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Nuclear physics with quantifiable uncertainties 
Dependence on fundamental parameters  αs, αe, mu, md, ms
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space-time lattice 
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finite volume L,   discretization (finite spacing) b, value of the light quark masses

For numerical calculations in QCD, the theory is formulated on a (Euclidean)  
space-time lattice, as depicted in the right cartoon.   
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Brief introduction to the lattice formalism 

LQCD is a non-perturbative implementation of Field Theory, which uses the Feynman  
path-integral approach to evaluate transition matrix elements 

The quantum propagation is expressed as a weighted sum over paths. The weight is a 
complex phase factor given by the exponential of i times the classical action S. 

1D 
x 

t (ti, xi) 

(tf, xf) 

the classical path corresponds to the 
path with the minimum action	
  

in quantum mechanics one sums over 
all possible paths 	
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x f ,t f xi,ti = x f e
− iH (t f − ti ) xi

evolution of a quantum state  
(1-D QM) 
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PATH INTEGRAL 
Feynman, 1948	
  

By rotating to Euclidean time:  

x0 ≡ t→−ix4 ≡ −iτ
p0 ≡ E→ ip4

The propagation amplitude is re-expressed 
in terms of the Euclidean action, SE 

Brief introduction to the lattice formalism 
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By rotating to Euclidean time:  

x0 ≡ t→−ix4 ≡ −iτ
p0 ≡ E→ ip4
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LQCD basics. The Feynman path-integral formalism 

Analogy with the partition  
function of a classical  

statistical mechanics system  
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The weight of each path is a real positive quantity,  
looking like a Boltzmann factor 

The propagation amplitude is re-expressed in terms of the Euclidean action, SE 

Real  
oscillating phase à decaying exponential 

O = 1
Z

DU DqDqO∫ [q,q,A] e−SE [q ,q,A]

Expectation values:	
  



Z = DAµ Dψ Dψ exp(−SQCD )∫ = DAµ Dψ Dψ exp − d 4x 1
4
Gµν

a Ga
µν + ψ f [Dµγ µ +m]ψ f
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matter fields

ψ i a f :
i = 1,2,3,4 Dirac index
a = 1,2,3 color index
f = 1,2,...nf flavor index

QCD partition function in Euclidean space-time 	
  

are taken to satisfy a Grassmann algebra 

ψ ,ψ{ } = ψ ,ψ{ } = ψ ,ψ{ } = 0
 i.e.          ψψ =ψψ = 0    and    ψψ = −ψψ



Integration over the quark fields 
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S f =ψ Mf (A)ψ

very demanding	
  

Z = DAµ exp(−S)∫ = DAµ det M f (A)⎡⎣ ⎤⎦ exp(−Sgluon )∫     
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(S = Sgluon + S f )
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det M f A( )⎡⎣ ⎤⎦ ≡ det /D A[ ]+m( ) =
q=1

N f

Πdet /D A[ ]+mq( )

fermion (quark) matrix 

O = 1
Z

DAµ Dψ DψO∫ [ψ ,ψ ,A] e−SE [ψ ,ψ , A] expectation values 

nonlocal function of U	
  

are taken to satisfy a Grassmann algebra 

ψ ,ψ{ } = ψ ,ψ{ } = ψ ,ψ{ } = 0
 i.e.          ψψ =ψψ = 0    and    ψψ = −ψψ



Integration over the quark fields 

O = 1
Z

DADψ DψO∫ [ψ ,ψ ,A] e−SE [ψ ,ψ , A] expectation values 

ψ (x1)ψ (x1)ψ (x0 )ψ (x0 ) = 1
Z

DψDψDA∫ ψ (x1)ψ (x1)ψ (x0 )ψ (x0 ) e
−S ψ ,ψ , A[ ]

