0r02½N '1=2HN '1=2(""0ðr; r0Þ

$"0ðr0Þ
r0

¼ E
$"ðrÞ
r

; (3)

with bound- or scattering-state boundary conditions.
Here, H J#T

""0 ðr; r0Þ and N J#T
""0 ðr; r0Þ, commonly referred

to as integration kernels, are, respectively, the
Hamiltonian and overlap (or norm) matrix elements over
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convergence for the HO expansions at Nmax = 11. We
adopt the HO frequency of 20 MeV around which the 6Li
g.s. energy calculated within the square-integrable basis
of the NCSM becomes nearly insensitive to !Ω [13].

We start by discussing the influence of 3N forces –
those induced by the SRG transformation of the NN po-
tential (NN+3N -ind) as well as those initially present in
the chiral Hamiltonian (NN+3N). In Fig. 3 we compare
our computed d-4He S-, 3P0- and D-wave phase shifts
with those of the R-matrix analyses of Refs. [27, 28]. The
results based on the two-body part of the evolved NN
force (NN -only) resemble those obtained with a softer
potential [14]. Once the SRG unitary equivalence is re-
stored via the induced 3N force, the resonance centroids
are systematically shifted to higher energies. By con-
trast, the agreement with data is much improved in the
NN+3N case and, in particular, the splitting between
the 3D3 and 3D2 partial waves is comparable to the mea-
sured one.

In Fig. 4, the resonance centroids and widths ex-
tracted [36] from the phase shifts of Fig. 3 (shown on
the right) are compared with experiment as well as with
more traditional approximated energy levels (shown on
the left) obtained within the NCSM by treating the 6Li
excited states as bound states. In terms of excitation en-
ergies relative to the g.s., in both calculations (i.e., with
or without continuum effects) the chiral 3N force affects
mainly the splitting between the 3+ and 2+ states, and to
a lesser extent the position of the first excited state. Sen-
sitivity to the chiral 3N force is also seen in the widths
of the NCSMC resonances, which tend to become nar-
rower (in closer agreement with experiment) when this
force is present in the initial Hamiltonian. Overall, the
closest agreement with the observed spectrum is obtained
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with the NN+3N Hamiltonian working within the NC-
SMC, i.e. by including the continuum degrees of freedom.
Compared to the best (Nmax = 12) NCSM values, all
resonances are shifted to lower energies commensurately
with their distance from the d+4He breakup threshold.
For the 3+, which is a narrow resonance, the effect is
not sufficient to correct for the slight overestimation in
excitation energy already observed in the NCSM calcula-
tion. This and the ensuing underestimation of the split-
ting between the 2+ and 3+ states point to remaining
deficiencies in the adopted 3N force model, particularly

TABLE I. Absolute 6Li g.s. energy, S- (C0) and D-wave (C2)
asymptotic normalization constants and their ratio using the
NN + 3N Hamiltonian compared to experiment. Indicated
in parenthesis is the Nmax value of the respective calculation.
The error estimates quoted in the extrapolated (∞) NCSM
results include uncertainties due to the SRG evolution of the
Hamiltonian and !Ω dependence [13].

Ground-State Eg.s. C0 C2 C2/C0

Properties [MeV] [fm−1/2] [fm−1/2]

NCSM (10) -30.84 − − −

NCSM (12) -31.52 − − −

NCSM (∞) [37] -32.2(3) − − −

NCSMC (10) -32.01 2.695 -0.074 -0.027

Expt.[1, 39, 40] -31.99 2.91(9) -0.077(18) -0.025(6)(10)

Expt. [38, 41] − 2.93(15) − 0.0003(9)
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Unified Description of 6Li Structure and Deuterium-4He Dynamics
with Chiral Two- and Three-Nucleon Forces
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We provide a unified ab initio description of the 6Li ground state and elastic scattering of deuterium (d)
on 4He (α) using two- and three-nucleon forces from chiral effective field theory. We analyze the influence
of the three-nucleon force and reveal the role of continuum degrees of freedom in shaping the low-lying
spectrum of 6Li. The calculation reproduces the empirical binding energy of 6Li, yielding an asymptotic
D- to S-state ratio of the 6Li wave function in the dþ α configuration of −0.027, in agreement with a
determination from 6Li-4He elastic scattering, but overestimates the excitation energy of the 3þ state by
350 keV. The bulk of the computed differential cross section is in good agreement with data. These results
endorse the application of the present approach to the evaluation of the 2Hðα; γÞ6Li radiative capture,
responsible for the big-bang nucleosynthesis of 6Li.

DOI: 10.1103/PhysRevLett.114.212502 PACS numbers: 21.60.De, 24.10.Cn, 25.45.-z, 27.20.+n

Introduction.—Lithium-6 (6Li) is a weakly bound stable
nucleus that breaks into an 4He (or α particle) and a
deuteron (d) at the excitation energy of 1.4743 MeV [1]. A
complete unified treatment of the bound and continuum
properties of this system is desirable to further our under-
standing of the fundamental interactions among nucleons,
but also to inform the evaluation of low-energy cross
sections relevant to applications. Notable examples are
the 2Hðα; γÞ6Li radiative capture (responsible for the big-
bang nucleosynthesis of 6Li [2–6]) and the 2Hðα; dÞ4He
cross section used in the characterization of deuteron
concentrations in thin films [7–9]. Contrary to the lighter
nuclei, the structure of the 6Li ground state (g.s.)—namely,
the amount of the D-state component in its dþ α
configuration—is still uncertain [1]. Well known exper-
imentally, the low-lying resonances of 6Li have been shown
to present significant sensitivity to three-nucleon (3N)
interactions in ab initio calculations that treated them as
bound states [10–13]. However, this approximation is well
justified only for the narrow 3þ first excited state, and no
information about the widths was provided. At the same
time, the only ab initio study of d-4He scattering [14] was
based on a nucleon-nucleon (NN) Hamiltonian and did not
take into account the swelling of the α particle due to the
interaction with the deuteron.
As demonstrated in a study of the unbound 7He nucleus,

the ab initio no-core shell model with continuum
(NCSMC) [15] is an efficient many-body approach to
nuclear bound and scattering states alike. Initially devel-
oped to compute nucleon-nucleus collisions starting from
a two-body Hamiltonian, this technique was later extended
to include 3N forces and successfully applied to make
predictions of elastic scattering and recoil of protons off

4He [16] and to study continuum and 3N-force effects
on the energy levels of 9Be [17]. Recently, we have
developed the NCSMC formalism to describe more chal-
lenging deuterium-nucleus collisions and we present in this
Letter a study of the 6Li ground state and d-4He elastic
scattering using NN þ 3N forces from chiral effective field
theory [18,19].
Approach.—We cast the microscopic ansatz for the

6Li wave function in the form of a generalized cluster
expansion,

jΨJπTi ¼
X

λ

cλj6Li λJπTiþ
XZ

ν

drr2
γνðrÞ
r

AνjΦJπT
νr i; ð1Þ

where J, π, and T are, respectively, total angular
momentum, parity, and isospin, j6Li λJπTi represent
square-integrable energy eigenstates of the 6Li
system, and

jΦJπT
νr i ¼ ½ðj4He λαJ

πα
α Tαij2H λdJ

πd
d TdiÞðsTÞYlðr̂α;dÞ&ðJ

πTÞ

×
δðr − rα;dÞ

rrα;d
ð2Þ

are continuous basis states built from a 4He and a 2H
nuclei whose centers of mass are separated by the relative
coordinate ~rα;d, and that are moving in a 2sþ1lJ partial
wave of relative motion. The translationally invariant
compound, target, and projectile states (with energy labels
λ, λα, and λd, respectively) are all obtained by means of the
no-core shell model (NCSM) [20,21] using a basis of
many-body harmonic oscillator (HO) wave functions with
frequency ℏΩ and up to Nmax HO quanta above the lowest
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FIG. 5. (Color online) Computed (lines) 2H(↵, d)4He (a) and 4He(d, d)4He (b) angular di↵erential cross sections at the recoil
and backscattered angles of, respectively, 'd = 30� and ✓d = 164� as a function of the incident ↵ and d energies compared with
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binding for the 1+ ground state. This can be under-
stood as stemming from a more e�cient description of
the clusterization of 6Li into a deuteron and an ↵ parti-
cle at long distances, which is harder to describe within
a finite NCSM model space, or – more simply – from
the increased size of the model space. Indeed, as shown
in Table I for the absolute value of the 6Li g.s. energy,
extrapolating to N

max

! 1 brings the NCSM result
in good agreement with the NCSMC. However, while the
extrapolation procedure yields comparable energies, only
the NCSMC wave function presents the correct Whit-
taker asymptotic. This will be very important for the
description of the 2H(↵, �)6Li radiative capture. Con-
versely, the square-integrable |6Li g.s. 1+0i component of
the ansatz (1) for the g.s. allows for the e�cient descrip-
tion of the short-range six-body correlations, and ad-
dresses the polarization of the 4He core. Describing these
correlation exclusively within continuous basis states of
the type of Eq. (2) would require the computationally un-
feasible inclusion of a large number of 4He excited states.

Next, in Fig. 5, we concentrate on di↵erential cross
sections of interest for ion beam analysis in two di↵erent
kinematic settings, i.e. the 2H(↵, d)4He deuteron elastic
recoil [panel (a)], and the 4He(d, d)4He deuteron elastic
backscattering [panel (b)]. We compare our computed
results using the NN+3N Hamiltonian to the data of
Refs. [23–29]. Aside from the position of the 3+ reso-
nance, the calculated cross sections at N

max

= 11 are
in fair agreement with experiment, particularly in the
low-energy region of interest for the 2H(↵, �)6Li radiative
capture, where we reproduce the data of Besenbacher et
al. [23] and those of Quillet et al. [27]. The 500 KeV
region below the resonance is also important for elastic
recoil detection. At higher energies, in the region were
the the 2+ and 1+ resonances overlap, the computed elas-
tic di↵erential cross section at ✓d = 164� reproduces the
data of Galonsky et al. [28] and Mani et al. [29], while
we find disagreement with the data of Ref. [24] in the

same setting but in the elastic recoil configuration. At
even higher energies, the cross section is overestimated
because the computed width of the 1+ state is twice as
large as in experiment. While an N

max

= 13 calculation
(currently out of reach) may change the present picture
somewhat, we expect that the di↵erences with respect to
the present results would not be substantial, particularly
concerning the description of the narrow 3+ resonance.
Indeed, much as in the case of the g.s. energy, here the
NCSMC centroid at N

max

= 11 is in good agreement
with the extrapolated value (0.99 MeV) of the NCSM
excitation energy.

Conclusions. We presented the first application of the
NCSMC formalism for a reaction involving a two-nucleon
projectile. In this ab initio calculation of d-4He elastic
scattering, we illustrated the importance of the coupling
to square-integrable 6Li states and of the three-nucleon
force. We used data for deuterium backscattering and re-
coil cross sections of interests to ion beam spectroscopy
to validate our calculations and found a good agreement
in particular at low energy. The overestimation by about
300 KeV of the position of the 3+ state is an indication
of remaining deficiencies of the nuclear Hamiltonian em-
ployed here. This work sets the stage for the first ab

initio study of the 2H(↵, �)6Li radiative capture as well
as the unified investigation of other bound and continu-
ous properties of the 6Li nucleus.

Computing support for this work came from the
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AC52-07NA27344. This material is based upon work
supported by the U.S. Department of Energy, O�ce of
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binding for the 1+ ground state. This can be under-
stood as stemming from a more e�cient description of
the clusterization of 6Li into a deuteron and an ↵ parti-
cle at long distances, which is harder to describe within
a finite NCSM model space, or – more simply – from
the increased size of the model space. Indeed, as shown
in Table I for the absolute value of the 6Li g.s. energy,
extrapolating to N

max

! 1 brings the NCSM result
in good agreement with the NCSMC. However, while the
extrapolation procedure yields comparable energies, only
the NCSMC wave function presents the correct Whit-
taker asymptotic. This will be very important for the
description of the 2H(↵, �)6Li radiative capture. Con-
versely, the square-integrable |6Li g.s. 1+0i component of
the ansatz (1) for the g.s. allows for the e�cient descrip-
tion of the short-range six-body correlations, and ad-
dresses the polarization of the 4He core. Describing these
correlation exclusively within continuous basis states of
the type of Eq. (2) would require the computationally un-
feasible inclusion of a large number of 4He excited states.

Next, in Fig. 5, we concentrate on di↵erential cross
sections of interest for ion beam analysis in two di↵erent
kinematic settings, i.e. the 2H(↵, d)4He deuteron elastic
recoil [panel (a)], and the 4He(d, d)4He deuteron elastic
backscattering [panel (b)]. We compare our computed
results using the NN+3N Hamiltonian to the data of
Refs. [23–29]. Aside from the position of the 3+ reso-
nance, the calculated cross sections at N

max

= 11 are
in fair agreement with experiment, particularly in the
low-energy region of interest for the 2H(↵, �)6Li radiative
capture, where we reproduce the data of Besenbacher et
al. [23] and those of Quillet et al. [27]. The 500 KeV
region below the resonance is also important for elastic
recoil detection. At higher energies, in the region were
the the 2+ and 1+ resonances overlap, the computed elas-
tic di↵erential cross section at ✓d = 164� reproduces the
data of Galonsky et al. [28] and Mani et al. [29], while
we find disagreement with the data of Ref. [24] in the

same setting but in the elastic recoil configuration. At
even higher energies, the cross section is overestimated
because the computed width of the 1+ state is twice as
large as in experiment. While an N

max

= 13 calculation
(currently out of reach) may change the present picture
somewhat, we expect that the di↵erences with respect to
the present results would not be substantial, particularly
concerning the description of the narrow 3+ resonance.
Indeed, much as in the case of the g.s. energy, here the
NCSMC centroid at N

max

= 11 is in good agreement
with the extrapolated value (0.99 MeV) of the NCSM
excitation energy.

