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K̄ NN AND K̄ K̄ NN QUASI BOUND STATES
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1T. Yamazaki, Y. Akaishi, M. Hassanvand, Proc. Jpn. Acad. Ser. B 87 (2011) 362
2M. Hassanvand, Y. Akaishi, T. Yamazaki, Phys. Rev. C 84 (2011) 015207
3T. Yamazaki, A. Doté, Y. Akaishi, Phys. Lett. B 587 (2004) 167
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K̄ CLUSTERS

PREDICTION OF THE SPECTRUM OF

LIGHT K̄ -NUCLEAR SYSTEMS

K̄ N potentials fitted to reproduce
the Λ1405 as a bound K̄ N state.

Do not include K̄ N − πΣ coupling.

No energy dependence.

B.E. K̄ pp About 50MeV

B.E. K̄ ppp About 100MeV

B.E. K̄ K̄ pp About 120MeV

T. Yamazaki, A. Doté, Y. Akaishi, Phys.
Lett. B 587 (2004) 167



K̄ -nuclei

Nir Barnea

introduction

K̄ N

Potentials

HH

Energy de-
pendence

Results

Conclusions

CHIRAL K̄ N INTERACTION

The Weinberg-Tomozawa chiral SU(3) potential4

Vij (
√

s) =
Cij

4f 2 (2
√

s −Mi −Mj )

√
Ei + Mi

Mi

√
Ej + Mj

Mj

√
s is the Mandelstam variable.

For I = 0 the channels are (K̄ N, πΣ, ηΛ,K Ξ)

C I=0
ij =


3 −

√
3
2

3√
2

0

4 0
√

3
2

0 − 3√
2

3


An effective K̄ N potential is constructed demanding a ”phase equivalent”
potential, T eff

11 = T11.

T11 = V11 +
∑

k

V1k Gk Tk1

T eff
11 = V eff

11 + V eff
11 G1T eff

11

4T. Hyodo, W. Weise, Phys. Rev. C 77 (2008) 035204
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CHIRAL K̄ N INTERACTION

The I = 0 coupled channel scattering amplitudes5
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There are 2 poles in the scattering amplitude

z1 = 1428− 17i MeV

z2 = 1400− 76i MeV

The first pole is dominated by K̄ N QBS at
√

s ≈ 1420 MeV.
The second pole is dominated by πΣ QBS at

√
s ≈ 1405 MeV.

5T. Hyodo, W. Weise, Phys. Rev. C 77 (2008) 035204
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CHIRAL VS PHENOMENOLOGICAL K̄ N INTERACTION
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Conclusions:

Binding Energies [MeV]

Phenomenological Chiral

K̄ p 27 10− 13
K̄ pp 50− 100 7− 23
K̄ ppp ≈ 100 ?
K̄ K̄ pp ≈ 120 ?
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INTERACTIONS

NN - We used the Argonne AV4’ potential 6 derived from the full AV18
potential.

VNN(r) = V0(r) + σ1 · σ2Vσ(r) + τ1 · τ2Vτ (r) + (σ1 · σ2)(τ1 · τ2)Vστ (r)

K̄ N - Chiral SU(3) HNJH effective interaction7,

V (I)
K̄ N

(r ;
√

s) = V (I)
K̄ N

(
√

s) exp(−r 2/b2) ; b = 0.47 fm

K̄ K̄ 8 -

V (I)
K̄ K̄

(r) = V (I)
K̄ K̄

exp(−r 2/b2) ; b = 0.47 fm

V (I=0)

K̄ K̄
= 0 at low energies where s waves dominate.

V (I=1)

K̄ K̄
= 313 MeV fitted to the s-wave scattering length.

6R.B. Wiringa, S.C. Pieper, Phys. Rev. Lett. 89 (2002) 182501
7T. Hyodo, S.I. Nam, D. Jido, A. Hosaka, Phys. Rev. C 68 (2003) 018201
8Y. Kanada-Eńyo, D. Jido, Phys. Rev. C 78 (2008) 025212
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SOLVING THE SCHRÖDINGER EQUATION
THE HYPERSPHERICAL HARMONICS EXPANSION
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THE HYPERSPHERICAL HARMONICS

1 The HH were introduced in 1935 by Zernike
and Brinkman.

2 They were reintroduced 25 years later by
Delves and Smith.

3 In the 1970 Reynal and Revai derived the
HH transformation coefficients.

4 and in 1972 Kil’dushov derives the HH
recoupling coefficients.

x1 = ρ cos(α) cos(β) cos(δ)
x2 = ρ cos(α) cos(β) sin(δ)
x3 = ρ cos(α) sin(β)
x4 = ρ sin(α) cos(γ)
x5 = ρ sin(α) sin(γ)

The “Tree” diagram
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THE HYPERSPHERICAL HARMONICS

1 Hyperspherical coordinates
x1, x2, x3, ...xD −→ ρ =

√∑
x2

i ,Ω

2 In hyperspherical coordinates

∆ =
∂2

∂ρ2 +
D − 1
ρ

∂

∂ρ
− K̂ 2

ρ2

3 ρKY[K ](Ω) is a Harmonic polynomial.

