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Classical test theory

In behavioral research we are typically interested in the true score T' but
have available only the observed score X which is contaminated by
some (uncorrelated) measurement error e, such that X =T + e.

Examples:

@ Admission tests: we are interested in applicant’s knowledge or
ability 7', but have available only the test score X

o Grading of essays: We are interested in essay’s quality 7" but we
have available only the grader’s evaluation X

@ Questionnaires on satisfaction: main interest is respondent
satisfaction, but available are only his/her responses on the
questionnaire.

The observed score might vary if we chose different items or different
graders.
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Classical test theory

Natural questions:
@ How much information about the true score is indeed contained
in the measurement?
@ What is the strength of the relationship between true and observed
score?

o Reliability is defined as squared correlation of the true and observed
score Rel (X) = p, = cor?(T, X) = p2T,X

e p, €(0,1)

@ equivalently, reliability can be reexpressed as the ratio of the

o . T a?
true score variance to total observed variance p, = \\/,::7(()()) = =F
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Implications of low reliability

@ Less accurate estimates of the true score

@ Wider (less precise) confidence intervals

@ Need of higher number of subjects to demonstrate differences
between groups (keeping the same test power)

@ Attenuation of correlations, bound of criterion validity

e Assume two traits T3, 75 measured as X7, X5 with uncorrelated
errors e1, ez and reliabilities Rel (X7), Rel (X2)
o Observed correlation is attenuated

cor(X), X) = X Xa) _ cov(TiTy) 404040
1, A2 V/var (X1)+/var (X2) \/Var(Tl)Var(Xl) var(Tz)"ar(X2)

var (1) var (T2)
= cor (T, Tp)/Rel (X1)Rel (X5)
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Graphical interpretation

Low reliability thus low validity High reliability but low validity High reliability and high validity

@ center of the target represents the value we want to measure
@ shots represent independent measurements on one object

o reliability represented by variability of the shots

o validity represented by overall shots' closeness to the center

Observations

@ high reliability does not ensure high validity
@ validity is bounded by reliability
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Reliability guidelines

e Conventional requirement p, > .8, but see Lee (2012)
e > .9 for intelligence tests
e > .7 for personality tests
~ .6 for essay marking

@ In case of low reliability we should think of instrument revision
e adding items
o deleting items
e in case of graders: training, precise instructions

Importance of proper estimation of reliability

@ Overestimation may imply adopting unreliable instrument
@ Underestimation may imply (costly) revision of instrument

@ Misunderstanding of reliability can imply deletion of important items
and lowering validity
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Estimation procedures

The true score T is not observed, thus we can't estimate reliability from
. . ... 2 2 2
its definition (p7, | nor 07./0%)

Parallel measurements

@ equally precise measurements of the same true score:
X1 =T+e, Xo=T+ez, var(er)=var(e) = o>

°
o the reliability of both measurements is the same p
°

if the errors are uncorrelated, then correlation between the
measurements is equal to their (common) reliability

T+eq T+62) g,
cor (X1, Xo) = = ol : = £ =
( = 2) Px1.x, \/Var (T+-e1)var (T+e2) ok P

The methods differ in how they make use of multiple measurements.

Patricia Martinkova NMST570, L2: Reliability Oct 9, 2018



Estimation Procedures
0®000000

Estimation procedures

Use of multiple administrations

Methods employ correlation coefficient btw. observed total scores

o Test-retest method (coefficient of stability)

@ Alternate test forms (coefficient of equivalence)

Use of composite measurements

Methods employ correlation coefficient btw. observed partial total scores

@ Split-half coefficient
@ Average split-half

@ Cronbach’s aplha (coefficient of internal consistency)
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Test-Retest

@ Assumes independent test administrations
e No memory
e No improvement between administrations

@ Some interval between administrations, say 6-12 weeks
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Parallel Forms

@ Assumes trully paralel forms

e Equally difficult
o Parallel items and content

@ Assumes the same conditions
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Composite measurements

e Goal is to provide multiple converging pieces of information
o E.g. educational tests, scales, questionnaires, . ..

What is the relationship between reliability of composite measurement
X = Z;n:l X and reliability of its components?

Spearman-Brown prophecy formula (1910)

Assume m parallel measurements X, ..., X,, (independent, equally
precise, with uncorrelated errors and uncorrelated with true scores). Then
reliability of each X is the same p and the reliability of composite

measurement X is
m-p

T 1+ (m—1)p

Remark: Adding parallel items increases reliability of total score.