Conclusions. We presented the first application of the
NCSMC formalism for a reaction involving a two-nucleon
projectile. In this ab initio calculation of d-4He elastic
scattering, we illustrated the importance of the coupling
to square-integrable 6Li states and of the three-nucleon
force. We used data for deuterium backscattering and re-
coil cross sections of interests to ion beam spectroscopy
to validate our calculations and found a good agreement
in particular at low energy. The overestimation by about
300 KeV of the position of the 3+ state is an indication
of remaining deficiencies of the nuclear Hamiltonian em-
ployed here. This work sets the stage for the first ab

initio study of the 2H(↵, �)6Li radiative capture as well
as the unified investigation of other bound and continu-
ous properties of the 6Li nucleus.
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350 keV. The bulk of the computed differential cross section is in good agreement with data. These results
endorse the application of the present approach to the evaluation of the 2Hðα; γÞ6Li radiative capture,
responsible for the big-bang nucleosynthesis of 6Li.
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Introduction.—Lithium-6 (6Li) is a weakly bound stable
nucleus that breaks into an 4He (or α particle) and a
deuteron (d) at the excitation energy of 1.4743 MeV [1]. A
complete unified treatment of the bound and continuum
properties of this system is desirable to further our under-
standing of the fundamental interactions among nucleons,
but also to inform the evaluation of low-energy cross
sections relevant to applications. Notable examples are
the 2Hðα; γÞ6Li radiative capture (responsible for the big-
bang nucleosynthesis of 6Li [2–6]) and the 2Hðα; dÞ4He
cross section used in the characterization of deuteron
concentrations in thin films [7–9]. Contrary to the lighter
nuclei, the structure of the 6Li ground state (g.s.)—namely,
the amount of the D-state component in its dþ α
configuration—is still uncertain [1]. Well known exper-
imentally, the low-lying resonances of 6Li have been shown
to present significant sensitivity to three-nucleon (3N)
interactions in ab initio calculations that treated them as
bound states [10–13]. However, this approximation is well
justified only for the narrow 3þ first excited state, and no
information about the widths was provided. At the same
time, the only ab initio study of d-4He scattering [14] was
based on a nucleon-nucleon (NN) Hamiltonian and did not
take into account the swelling of the α particle due to the
interaction with the deuteron.
As demonstrated in a study of the unbound 7He nucleus,

the ab initio no-core shell model with continuum
(NCSMC) [15] is an efficient many-body approach to
nuclear bound and scattering states alike. Initially devel-
oped to compute nucleon-nucleus collisions starting from
a two-body Hamiltonian, this technique was later extended
to include 3N forces and successfully applied to make
predictions of elastic scattering and recoil of protons off

4He [16] and to study continuum and 3N-force effects
on the energy levels of 9Be [17]. Recently, we have
developed the NCSMC formalism to describe more chal-
lenging deuterium-nucleus collisions and we present in this
Letter a study of the 6Li ground state and d-4He elastic
scattering using NN þ 3N forces from chiral effective field
theory [18,19].
Approach.—We cast the microscopic ansatz for the

6Li wave function in the form of a generalized cluster
expansion,

jΨJπTi ¼
X

λ

cλj6Li λJπTiþ
XZ

ν

drr2
γνðrÞ
r

AνjΦJπT
νr i; ð1Þ

where J, π, and T are, respectively, total angular
momentum, parity, and isospin, j6Li λJπTi represent
square-integrable energy eigenstates of the 6Li
system, and

jΦJπT
νr i ¼ ½ðj4He λαJ

πα
α Tαij2H λdJ

πd
d TdiÞðsTÞYlðr̂α;dÞ&ðJ

πTÞ

×
δðr − rα;dÞ

rrα;d
ð2Þ

are continuous basis states built from a 4He and a 2H
nuclei whose centers of mass are separated by the relative
coordinate ~rα;d, and that are moving in a 2sþ1lJ partial
wave of relative motion. The translationally invariant
compound, target, and projectile states (with energy labels
λ, λα, and λd, respectively) are all obtained by means of the
no-core shell model (NCSM) [20,21] using a basis of
many-body harmonic oscillator (HO) wave functions with
frequency ℏΩ and up to Nmax HO quanta above the lowest
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FIG. 3. (Color online) S-, 3P0- and D-wave d-4He phase shifts
computed with the NN-only, NN+3N-ind and NN+3N
Hamiltonians (lines) compared to those extracted from R-
matrix analyses of data [27, 28] (symbols). More details in
the text.

convergence for the HO expansions at Nmax = 11. We
adopt the HO frequency of 20 MeV around which the 6Li
g.s. energy calculated within the square-integrable basis
of the NCSM becomes nearly insensitive to !Ω [13].

We start by discussing the influence of 3N forces –
those induced by the SRG transformation of the NN po-
tential (NN+3N -ind) as well as those initially present in
the chiral Hamiltonian (NN+3N). In Fig. 3 we compare
our computed d-4He S-, 3P0- and D-wave phase shifts
with those of the R-matrix analyses of Refs. [27, 28]. The
results based on the two-body part of the evolved NN
force (NN -only) resemble those obtained with a softer
potential [14]. Once the SRG unitary equivalence is re-
stored via the induced 3N force, the resonance centroids
are systematically shifted to higher energies. By con-
trast, the agreement with data is much improved in the
NN+3N case and, in particular, the splitting between
the 3D3 and 3D2 partial waves is comparable to the mea-
sured one.

In Fig. 4, the resonance centroids and widths ex-
tracted [36] from the phase shifts of Fig. 3 (shown on
the right) are compared with experiment as well as with
more traditional approximated energy levels (shown on
the left) obtained within the NCSM by treating the 6Li
excited states as bound states. In terms of excitation en-
ergies relative to the g.s., in both calculations (i.e., with
or without continuum effects) the chiral 3N force affects
mainly the splitting between the 3+ and 2+ states, and to
a lesser extent the position of the first excited state. Sen-
sitivity to the chiral 3N force is also seen in the widths
of the NCSMC resonances, which tend to become nar-
rower (in closer agreement with experiment) when this
force is present in the initial Hamiltonian. Overall, the
closest agreement with the observed spectrum is obtained
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FIG. 4. (Color online) Ground-state energy and low-lying 6Li
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from the phase shifts of Fig. 3 (NCSMC) compared to the
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(Expt.). Also shown on the left-hand-side are the best
(Nmax = 12) and extrapolated [37] NCSM energy levels. The
zero energy is set to the respective computed (experimental)
d+4He breakup thresholds.

with the NN+3N Hamiltonian working within the NC-
SMC, i.e. by including the continuum degrees of freedom.
Compared to the best (Nmax = 12) NCSM values, all
resonances are shifted to lower energies commensurately
with their distance from the d+4He breakup threshold.
For the 3+, which is a narrow resonance, the effect is
not sufficient to correct for the slight overestimation in
excitation energy already observed in the NCSM calcula-
tion. This and the ensuing underestimation of the split-
ting between the 2+ and 3+ states point to remaining
deficiencies in the adopted 3N force model, particularly

TABLE I. Absolute 6Li g.s. energy, S- (C0) and D-wave (C2)
asymptotic normalization constants and their ratio using the
NN + 3N Hamiltonian compared to experiment. Indicated
in parenthesis is the Nmax value of the respective calculation.
The error estimates quoted in the extrapolated (∞) NCSM
results include uncertainties due to the SRG evolution of the
Hamiltonian and !Ω dependence [13].

Ground-State Eg.s. C0 C2 C2/C0

Properties [MeV] [fm−1/2] [fm−1/2]

NCSM (10) -30.84 − − −

NCSM (12) -31.52 − − −

NCSM (∞) [37] -32.2(3) − − −

NCSMC (10) -32.01 2.695 -0.074 -0.027

Expt.[1, 39, 40] -31.99 2.91(9) -0.077(18) -0.025(6)(10)

Expt. [38, 41] − 2.93(15) − 0.0003(9)
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with Chiral Two- and Three-Nucleon Forces
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We provide a unified ab initio description of the 6Li ground state and elastic scattering of deuterium (d)
on 4He (α) using two- and three-nucleon forces from chiral effective field theory. We analyze the influence
of the three-nucleon force and reveal the role of continuum degrees of freedom in shaping the low-lying
spectrum of 6Li. The calculation reproduces the empirical binding energy of 6Li, yielding an asymptotic
D- to S-state ratio of the 6Li wave function in the dþ α configuration of −0.027, in agreement with a
determination from 6Li-4He elastic scattering, but overestimates the excitation energy of the 3þ state by
350 keV. The bulk of the computed differential cross section is in good agreement with data. These results
endorse the application of the present approach to the evaluation of the 2Hðα; γÞ6Li radiative capture,
responsible for the big-bang nucleosynthesis of 6Li.
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Introduction.—Lithium-6 (6Li) is a weakly bound stable
nucleus that breaks into an 4He (or α particle) and a
deuteron (d) at the excitation energy of 1.4743 MeV [1]. A
complete unified treatment of the bound and continuum
properties of this system is desirable to further our under-
standing of the fundamental interactions among nucleons,
but also to inform the evaluation of low-energy cross
sections relevant to applications. Notable examples are
the 2Hðα; γÞ6Li radiative capture (responsible for the big-
bang nucleosynthesis of 6Li [2–6]) and the 2Hðα; dÞ4He
cross section used in the characterization of deuteron
concentrations in thin films [7–9]. Contrary to the lighter
nuclei, the structure of the 6Li ground state (g.s.)—namely,
the amount of the D-state component in its dþ α
configuration—is still uncertain [1]. Well known exper-
imentally, the low-lying resonances of 6Li have been shown
to present significant sensitivity to three-nucleon (3N)
interactions in ab initio calculations that treated them as
bound states [10–13]. However, this approximation is well
justified only for the narrow 3þ first excited state, and no
information about the widths was provided. At the same
time, the only ab initio study of d-4He scattering [14] was
based on a nucleon-nucleon (NN) Hamiltonian and did not
take into account the swelling of the α particle due to the
interaction with the deuteron.
As demonstrated in a study of the unbound 7He nucleus,

the ab initio no-core shell model with continuum
(NCSMC) [15] is an efficient many-body approach to
nuclear bound and scattering states alike. Initially devel-
oped to compute nucleon-nucleus collisions starting from
a two-body Hamiltonian, this technique was later extended
to include 3N forces and successfully applied to make
predictions of elastic scattering and recoil of protons off

4He [16] and to study continuum and 3N-force effects
on the energy levels of 9Be [17]. Recently, we have
developed the NCSMC formalism to describe more chal-
lenging deuterium-nucleus collisions and we present in this
Letter a study of the 6Li ground state and d-4He elastic
scattering using NN þ 3N forces from chiral effective field
theory [18,19].
Approach.—We cast the microscopic ansatz for the

6Li wave function in the form of a generalized cluster
expansion,

jΨJπTi ¼
X

λ

cλj6Li λJπTiþ
XZ

ν

drr2
γνðrÞ
r

AνjΦJπT
νr i; ð1Þ

where J, π, and T are, respectively, total angular
momentum, parity, and isospin, j6Li λJπTi represent
square-integrable energy eigenstates of the 6Li
system, and

jΦJπT
νr i ¼ ½ðj4He λαJ

πα
α Tαij2H λdJ

πd
d TdiÞðsTÞYlðr̂α;dÞ&ðJ

πTÞ

×
δðr − rα;dÞ

rrα;d
ð2Þ

are continuous basis states built from a 4He and a 2H
nuclei whose centers of mass are separated by the relative
coordinate ~rα;d, and that are moving in a 2sþ1lJ partial
wave of relative motion. The translationally invariant
compound, target, and projectile states (with energy labels
λ, λα, and λd, respectively) are all obtained by means of the
no-core shell model (NCSM) [20,21] using a basis of
many-body harmonic oscillator (HO) wave functions with
frequency ℏΩ and up to Nmax HO quanta above the lowest
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FIG. 5. (Color online) Computed (lines) 2H(↵, d)4He (a) and 4He(d, d)4He (b) angular di↵erential cross sections at the recoil
and backscattered angles of, respectively, 'd = 30� and ✓d = 164� as a function of the incident ↵ and d energies compared with
data (symbols) from Refs. [23–29].

binding for the 1+ ground state. This can be under-
stood as stemming from a more e�cient description of
the clusterization of 6Li into a deuteron and an ↵ parti-
cle at long distances, which is harder to describe within
a finite NCSM model space, or – more simply – from
the increased size of the model space. Indeed, as shown
in Table I for the absolute value of the 6Li g.s. energy,
extrapolating to N

max

! 1 brings the NCSM result
in good agreement with the NCSMC. However, while the
extrapolation procedure yields comparable energies, only
the NCSMC wave function presents the correct Whit-
taker asymptotic. This will be very important for the
description of the 2H(↵, �)6Li radiative capture. Con-
versely, the square-integrable |6Li g.s. 1+0i component of
the ansatz (1) for the g.s. allows for the e�cient descrip-
tion of the short-range six-body correlations, and ad-
dresses the polarization of the 4He core. Describing these
correlation exclusively within continuous basis states of
the type of Eq. (2) would require the computationally un-
feasible inclusion of a large number of 4He excited states.

Next, in Fig. 5, we concentrate on di↵erential cross
sections of interest for ion beam analysis in two di↵erent
kinematic settings, i.e. the 2H(↵, d)4He deuteron elastic
recoil [panel (a)], and the 4He(d, d)4He deuteron elastic
backscattering [panel (b)]. We compare our computed
results using the NN+3N Hamiltonian to the data of
Refs. [23–29]. Aside from the position of the 3+ reso-
nance, the calculated cross sections at N

max

= 11 are
in fair agreement with experiment, particularly in the
low-energy region of interest for the 2H(↵, �)6Li radiative
capture, where we reproduce the data of Besenbacher et
al. [23] and those of Quillet et al. [27]. The 500 KeV
region below the resonance is also important for elastic
recoil detection. At higher energies, in the region were
the the 2+ and 1+ resonances overlap, the computed elas-
tic di↵erential cross section at ✓d = 164� reproduces the
data of Galonsky et al. [28] and Mani et al. [29], while
we find disagreement with the data of Ref. [24] in the

same setting but in the elastic recoil configuration. At
even higher energies, the cross section is overestimated
because the computed width of the 1+ state is twice as
large as in experiment. While an N

max

= 13 calculation
(currently out of reach) may change the present picture
somewhat, we expect that the di↵erences with respect to
the present results would not be substantial, particularly
concerning the description of the narrow 3+ resonance.
Indeed, much as in the case of the g.s. energy, here the
NCSMC centroid at N

max

= 11 is in good agreement
with the extrapolated value (0.99 MeV) of the NCSM
excitation energy.