− M −1(A)⎡⎣ ⎤⎦x1x0 M −1(A)⎡⎣ ⎤⎦x0x1 + M −1(A)⎡⎣ ⎤⎦x1x1 M −1(A)⎡⎣ ⎤⎦x0x0

t0 , x0 t1 , x1 t0 , x0 t1 , x1 

connected diagrams 	
   disconnected diagrams 	
  

more fields imply  
more combinations  

   
 

more involved 

When computing expectation values of any given operator O, the quark fields in O are 
re-expressed in terms of quark propagators using Wick’s Theorem: write all possible 
contractions for the fields (removing the dependence of quarks as dynamical fields) 



interpolating  
operators 

momentum projection 
for mesons:
     scalar               ψ iψ j        
     pseudoscalar    ψ iγ 5ψ j   
     vector              ψ iγ kψ j

spin tensor 

t1 t0 

 
C(Γν , p,t) = e− i

px1
x1
∑ Γν J(x1,t1)J (

x0,t0 )

Correlation functions 

One-hadron correlation function 



interpolating  
operators 

for baryons:

     O(αβ )γ = ψ i,α
T Cγ 5ψ j ,β( )ψ k ,γ ε

ijk

with  O(βα )γ = −O(αβ )γ C = γ 2γ 0

momentum projection 

spin tensor 

color variables (ijk) are antisymmetrized 
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i (  x ,t) uα
j T
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C(Γν , p,t) = e− i

px1
x1
∑ Γν J(x1,t1)J (

x0,t0 )

Correlation functions 

One-hadron correlation function 
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Γ± = 1
2
1± γ 0( )one can produce positive/negative (parity) energy states by using the 

projector: 



LQCD basics 

Insert a complete set of energy eigenstates: 

C(t) = φ e−Ht n
n
∑ n φ = φ n 2∑ e−Ent

mass	
  

Masses of (colourless) QCD bound states 

C(t) = 0 φ(t)φ†(0) 0
(locate the source at t0=0)	
  

i.e. one can obtain the energy of the state  
provided we see the large time exponential  

fall-off of the correlation function  
(Euclidean time evolution suppresses 

 excited states) 

C(t)

t

C(t)± error [C(t)]

average over N gauge-field 
configurations {Uxµ}i  

with i = 1,2,...N

φ (t )=eHtφ e−Ht⎯ →⎯⎯⎯⎯ φ e−Ht φ

t→∞⎯ →⎯⎯ Z0 e
−E0t

t t0=0 



LQCD basics 

C(t)

t

mass	
  

Masses of (colourless) QCD bound states 

C(t) = 0 φ(t)φ†(0) 0 φ (t )=eHtφ e−Ht⎯ →⎯⎯⎯⎯ φ e−Ht φ t t0=0 

The g.s. energy can be more clearly seen  
by looking at the effective mass plots: 

meff

t

E0
↓

t→∞⎯ →⎯⎯ Z0 e
−E0tC(t) = φ e−Ht n

n
∑ n φ = φ n 2∑ e−Ent

Insert a complete set of energy eigenstates: 

C(t) ~ Z0 e
−E0t

C(t +δ t) ~ Z0 e
−E0 (t+δ t )

→ meff =
1
δ t

log C(t)
C(t +δ t)

                                                   ~ − d
dt

logC(t)
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1
tJ
log CA (t)

CA (t + tJ )
= mA Generalized effective plots 

for baryons, the noise grows exponentially with time 
poor signal-to-noise ratio 
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Baryons, an example:   Ξ  mass (uss)   
Ξα
0 (x,t) = ε ijksα

i (x,t) uα
jT (x,t)Cγ 5 s
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excited states  
contamination 

ground states  
dominate in this region 



Lepage, 1989 

π	



C(t) 

π† 

	

C†(t) 

Nσ 2 (C) = CC† − C 2

C ~ A1 e
−m1t

CC† ~ A2 e
−m2t

 C
σ

~ NA1 e
−m1t

A2 e
−m2t − A1

2 e−2m1t

N	



C(t) 

π	



N† 

	


C†(t) 

baryons: exponential degradation of the signal with time 

pion:        m1 = mπ    and  m2 = 2mπ

nucleon:   m1 = mN    and  m2 = 3mπ

 pions:   NA1 e
−mπ t

A2 e
−2mπ t − A1

2 e−2mπ t
→ NA1

A2 − A1
2

~ N
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NPLQCD, Phys.Rev. D84 (2011) 014507 

Lepage, 1989 Nσ 2 (C) = CC† − C 2

C ~ A1 e
−m1t

CC† ~ A2 e
−m2t

pion:        m1 = mπ    and  m2 = 2mπ

nucleon:   m1 = mN    and  m2 = 3mπ

pion:   C(t)
σ (t)