4 The HH are eigenstates of K̂ 2

K̂ 2Y(Ω) = K (K + D − 2)Y(Ω)

5 Using the tree structure one can easily
construct HH starting from the leafs and
uniting branches.

6 Each junction is associated with a quantum
number.

7 Each junction adds a factor
N cosKR (θ) sinKL (θ)P(αR ,αL)

(K−KR−KL)/2(cos(2θ))

x1 = ρ cos(α) cos(β) cos(δ)
x2 = ρ cos(α) cos(β) sin(δ)
x3 = ρ cos(α) sin(β)
x4 = ρ sin(α) cos(γ)
x5 = ρ sin(α) sin(γ)

The “Tree” diagram
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REMOVING THE CENTER OF MASS - THE JACOBI COORDINATES

The 3-body case

~η1 =

√
M1M2

M12m
(~r2 −~r1)

~η2 =

√
M12M3

M123m

(
~r3 −

M1~r1 + M2~r2

M12

)

The 4-body case

~η1 =

√
M1M2

M12m
(~r2 −~r1)

~η2 =

√
M12M34

M1234m

(
M3~r3 + M4~r4

M34
− M1~r1 + M2~r2

M12

)
~η3 =

√
M3M4

M34m
(~r4 −~r3) ,

Mij = Mi + Mj

M123 = M1 + M2 + M3

M1234 =
M1 + M2 + M3 + M4

m is an arbitrary mass,
we take m = mN .

C
C
C
CCO

�
�
�
�
�
�
���

��
��

��1

v1

v2

v3

s4

η1
η2

η3
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THE COMMON “TREE”
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Y[K ] =
[ N∏

j=1

Y`j ,mj (η̂j )
]

×
[ N∏

j=2

N `j ,Kj−1
j,Kj

(sinαj )
`j (cosαj )

Kj−1 P
(`j +

1
2 ,Kj−1+ 3j−5

2 )
µj (cos(2αj ))
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THE MERITS OF THE HH EXPANSION

A complete set of basis functions.

∑
[K ]

Y∗[K ](Ω′)Y[K ](Ω)
δ(ρ− ρ′)
ρD−1 =

N∏
i=1

δ(ηi − η′i )

Easy transformation between configuration and momentum space

ei
∑

ηj qj =
(2π)D/2

(Qρ)D/2−1

∑
[K ]

iKY∗[K ](Ωq)Y[K ](Ω)JK +D/2−1(Qρ)

Good asymptotics.

With appropriate choice of Jacobi coordinates and states clusterization can
be ”easily” treated.
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THE HH EXPANSION IN 4 STEPS

1. Remove the center of mass

~r1,~r2, . . .~rA −→ ~Rc.m., ~η1~η2 . . . ~ηA−1

2. Introduce hyperspherical coordinates

~η1~η2 . . . ~ηA−1 −→ ρ =
√
η2

1 + η2
2 + . . .+ η2

A−1,Ω

3. Expand the wave function using hyperspherical harmonics

Ψ(ρ,Ω) =
∑

K≤Kmax

R[K ](ρ)Y[K ](Ω)

4. Solve the Schrödinger equation HΨ = EΨ,

H = −1
2

(
∂2

∂ρ2 +
3A− 4
ρ

∂

∂ρ
− K̂ 2

ρ2

)
+
∑
i<j

Vij +

∑
i<j<k

Vijk


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CONVERGENCE OF THE HH EXPANSION
THE HH EFFECTIVE INTERACTION METHOD
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BENCHMARK FOR 4HE GROUND STATE WITH AV8’ POTENTIAL
H. KAMADA et al., PRC 64 044001 (2001)

Method 〈T 〉 〈V 〉 Eb
√
〈r 2〉

FY 102.39(5) -128.33(10) -25.94(5) 1.485(3)
CRCGV 102.25 -128.13 -25.90 1.482

SVM 102.35 -128.27 -25.92 1.486
HH 102.44 -128.34 -25.90(1) 1.483

GFMC 102.3(1.0) -128.25(1.0) -25.93(2) 1.490(5)
NCSM 103.35 -129.45 -25.80(20) 1.485
EIHH 100.8(9) -126.7(9) -25.944(10) 1.486
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ENERGY DEPENDENCE
K̄ − nucleus

For a single K̄ meson bound together with A define
√

sav by

A
√

sav =
A∑

i=1

√
(EK + Ei )2 − (~pK + ~pi )2 ,

approximating it near threshold,
√

sth ≡ mN + mK MeV, by

A
√

sav ≈ A
√

sth − B − (A− 1)BK −
A∑

i=1

(~pK + ~pi )
2/2Eth ,

where B is the total binding energy of the system and BK = −EK .
Note that

√
sav ≈

√
sth + δ

√
s with δ

√
s < 0.

