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Motivation

Inclusion of continuum into ab-inito nuclear structure unavoidable

Experimental data obtained from scattering
Nuclear reactions
Inclusion of resonances
Unified framework for bound states and scattering effects
Discrepancies in experiment and theory
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Motivation
9Be

9Be as system of 8Be+n
8Be+n Threshold at 1.665 MeV

Langhammer et al, PRC 91, 021301(R) (2015)
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Scattering

Lippmann-Schwinger equation

|ψ〉 = |ψ0〉+ (E− H0)−1V |ψ〉

Lippmann-Schwinger in coordinate space

ψ(~r) ∼ ei~k~r +

∫

~r ′

∫

~r ′′

ei~k|~r−~r
′ |

|~r − ~r ′|
T(~r ′,~r ′′)ei~k~r

′′
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Scattering

Plane and spherical wave for large r

ψ(~r) = ei~k~r + f~k(θ,ϕ)
eikr

r

Scattering information in scattering amplitude f~k(θ,ϕ)
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Scattering

Partial wave decomposition for large r

ψ(~r)→
∞
∑

l=0

(2l+ 1)
Pl(cosθ)

2ik

�

(−1)l+1 e−ikr

r
+ Sl(k)

eikr

r

�

Scattering matrix Sl
Sl(k) = 1 + 2ikfl(k)

Unitarity of Sl
Sl(k) = e2iδl(k)
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Scattering

Phaseshift interpretation

r

u(r)

r

u(r)

Radial Schrödinger equation
�

d2

dr2
−
l(l+ 1)

r2
−

2μ

ℏ2
V(r) + k2

�

ul(r) = 0

Long range behaviour
ul(r) = cos(δl)Fl(η,kr) + sin(δl)Gl(η,kr)

ul(r) = Cl
�

H−
l

(η,kr)− S
l
H+
l (η,kr)

�
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NCSM/RGM

See lecture by Petr Navrátil

Partial wave binary cluster basis

|Ψ JπT〉 =
∑

ν

∫

dr r2 uν(r)

r
Aν |Φ JπT

νr
〉

Generalized eigenvalue problem
∑

ν

∫

dr r2
�

Hν′,ν(r′, r)− ENν′,ν(r′, r)
�uν(r)

r
= 0

Non-local potential
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R-Matrix Theory

Define channel radius a

Continuity condition of logarithmic derivative

uint′
l (a)

uint
l (a)

=
uext′
l (a)

uext
l (a)
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R-Matrix Theory

Definition of R-matrix

ul(a) = Rl(E)
�

au′
l
(a)− Bul(a)

�

Hamiltonian not Hermitian
∫ a

0
dr r2

�

ψ∗1 (r)
�

Hlψ2(r)
�

−
�

Hlψ1(r)
�∗
ψ2(r)

�

6= 0

Introduce Bloch-Operator into Hamiltonian

L(B) =
ℏ2

2μ
δ(r − a)(

d

dr
−
B

r
)
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R-Matrix Theory

Bloch-Schrödinger equation

(Hl + L(B)− E)uint
l

(r) = L(B)uint
l

(r) = L(B)uext
l

(r)

Expand interior solution

uint
l

(r) =
N
∑

j=1

cjφj(r)
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R-Matrix Theory

Project onto expansion basis
∑

j

∫ a

0
dr φi(r)

�

Hl + L(B)− E
�

φj(r)

︸ ︷︷ ︸

Cij

cj =

∫ a

0
dr φi(r)L(B)uext

l
(r)

Solve for ul(a)

ul(a) =
∑

i

φi(a)ci =
ℏ2

2μa

∑

i,j

φi(a)(C−1)ij φj(a)
�

au′
l
(a)− Bul(a)

�

Compare to R-matrix definition

Rl(E) =
ℏ2

2μa

∑

i,j

φi(a)(C−1)ij φj(a)
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R-Matrix Theory

Reminder of ansatz

uint′
l (a)

uint
l (a)

=
uext′
l (a)

uext
l (a)

=
cos(δl)k F

′
l (η,ka) + sin(δl)kG

′
l (η,ka)

cos(δl)Fl(η,ka) + sin(δl)Gl(η,ka)

Solve for phaseshift

tan(δl) = −
Fl(η,ka) + kaRl(E)F′l (η,ka)

Gl(η,ka) + kaRl(E)G′l (η,ka)
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Lagrange Mesh

Free choice of basis functions: Lagrange functions

φi(r) = (−1)N+i
r

axi

Æ

axi(1− xi)
PN(2r/a− 1)

r − axi

Mesh points
PN(2xi − 1) = 0

Simple integration with Gauss quadrature
∫ a

0
dr
∫ ∞

0
dr ′r′2φi(r)W(r, r′)φj(r)

Gauss
= a

q

λiλjW(axi,axj)
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Benchmarks

12C+p scattering, effective potential
l = 0 single channel

a=8 fm, N=15

a=8 fm, N=7

a=5 fm, N=15

a=14 fm, N=20

Resonance: 0.418 MeV
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Benchmarks

α+d scattering
6Li effective potential
l = 0 and l = 2 channel

δ1

δ2

ϵ = mixing parameter
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Eigenphase shifts@ a=8 fm , N=15
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Summary

Necessity for continuum in nuclear structure
Basics of scattering physics
Relative motion wave function in NCSM/RGM

R-matrix Theory on Lagrange Mesh
Use of asymptotic solution
Reformulation to matrix inversion
Simple integral evaluation
Non-local potential treatment
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Epilog

Thanks to my group & collaborators
S. Dentinger, E. Gebrerufael, T. Hüther, L. Kreher, L. Mertes,
R. Roth, S. Schulz, H. Spielvogel, H. Spiess, C. Stumpf, A. Tichai,
R. Trippel, K. Vobig, T. Wolfgruber
Institut für Kernphysik, TU Darmstadt

P. Navrátil
TRIUMF, Canada

D. Gazda
Chalmers, Sweden

Thank you for your attention!

JURECA LOEWE-CSC LICHTENBERG

COMPUTING TIME

Verwendete Schriften

Schriftzug oben:
Frutiger light regular
Kerning 0 % Geviert

Schriftzug unten:
DFG TTF regular
Kerning 1 % Geviert
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