Conclusions. We presented the first application of the
NCSMC formalism for a reaction involving a two-nucleon
projectile. In this ab initio calculation of d-4He elastic
scattering, we illustrated the importance of the coupling
to square-integrable 6Li states and of the three-nucleon
force. We used data for deuterium backscattering and re-
coil cross sections of interests to ion beam spectroscopy
to validate our calculations and found a good agreement
in particular at low energy. The overestimation by about
300 KeV of the position of the 3+ state is an indication
of remaining deficiencies of the nuclear Hamiltonian em-
ployed here. This work sets the stage for the first ab

initio study of the 2H(↵, �)6Li radiative capture as well
as the unified investigation of other bound and continu-
ous properties of the 6Li nucleus.
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AC52-07NA27344. This material is based upon work
supported by the U.S. Department of Energy, O�ce of
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401945-2011. TRIUMF receives funding via a contribu-
tion through the Canadian National Research Council.
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binding for the 1+ ground state. This can be under-
stood as stemming from a more e�cient description of
the clusterization of 6Li into a deuteron and an ↵ parti-
cle at long distances, which is harder to describe within
a finite NCSM model space, or – more simply – from
the increased size of the model space. Indeed, as shown
in Table I for the absolute value of the 6Li g.s. energy,
extrapolating to N

max

! 1 brings the NCSM result
in good agreement with the NCSMC. However, while the
extrapolation procedure yields comparable energies, only
the NCSMC wave function presents the correct Whit-
taker asymptotic. This will be very important for the
description of the 2H(↵, �)6Li radiative capture. Con-
versely, the square-integrable |6Li g.s. 1+0i component of
the ansatz (1) for the g.s. allows for the e�cient descrip-
tion of the short-range six-body correlations, and ad-
dresses the polarization of the 4He core. Describing these
correlation exclusively within continuous basis states of
the type of Eq. (2) would require the computationally un-
feasible inclusion of a large number of 4He excited states.

Next, in Fig. 5, we concentrate on di↵erential cross
sections of interest for ion beam analysis in two di↵erent
kinematic settings, i.e. the 2H(↵, d)4He deuteron elastic
recoil [panel (a)], and the 4He(d, d)4He deuteron elastic
backscattering [panel (b)]. We compare our computed
results using the NN+3N Hamiltonian to the data of
Refs. [23–29]. Aside from the position of the 3+ reso-
nance, the calculated cross sections at N

max

= 11 are
in fair agreement with experiment, particularly in the
low-energy region of interest for the 2H(↵, �)6Li radiative
capture, where we reproduce the data of Besenbacher et
al. [23] and those of Quillet et al. [27]. The 500 KeV
region below the resonance is also important for elastic
recoil detection. At higher energies, in the region were
the the 2+ and 1+ resonances overlap, the computed elas-
tic di↵erential cross section at ✓d = 164� reproduces the
data of Galonsky et al. [28] and Mani et al. [29], while
we find disagreement with the data of Ref. [24] in the

same setting but in the elastic recoil configuration. At
even higher energies, the cross section is overestimated
because the computed width of the 1+ state is twice as
large as in experiment. While an N

max

= 13 calculation
(currently out of reach) may change the present picture
somewhat, we expect that the di↵erences with respect to
the present results would not be substantial, particularly
concerning the description of the narrow 3+ resonance.
Indeed, much as in the case of the g.s. energy, here the
NCSMC centroid at N

max

= 11 is in good agreement
with the extrapolated value (0.99 MeV) of the NCSM
excitation energy.

Conclusions. We presented the first application of the
NCSMC formalism for a reaction involving a two-nucleon
projectile. In this ab initio calculation of d-4He elastic
scattering, we illustrated the importance of the coupling
to square-integrable 6Li states and of the three-nucleon
force. We used data for deuterium backscattering and re-
coil cross sections of interests to ion beam spectroscopy
to validate our calculations and found a good agreement
in particular at low energy. The overestimation by about
300 KeV of the position of the 3+ state is an indication
of remaining deficiencies of the nuclear Hamiltonian em-
ployed here. This work sets the stage for the first ab

initio study of the 2H(↵, �)6Li radiative capture as well
as the unified investigation of other bound and continu-
ous properties of the 6Li nucleus.
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We provide a unified ab initio description of the 6Li ground state and elastic scattering of deuterium (d)
on 4He (α) using two- and three-nucleon forces from chiral effective field theory. We analyze the influence
of the three-nucleon force and reveal the role of continuum degrees of freedom in shaping the low-lying
spectrum of 6Li. The calculation reproduces the empirical binding energy of 6Li, yielding an asymptotic
D- to S-state ratio of the 6Li wave function in the dþ α configuration of −0.027, in agreement with a
determination from 6Li-4He elastic scattering, but overestimates the excitation energy of the 3þ state by
350 keV. The bulk of the computed differential cross section is in good agreement with data. These results
endorse the application of the present approach to the evaluation of the 2Hðα; γÞ6Li radiative capture,
responsible for the big-bang nucleosynthesis of 6Li.
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Introduction.—Lithium-6 (6Li) is a weakly bound stable
nucleus that breaks into an 4He (or α particle) and a
deuteron (d) at the excitation energy of 1.4743 MeV [1]. A
complete unified treatment of the bound and continuum
properties of this system is desirable to further our under-
standing of the fundamental interactions among nucleons,
but also to inform the evaluation of low-energy cross
sections relevant to applications. Notable examples are
the 2Hðα; γÞ6Li radiative capture (responsible for the big-
bang nucleosynthesis of 6Li [2–6]) and the 2Hðα; dÞ4He
cross section used in the characterization of deuteron
concentrations in thin films [7–9]. Contrary to the lighter
nuclei, the structure of the 6Li ground state (g.s.)—namely,
the amount of the D-state component in its dþ α
configuration—is still uncertain [1]. Well known exper-
imentally, the low-lying resonances of 6Li have been shown
to present significant sensitivity to three-nucleon (3N)
interactions in ab initio calculations that treated them as
bound states [10–13]. However, this approximation is well
justified only for the narrow 3þ first excited state, and no
information about the widths was provided. At the same
time, the only ab initio study of d-4He scattering [14] was
based on a nucleon-nucleon (NN) Hamiltonian and did not
take into account the swelling of the α particle due to the
interaction with the deuteron.
As demonstrated in a study of the unbound 7He nucleus,

the ab initio no-core shell model with continuum
(NCSMC) [15] is an efficient many-body approach to
nuclear bound and scattering states alike. Initially devel-
oped to compute nucleon-nucleus collisions starting from
a two-body Hamiltonian, this technique was later extended
to include 3N forces and successfully applied to make
predictions of elastic scattering and recoil of protons off

4He [16] and to study continuum and 3N-force effects
on the energy levels of 9Be [17]. Recently, we have
developed the NCSMC formalism to describe more chal-
lenging deuterium-nucleus collisions and we present in this
Letter a study of the 6Li ground state and d-4He elastic
scattering using NN þ 3N forces from chiral effective field
theory [18,19].
Approach.—We cast the microscopic ansatz for the

6Li wave function in the form of a generalized cluster
expansion,

jΨJπTi ¼
X

λ

cλj6Li λJπTiþ
XZ

ν

drr2
γνðrÞ
r

AνjΦJπT
νr i; ð1Þ

where J, π, and T are, respectively, total angular
momentum, parity, and isospin, j6Li λJπTi represent
square-integrable energy eigenstates of the 6Li
system, and

jΦJπT
νr i ¼ ½ðj4He λαJ

πα
α Tαij2H λdJ

πd
d TdiÞðsTÞYlðr̂α;dÞ&ðJ

πTÞ

×
δðr − rα;dÞ

rrα;d
ð2Þ

are continuous basis states built from a 4He and a 2H
nuclei whose centers of mass are separated by the relative
coordinate ~rα;d, and that are moving in a 2sþ1lJ partial
wave of relative motion. The translationally invariant
compound, target, and projectile states (with energy labels
λ, λα, and λd, respectively) are all obtained by means of the
no-core shell model (NCSM) [20,21] using a basis of
many-body harmonic oscillator (HO) wave functions with
frequency ℏΩ and up to Nmax HO quanta above the lowest
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FIG. 5. (Color online) Computed (a) 2H(α, d)4He laboratory-frame and (b) 4He(d, d)4He center-of-mass frame angular
differential cross sections (lines) using the NN+3N Hamiltonian at the deuteron recoil and backscattered angles of, respectively,
ϕd = 30◦ and θd = 164◦ as a function of the laboratory helium (Eα) and deuteron (Ed) incident energies, compared with data
(symbols) from Refs. [7–9, 42–45]. In panel (c), calculated (lines) and measured (symbols) center-of-mass angular distributions
at Ed = 2.93, 6.96, 8.97 [46], and 12 MeV [47] are scaled by a factor of 20, 5, 2, and 1, respectively. All positive- and negative-
parity partial waves up to J = 3 were included in the calculations.

concerning the strength of the spin-orbit interaction.
The inclusion of the d+4He states of Eq. (2) results

also in additional binding for the 1+ ground state. This
stems from a more efficient description of the clusteriza-
tion of 6Li into d+α at long distances, which is harder to
describe within a finite HO model space, or – more sim-
ply – from the increased size of the many-body model
space. Indeed, as shown in Fig. 4 and in Table I for
the absolute value of the 6Li g.s. energy, extrapolating to
Nmax → ∞ [37] brings the NCSM results in good agree-
ment with the NCSMC, particularly for bound states
and narrow resonances. However, while the extrapolation
procedure yields comparable energies, only the NCSMC
wave functions present the correct asymptotic, which for
the g.s. is a Whittaker function. This is essential for
the extraction of the asymptotic normalization constants
and a future description of the 2H(α, γ)6Li radiative cap-
ture [5]. The obtained asymptotic D- to S-state ratio is
not compatible with the near zero value of Ref. [41], but
rather is in good agreement with the determination of
Ref. [39], stemming from an analysis of 6Li+4He elastic
scattering. Further, based on the extrapolated NCSM
energies, one could erroneously conclude that the mea-
sured splitting between 2+ and 3+ state is reproduced
with the NN+3N Hamiltonian. Conversely, the square-
integrable |6LiλJπT ⟩ components of Eq. (1) are key to
achieving an efficient description of the short-range six-
body correlations, and compensate for computationally
arduous to include 4He excited states.
Next, in Figs. 5(a) and 5(b), respectively, we compare

the 2H(α, d)4He deuteron elastic recoil and 4He(d, d)4He
deuteron elastic scattering differential cross sections com-
puted using the NN+3N Hamiltonian to the measured
energy distributions of Refs. [7–9, 42–45]. Aside from
the position of the 3+ resonance, the calculations are in
fair agreement with experiment, particularly in the low-

energy region of interest for the Big-bang nucleosynthe-
sis of 6Li, where we reproduce the data of Besenbacher
et al. [42] and those of Quillet et al. [8]. The 500 keV
region below the resonance in Fig. 5(a) is also important
for material science, where the elastic recoil of deuterium
knocked by incident α particles is used to analyze the
presence of this element. At higher energies, near the
2+ and 1+ resonances, the computed cross section at the
center-of-mass deuteron scattering angle of θd = 164◦ re-
produces the data of Galonsky et al. [44] and Mani et
al. [45], while we find slight disagreement with the data
of Ref. [9] in the elastic recoil configuration at the labora-
tory angle of ϕd = 30◦. At even higher energies, the mea-
sured cross section of Fig. 5(b) lies below the calculated
one. This is due to the overestimated width of the 1+2
state, which is twice as large as in experiment. The over-
all good agreement with experiment is also corroborated
by Fig. 5(c), presenting 4He(d, d)4He angular distribu-
tions in the 2.93 ≤ Ed ≤ 12.0 MeV interval of incident
energies. In particular, the theoretical curves reproduce
the data at 2.93 and 6.96 MeV, while some deviations
are visible at the two higher energies, in line with our
previous discussion. Nevertheless, in general the present
results with 3N forces provide a much more realistic de-
scription of the scattering process than our earlier study
of Ref. [14]. Finally, we expect that an Nmax = 13 cal-
culation (currently out of reach) would not significantly
change the present picture, particularly concerning the
narrow 3+ resonance. Indeed, much as in the case of the
g.s. energy, here the NCSMC centroid is in good agree-
ment with the NCSM extrapolated value, 0.99(9) MeV.
Conclusions. We presented the first application of

the ab initio NCSMC formalism to the description of
deuteron-nucleus dynamics. We illustrated the role of
the chiral 3N force and continuous degrees of freedom in
determining the bound-state properties of 6Li and d-4He
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Introduction.—Lithium-6 (6Li) is a weakly bound stable
nucleus that breaks into an 4He (or α particle) and a
deuteron (d) at the excitation energy of 1.4743 MeV [1]. A
complete unified treatment of the bound and continuum
properties of this system is desirable to further our under-
standing of the fundamental interactions among nucleons,
but also to inform the evaluation of low-energy cross
sections relevant to applications. Notable examples are
the 2Hðα; γÞ6Li radiative capture (responsible for the big-
bang nucleosynthesis of 6Li [2–6]) and the 2Hðα; dÞ4He
cross section used in the characterization of deuteron
concentrations in thin films [7–9]. Contrary to the lighter
nuclei, the structure of the 6Li ground state (g.s.)—namely,
the amount of the D-state component in its dþ α
configuration—is still uncertain [1]. Well known exper-
imentally, the low-lying resonances of 6Li have been shown
to present significant sensitivity to three-nucleon (3N)
interactions in ab initio calculations that treated them as
bound states [10–13]. However, this approximation is well
justified only for the narrow 3þ first excited state, and no
information about the widths was provided. At the same
time, the only ab initio study of d-4He scattering [14] was
based on a nucleon-nucleon (NN) Hamiltonian and did not
take into account the swelling of the α particle due to the
interaction with the deuteron.
As demonstrated in a study of the unbound 7He nucleus,

the ab initio no-core shell model with continuum
(NCSMC) [15] is an efficient many-body approach to
nuclear bound and scattering states alike. Initially devel-
oped to compute nucleon-nucleus collisions starting from
a two-body Hamiltonian, this technique was later extended
to include 3N forces and successfully applied to make
predictions of elastic scattering and recoil of protons off

4He [16] and to study continuum and 3N-force effects
on the energy levels of 9Be [17]. Recently, we have
developed the NCSMC formalism to describe more chal-
lenging deuterium-nucleus collisions and we present in this
Letter a study of the 6Li ground state and d-4He elastic
scattering using NN þ 3N forces from chiral effective field
theory [18,19].
Approach.—We cast the microscopic ansatz for the