〈δ
√

s〉 = −B
A
− A− 1

A
BK − ξN

A− 1
A
〈TN:N〉 − ξK

(
A− 1

A

)2

〈TK 〉 ,

ξN ≡ mN/(mN + mK ) ξK ≡ mK/(mN + mK )

TK - the K̄ K.E., TN:N - the pairwise NN K.E.
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ENERGY DEPENDENCE
K̄ K̄ NN

For K̄ K̄ NN

〈δ
√

s〉 = −1
2

(B + ξN〈TN:N〉+ ξK 〈TK :K 〉)

TK :K is the pairwise K̄ K̄ kinetic energy in c.m. frame.

In the limit A� 1, the K -nuclei
√

s expansion coincides with the nuclear-matter
formula9.

9A. Cieplý, E. Friedman, A. Gal, D. Gazda, J. Mareš, Phys. Lett. B 702 (2011) 402, Phys. Rev. C 84
(2011) 045206
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ENERGY DEPENDENCE
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Self-consistency construction in (K̄ K̄ NN)I=0,Jπ=0+ B.E. calculations.
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GROUND STATE ENERGIES
CONVERGENCE

Ground-state energies of K̄ nuclear clusters, calculated self consistently, as a
function of Kmax.
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Asymptotic values of
Eg.s. are found by fitting
the formula

E(Kmax) = Eg.s.+
C

K γ
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CONVERSION WIDTHS

Conversion widths Γ of K̄ nuclear clusters calculated from

Γ = −2 〈Ψg.s. | ImVK̄ N |Ψg.s. 〉 ,
as a function of δ
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K̄ N AND K̄ NN

Comparison of K̄ N and K̄ NN QBS calculations.
QBS I, Jπ Ref. 〈δ

√
s〉 B Γ BK rNN rKN

[MeV] [MeV] [MeV] [MeV] [fm] [fm]
K̄ N 0, 1

2
− BGL −11.4 11.4 43.6 11.4 – 1.87

DHW −11.5 11.5 43.8† 11.5 – 1.86
K̄ NN 1

2 , 0
− BGL −43 15.7 41.2 35.5 2.41 2.15

DHW −39 16.9 47.0 38.9 2.21 1.97
K̄ NN 1

2 , 0
− BGL −35 11.0 38.8 27.9 2.33 2.21

IN = 1 DHW −31 12.0 44.8 31.0 2.13 2.01
DHW10, BGL11

10A. Doté, T. Hyodo, W. Weise, Nucl. Phys. A 804 (2008) 197, Phys. Rev. C 79 (2009) 014003
11N. Barnea, A. Gal, and E.Z. Liverts, Phys. Lett. B 712, (2012) 132
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K̄ NNN AND K̄ K̄ NN

Results of K̄ NNN and K̄ K̄ NN QBS calculations.
QBS I, Jπ 〈δ

√
s〉 B Γ BK rNN rNK rKK

[MeV] [MeV] [MeV] [MeV] [fm] [fm] [fm]
K̄ NNN 0, 1

2
+ −61 29.3 32.9 36.6 2.07 2.05 –

1, 1
2

+ −36 18.5 31.0 21.0 2.33 2.55 –
K̄ K̄ NN 0, 0+ −46 32.1 80.5 33.6 1.84 1.88 2.31
VK̄ K̄ = 0 −52 36.1 83.2 37.9 1.71 1.70 2.01
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K̄ NNN AND K̄ K̄ NN

Results of K̄ NNN and K̄ K̄ NN QBS calculations.
QBS I, Jπ 〈δ

√
s〉 B Γ BK rNN rNK rKK

[MeV] [MeV] [MeV] [MeV] [fm] [fm] [fm]
K̄ NNN 0, 1

2
+ −61 29.3 32.9 36.6 2.07 2.05 –

1, 1
2

+ −36 18.5 31.0 21.0 2.33 2.55 –
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CONCLUSIONS

1 We have performed calculations of three-body K̄ NN and four-body K̄ NNN
and K̄ K̄ NN QBS systems.

2 For K−pp we confirmed the results of Doté et al. 12.

3 For K̄ NNN and K̄ K̄ NN we found B ≈ 30 MeV in both case.

4 The widths are ΓK̄ NNN ≈ 30 MeV and ΓK̄ K̄ NN ≈ 80 MeV, without 3-body
absorption.

5 These systems, are not as compact as suggested by Yamazaki et al. 13.

6 The energy dependence of the subthreshold K̄ N potential14 is restraining
the binding of the 4-body systems.

12A. Doté, T. Hyodo, W. Weise, Nucl. Phys. A 804 (2008) 197, Phys. Rev. C 79 (2009) 014003
13T. Yamazaki, Y. Akaishi, M. Hassanvand, Proc. Jpn. Acad. Ser. B 87 (2011) 362
14T. Hyodo, W. Weise, Phys. Rev. C 77 (2008) 035204
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