~ NA0 e
−mπ t

A2 − A0
2( ) e−mπ t

~ N

signal-to-noise independent of time 

nucleon:    C
σ

~ N exp − MN −
3mπ
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Some current challenges in the extraction of hadron masses: 

Optimize the intepolating fiels in order to maximize the weight of a given state 

 
ϕ s (x,t) ≡ fs (

x, y)
y
∑ ϕ(y,t) different choices for the smearing function:  

The use of gaussian smeared operators  
optimizes the overlap onto the ground-state hadrons 

M �l.u.⇥ ⌅ 0.193075 ⇥⇤ 0.00018238 ⇥⇤ 0.000224502
M �MeV⇥ ⌅1086.73 ⇥⇤ 1.02653 ⇥⇤ 1.26361

C_S ⇤0.0092 � C_P
⇧⇤dof ⌅ 1.66539 tJ ⌅ 1 t fit: 17⇤40

No. bins ⌅ 271

20 40 60 80
t �lu⇥0.16
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0.20
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M

Λ mass!

results obtained with a smeared source 
and working with point-like and 
smeared sink	
  



Some current challenges in the extraction of hadron masses: 

Develop analysis techniques to extract excited states from the two-point 
correlators: multiexponential fits, generalize the Effective Mass method to  
two or more exponential functions (Matrix-Prony), etc. 

NPLQCD, PRD 79, 114502 (2009) extraction of 2 states 



Two-particle correlators    Energy of the interacting 2-particle system 

  

� 

CHA HB ,Γ
(  p 1,
 p 2,t) = ei

 
p 1
 
x 1ei

 
p 2
 
x 2Γα1α2

β1β 2
 
x 1
 
x 2

∑ JHA ,α1
(  x 1,t)JHB ,α2

(  x 2,t)J HA ,β1
(x0,0)J HB ,β 2

(x0,0)

interpolating operators spin tensor 

at large t  
  

� 

CHA HB
(  p ,−  p ,t) ~ Zn;AB

(i) (  p ) Zn;AB
( f ) (  p )e−En

AB (
 
0 ) t

n
∑

mπ~390 MeV,  Ls ~ 2.5 fm 

Increasing the number of particles 



Greater complexity of multinucleon systems as compared to single meson and baryon calcs 

LQCD calculations involving A > 2 particles 

# Wick contractions at que quark level, to form the correlation function is naively  Nu! Nd! Ns! 
�

€ 

(A + Z)! (2A − Z)!( ) 3 H→ 2880           4 He→ 518400

cheapest 3-baryon system: Ξ0 Ξ0 n, with  3! 2! 4! = 288 Wick contractions 

mπ~390 MeV  
 Ls ~ 2.5 fm 

NPLQCD, Phys. Rev. D80 (2009) 074501 



How do we get the low-energy scattering parameters and binding energies? 

The Maiani-Testa Theorem (C. Michael, Nucl. Phys. B327(1989; L. Maiani and M. Testa, Phys. 
Lett. B245, 585 (1990)) tells us that one cannot extract multi-hadron S-matrix elements 
from Euclidean space Green functions at infinite volume except for kinematical 
thresholds. 
 
Scattering amplitudes are in general complex 
 
 
 
In Euclidean space-time, there is no distinction between in- and out-states. 
Therefore, the matrix elements one can extract are real numbers, and any  
signal of the phase due to the interaction is lost. 

NN out = S NN in → out NN | NN in = in NN | S | NN in = e
i2δ

below inelastic thresholds

In non-relativistic Quantum Mechanics, it was known (K. Huang and C.N. Yang, Phys. Rev. 
105, 767 (1957))	
  that placing the particles in a finite volume shifts their energies, and 
these shifts depend on their interactions. 
 
M. Lüscher generalized this results to Quantum Field Theory (M. Lüscher, Commun. 
Math. Phys. 105 153 (1986); Nucl. Phys. B354, 531 (1991)):	
  extract the scattering length from 
the volume dependence of two-particle energy levels at finite volume (up to inelastic 
thresholds) 



G
ΛN (1S0 )

(t) =
C

ΛN (1S0 )
(t)

CΛ (t)CN (t)
→ A0 e

−ΔE
ΛN (1S0 )

t

1
tJ
log G(t)

G(t + tJ )
→ extract ΔE

Effective Mass method 

First, extract the energy-shift due to the interaction: 



How do we get scattering parameters or binding energies ? 