6Li wave function in the form of a generalized cluster
expansion,

jΨJπTi ¼
X

λ

cλj6Li λJπTiþ
XZ

ν

drr2
γνðrÞ
r

AνjΦJπT
νr i; ð1Þ

where J, π, and T are, respectively, total angular
momentum, parity, and isospin, j6Li λJπTi represent
square-integrable energy eigenstates of the 6Li
system, and

jΦJπT
νr i ¼ ½ðj4He λαJ

πα
α Tαij2H λdJ

πd
d TdiÞðsTÞYlðr̂α;dÞ&ðJ

πTÞ

×
δðr − rα;dÞ

rrα;d
ð2Þ

are continuous basis states built from a 4He and a 2H
nuclei whose centers of mass are separated by the relative
coordinate ~rα;d, and that are moving in a 2sþ1lJ partial
wave of relative motion. The translationally invariant
compound, target, and projectile states (with energy labels
λ, λα, and λd, respectively) are all obtained by means of the
no-core shell model (NCSM) [20,21] using a basis of
many-body harmonic oscillator (HO) wave functions with
frequency ℏΩ and up to Nmax HO quanta above the lowest
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§  S- and D-wave asymptotic normalization constants 
3

Ground-State Properties NCSM (10) NCSM (12) NCSM (∞) [37] NCSMC (10) Experiment

E6Li [MeV] −30.84 −31.52 −32.19(1) −32.01 −31.994 [1, 40]

C0 [fm−1/2] − − − 2.695 2.91(9) [39] 2.93(15) [38]

C2 [fm−1/2] − − − −0.074 −0.077(18) [39]

C2/C0 − − − −0.027 −0.025(6)(10) [39] 0.0003(9) [41]

Eα+Ed [MeV] −30.52 −30.58 −30.61(4) −30.52 −30.520

TABLE I. Absolute 6Li g.s. energy, S- (C0) and D-wave (C2) asymptotic normalization constants and their ratio using the
NN + 3N Hamiltonian compared to experiment. Also shown is the sum of 4He and 2H g.s. energies, Eα+Ed. Indicated in
parenthesis is the Nmax value of the respective calculation.

of the 6Li system and continuous d-4He(g.s.) states with
up to seven deuteron pseudostates in the 3S1−3D1, 3D2

and 3D3−3G3 channels. Similar to our earlier study per-
formed with a softerNN interaction but in a model space
spanned only by the continuous basis states of Eq. (2)
[14], we approach convergence for the HO expansions at
Nmax=10(11) for positive (negative) parity channels. We
adopt the HO frequency of 20 MeV around which the 6Li
g.s. energy calculated within the square-integrable basis
of the NCSM becomes nearly insensitive to !Ω [13].
In Fig. 2 we compare our computed d-4He S-, 3P0- and

D-wave phase shifts with those of the R-matrix analyses
of Refs. [27, 28]. The results based on the two-body part
of the SRG-transformed NN force (NN -only) resemble
those of Ref. [14]. Once the SRG unitary equivalence
is restored via the induced 3N force (NN+3N -ind), the
resonance centroids are systematically shifted to higher
energies. By contrast, the agreement with data is much
improved when the initial chiral 3N force is also included
(NN+3N). In particular, the splitting between the 3D3

and 3D2 partial waves is comparable to experiment.
In Fig. 3, the resonance centroids and widths ex-

tracted [36] from the phase shifts of Fig. 2 (shown on
the right) are compared with experiment as well as with
more traditional approximated energy levels (shown on
the left) obtained within the NCSM by treating the 6Li
excited states as bound states. In terms of excitation en-
ergies relative to the g.s., in both calculations (i.e., with
or without continuum effects) the chiral 3N force affects
mainly the splitting between the 3+ and 2+ states, and to
a lesser extent the position of the first excited state. Sen-
sitivity to the chiral 3N force is also seen in the widths of
the NCSMC resonances, which tend to become narrower
(in closer agreement with experiment) when this force is
present in the initial Hamiltonian. Overall, the closest
agreement with the observed spectrum is obtained with
the NN+3N Hamiltonian working within the NCSMC,
i.e. by including the continuum degrees of freedom. In-
cidentally, we note that the NN -only Hamiltonian (not
shown in Fig. 3) yields g.s. and 3+ energies (with respect
to the computed d+4He threshold) close to the NN+3N
results, e.g. −1.62 and 1.24 MeV, respectively, within
the NCSMC. However, the splitting between 2+ and 3+

is smaller. Compared to the best (Nmax = 12) NCSM
values, all resonances are shifted to lower energies com-
mensurately with their distance from the breakup thresh-
old. For the 3+, which is a narrow resonance, the effect
is not sufficient to correct for the slight overestimation in
excitation energy already observed in the NCSM calcula-
tion. This and the ensuing underestimation of the split-
ting between the 2+ and 3+ states point to remaining
deficiencies in the adopted 3N force model, particularly
concerning the strength of the spin-orbit interaction.

The inclusion of the d+4He states of Eq. (2) results
also in additional binding for the 1+ ground state. This
stems from a more efficient description of the clusteriza-
tion of 6Li into d+α at long distances, which is harder to
describe within a finite HO model space, or – more sim-
ply – from the increased size of the many-body model
space. Indeed, as shown in Fig. 3 and in Table I for
the absolute value of the 6Li g.s. energy, extrapolating to

-2

0

2

4

6
E

ki
n 
[M

eV
]

Γ = 1.3

NN+3N

2
+

3
+

1
+

1
+

Γ = 0.024

Γ = 1.5

0.7117

2.8377

4.17

-1.4743
g.s.

NN+3N-ind
Expt.

1.05
Γ = 0.07

2.90
Γ = 1.18

4.27
Γ = 3.42

-1.49
g.s.

2.10

Γ = 1.51

4.22

Γ = 3.68

Γ = 0.53

3.13

g.s.
-0.76

NN+3NNN+3N-ind

4.99(22)

3.24(9)

0.99(9)

-1.58(4)
g.s.
-0.94

1.52

4.12

g.s.

0.19

5.74

3.14

g.s.

NCSM (extrapolated)

NCSMC

FIG. 3. (Color online) Ground-state energy and low-lying 6Li
positive-parity T=0 resonance parameters extracted [36] from
the phase shifts of Fig. 2 (NCSMC) compared to the evalu-
ated centroids and widths (indicated by Γ) of Ref. [1] (Expt.).
Also shown on the left-hand-side are the best (Nmax=12) and
extrapolated [37] NCSM energy levels. The zero energy is set
to the respective computed (experimental) d+4He breakup
thresholds. Absolute g.s. energies can be found in Table I.

3

Ground-State Properties NCSM (10) NCSM (12) NCSM (∞) [37] NCSMC (10) Experiment

E6Li [MeV] −30.84 −31.52 −32.19(1) −32.01 −31.994 [1, 40]

C0 [fm−1/2] − − − 2.695 2.91(9) [39] 2.93(15) [38]

C2 [fm−1/2] − − − −0.074 −0.077(18) [39]

C2/C0 − − − −0.027 −0.025(6)(10) [39] 0.0003(9) [41]

Eα+Ed [MeV] −30.52 −30.58 −30.61(4) −30.52 −30.520

TABLE I. Absolute 6Li g.s. energy, S- (C0) and D-wave (C2) asymptotic normalization constants and their ratio using the
NN + 3N Hamiltonian compared to experiment. Also shown is the sum of 4He and 2H g.s. energies, Eα+Ed. Indicated in
parenthesis is the Nmax value of the respective calculation.

of the 6Li system and continuous d-4He(g.s.) states with
up to seven deuteron pseudostates in the 3S1−3D1, 3D2

and 3D3−3G3 channels. Similar to our earlier study per-
formed with a softerNN interaction but in a model space
spanned only by the continuous basis states of Eq. (2)
[14], we approach convergence for the HO expansions at
Nmax=10(11) for positive (negative) parity channels. We
adopt the HO frequency of 20 MeV around which the 6Li
g.s. energy calculated within the square-integrable basis
of the NCSM becomes nearly insensitive to !Ω [13].
In Fig. 2 we compare our computed d-4He S-, 3P0- and

D-wave phase shifts with those of the R-matrix analyses
of Refs. [27, 28]. The results based on the two-body part
of the SRG-transformed NN force (NN -only) resemble
those of Ref. [14]. Once the SRG unitary equivalence
is restored via the induced 3N force (NN+3N -ind), the
resonance centroids are systematically shifted to higher
energies. By contrast, the agreement with data is much
improved when the initial chiral 3N force is also included
(NN+3N). In particular, the splitting between the 3D3

and 3D2 partial waves is comparable to experiment.
In Fig. 3, the resonance centroids and widths ex-

tracted [36] from the phase shifts of Fig. 2 (shown on
the right) are compared with experiment as well as with
more traditional approximated energy levels (shown on
the left) obtained within the NCSM by treating the 6Li
excited states as bound states. In terms of excitation en-
ergies relative to the g.s., in both calculations (i.e., with
or without continuum effects) the chiral 3N force affects
mainly the splitting between the 3+ and 2+ states, and to
a lesser extent the position of the first excited state. Sen-
sitivity to the chiral 3N force is also seen in the widths of
the NCSMC resonances, which tend to become narrower
(in closer agreement with experiment) when this force is
present in the initial Hamiltonian. Overall, the closest
agreement with the observed spectrum is obtained with
the NN+3N Hamiltonian working within the NCSMC,
i.e. by including the continuum degrees of freedom. In-
cidentally, we note that the NN -only Hamiltonian (not
shown in Fig. 3) yields g.s. and 3+ energies (with respect
to the computed d+4He threshold) close to the NN+3N
results, e.g. −1.62 and 1.24 MeV, respectively, within
the NCSMC. However, the splitting between 2+ and 3+

is smaller. Compared to the best (Nmax = 12) NCSM
values, all resonances are shifted to lower energies com-
mensurately with their distance from the breakup thresh-
old. For the 3+, which is a narrow resonance, the effect
is not sufficient to correct for the slight overestimation in
excitation energy already observed in the NCSM calcula-
tion. This and the ensuing underestimation of the split-
ting between the 2+ and 3+ states point to remaining
deficiencies in the adopted 3N force model, particularly
concerning the strength of the spin-orbit interaction.

The inclusion of the d+4He states of Eq. (2) results
also in additional binding for the 1+ ground state. This
stems from a more efficient description of the clusteriza-
tion of 6Li into d+α at long distances, which is harder to
describe within a finite HO model space, or – more sim-
ply – from the increased size of the many-body model
space. Indeed, as shown in Fig. 3 and in Table I for
the absolute value of the 6Li g.s. energy, extrapolating to
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ated centroids and widths (indicated by Γ) of Ref. [1] (Expt.).
Also shown on the left-hand-side are the best (Nmax=12) and
extrapolated [37] NCSM energy levels. The zero energy is set
to the respective computed (experimental) d+4He breakup
thresholds. Absolute g.s. energies can be found in Table I.
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Ground-State Properties NCSM (10) NCSM (12) NCSM (∞) [37] NCSMC (10) Experiment

E6Li [MeV] −30.84 −31.52 −32.19(1) −32.01 −31.994 [1, 40]

C0 [fm−1/2] − − − 2.695 2.91(9) [39] 2.93(15) [38]

C2 [fm−1/2] − − − −0.074 −0.077(18) [39]

C2/C0 − − − −0.027 −0.025(6)(10) [39] 0.0003(9) [41]

Eα+Ed [MeV] −30.52 −30.58 −30.61(4) −30.52 −30.520

TABLE I. Absolute 6Li g.s. energy, S- (C0) and D-wave (C2) asymptotic normalization constants and their ratio using the
NN + 3N Hamiltonian compared to experiment. Also shown is the sum of 4He and 2H g.s. energies, Eα+Ed. Indicated in
parenthesis is the Nmax value of the respective calculation.

of the 6Li system and continuous d-4He(g.s.) states with
up to seven deuteron pseudostates in the 3S1−3D1, 3D2

and 3D3−3G3 channels. Similar to our earlier study per-
formed with a softerNN interaction but in a model space
spanned only by the continuous basis states of Eq. (2)
[14], we approach convergence for the HO expansions at
Nmax=10(11) for positive (negative) parity channels. We
adopt the HO frequency of 20 MeV around which the 6Li
g.s. energy calculated within the square-integrable basis
of the NCSM becomes nearly insensitive to !Ω [13].
In Fig. 2 we compare our computed d-4He S-, 3P0- and

D-wave phase shifts with those of the R-matrix analyses
of Refs. [27, 28]. The results based on the two-body part
of the SRG-transformed NN force (NN -only) resemble
those of Ref. [14]. Once the SRG unitary equivalence
is restored via the induced 3N force (NN+3N -ind), the
resonance centroids are systematically shifted to higher
energies. By contrast, the agreement with data is much
improved when the initial chiral 3N force is also included
(NN+3N). In particular, the splitting between the 3D3

and 3D2 partial waves is comparable to experiment.
In Fig. 3, the resonance centroids and widths ex-

tracted [36] from the phase shifts of Fig. 2 (shown on
the right) are compared with experiment as well as with
more traditional approximated energy levels (shown on
the left) obtained within the NCSM by treating the 6Li
excited states as bound states. In terms of excitation en-
ergies relative to the g.s., in both calculations (i.e., with
or without continuum effects) the chiral 3N force affects
mainly the splitting between the 3+ and 2+ states, and to
a lesser extent the position of the first excited state. Sen-
sitivity to the chiral 3N force is also seen in the widths of
the NCSMC resonances, which tend to become narrower
(in closer agreement with experiment) when this force is
present in the initial Hamiltonian. Overall, the closest
agreement with the observed spectrum is obtained with
the NN+3N Hamiltonian working within the NCSMC,
i.e. by including the continuum degrees of freedom. In-
cidentally, we note that the NN -only Hamiltonian (not
shown in Fig. 3) yields g.s. and 3+ energies (with respect
to the computed d+4He threshold) close to the NN+3N
results, e.g. −1.62 and 1.24 MeV, respectively, within
the NCSMC. However, the splitting between 2+ and 3+

is smaller. Compared to the best (Nmax = 12) NCSM
values, all resonances are shifted to lower energies com-
mensurately with their distance from the breakup thresh-
old. For the 3+, which is a narrow resonance, the effect
is not sufficient to correct for the slight overestimation in
excitation energy already observed in the NCSM calcula-
tion. This and the ensuing underestimation of the split-
ting between the 2+ and 3+ states point to remaining
deficiencies in the adopted 3N force model, particularly
concerning the strength of the spin-orbit interaction.