Px
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Generalized prophecy formula

Spearman-Brown prophecy formula (generalized)

Assume test composed of m; parallel measurements X = > "™, X; and
its prolonged or shortened version composed of mo parallel measurements
X =3 "2 X;. Then the relationship between their reliabilities is

ma |
my  Pma

_1+(%_ )pml

Pmg

Proof (hint): Notice that

1 1
m P e | Pma

_1+(%1—1)Pm1 _1‘1‘(%2_1){)7@

1
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Split-half coefficient

@ Correlation between two subscores corrected for test length

Test is split into two parts, two subscores Y7, Y5 are computed

2pY1 Yo
1+pY1 Yo

Assumes that the two subtests are parallel
Depends on how the split was carried out (even/odd, random,...)

o even-numbered / odd-numbered
e with intention to create two halves that are as similar as possible
@ in a random fashion

® psH =

We may also compute the mean of all possible split-half coefficients
e average split-half

We may also compute the worst of all possible split-half coefficients
o Revelle’s g8
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Cronbach'’s alpha

@ Based on idea of splitting the test into individual items

_._m ZEj;ékCOV(Xjan): m 1_0'§(1+---+0§<m
m—1 var (X) m—1 o3

@ Popular estimator, provides simple and unique estimation

o Equals to composite reliability 02./0% in case of parallel (or at least
T-equivalent) items and uncorrelated errors

@ In general case and uncorrelated errors, alpha is lower bound to
reliability o < p, (Novick & Lewis, 1967) and can be viewed as
index of internal consistency

@ In case of correlated errors, alpha can be lower or greater than
reliability
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Cronbach'’s alpha: 2-way mixed ANOVA approach

@ X;; responses of n students on m items
o Xii=T;,+bj+e;
o T; ~ N(0,02) random, student ability
o b; fixed, >~ b; = 0, describe item difficulty
o ¢;; ~ N(0,0?) random error
o total scores X; =mT; + 3, b; + 3, €ij

T T-) m2o2 o2
o reliability: — var(mTy) _ T __ = T
Y Px var (X;) m2o2+mo? a%—i—%aez
@ Cronbach’s alpha:
o= m sz;ék cov (X, Xik) 4y m(m—1)o2 o2,
- var (X;) — m—1m20Z+mo2 UT""%U?
. ) A ZZ k Sik
@ estimate of Cronbach’s alpha: & = T2 ==¥Z 22 where s, =
P m—1 S5 5k ik

ﬁ Z?:l(th - Xo])(Xt] — Xok)

Martinkova P, & VIckova K. Hodnoceni reliability znalostnich a psychologickych
testli. (Estimation of Reliability of Educational and Psychological Measurements. In

Czech.) Informaéni bulletin Ceské statistické spolecnosti, 4, pp. 1-15, 2014.
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Cronbach'’s alpha: 2-way mixed ANOVA approach (2)

Sums of squares
0 SST =303 (Xie — Xeo)? ~ (mog + 02)x*(n — 1)
° SSe = ZZ(X'L] - X.j - X’io + X..)Z ~ USXZ((’H — 1)(m = 1))

Expectations of Mean sums of squares
e EMSr =ESSr/(n—1) = mo% + o2
e EMS, =ESS./((n—1)(m —1)) = o2

Cronbach’s alpha

_ 0% _ EMSp—EMS.

T oi+io2 T EMSr

Cronbach's alpha estimate

G = m D XEkSik _ MSp—MSe _ 1 _ 1
m—1 sz,k Sjik MST F
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Cronbach'’s alpha: 2-way mixed ANOVA approach (3)

Estimate of Cronbach’s alpha can be reexpressed as

. MSr—MSg 1
g= = - —

MSr F

@ F statistic used to test the submodel with no subject effect
(Hp : 02 =0)

@ Interpretation: alpha close to 1 for F' high, i.e. when we reject Hy,
i.e. when admission test well discriminates between students

@ Gives confidence intervals

o Estimate is not generally appropriate for more complicated designs
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Cronbach'’s alpha - limitations

Cronbach’s alpha is a good estimator of reliability for
@ parallel (or at least T-equivalent) items and and
@ uncorrelated errors

Corrections needed for:
e Correlated errors
e Example: Reading test, group of items associated with one text.
o Corrections for correlated errors (Rae, 2006)
@ Multidimensional measurement
o Example: Math test, items measuring arithmetic skills but also
reading skills etc.
o Factor-analysis based estimation of reliability (Raykov &
Maurcoulides, 2011)
@ More sources of error (multilevel models, G-index)
@ Other than normal distribution of item responses (what happens in
case of binary items?)
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Logistic alpha

F statistic in .

F

assumes normality of items
@ How does the estimate of reliability behave for binary items?
e Would a new estimate

n—1

Giog =1~ 3

based on statistic used in similar situation in logistic regression
(difference of deviances X2 = D(B) — D(A + B)) give better results
for case of binary data?