In the finite volume, below the inelastic thresholds, the energies satisfy the eigenvalue equation: 

lim
Λn →∞

1
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gives us the scattering amplitude at ΔΕ  

qn cotδ(qn ) = −
1
a
+
1
2
r0qn

2

:  location of the  E eigenstates in 
the finite volume 

 

ΔEn
(AB) ≡ ΔEn

(AB)(

0) ≡ En

(AB)(

0)−mA −mB

= qn
2 +mA

2 + qn
2 +mB

2 −mA −mB

= qn
2

2µAB

+… lattice extractions	
  



ΔE0 =
p2

M
=
4πa
ML3

1− c1
a
L
+ c2

a
L
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$
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'
(
2

+…
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*
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-
.
.

ΔE1 =
4π
ML2 −

12 tanδ0

ML2 1+ c '1tanδ0 + c '2tan2 δ0
#$ %&+… with    δ0 = δ(pE1

)

Ground state energy shift 

First excited state energy shift 

Beane, Bedaque, Parreño, Savage, Phys. Lett. B585 (2004) 106-114 

Recovering M. Lüscher, Commun. Math. Phys. 105, 153 (1986)    (L>>a) 

 
A =

4π
M

1
pcotδ (p)− ip

infinite volume  
b.s.       p2 = −γ 2

           cotδ(iγ ) = i

Bound states? 
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B∞
H =

γ 2

M κ→ γ     for large L

 

finite volume:

cotδ (iγ ) k=iγ = i − i
e−
mγ L

m γ Lm≠

0

∑
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 κ = γ + g1

L
e− γ L + 2e− 2 γ L + …( )k2 < 0, k = iκ

A  ~ 



NPLQCD, Phys. Rev. D81 (2010) 054505	
  	
  

mπ~390 MeV,  Ls ~ 2.5 fm, b=0.123 fm 
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NPLQCD, Phys. Rev. D81 (2010) 054505	
  	
  

mπ~390 MeV,  Ls ~ 2.5 fm , b=0.123 fm 
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infinite volume extrapolations with enough statistics for (hyper) nuclear systems 

Heavier quark masses: 
 resources required to generate configurations and q-propagators are smaller 
 degradation in the signal-to-noise ratio in multinucleon correlation functions is reduced 

calculations at the SU(3)-flavor symmetry point 

no physical light-quark masses yet 
only one lattice spacing 

NPLQCD, PRD 87, 034506 (2013); PRC 88, 024003 (2013) 
 
 

             Anisotropic lattices: Nt >> Ns    
                  
            (Nf=2+1 clover-improved Wilson fermion actions) 
 

 higher resolution in the time direction:   better study of noisy states 
          better extraction of excited states 
          reduce the systematic due to fitting  
          (confident plateaus) 
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B = 11(05)(12) MeV nn 

B = 7.1(5.2)(7.3) MeV 

B = 14.0(1.4)(6.7) MeV 
B = 13.2(1.8)(4.8) MeV 

 
finite volume:     cotδ (iγ ) k=iγ = i − i

e−
mγ L

m γ Lm≠

0

∑
mπ~390 MeV,  Ls ~ 2, 2.5, 3, 4 fm, b=0.123 fm 



from T. Yamazaki, K. Ishikawa, Y. Kuramashi, A. Ukawa,  
Phys. Rev. D86 (2012) 074514; arXiv:1207.4277  

(Nf=2+1, b = 0.09 fm, mp = 0.51 GeV, L:2.9 fm to 5.8 fm) 

Nucleon-Nucleon 



Two-parameters fit:    a(1S0 ) = 2.33 −0.17−0.20
+0.19+0.27 fm r (1S0 ) = 1.130 −0.077−0.063

+0.071+0.059 fm

L ∼ 3.4 fm, 4.5 fm, and 6.7 fm, b ∼ 0.145 fm and @ mπ~800 MeV 

From calculations of the two-nucleons at rest and moving in the lattice volume	
  

NPLQCD, PRC 88, 024003 (2013) 

a(
1S0 )

r (
1S0 )