The inclusion of the d+4He states of Eq. (2) results
also in additional binding for the 1+ ground state. This
stems from a more efficient description of the clusteriza-
tion of 6Li into d+α at long distances, which is harder to
describe within a finite HO model space, or – more sim-
ply – from the increased size of the many-body model
space. Indeed, as shown in Fig. 3 and in Table I for
the absolute value of the 6Li g.s. energy, extrapolating to
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ated centroids and widths (indicated by Γ) of Ref. [1] (Expt.).
Also shown on the left-hand-side are the best (Nmax=12) and
extrapolated [37] NCSM energy levels. The zero energy is set
to the respective computed (experimental) d+4He breakup
thresholds. Absolute g.s. energies can be found in Table I.
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[14], we approach convergence for the HO expansions at
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g.s. energy calculated within the square-integrable basis
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In Fig. 2 we compare our computed d-4He S-, 3P0- and
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or without continuum effects) the chiral 3N force affects
mainly the splitting between the 3+ and 2+ states, and to
a lesser extent the position of the first excited state. Sen-
sitivity to the chiral 3N force is also seen in the widths of
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(in closer agreement with experiment) when this force is
present in the initial Hamiltonian. Overall, the closest
agreement with the observed spectrum is obtained with
the NN+3N Hamiltonian working within the NCSMC,
i.e. by including the continuum degrees of freedom. In-
cidentally, we note that the NN -only Hamiltonian (not
shown in Fig. 3) yields g.s. and 3+ energies (with respect
to the computed d+4He threshold) close to the NN+3N
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mensurately with their distance from the breakup thresh-
old. For the 3+, which is a narrow resonance, the effect
is not sufficient to correct for the slight overestimation in
excitation energy already observed in the NCSM calcula-
tion. This and the ensuing underestimation of the split-
ting between the 2+ and 3+ states point to remaining
deficiencies in the adopted 3N force model, particularly
concerning the strength of the spin-orbit interaction.

The inclusion of the d+4He states of Eq. (2) results
also in additional binding for the 1+ ground state. This
stems from a more efficient description of the clusteriza-
tion of 6Li into d+α at long distances, which is harder to
describe within a finite HO model space, or – more sim-
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Also shown on the left-hand-side are the best (Nmax=12) and
extrapolated [37] NCSM energy levels. The zero energy is set
to the respective computed (experimental) d+4He breakup
thresholds. Absolute g.s. energies can be found in Table I.
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Unified Description of 6Li Structure and Deuterium-4He Dynamics
with Chiral Two- and Three-Nucleon Forces
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We provide a unified ab initio description of the 6Li ground state and elastic scattering of deuterium (d)
on 4He (α) using two- and three-nucleon forces from chiral effective field theory. We analyze the influence
of the three-nucleon force and reveal the role of continuum degrees of freedom in shaping the low-lying
spectrum of 6Li. The calculation reproduces the empirical binding energy of 6Li, yielding an asymptotic
D- to S-state ratio of the 6Li wave function in the dþ α configuration of −0.027, in agreement with a
determination from 6Li-4He elastic scattering, but overestimates the excitation energy of the 3þ state by
350 keV. The bulk of the computed differential cross section is in good agreement with data. These results
endorse the application of the present approach to the evaluation of the 2Hðα; γÞ6Li radiative capture,
responsible for the big-bang nucleosynthesis of 6Li.
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Introduction.—Lithium-6 (6Li) is a weakly bound stable
nucleus that breaks into an 4He (or α particle) and a
deuteron (d) at the excitation energy of 1.4743 MeV [1]. A
complete unified treatment of the bound and continuum
properties of this system is desirable to further our under-
standing of the fundamental interactions among nucleons,
but also to inform the evaluation of low-energy cross
sections relevant to applications. Notable examples are
the 2Hðα; γÞ6Li radiative capture (responsible for the big-
bang nucleosynthesis of 6Li [2–6]) and the 2Hðα; dÞ4He
cross section used in the characterization of deuteron
concentrations in thin films [7–9]. Contrary to the lighter
nuclei, the structure of the 6Li ground state (g.s.)—namely,
the amount of the D-state component in its dþ α
configuration—is still uncertain [1]. Well known exper-
imentally, the low-lying resonances of 6Li have been shown
to present significant sensitivity to three-nucleon (3N)
interactions in ab initio calculations that treated them as
bound states [10–13]. However, this approximation is well
justified only for the narrow 3þ first excited state, and no
information about the widths was provided. At the same
time, the only ab initio study of d-4He scattering [14] was
based on a nucleon-nucleon (NN) Hamiltonian and did not
take into account the swelling of the α particle due to the
interaction with the deuteron.
As demonstrated in a study of the unbound 7He nucleus,

the ab initio no-core shell model with continuum
(NCSMC) [15] is an efficient many-body approach to
nuclear bound and scattering states alike. Initially devel-
oped to compute nucleon-nucleus collisions starting from
a two-body Hamiltonian, this technique was later extended
to include 3N forces and successfully applied to make
predictions of elastic scattering and recoil of protons off

4He [16] and to study continuum and 3N-force effects
on the energy levels of 9Be [17]. Recently, we have
developed the NCSMC formalism to describe more chal-
lenging deuterium-nucleus collisions and we present in this
Letter a study of the 6Li ground state and d-4He elastic
scattering using NN þ 3N forces from chiral effective field
theory [18,19].
Approach.—We cast the microscopic ansatz for the

6Li wave function in the form of a generalized cluster
expansion,

jΨJπTi ¼
X

λ

cλj6Li λJπTiþ
XZ

ν

drr2
γνðrÞ
r

AνjΦJπT
νr i; ð1Þ

where J, π, and T are, respectively, total angular
momentum, parity, and isospin, j6Li λJπTi represent
square-integrable energy eigenstates of the 6Li
system, and

jΦJπT
νr i ¼ ½ðj4He λαJ

πα
α Tαij2H λdJ

πd
d TdiÞðsTÞYlðr̂α;dÞ&ðJ

πTÞ

×
δðr − rα;dÞ

rrα;d
ð2Þ

are continuous basis states built from a 4He and a 2H
nuclei whose centers of mass are separated by the relative
coordinate ~rα;d, and that are moving in a 2sþ1lJ partial
wave of relative motion. The translationally invariant
compound, target, and projectile states (with energy labels
λ, λα, and λd, respectively) are all obtained by means of the
no-core shell model (NCSM) [20,21] using a basis of
many-body harmonic oscillator (HO) wave functions with
frequency ℏΩ and up to Nmax HO quanta above the lowest
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d+4He Scattering Phase Shifts

§  S- and D-wave asymptotic normalization constants 
3

Ground-State Properties NCSM (10) NCSM (12) NCSM (∞) [37] NCSMC (10) Experiment

E6Li [MeV] −30.84 −31.52 −32.19(1) −32.01 −31.994 [1, 40]

C0 [fm−1/2] − − − 2.695 2.91(9) [39] 2.93(15) [38]

C2 [fm−1/2] − − − −0.074 −0.077(18) [39]

C2/C0 − − − −0.027 −0.025(6)(10) [39] 0.0003(9) [41]

Eα+Ed [MeV] −30.52 −30.58 −30.61(4) −30.52 −30.520

TABLE I. Absolute 6Li g.s. energy, S- (C0) and D-wave (C2) asymptotic normalization constants and their ratio using the
NN + 3N Hamiltonian compared to experiment. Also shown is the sum of 4He and 2H g.s. energies, Eα+Ed. Indicated in
parenthesis is the Nmax value of the respective calculation.

of the 6Li system and continuous d-4He(g.s.) states with
up to seven deuteron pseudostates in the 3S1−3D1, 3D2

and 3D3−3G3 channels. Similar to our earlier study per-
formed with a softerNN interaction but in a model space
spanned only by the continuous basis states of Eq. (2)
[14], we approach convergence for the HO expansions at
Nmax=10(11) for positive (negative) parity channels. We
adopt the HO frequency of 20 MeV around which the 6Li
g.s. energy calculated within the square-integrable basis
of the NCSM becomes nearly insensitive to !Ω [13].
In Fig. 2 we compare our computed d-4He S-, 3P0- and

D-wave phase shifts with those of the R-matrix analyses
of Refs. [27, 28]. The results based on the two-body part
of the SRG-transformed NN force (NN -only) resemble
those of Ref. [14]. Once the SRG unitary equivalence
is restored via the induced 3N force (NN+3N -ind), the
resonance centroids are systematically shifted to higher
energies. By contrast, the agreement with data is much
improved when the initial chiral 3N force is also included
(NN+3N). In particular, the splitting between the 3D3

and 3D2 partial waves is comparable to experiment.
In Fig. 3, the resonance centroids and widths ex-

tracted [36] from the phase shifts of Fig. 2 (shown on
the right) are compared with experiment as well as with
more traditional approximated energy levels (shown on
the left) obtained within the NCSM by treating the 6Li
excited states as bound states. In terms of excitation en-
ergies relative to the g.s., in both calculations (i.e., with
or without continuum effects) the chiral 3N force affects
mainly the splitting between the 3+ and 2+ states, and to
a lesser extent the position of the first excited state. Sen-
sitivity to the chiral 3N force is also seen in the widths of
the NCSMC resonances, which tend to become narrower
(in closer agreement with experiment) when this force is
present in the initial Hamiltonian. Overall, the closest
agreement with the observed spectrum is obtained with
the NN+3N Hamiltonian working within the NCSMC,
i.e. by including the continuum degrees of freedom. In-
cidentally, we note that the NN -only Hamiltonian (not
shown in Fig. 3) yields g.s. and 3+ energies (with respect
to the computed d+4He threshold) close to the NN+3N
results, e.g. −1.62 and 1.24 MeV, respectively, within
the NCSMC. However, the splitting between 2+ and 3+

is smaller. Compared to the best (Nmax = 12) NCSM
values, all resonances are shifted to lower energies com-
mensurately with their distance from the breakup thresh-
old. For the 3+, which is a narrow resonance, the effect
is not sufficient to correct for the slight overestimation in
excitation energy already observed in the NCSM calcula-
tion. This and the ensuing underestimation of the split-
ting between the 2+ and 3+ states point to remaining
deficiencies in the adopted 3N force model, particularly
concerning the strength of the spin-orbit interaction.

The inclusion of the d+4He states of Eq. (2) results
also in additional binding for the 1+ ground state. This
stems from a more efficient description of the clusteriza-
tion of 6Li into d+α at long distances, which is harder to
describe within a finite HO model space, or – more sim-
ply – from the increased size of the many-body model
space. Indeed, as shown in Fig. 3 and in Table I for
the absolute value of the 6Li g.s. energy, extrapolating to
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FIG. 3. (Color online) Ground-state energy and low-lying 6Li
positive-parity T=0 resonance parameters extracted [36] from
the phase shifts of Fig. 2 (NCSMC) compared to the evalu-
ated centroids and widths (indicated by Γ) of Ref. [1] (Expt.).
Also shown on the left-hand-side are the best (Nmax=12) and
extrapolated [37] NCSM energy levels. The zero energy is set
to the respective computed (experimental) d+4He breakup
thresholds. Absolute g.s. energies can be found in Table I.
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of the 6Li system and continuous d-4He(g.s.) states with
up to seven deuteron pseudostates in the 3S1−3D1, 3D2

and 3D3−3G3 channels. Similar to our earlier study per-
formed with a softerNN interaction but in a model space
spanned only by the continuous basis states of Eq. (2)
[14], we approach convergence for the HO expansions at
Nmax=10(11) for positive (negative) parity channels. We
adopt the HO frequency of 20 MeV around which the 6Li
g.s. energy calculated within the square-integrable basis
of the NCSM becomes nearly insensitive to !Ω [13].
In Fig. 2 we compare our computed d-4He S-, 3P0- and

D-wave phase shifts with those of the R-matrix analyses
of Refs. [27, 28]. The results based on the two-body part
of the SRG-transformed NN force (NN -only) resemble
those of Ref. [14]. Once the SRG unitary equivalence
is restored via the induced 3N force (NN+3N -ind), the
resonance centroids are systematically shifted to higher
energies. By contrast, the agreement with data is much
improved when the initial chiral 3N force is also included
(NN+3N). In particular, the splitting between the 3D3

and 3D2 partial waves is comparable to experiment.
In Fig. 3, the resonance centroids and widths ex-

tracted [36] from the phase shifts of Fig. 2 (shown on
the right) are compared with experiment as well as with
more traditional approximated energy levels (shown on
the left) obtained within the NCSM by treating the 6Li
excited states as bound states. In terms of excitation en-
ergies relative to the g.s., in both calculations (i.e., with
or without continuum effects) the chiral 3N force affects
mainly the splitting between the 3+ and 2+ states, and to
a lesser extent the position of the first excited state. Sen-
sitivity to the chiral 3N force is also seen in the widths of
the NCSMC resonances, which tend to become narrower
(in closer agreement with experiment) when this force is
present in the initial Hamiltonian. Overall, the closest
agreement with the observed spectrum is obtained with
the NN+3N Hamiltonian working within the NCSMC,
i.e. by including the continuum degrees of freedom. In-
cidentally, we note that the NN -only Hamiltonian (not
shown in Fig. 3) yields g.s. and 3+ energies (with respect
to the computed d+4He threshold) close to the NN+3N
results, e.g. −1.62 and 1.24 MeV, respectively, within
the NCSMC. However, the splitting between 2+ and 3+

is smaller. Compared to the best (Nmax = 12) NCSM
values, all resonances are shifted to lower energies com-
mensurately with their distance from the breakup thresh-
old. For the 3+, which is a narrow resonance, the effect
is not sufficient to correct for the slight overestimation in
excitation energy already observed in the NCSM calcula-
tion. This and the ensuing underestimation of the split-
ting between the 2+ and 3+ states point to remaining
deficiencies in the adopted 3N force model, particularly
concerning the strength of the spin-orbit interaction.