Martinkova P, & Zvara K. Reliability in the Rasch Model. Kybernetika, 43(3), pp.
315-26, 2007. http://www.kybernetika.cz/content/2007/3/315/paper.pdf
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Definition of reliability in binary items

o Classical model not applicable (binary outcome can't be expressed as
sum of 7" and independent error ¢)

IRT models ussually assumed
Reliability can be defined as (Martinkova & Zvara, 2007)

b = var (E(X|T)) _ var (B(X|T))
¥ var(E(X|T)) + E (var (X|T)) var (X)

Resulting integrals can be evaluated numerically, not explicitly

Not equal to parallel-forms reliability, but differences negligible (Kim,
2012)

S-B formula holds only approximately (Martinkova, Zvara 2010)

Martinkova P, & Zvara K. Reliability in the Rasch Model. Kybernetika, 43(3), pp.
315-26, 2007. http://www.kybernetika.cz/content/2007/3/315/paper.pdf
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Cronbach’s alpha in binary items

@ Cronbach’s alpha is readily applicable also for binary items

@ Cronbach’s alpha represents generalization of so-called
Kuder-Richardson formulae (Psychometrika, 1937):

® Prr-s0 = poT [1 - 276’“0(7)1(_”“)} , Where 7, is easiness of k-th item

o For test with items of common difficulties

A __p _ p—fix) A
Prr-z = 50T [1 o } , where [i is average total score
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Logistic alpha: Simulation study

Pre-defined values:
@ number of students n = 25, 50, 100, 500
@ number of items m = 10, 20, 50, 100
o IRT parameters (difficulty, discrimination, guessing for each item)
@ 55 values of o (defines true reliability)
@ number of simulates N = 1000

For each combination of n, m and o7:
@ true reliability computed
@ N data sets generated:
o set of n student abilities generated T; ~ N(0, 0%)
o Y;; generated from IRT model
o estimates computed from the data
= N estimates g, KR-21 and ¢4

@ bias and MSE of the estimates plotted out
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Simulations: Cronbach's alpha (KR-20) and KR-21

g
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w * Cronbach aipha
B * KR21

00 02 04 08 08 10

reliability
Bias and MSE of two estimators of reliability, item
difficulties from (—0.1,0.1). Number of students

n = 25, number of items m = 10, number of simu-
lates N = 1000.

° KR-21
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Bias and MSE of two estimators of reliability, item
difficulties from (—3, 3). Number of students n =
25, number of items m = 10, number of simulates
N = 1000.

is not appropriate in case of different item difficulties
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Simulations: Cronbach’s and logistic alpha

0.00
I

bias
006 -004 002
1 I I
—

—_— e

—_——
—— .
]

bias
006  -0.04  -0.02
I I I
—_—— e
———

010 -008
-0.08

010

012

* Cronbach alpha
7 * logistic alpha

B * Cronbach alpha
* logistic alpha

00 02 04 06 08 10 00 02 04 06 08 10
reliaility reliapility
Bias and MSE of two estimators of reliability, num- Bias and MSE of two estimators of reliability, num-
ber of students n = 25, number of items m = 50, ber of students n = 25, number of items m = 100,
number of simulates N = 1000. number of simulates N = 1000.

® (yog has promising properties especially for high number of items
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More on inter-rater reliability

Motivation: Teacher Selection Process

Responded s Awith ened. Advanced to
creened with v vl | I
ol 21-ptrubric brie. ey, || byses
(2,433) @ (374)
(2 669) -
Hih .utfl““ | U eAre &
ﬁJ‘N _'rl‘“ } lhy o b—0 § 1" ¢ hy‘él
l;!n SR8 S — E
Sereened out Noterviewed Nottired
i 21.p sore after S4pt score ntervie
(1,256) 468) @395)
} t
i 1 ¢
thit i ¢
LA i i

Applicants to classroom job openings in Spokane Public Schools
during years (2008/09 - 2012/13)

Martinkova P, Goldhaber D, & Erosheva E. (2018). Disparities in ratings of
internal and external applicants: A case for model-based inter-rater reliability. PLOS
ONE, 13(10): e0203002. https://doi.org/10.1371/journal.pone.0203002
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Motivation: Ratings as Source of Error

Patricia Martinkova

54-Pt Screening Rubric:

CERTIFICATED APPLICANT - PRINCIPAL  SUPERVISOR SCREENING

[T " SCuEm —

INTERPERSONAL SKILLS

CERTIFICATE AND.
EDUCATION

FLEXIBILITY

INSTRUCTIO?