= 2.02 −0.19−0.18
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Two-parameters fit:    a( 3S1 ) = 1.82 −0.13−0.12
+0.14+0.17 fm r ( 3S1 ) = 0.906 −0.075−0.084

+0.068+0.068 fm

L ∼ 3.4 fm, 4.5 fm, and 6.7 fm, b ∼ 0.145 fm and @ mπ~800 MeV 

From calculations of the two-nucleons at rest and moving in the lattice volume	
  

NPLQCD, PRC 88, 024003 (2013) 

a(
3S1 )

r (
3S1 )

= 2.06 −0.18−0.19
+0.22+0.25 a(

3S1 )

r (
3S1 )
~ +3.1

⎛

⎝⎜
⎞

⎠⎟ phys



33	
  

# Wick contractions to form the correlation function is naively  Nu! Nd! Ns! 

The triton (nnp) involves 2880 (Nu=4 and Nd=5) 

To study the interaction of multi-meson/baryon states, a large number of 
contractions are required; in fact the number grows factorially with the  
number of particles involved. 

However some careful counting, identifying redundant contractions, can 
reduce this number to a smaller # of distinct contractions. 

Recursive algorithms would be needed to study even the light nuclei.  
(Detmold & Savage, PRD82 (2010) 014511 ) 

Going beyond two-hadrons Nuclear physics: multi-hadron systems 

Increasing complexity of performing contractions with the number of hadrons 



Going beyond two-hadrons Nuclear physics: multi-hadron systems 

Increasing complexity of performing contractions with the number of hadrons 

flavor-SU(3) symmetry  
physical strange quark mass  
(no electromagnetic interactions) 
 
Isotropic clover  
 

A ≤ 4 & |s| ≤ 2: 

(Quark-hadron contraction method:  
Detmold & Orginos, PRD87 (2013) 114512 ) 

NPLQCD Phys. Rev. D87 (2013), 034506 

# Wick contractions to form the correlation function is naively  Nu! Nd! Ns! 

The triton (nnp) involves 2880 (Nu=4 and Nd=5) 

To study the interaction of multi-meson/baryon states, a large number of 
contractions are required; in fact the number grows factorially with the  
number of particles involved. 



NPLQCD Phys.Rev. D87 (2013), 034506 (π, J 2, Jz, s, A, I
2, Iz )



For example, for the A=3 system: 
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NPLQCD Phys.Rev. D87 (2013), 034506 



SU(3) fNPLQCD Phys. Rev. D87 (2013) 3, 034506 



Other works 
Remarkable progress up to A=4 systems  PACS-CS Yamazaki et al PRD86 (2012) 074514 



Formalism developed that I did not cover: 
 
²  Including partial-wave mixing 
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7.   R.Briceño and Z.Davoudi, Phys.Rev. D88 (2013) 9, 094507 
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Progress	



²  Including the electromagnetic interaction 
 
1.  S. Drury et al.,   PoS LATTICE 2013 (2013) 268 [arXiv:1312.0477 [hep-lat]] 
2.  S.R. Beane and M.J. Savage,  arXiv:1407.4846 [hep-lat] 
3.  K.U. Can et al.,  JHEP 1405 (2014) 125,  [arXiv:1310.5915 [hep-lat]].   



Summary	


High statistics Lattice QCD determinations allow us to extract the infinite volume  
binding energies of light nuclear and hypernuclear sytems. 

We have found evidence of bound NN (1S0  and 3S1 ), ΛΛ and ΞΞ (1S0)  systems at 
unphysical values of the quarks masses. 

We require enough computational resources in order to undertake simulations at lighter 
quark masses and at multiple lattice spacings. 
 
These calculations will allow us to perform reliable extrapolations to the physical mass 
point and to the continuum. 

LQCD predictions for hypernuclear physics are possible: 
       Scattering phase-shifts for the  1S0  and 3S1 n Σ- channels 

We have evolved very fast to the point where first principles calculations of light nuclei 
are possible. We need to secure computational resources in powerful supercomputers to 
continue with this program and provide some useful input to hypernuclear physics.  

Thank you for 
your attention	