The inclusion of the d+4He states of Eq. (2) results
also in additional binding for the 1+ ground state. This
stems from a more efficient description of the clusteriza-
tion of 6Li into d+α at long distances, which is harder to
describe within a finite HO model space, or – more sim-
ply – from the increased size of the many-body model
space. Indeed, as shown in Fig. 3 and in Table I for
the absolute value of the 6Li g.s. energy, extrapolating to
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FIG. 3. (Color online) Ground-state energy and low-lying 6Li
positive-parity T=0 resonance parameters extracted [36] from
the phase shifts of Fig. 2 (NCSMC) compared to the evalu-
ated centroids and widths (indicated by Γ) of Ref. [1] (Expt.).
Also shown on the left-hand-side are the best (Nmax=12) and
extrapolated [37] NCSM energy levels. The zero energy is set
to the respective computed (experimental) d+4He breakup
thresholds. Absolute g.s. energies can be found in Table I.
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Ground-State Properties NCSM (10) NCSM (12) NCSM (∞) [37] NCSMC (10) Experiment

E6Li [MeV] −30.84 −31.52 −32.19(1) −32.01 −31.994 [1, 40]

C0 [fm−1/2] − − − 2.695 2.91(9) [39] 2.93(15) [38]

C2 [fm−1/2] − − − −0.074 −0.077(18) [39]

C2/C0 − − − −0.027 −0.025(6)(10) [39] 0.0003(9) [41]

Eα+Ed [MeV] −30.52 −30.58 −30.61(4) −30.52 −30.520

TABLE I. Absolute 6Li g.s. energy, S- (C0) and D-wave (C2) asymptotic normalization constants and their ratio using the
NN + 3N Hamiltonian compared to experiment. Also shown is the sum of 4He and 2H g.s. energies, Eα+Ed. Indicated in
parenthesis is the Nmax value of the respective calculation.

of the 6Li system and continuous d-4He(g.s.) states with
up to seven deuteron pseudostates in the 3S1−3D1, 3D2

and 3D3−3G3 channels. Similar to our earlier study per-
formed with a softerNN interaction but in a model space
spanned only by the continuous basis states of Eq. (2)
[14], we approach convergence for the HO expansions at
Nmax=10(11) for positive (negative) parity channels. We
adopt the HO frequency of 20 MeV around which the 6Li
g.s. energy calculated within the square-integrable basis
of the NCSM becomes nearly insensitive to !Ω [13].
In Fig. 2 we compare our computed d-4He S-, 3P0- and

D-wave phase shifts with those of the R-matrix analyses
of Refs. [27, 28]. The results based on the two-body part
of the SRG-transformed NN force (NN -only) resemble
those of Ref. [14]. Once the SRG unitary equivalence
is restored via the induced 3N force (NN+3N -ind), the
resonance centroids are systematically shifted to higher
energies. By contrast, the agreement with data is much
improved when the initial chiral 3N force is also included
(NN+3N). In particular, the splitting between the 3D3

and 3D2 partial waves is comparable to experiment.
In Fig. 3, the resonance centroids and widths ex-

tracted [36] from the phase shifts of Fig. 2 (shown on
the right) are compared with experiment as well as with
more traditional approximated energy levels (shown on
the left) obtained within the NCSM by treating the 6Li
excited states as bound states. In terms of excitation en-
ergies relative to the g.s., in both calculations (i.e., with
or without continuum effects) the chiral 3N force affects
mainly the splitting between the 3+ and 2+ states, and to
a lesser extent the position of the first excited state. Sen-
sitivity to the chiral 3N force is also seen in the widths of
the NCSMC resonances, which tend to become narrower
(in closer agreement with experiment) when this force is
present in the initial Hamiltonian. Overall, the closest
agreement with the observed spectrum is obtained with
the NN+3N Hamiltonian working within the NCSMC,
i.e. by including the continuum degrees of freedom. In-
cidentally, we note that the NN -only Hamiltonian (not
shown in Fig. 3) yields g.s. and 3+ energies (with respect
to the computed d+4He threshold) close to the NN+3N
results, e.g. −1.62 and 1.24 MeV, respectively, within
the NCSMC. However, the splitting between 2+ and 3+

is smaller. Compared to the best (Nmax = 12) NCSM
values, all resonances are shifted to lower energies com-
mensurately with their distance from the breakup thresh-
old. For the 3+, which is a narrow resonance, the effect
is not sufficient to correct for the slight overestimation in
excitation energy already observed in the NCSM calcula-
tion. This and the ensuing underestimation of the split-
ting between the 2+ and 3+ states point to remaining
deficiencies in the adopted 3N force model, particularly
concerning the strength of the spin-orbit interaction.

The inclusion of the d+4He states of Eq. (2) results
also in additional binding for the 1+ ground state. This
stems from a more efficient description of the clusteriza-
tion of 6Li into d+α at long distances, which is harder to
describe within a finite HO model space, or – more sim-
ply – from the increased size of the many-body model
space. Indeed, as shown in Fig. 3 and in Table I for
the absolute value of the 6Li g.s. energy, extrapolating to
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positive-parity T=0 resonance parameters extracted [36] from
the phase shifts of Fig. 2 (NCSMC) compared to the evalu-
ated centroids and widths (indicated by Γ) of Ref. [1] (Expt.).
Also shown on the left-hand-side are the best (Nmax=12) and
extrapolated [37] NCSM energy levels. The zero energy is set
to the respective computed (experimental) d+4He breakup
thresholds. Absolute g.s. energies can be found in Table I.
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of the NCSM becomes nearly insensitive to !Ω [13].
In Fig. 2 we compare our computed d-4He S-, 3P0- and
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energies. By contrast, the agreement with data is much
improved when the initial chiral 3N force is also included
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and 3D2 partial waves is comparable to experiment.
In Fig. 3, the resonance centroids and widths ex-

tracted [36] from the phase shifts of Fig. 2 (shown on
the right) are compared with experiment as well as with
more traditional approximated energy levels (shown on
the left) obtained within the NCSM by treating the 6Li
excited states as bound states. In terms of excitation en-
ergies relative to the g.s., in both calculations (i.e., with
or without continuum effects) the chiral 3N force affects
mainly the splitting between the 3+ and 2+ states, and to
a lesser extent the position of the first excited state. Sen-
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the NCSMC resonances, which tend to become narrower
(in closer agreement with experiment) when this force is
present in the initial Hamiltonian. Overall, the closest
agreement with the observed spectrum is obtained with
the NN+3N Hamiltonian working within the NCSMC,
i.e. by including the continuum degrees of freedom. In-
cidentally, we note that the NN -only Hamiltonian (not
shown in Fig. 3) yields g.s. and 3+ energies (with respect
to the computed d+4He threshold) close to the NN+3N
results, e.g. −1.62 and 1.24 MeV, respectively, within
the NCSMC. However, the splitting between 2+ and 3+

is smaller. Compared to the best (Nmax = 12) NCSM
values, all resonances are shifted to lower energies com-
mensurately with their distance from the breakup thresh-
old. For the 3+, which is a narrow resonance, the effect
is not sufficient to correct for the slight overestimation in
excitation energy already observed in the NCSM calcula-
tion. This and the ensuing underestimation of the split-
ting between the 2+ and 3+ states point to remaining
deficiencies in the adopted 3N force model, particularly
concerning the strength of the spin-orbit interaction.

The inclusion of the d+4He states of Eq. (2) results
also in additional binding for the 1+ ground state. This
stems from a more efficient description of the clusteriza-
tion of 6Li into d+α at long distances, which is harder to
describe within a finite HO model space, or – more sim-
ply – from the increased size of the many-body model
space. Indeed, as shown in Fig. 3 and in Table I for
the absolute value of the 6Li g.s. energy, extrapolating to
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FIG. 3. (Color online) Ground-state energy and low-lying 6Li
positive-parity T=0 resonance parameters extracted [36] from
the phase shifts of Fig. 2 (NCSMC) compared to the evalu-
ated centroids and widths (indicated by Γ) of Ref. [1] (Expt.).
Also shown on the left-hand-side are the best (Nmax=12) and
extrapolated [37] NCSM energy levels. The zero energy is set
to the respective computed (experimental) d+4He breakup
thresholds. Absolute g.s. energies can be found in Table I.
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We provide a unified ab initio description of the 6Li ground state and elastic scattering of deuterium (d)
on 4He (α) using two- and three-nucleon forces from chiral effective field theory. We analyze the influence
of the three-nucleon force and reveal the role of continuum degrees of freedom in shaping the low-lying
spectrum of 6Li. The calculation reproduces the empirical binding energy of 6Li, yielding an asymptotic
D- to S-state ratio of the 6Li wave function in the dþ α configuration of −0.027, in agreement with a
determination from 6Li-4He elastic scattering, but overestimates the excitation energy of the 3þ state by
350 keV. The bulk of the computed differential cross section is in good agreement with data. These results
endorse the application of the present approach to the evaluation of the 2Hðα; γÞ6Li radiative capture,
responsible for the big-bang nucleosynthesis of 6Li.
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Introduction.—Lithium-6 (6Li) is a weakly bound stable
nucleus that breaks into an 4He (or α particle) and a
deuteron (d) at the excitation energy of 1.4743 MeV [1]. A
complete unified treatment of the bound and continuum
properties of this system is desirable to further our under-
standing of the fundamental interactions among nucleons,
but also to inform the evaluation of low-energy cross
sections relevant to applications. Notable examples are
the 2Hðα; γÞ6Li radiative capture (responsible for the big-
bang nucleosynthesis of 6Li [2–6]) and the 2Hðα; dÞ4He
cross section used in the characterization of deuteron
concentrations in thin films [7–9]. Contrary to the lighter
nuclei, the structure of the 6Li ground state (g.s.)—namely,
the amount of the D-state component in its dþ α
configuration—is still uncertain [1]. Well known exper-
imentally, the low-lying resonances of 6Li have been shown
to present significant sensitivity to three-nucleon (3N)
interactions in ab initio calculations that treated them as
bound states [10–13]. However, this approximation is well
justified only for the narrow 3þ first excited state, and no
information about the widths was provided. At the same
time, the only ab initio study of d-4He scattering [14] was
based on a nucleon-nucleon (NN) Hamiltonian and did not
take into account the swelling of the α particle due to the
interaction with the deuteron.
As demonstrated in a study of the unbound 7He nucleus,

the ab initio no-core shell model with continuum
(NCSMC) [15] is an efficient many-body approach to
nuclear bound and scattering states alike. Initially devel-
oped to compute nucleon-nucleus collisions starting from
a two-body Hamiltonian, this technique was later extended
to include 3N forces and successfully applied to make
predictions of elastic scattering and recoil of protons off

4He [16] and to study continuum and 3N-force effects
on the energy levels of 9Be [17]. Recently, we have
developed the NCSMC formalism to describe more chal-
lenging deuterium-nucleus collisions and we present in this
Letter a study of the 6Li ground state and d-4He elastic
scattering using NN þ 3N forces from chiral effective field
theory [18,19].
Approach.—We cast the microscopic ansatz for the

6Li wave function in the form of a generalized cluster
expansion,

jΨJπTi ¼
X

λ

cλj6Li λJπTiþ
XZ

ν

drr2
γνðrÞ
r

AνjΦJπT
νr i; ð1Þ

where J, π, and T are, respectively, total angular
momentum, parity, and isospin, j6Li λJπTi represent
square-integrable energy eigenstates of the 6Li
system, and

jΦJπT
νr i ¼ ½ðj4He λαJ

πα
α Tαij2H λdJ

πd
d TdiÞðsTÞYlðr̂α;dÞ&ðJ

πTÞ

×
δðr − rα;dÞ

rrα;d
ð2Þ

are continuous basis states built from a 4He and a 2H
nuclei whose centers of mass are separated by the relative
coordinate ~rα;d, and that are moving in a 2sþ1lJ partial
wave of relative motion. The translationally invariant
compound, target, and projectile states (with energy labels
λ, λα, and λd, respectively) are all obtained by means of the
no-core shell model (NCSM) [20,21] using a basis of
many-body harmonic oscillator (HO) wave functions with
frequency ℏΩ and up to Nmax HO quanta above the lowest
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FIG. 2. (Color online) Astrophysical S24(E) factors for the 2H(↵, �)6Li reaction. Black dots are

data from Ref. [13]; black crosses are data from Ref. [12]; black triangles are data from Ref. [11].

Two green boxes are the LUNA experimental data reported at E = 94 and 134 keV [16] shown

together with their uncertainties. The purple dashed-dotted line is the S24(E) astrophysical factor

from Ref. [32]. The black dashed-dotted line is the S24(E) factor from Ref. [15]. All the red (olive)

lines are our calculations obtained using model M1 (M2). The red dotted (olive short dotted),

red dashed (olive short dashed) and red solid (olive dashed-dotted-dotted) lines are the dipole,

quadrupole and total S24(E) factors, correspondingly, from the present calculations. Notations in

the insert are the same.

to provide correct normalization of the asymptotic term of the overlap function.

IV. ASTROPHYSICAL FACTOR

In Fig. 2 the experimental and calculated astrophysical S24(E) factors for the reaction

2H(↵, d)6Li are presented. In contrast to the di↵erential cross section, the total astrophysical

factor is given by the sum of the dipole and quadrupole astrophysical factors and does not

contain their interference term. The potential model used in the present calculations with

two di↵erent bound-state wave functions has been described in section IIC. The expression

for the astrophysical factor has been derived in section II B by integrating the photon’s

di↵erential cross section over the photon’s solid angle. Agreement between the LUNA data

at two Big Bang energies and the potential model calculations based on the ANC provides a
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6Li puzzle – too little 6Li produced in BBN 

2H(α,γ)6Li 
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NCSMC

NCSM

Short range description

NCSM/RGM-3B

Long range description

The NCSMC can be applied to three-cluster systems, providing 

a unified description of bound and continuum states  



•  Starts from: 

 

•  Two-neutron halo nuclei 

 

•  Transfer reactions with three-body continuum final states 

Three-body clusters in ab initio NCSM/RGM 
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Three-cluster NCSM/RGM  

•  The starting point: 
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N
max

NCSM NCSM/RGM NCSMC (0+
1
 )

4 -27.70 -27.14 -28.29

6 -27.98 -28.91 -30.02

8 -28.95 -28.61 -29.69

10 -29.45 -28.70 -29.86

12 -29.66 -28.70 -29.86

Extrapolation -29.84(4) --- ---

The NCSM 6-nucleon eigenstate compensates for the missing

many-body correlations  

+
6He (g.s.)

4He (g.s.)
4He (g.s.)

CRR, S. Quaglioni, P. Navrátil. In progress

Energy of 0+ g.s.

Experimental value

-29.269 MeV

λ=1.5 fm-1

NCSMC for three-body clusters: 6He ~ 4He+n+n 

SRG N3LO NN  
potential  

C. Romero-Redondo, S. Quaglioni, P. Navratil, G. Hupin, arXiv: 1606.00066 
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N
max

NCSM NCSMC (0+

1

 )

8 -26.44 -28.81

10 -27.70 -28.97

12 -28.37 -29.17

Extrapolation -29.20(11)* ---

The NCSM 6-nucleon eigenstate compensates for the missing

many-body correlations  

+
6He (g.s.)4He (g.s.)

CRR, S. Quaglioni, P. Navrátil. In progress

Energy of 0+ g.s.