CULTURAL COMPETENCY

PREFERRED QUAY FTONS AS.
INDICATED ON POSTING

LETTERS OF RECOMMENDATION e

More on IRR
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Ratings of a single applicant

Mean and range of ratings

60

40

Total score

20

Applicants ranked by averaged total score
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Ratings of two applicants

Mean and range of ratings

More on IRR
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60

40

Total score

20

[}
[0}

Patricia Martinkova

Applicants ranked by averaged total score

. L2: Reliability
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Ratings of all applicants

Mean and range of ratings

60

40

Total score

20

Applicants ranked by averaged total score
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Ratings of all applicants by Internal /External Status

Mean and range of ratings

60

40

Total score

=@~ Ext ® Ext
-@- Int A Int
=@~ Int/Ext

Applicants ranked by averaged total score
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Inter-Rater Reliability

Yij =p+ Ai+ Bj + ey

o applicant true quality 4; ~ N(0,0%),
e rater leniency B; ~ N(0,0%),
e error ¢;; ~ N(0,02)

Inter-Rater Reliability:

o4 o4
R=cor(Y;;,)V;y) =ICC= 4% = 54—
(¥, Yiyr) o2 o4+ 0%+ 0?2
e R €10,1], low values mean a lot of measurement error
o Aggregates (average of J raters) have higher IRR:
2

R, = A
n 0124—5—023/(]—&-02/(]
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Across- and Within-School IRR (Model 1)

Yijik = p+ Ai + Bj + Sp + ASir + €4k

e School leniency S ~ N(0,0%)
o Applicant-school matching effect (interaction) AS;; ~ N(0,0%g)
@ IRR across schools:
o
04 +0%+0i+0%g+02

Racross = cor (}/ijka }/ij’k’) =

Within-school IRR:
0124 + U?g + 01243
ai—f—a%—i—agv—i—ais—l-ag

Ruithin = cor (Yiju, Yijir) =
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IRR for Internal vs. External Applicants (Model 3)

@ Q: Does IRR differ in ratings of internal vs. external applicants?
@ Model 3: Variance components may vary by group
e e.g. Rater variance may higher when rating external applicants

Yijk = p+ wifo+(1 — wi)Aogs + wiAy;
+(1 — w;)Boj + wi By
+(1 — w;)Sox + w;iSik
+ASik + €ijk

w; =1 for internal and 0 for external applicants
A()i ~ N(07O—1240) and Ali ~ N(O, 0'1241)
Boj ~ N(O, 0’?30) and Blj ~ N(O,O'ZBI)
S()k ~ N(O,O’%O) and S1k ~ N(0,0’%l)
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IRR for Internal vs. External Applicants (Model 3)

Within-school IRR:

@ For internal applicant :

2 2 2
Oa1 1T 051+ 045

5] 2 D) 2 2

041 T 051 +0g; +04g +0¢

Ry = cor (Yiji, Yijii) =

o For external applicant:

2 2 2
Tao T 050 + g
2

Ry = cor (Yijk, Yijk) =
Jks Lij 2 2 2 2
0% T 089+ 059+ 049 +0¢
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IRR estimation and inference

More flexible estimation using linear random-effect models
@ Estimation using restricted maximum likelihood
e lmer() in lme4 in R
@ Model selection using AIC, BIC, likelihood ratio tests
e Model 3 wins for total score as well as for all subcomponents
@ Bootstrapped confidence intervals or MCMC
e using bootMer () in 1me4, or brm() in inbrms
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Results: Variance decomposition (Model 3)

SumRtng  Cert & Educ Training Experience Management  Flexibility Instructional Interpersonal Cultural Pref Qual

20% 16% 16% 15% 19% 15%
.17% l17% .16% .19%

12% 9%
Lm% st% l14%
1% 2% 4
1% ’1% '3

23% 28% 22%
Bl N
33%
o [ S R

i)20400204062b4'06264b62'04062'04'06264'06204b62'04'062b4'0

. Internal . External

High applicant-school variability
Lower applicant variability for external applicants
Higher rater variability for external applicants

Lower inter-rater reliability for external applicants
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IRR for Internal and External Applicants (Model 3)

e Significant difference in IRR between Internal and External applicants

- 1.00 -+ Internal Applicants

= -+ External Applicants
g 0.75 -+ Difference Int - Ext

E 050{ ¢ t

5 ¢ ++ by H 4y + Hoo4y U
&I" 0.25

%o.oo----+ ------ g S S boooos foob R SO S

Cert & EducH
Trainingq
Experience {
Management
Flexibility 1
Instructional {
Interpersonal
Cultural
Pref Qual{
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Conclusion

In this presentation, we have

@ explained motivation behind reliability
@ presented mostly used approaches for reliability estimation

o test-retest

o parallel forms

o split-half coefficient
o Cronbach's alpha

@ presented research on alternative to Cronbach’s alpha

o discussed use of model-based reliability estimates (for IRR)
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Vocabulary

@ Latent variable

Reliability, measurement error
Test-retest reliability
Split-half

Cronbach’s alpha

Kuder-Richardson formula

Inter-rater reliability
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