*D. Sääf, C. Forssén, PRC 89 011303 (2014)

Experimental value

-29.269 MeV

λ= 2.0 fm-1
SRG N3LO NN  

potential  
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N
max

NCSM NCSMC (0+

1

 )

8 -26.44 -28.81

10 -27.70 -28.97

12 -28.37 -29.17

Extrapolation -29.20(11)* ---

The NCSM 6-nucleon eigenstate compensates for the missing

many-body correlations  

+
6He (g.s.)4He (g.s.)

CRR, S. Quaglioni, P. Navrátil. In progress

Energy of 0+ g.s.

*D. Sääf, C. Forssén, PRC 89 011303 (2014)

Experimental value

-29.269 MeV

λ= 2.0 fm-1

C. Romero-Redondo, S. Quaglioni, P. Navratil, G. Hupin, arXiv: 1606.00066 
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The probability distribution of the 6He ground state presents  

two peaks corresponding to the di-neutron and cigar configurations 

C. Romero-Redondo, S. Quaglioni, P. Navratil, G. Hupin, arXiv: 1606.00066 
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FIG. 1. (Color online) Panel (a): Most relevant hyperradial components ũ⌫K(⇢) of the ↵+n+n relative motion [see Eq.(3)]
within the 6He g.s. after projection of the ⇤ = 2.0 fm�1 full NCSMC wave function in the largest model space (blue solid lines)
as well as of its NCSM portion (red dashed lines) into the orthogonalized microscopic-cluster basis. Panel (b) and (c): Contour
plots of the probability distribution obtained from the projection of the full NCSMC wave function of panel (a) and its NCSM
component, respectively, as a function of the relative coordinates rnn =

p
2 ⌘nn and r↵,nn =

p
3/4 ⌘↵,nn.

in small model spaces. Conversely, the square-integrable
eigenstates supply many-body correlations that are not
accounted for in a microscopic-cluster expansion includ-
ing only the g.s. of 4He, such as the one shown in the
first column of the table (note that 6He is unbound in the
analogous calculations for ⇤ = 2.0 fm�1). As shown in
Fig. 1(a), the 4He(g.s.)+n+n portion of the basis serves
also the important role of providing the correct asymp-
totic behavior and extended configurations of the hyper-
radial motion typical of a Borromean halo such as 6He.

The projection over the orthogonalized microscopic-
cluster basis of Eq. (3) captures 97% of the original
NCSMC solution, confirming the ↵+n+n picture of the
6He g.s. To visualize its spatial structure, we present in
Fig. 1(b) the contour plot of the associated probability
distribution. This displays the characteristic dominance
of the “di-neutron” configuration (two neutrons about 2
fm apart orbiting the core at a distance of about 3 fm)
over the “cigar” picture (two neutrons far from each other
with the ↵ particle in between) already seen in numerous
previous studies [8, 11, 23, 35–38]. While these structures
are already captured by the square-integrable portion of
the basis [see Fig. 1(c)], they are more spatially extended
in the full calculation.

The rms matter and point-proton radii obtained from
the computed NCSMC g.s. wave functions using the more
‘realistic’ ⇤ = 2.0 fm�1 momentum resolution are shown

TABLE II. Summary of the results presented in Fig. 2, with
⇤

lowk in units of fm�1. See text for further details.

S
2n (MeV) rm (fm) rpp (fm)

NCSMC (N
max

= 10) 0.94(5) 2.43(2) 1.88(2)
NCSM [8] (N

max

= 1) 0.95(10) — 1.820(4)
EIHH [7] (⇤

lowk = 2.0) 0.82(4) 2.33(5) 1.804(9)
Exp. 0.975 2.32(10) 1.938(23)

together with the corresponding two-neutron separation
energy (S

2n

) in Fig. 2 and summarized in Table II. Also
shown as shaded bands are the accurate S

2n

measure-
ment of Ref. [2], the range of experimental matter radii
spanned by the the values and associated error bars of
Refs. [39–41], and the bounds for the point-proton radius
as evaluated in Ref. [7] from the charge radius reported
in Ref. [3]. All three observables exhibit a considerably
weaker dependence on the size of the HO basis compared

[7]

[8]

FIG. 2. (Color online) NCSMC (blue solid lines) and NCSM
(red dashed lines) rms matter (triangles) and point-proton
(squares) radii, and two-neutron separation energy (circles),
obtained using the SRG-N3LO NN interaction with ⇤ = 2.0
fm�1 as a function of the HO basis size. Also shown are
the infinite-basis extrapolations from Ref. [8] and the EIHH
results from Ref. [7] at the resolution scales ⇤

lowk = 1.8, and
2.0 fm�1. The range of experimental values are represented
by horizontal bands (see text for more details).
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Separation energy, point proton and matter radius 

 simultaneously consistent with experiment  

SRG N3LO NN potential  
with λ=2 fm-1 
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within the 6He g.s. after projection of the ⇤ = 2.0 fm�1 full NCSMC wave function in the largest model space (blue solid lines)
as well as of its NCSM portion (red dashed lines) into the orthogonalized microscopic-cluster basis. Panel (b) and (c): Contour
plots of the probability distribution obtained from the projection of the full NCSMC wave function of panel (a) and its NCSM
component, respectively, as a function of the relative coordinates rnn =

p
2 ⌘nn and r↵,nn =

p
3/4 ⌘↵,nn.

in small model spaces. Conversely, the square-integrable
eigenstates supply many-body correlations that are not
accounted for in a microscopic-cluster expansion includ-
ing only the g.s. of 4He, such as the one shown in the
first column of the table (note that 6He is unbound in the
analogous calculations for ⇤ = 2.0 fm�1). As shown in
Fig. 1(a), the 4He(g.s.)+n+n portion of the basis serves
also the important role of providing the correct asymp-
totic behavior and extended configurations of the hyper-
radial motion typical of a Borromean halo such as 6He.

The projection over the orthogonalized microscopic-
cluster basis of Eq. (3) captures 97% of the original
NCSMC solution, confirming the ↵+n+n picture of the
6He g.s. To visualize its spatial structure, we present in
Fig. 1(b) the contour plot of the associated probability
distribution. This displays the characteristic dominance
of the “di-neutron” configuration (two neutrons about 2
fm apart orbiting the core at a distance of about 3 fm)
over the “cigar” picture (two neutrons far from each other
with the ↵ particle in between) already seen in numerous
previous studies [8, 11, 23, 35–38]. While these structures
are already captured by the square-integrable portion of
the basis [see Fig. 1(c)], they are more spatially extended
in the full calculation.

The rms matter and point-proton radii obtained from
the computed NCSMC g.s. wave functions using the more
‘realistic’ ⇤ = 2.0 fm�1 momentum resolution are shown

TABLE II. Summary of the results presented in Fig. 2, with
⇤

lowk in units of fm�1. See text for further details.
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NCSMC (N
max

= 10) 0.94(5) 2.43(2) 1.88(2)
NCSM [8] (N
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= 1) 0.95(10) — 1.820(4)
EIHH [7] (⇤

lowk = 2.0) 0.82(4) 2.33(5) 1.804(9)
Exp. 0.975 2.32(10) 1.938(23)

together with the corresponding two-neutron separation
energy (S

2n

) in Fig. 2 and summarized in Table II. Also
shown as shaded bands are the accurate S

2n

measure-
ment of Ref. [2], the range of experimental matter radii
spanned by the the values and associated error bars of
Refs. [39–41], and the bounds for the point-proton radius
as evaluated in Ref. [7] from the charge radius reported
in Ref. [3]. All three observables exhibit a considerably
weaker dependence on the size of the HO basis compared
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FIG. 2. (Color online) NCSMC (blue solid lines) and NCSM
(red dashed lines) rms matter (triangles) and point-proton
(squares) radii, and two-neutron separation energy (circles),
obtained using the SRG-N3LO NN interaction with ⇤ = 2.0
fm�1 as a function of the HO basis size. Also shown are
the infinite-basis extrapolations from Ref. [8] and the EIHH
results from Ref. [7] at the resolution scales ⇤

lowk = 1.8, and
2.0 fm�1. The range of experimental values are represented
by horizontal bands (see text for more details).
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Prediction of lots of low-lying resonances. 
Experimental picture incomplete 

Ground-state and scattering state wave functions available. 
Calculation of 4He(nn,γ)6He in progress… 

C. Romero-Redondo, S. Quaglioni, P. Navratil, G. Hupin, arXiv: 1606.00066 
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Solar neutrinos 

   Eν < 15 MeV 
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Key reactions 

7Li puzzle 
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NCSMC Expt. NCSMC Expt. 

E3/2
- [MeV] -1.52 -1.586 -2.43 -2.467 

E1/2
- [MeV] -1.26 -1.157  -2.15 -1.989 

rch [fm]  2.62 2.647(17) 2.42 2.390(30) 

Q [e fm2]  -6.14 -3.72 -4.00(3) 

μ[μN] -1.16 -1.3995(5)  +3.02 +3.256  

J. Dohet-Eraly, P.N., S. Quaglioni, W. Horiuchi, G. Hupin, F. Raimondi, PLB 757, 430 (2016) 
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Figure 1: (Color online) The 7Be and 7Li spectra obtained from the NCSM
and NCSMC approaches and from experiments [40]. Only states with isospin
T = 1/2 are considered. Energies are given with respect to the ↵+3He/3H
threshold. Rectangles symbolize the widths of resonances. The question mark
indicates that the width is not experimentally determined.

relative collision energies up to ⇠10 MeV and shown in Fig. 2.
For the sake of clarity, the jump of +180� in the phase shifts at
the second 5/2� and 7/2� resonance energies are not displayed.
In both systems, the 1/2+ theoretical phase shifts overestimate
the corresponding experimental ones. However, the accuracy of
the experimental phase shifts is unclear since for most data, the
experimental error bars have not been evaluated. For negative-
parity partial waves, the discrepancy between theoretical and
experimental resonances seen in Fig. 1 is also visible in the
phase shifts. To evaluate the impact of these discrepancies on
the 3He(↵, �)7Be and 3H(↵, �)7Li astrophysical S factors, we
adopt a phenomenological model based on the NCSMC results
in the largest model space. The basic idea is to consider the en-
ergies of the square-integrable NCSM basis states E�, appear-
ing in Eq. (5), as adjustable parameters. These new degrees of
freedom are then used to reproduce the experimental 7Be and
7Li bound-state and resonance energies and reducing the gap
between theoretical and experimental 1/2+ phase shifts.

The 3He(↵, �)7Be and 3H(↵, �)7Li astrophysical S factors
obtained with the NCSMC approach and with its phenomeno-
logical version are displayed in Fig. 3 and compared with ex-
periment [6–14, 47–53]. The astrophysical S factors extrapo-
lated at zero colliding energy are given in Table 3. The electric
E1 and E2 transitions as well as the magnetic M1 transitions
have been considered. For the energy ranges which are consid-
ered, the contribution of the E1 transitions is dominant while
M1 contribution is essentially negligible and the E2 transitions
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Figure 2: (Color online) The ↵ + 3He and ↵ + 3H elastic phase shifts obtained
from the NCSMC approach and from experiments [45, 46]. Energies are given
with respect to the ↵+3He/3H threshold.

Figure 3: (Color online) Astrophysical S factor for the 3He(↵, �)7Be and
3H(↵, �)7Li radiative-capture processes obtained from the NCSMC approach
and from its phenomenological version and compared with other theoretical
approaches [3, 19] and with experiments [6–14, 47–53]. Recent data are in
color (online) and old data are in light grey.
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in the largest model space. The basic idea is to consider the en-
ergies of the square-integrable NCSM basis states E�, appear-
ing in Eq. (5), as adjustable parameters. These new degrees of
freedom are then used to reproduce the experimental 7Be and
7Li bound-state and resonance energies and reducing the gap
between theoretical and experimental 1/2+ phase shifts.

The 3He(↵, �)7Be and 3H(↵, �)7Li astrophysical S factors
obtained with the NCSMC approach and with its phenomeno-
logical version are displayed in Fig. 3 and compared with ex-
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have been considered. For the energy ranges which are consid-
ered, the contribution of the E1 transitions is dominant while
M1 contribution is essentially negligible and the E2 transitions

-60

0

60

120

180

P
h
as

e 
sh

if
ts

  
[d

eg
]

1/2
-

1/2
+

3/2
-

3/2
+

5/2
-

5/2
+

7/2
-

0 1 2 3 4 5 6 7 8 9 10
E

kin
 [MeV]

-120

-60

0

60

120

180

P
h
as

e 
sh

if
ts

 [
d
eg

]

1/2
-

1/2
+

3/2
-

3/2
+

5/2
-

5/2
+

7/2
-

 α +
3
He

 α+
3
H

Figure 2: (Color online) The ↵ + 3He and ↵ + 3H elastic phase shifts obtained
from the NCSMC approach and from experiments [45, 46]. Energies are given
with respect to the ↵+3He/3H threshold.

Figure 3: (Color online) Astrophysical S factor for the 3He(↵, �)7Be and
3H(↵, �)7Li radiative-capture processes obtained from the NCSMC approach
and from its phenomenological version and compared with other theoretical
approaches [3, 19] and with experiments [6–14, 47–53]. Recent data are in
color (online) and old data are in light grey.

4

NCSM/RGM r

NCSMC r+

H� = EN�

(N� 1
2HN� 1

2 )�̄ = E�̄

✓
HNCSM h̄

h̄ N� 1
2HN� 1

2

◆✓
c
�̄

◆
= E

✓
1 ḡ
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Figure 2: (Color online) The ↵ + 3He and ↵ + 3H elastic phase shifts obtained
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with respect to the ↵+3He/3H threshold.
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computational reasons, the experimental phase shifts will not be
reproduced for ⇤ = 2.2 fm�1. Neither will they be reproduced
by considering the two other values of⇤ since the di↵erence be-
tween the 1/2+ phase shifts for the three adopted values of ⇤ is
small. Based on these results, we can reasonably argue that the
non-reproduction of the experimental 1/2+ phase shifts by our
approach is a feature of the two-nucleon forces used here and
not a consequence of a non-fully converged calculation. Taking
the three-nucleon forces into account could impact significantly
the phase shifts. The same conclusions can be drawn from the
analysis of the 1/2+ scattering lengths given in Table 5 for dif-
ferent values of the SRG parameter ⇤ and di↵erent values of
Nmax.

⇤ [fm�1] Nmax a1/2+ [fm]
2.2 8 -2.5
2.2 10 6.5
2.2 12 9.1
2.15 12 7.7
2.1 12 6.2

Table 5: 1/2+ scattering length for the ↵ + 3He collision for di↵erent values
of the SRG parameter ⇤ and di↵erent values of Nmax; the Nmax value used for
computing the colliding-nuclei wave functions is given.

For negative-parity partial waves, the discrepancy between
theoretical and experimental resonances seen in Fig. 1 is also
visible in the phase shifts. Moreover, the splitting between the
1/2� and 3/2� is underestimated, as it can be seen from the
comparison of the phase shifts and of the scattering lengths.
Instead of analysing the phase shifts and the scattering lengths,
we can compare directly theoretical and experimental cross sec-
tions. In Fig. 4, the di↵erential ↵ + 3He elastic cross sections
are displayed for di↵erent angles at two particular colliding en-
ergies and compared with experimental data from Ref. [55], for
which no phase-shift analysis exists. Our approach reproduces
the general trends of the experimental data.

To evaluate the impact of the discrepancies in the elastic scat-
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1. Introduction

The 3He(α, γ )7Be and 3H(α, γ )7Li radiative-capture processes 
hold great astrophysical significance. Their reaction rates for col-
lision energies between ∼20 and 500 keV in the center-of-mass 
(c.m.) frame are essential to calculate the primordial 7Li abundance 
in the universe [1–3]. In addition, standard solar model predic-
tions for the fraction of pp-chain branches resulting in 7Be versus 
8B neutrinos depend critically on the 3He(α, γ )7Be astrophysical S
factor at about 20 keV c.m. energy [4,5]. Because of the Coulomb 
repulsion between the fusing nuclei, these capture cross sections 
are strongly suppressed at such low energies and thus hard to 
measure directly in a laboratory.

Concerning the 3He(α, γ )7Be radiative capture, experiments 
performed by several groups in the last decade have led to quite 
accurate cross-section determinations for collision energies be-
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tween about 90 keV and 3.1 MeV in the c.m. frame [6–13]. How-
ever, theoretical models or extrapolations are still needed to pro-
vide the capture cross section at solar energies [14]. In contrast, 
experimental data are less precise and also much less extensive for 
the 3H(α, γ )7Li radiative capture. The most recent experiment was 
performed twenty years ago resulting in measurements at collision 
energies between about 50 keV and 1.2 MeV in the c.m. frame [15].

Theoretically, these radiative captures have also generated much 
interest: from the development of pure external-capture models in 
the early 60’s [16] to the microscopic approaches from the late 80’s 
up to now [17–19,3,20] (see Ref. [5] for a short review). However, 
no parameter-free approach is able to simultaneously reproduce 
the latest experimental 3He(α, γ )7Be and 3H(α, γ )7Li astrophys-
ical S factors. To possibly fill this gap, an ab initio approach, re-
lying on a realistic inter-nucleon interaction, is highly desirable. 
The ab initio no-core shell model with continuum (NCSMC) [21,
22] has been successful in the simultaneous description of bound 
and scattering states associated with realistic Hamiltonians [23,24]. 
This approach can thus be naturally applied to the description of 
radiative-capture reactions, which involve both scattering (in the 
initial channels) and bound states (in the final channels).

In this letter, we present the study of the 3He(α, γ )7Be
and 3H(α, γ )7Li radiative-capture reactions with the NCSMC ap-
proach [21,22], using a renormalized chiral nucleon–nucleon (N N) 
interaction. This is the first NCSMC study where the lightest col-
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Abstract
The description of nuclei starting from the constituent nucleons and the realistic interactions
among them has been a long-standing goal in nuclear physics. In addition to the complex nature
of the nuclear forces, with two-, three- and possibly higher many-nucleon components, one faces
the quantum-mechanical many-nucleon problem governed by an interplay between bound and
continuum states. In recent years, significant progress has been made in ab initio nuclear
structure and reaction calculations based on input from QCD-employing Hamiltonians
constructed within chiral effective field theory. After a brief overview of the field, we focus on
ab initio many-body approaches—built upon the no-core shell model—that are capable of
simultaneously describing both bound and scattering nuclear states, and present results for
resonances in light nuclei, reactions important for astrophysics and fusion research. In particular,
we review recent calculations of resonances in the 6He halo nucleus, of five- and six-nucleon
scattering, and an investigation of the role of chiral three-nucleon interactions in the structure of
9Be. Further, we discuss applications to the 7Be gp, B8( ) radiative capture. Finally, we highlight
our efforts to describe transfer reactions including the 3H d, n 4( ) He fusion.

Keywords: ab initio methods, many-body nuclear reaction theory, nuclear reactions involving
few-nucleon systems, three-nucleon forces, radiative capture

(Some figures may appear in colour only in the online journal)

1. Introduction

Understanding the structure and the dynamics of nuclei as
many-body systems of protons and neutrons interacting
through the strong (as well as electromagnetic and weak)
forces is one of the central goals of nuclear physics. One of
the major reasons why this goal has yet to be accomplished
lies in the complex nature of the strong nuclear force, emer-
ging form the underlying theory of quantum chromodynamics
(QCD). At the low energies relevant to the structure and
dynamics of nuclei, QCD is non-perturbative and very diffi-
cult to solve. The relevant degrees of freedom for nuclei are

nucleons, i.e., protons and neutrons, that are not fundamental
particles but rather complex objects made of quarks, anti-
quarks and gluons. Consequently, the strong interactions
among nucleons is only an ‘effective’ interaction emerging
non-perturbatively from QCD. Our knowledge of the
nucleon–nucleon (NN) interactions is limited at present to
models. The most advanced and most fundamental of these
models rely on a low-energy effective field theory (EFT) of
the QCD, chiral EFT [1]. This theory is built on the sym-
metries of QCD, most notably the approximate chiral sym-
metry. However, it is not renormalizable and has an infinite
number of terms. Chiral EFT involves unknown parameters,
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Unified ab initio approach to bound and unbound states: No-core shell model with continuum and
its application to 7He
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We introduce a unified approach to nuclear bound and continuum states based on the coupling of the no-
core shell model (NCSM), a bound-state technique, with the no-core shell model/resonating group method
(NCSM/RGM), a nuclear scattering technique. This new ab initio method, no-core shell model with continuum
(NCSMC), leads to convergence properties superior to either NCSM or NCSM/RGM while providing a balanced
approach to different classes of states. In the NCSMC, the ansatz for the many-nucleon wave function includes (i) a
square-integrable A-nucleon component expanded in a complete harmonic oscillator basis and (ii) a binary-cluster
component with asymptotic boundary conditions that can properly describe weakly bound states, resonances,
and scattering. The Schrödinger equation is transformed into a system of coupled-channel integral-differential
equations that we solve using a modified microscopic R-matrix formalism within a Lagrange mesh basis. We
demonstrate the usefulness of the approach by investigating the unbound 7He nucleus.
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I. INTRODUCTION

One of the central goals of nuclear physics is to come
to a basic understanding of the structure and dynamics of
nuclei, quantum many-body systems exhibiting bound states,
unbound resonances, and scattering states, all of which can
be strongly coupled. Ab initio (i.e., from first principles)
approaches attempt to achieve such a goal for light nuclei.
Over the past 15 years, efficient techniques such as the Green’s
function Monte Carlo (GFMC) [1], ab initio no-core shell
model (NCSM) [2], coupled-cluster method (CCM) [3–5], or
nuclear lattice effective field theory (EFT) [6] have greatly
advanced our understanding of bound-state properties of light
nuclei starting from realistic nucleon-nucleon (NN ) and three-
nucleon (NNN ) interactions. However, a fully developed
fundamental theory able to address a large range of nuclear
scattering and nuclear reaction properties is still missing,
particularly for processes involving more than four nucleons
overall. Better still, achieving a realistic ab initio description
of light nuclei requires abandoning the “traditional” sepa-
rated treatment of discrete states and scattering continuum
in favor of a unified treatment of structural and reaction
properties.

The development of such a unified fundamental theory is
key to refining our understanding of the underlying forces
across the nuclear landscape—from the well-bound nuclei to
the exotic nuclei at the boundaries of stability that have become
the focus of the next generation experiments with rare-isotope
beams, to the low-energy fusion reactions that represent the
primary energy-generation mechanism in stars, and could
potentially be used for future energy generation on Earth.

*simone.baroni@ulb.ac.be
†navratil@triumf.ca
‡quaglioni1@llnl.gov

In the recent past, significant effort has been devoted to
extend ab initio techniques to the treatment of dynamical
processes among light nuclei [7–9]. To this aim, we introduced
a new many-body approach based on expansions over fully
antisymmetric (A − a, a) binary-cluster states in the spirit
of the resonating-group method (RGM) [10–15], in which
each cluster of nucleons is described within the ab initio
NCSM [16]. The unknown relative-motion wave functions
between pairs of clusters are obtained by solving a set of
nonlocal integral-differential coupled-channel equations and
have appropriate bound-state and/or scattering asymptotic
behavior. Capable of treating bound and scattering states of
light nuclei in a unified formalism starting from the funda-
mental internucleon interactions, the NCSM/RGM approach
[8,17] has been successfully applied to a wide variety of
binary processes, such as nucleon-4He and n-7Li scattering
[18], 7Be(p,γ )8B capture [19], d-4He scattering [20], and
3H(d,n)4He and 3He(d,p)4He fusion [21], and an extension to
the treatment of three-cluster dynamics is under development
[22,23]. At the same time, these studies have highlighted
practical limitations of the approach mainly related to a
nonentirely efficient convergence behavior at short to medium
distances, as discussed in the following.

Two kinds of convergence patterns have to be taken into ac-
count when performing a NCSM/RGM calculation. First, one
has to investigate the dependence on the size of the harmonic
oscillator (HO) basis used to expand the NCSM eigenstates
of the clusters and localized components of the couplings
between binary-cluster states. This size is characterized by
Nmax, the maximal number of HO excitations above the lowest
possible configuration of the clusters. With soft similarity-
renormalization-group (SRG) [24–27] evolved chiral EFT
NN interactions [28,29], employed in most NCSM/RGM
calculations, HO basis sizes with Nmax ∼ 10–14 are typically
sufficient to reach convergence and computationally feasible.
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Ab initio many-body calculations of nucleon-nucleus scattering
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We develop a new ab initio many-body approach capable of describing simultaneously both bound and
scattering states in light nuclei, by combining the resonating-group method with the use of realistic interactions,
and a microscopic and consistent description of the nucleon clusters. This approach preserves translational
symmetry and the Pauli principle. We outline technical details and present phase-shift results for neutron scattering
on 3H, 4He, and 10Be and proton scattering on 3,4He, using realistic nucleon-nucleon (NN ) potentials. Our A = 4
scattering results are compared to earlier ab initio calculations. We find that the CD-Bonn NN potential in
particular provides an excellent description of nucleon-4He S-wave phase shifts. In contrast, the experimental
nucleon-4He P -wave phase shifts are not well reproduced by any NN potential we use. We demonstrate that a
proper treatment of the coupling to the n-10Be continuum is successful in explaining the parity-inverted ground
state in 11Be.
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I. INTRODUCTION

Nuclei are open quantum systems with bound states,
unbound resonances, and scattering states. A realistic ab
initio description of light nuclei with predictive power must
have the capability to describe all these classes of states
within a unified framework. Over the past decade, significant
progress has been made in our understanding of the properties
of the bound states of light nuclei starting from realistic
nucleon-nucleon (NN ) interactions (see, e.g., Ref. [1] and
references therein) and more recently also from NN plus
three-nucleon (NNN ) interactions [2–4]. The solution of the
nuclear many-body problem is even more complex when
scattering or nuclear reactions are considered. For A = 3 and
4 nucleon systems, the Faddeev [5] and Faddeev-Yakubovsky
[6] as well as the hyperspherical harmonics (HH) [7] or
the Alt, Grassberger, and Sandhas (AGS) [8] methods are
applicable and successful. However, ab initio calculations
for scattering processes involving more than four nucleons
overall are challenging and still a rare exception [9]. The
development of an ab initio theory of low-energy nuclear
reactions on light nuclei is key to further refining our under-
standing of the fundamental nuclear interactions among the
constituent nucleons and providing, at the same time, accurate
predictions of crucial reaction rates for nuclear astrophysics.

Recently, we combined the resonating-group method
(RGM) [10–15] and the ab initio no-core shell model
(NCSM) [16] into a new many-body approach [17] (ab initio
NCSM/RGM) capable of treating bound and scattering states
of light nuclei in a unified formalism, starting from the funda-
mental internucleon interactions. The RGM is a microscopic
cluster technique based on the use of A-nucleon Hamiltonians,
with fully antisymmetric many-body wave functions built by
assuming that the nucleons are grouped into clusters. Although
most of its applications are based on the use of binary-cluster
wave functions, the RGM can be formulated for three (and,
in principle, even more) clusters in relative motion [11]. The
NCSM is an ab initio approach to the microscopic calculation
of ground and low-lying excited states of light nuclei with
realistic two- and, in general, three-nucleon forces. The use

of the harmonic oscillator (HO) basis in the NCSM results in
an incorrect description of the wave-function asymptotic and
a lack of coupling to the continuum. The first applications of
the NCSM to the calculation of nuclear reactions required a
phenomenological correction of the asymptotic behavior of
the overlap functions [18]. In contrast, the present approach
is fully ab initio. We complement the ability of the RGM to
deal with scattering and reactions with the use of realistic
interactions and a consistent ab initio description of the
nucleon clusters, achieved via the NCSM. Presently, the
NCSM/RGM approach has been formulated for processes
involving binary-cluster systems only, and thus it is appropriate
for the description of low-energy reactions below three-body
breakup threshold. However, extensions of the approach to
include three-body cluster channels are feasible, also in view
of recent developments on the treatment of both three-body
bound and continuum states (see, e.g., Refs. [19–23]). Within
the ab initio NCSM/RGM approach we studied the n-3H,
n-4He, n-10Be, and p-3,4He scattering processes and addressed
the parity inversion of the 11Be ground state (g.s.), using
realistic NN potentials [17]. In this paper, we give the technical
details of these calculations, discuss results published in
Ref. [17] more extensively, and present additional results.

In Sec. II, we present technical details of our approach.
We give two independent derivations of the NCSM/RGM
kernels, discuss orthogonalization of the RGM equations,
and give illustrative examples of the kernels. Results of ab
initio NCSM/RGM applications to A = 4, A = 5, and A = 11
systems are given in Sec. III. Conclusions are drawn in Sec. IV
and some of the most complex derivations are summarized in
Appendix A.

II. FORMALISM

The wave function for a scattering process involving pairs
of nuclei can be cast in the form

|!J π T ⟩ =
∑

ν

∫
dr r2 gJ π T

ν (r)
r

Âν

∣∣$J π T
νr

〉
, (1)
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