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Classical test theory

In behavioral research we are typically interested in the true score T but
have available only the observed score X which is contaminated by
some (uncorrelated) measurement error e, such that X = T + e.

Examples:

Admission tests: we are interested in applicant's knowledge or

ability T , but have available only the test score X

Grading of essays: We are interested in essay's quality T but we
have available only the grader's evaluation X

Questionnaires on satisfaction: main interest is respondent
satisfaction, but available are only his/her responses on the
questionnaire.

The observed score might vary if we chose di�erent items or di�erent
graders.
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Classical test theory

Natural questions:

How much information about the true score is indeed contained
in the measurement?

What is the strength of the relationship between true and observed
score?

Reliability theory

Reliability is de�ned as squared correlation of the true and observed
score ρX = corr

2(T,X) = ρ2T,X
ρX ∈ 〈0, 1〉
equivalently, reliability can be reexpressed as the ratio of the

true score variance to total observed variance ρX = var (T )
var (X) =

σ2
T

σ2
X
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Implications of low reliability

less accurate estimates of the true score

wider (less precise) con�dence intervals

need of higher number of subjects to demonstrate di�erences
between groups (keeping the same test power)

attenuation of correlations, bound of criterion validity

ρX,Y = ρTX,TY

√
ρXρY ≤ ρX
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Graphical interpretation

Low reliability thus low validity High reliability but low validity High reliability and high validity

center of the target represents the value we want to measure
shots represent independent measurements on one object
reliability represented by variability of the shots
validity represented by overall shots' closeness to the center

Observations

high reliability does not ensure high validity

validity is bounded by reliability
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Reliability guidelines

Conventional requirement ρX ≥ .8, but see Lee (2012)

≥ .9 for intelligence tests
≥ .7 for personality tests
∼ .6 for essay marking

In case of low reliability we should think of instrument revision

adding items
deleting items
in case of graders: training, precise instructions

Importance of proper estimation of reliability

Overestimation may imply adopting unreliable instrument

Underestimation may imply (costly) revision of instrument

Misunderstanding of reliability can imply deletion of important items
and lowering validity
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Estimation procedures

The true score T is not observed, thus we can't estimate reliability from
its de�nition (ρ2

T,X
nor σ2T /σ

2
X)

Parallel measurements

equally precise measurements of the same true score:

X1 = T + e1, X2 = T + e2, var (e1) = var (e2) = σ2e

the reliability of both measurements is the same ρ

if the errors are uncorrelated, then correlation between the

measurements is equal to their (common) reliability

ρX1,X2
= cov (T+e1,T+e2)√

var (T+e1)var (T+e2)
=

σ2
T

σ2
X

= ρ

The methods di�er in how they make use of multiple measurements.
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Estimation procedures

Use of multiple administrations

Methods employ correlation coe�cient btw. observed total scores

Test-retest method (coe�cient of stability)

Alternate test forms (coe�cient of equivalence)

Use of composite measurements

Methods employ correlation coe�cient btw. observed partial total scores

Split-half coe�cient

Average split-half

Cronbach's aplha (coe�cient of internal consistency)
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Test-Retest

Assumes independent test administrations
No memory
No improvement between administrations

Optimal interval 6-12 weeks
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Parallel Forms

Assumes trully paralel forms

Equally di�cult
Parallel items and content

Assumes the same conditions
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Composite measurements

Goal is to provide multiple converging pieces of information

E.g. educational tests, scales, questionnaires, . . .

What is the relationship between reliability of composite measurement
X =

∑m
j=1Xj and reliability of its components?

Spearman-Brown prophecy formula (1910)

Assume X1, . . . , Xm parallel measurements (with uncorrelated errors and
uncorrelated with true scores). Then reliability of each Xi is the same ρ
and the composite reliability is

ρX =
m · ρ

1 + (m− 1)ρ

Remark: Adding parallel items increases reliability of total score.
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Split-half coe�cient

correlation between two subscores corrected for test length

test is split into two parts, two subscores Y1, Y2 are computed

ρSH =
2ρ

Y1,Y2
1+ρ

Y1,Y2

assumes that the two subtests are parallel

depends on how the split was carried out (even/odd, random,. . . )

even-numbered / odd-numbered
with intention to create two halves that are as similar as possible
in a random fashion

we may also compute the mean of all possible split-half coe�cients

Average split-half
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Cronbach's alpha

based on idea of splitting the test into individual items

α =
m

m− 1

∑∑
j 6=k cov (Xj , Xk)

var (X)
=

m

m− 1

(
1−

σ2X1
+ · · ·+ σ2Xm

σ2X

)

popular estimator, provides simple and unique estimation

equals to composite reliability σ2T /σ
2
X in case of parallel (or at least

T -equivalent) items and uncorrelated errors

in general case and uncorrelated errors, alpha is lower bound to
reliability α ≤ ρX (Novick & Lewis, 1967) and can be viewed as
index of internal consistency

in case of correlated errors, alpha can be lower or greater than
reliability
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Cronbach's alpha - limitations

Cronbach's alpha is a good estimator of reliability for

parallel (or at least T-equivalent) items and and

uncorrelated errors

Corrections needed for:
Correlated errors

Example: Reading test, group of items associated with one text.
Corrections for correlated errors (Rae, 2006)

Multidimensional measurement
Example: Math test, items measuring arithmetic skills but also
reading skills etc.
Factor-analysis based estimation of reliability (Raykov &
Maurcoulides, 2011)

More sources of error (multilevel models, G-index)

Other than normal distribution of item responses (what happens in
case of binary items?)
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Beyond Cronbach's alpha

How to de�ne and estimate internal consistency in case of binary items?

Martinková P, & Zvára K. Reliability in the Rasch Model. Kybernetika, 43(3), pp.
315-26, 2007. http://www.kybernetika.cz/content/2007/3/315/paper.pdf

Martinková P, & Vl£ková K. Hodnocení reliability znalostních a psychologických
test·. (Estimation of Reliability of Educational and Psychological Measurements. In
Czech.) Informa£ní bulletin �eské statistické spole£nosti, 4, pp. 1-15, 2014.
http://www.statspol.cz/cs/wp-content/uploads/IB_4_2014.pdf
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Cronbach's alpha: 2-way mixed ANOVA approach

Xij responses of n students on m items

Xij = Ti + bj + eij
Ti ∼ N(0, σ2

T ) random, student ability
bj �xed,

∑
bj = 0, describe item di�culty

eij ∼ N(0, σ2
e) random error

total scores Xi = mTi +
∑

j bj +
∑

j eij

reliability: ρX = var(mTi)
var (Xi)

=
m2σ2

T

m2σ2
T+mσ2

e
=

σ2
T

σ2
T+ 1

m
σ2
e

Cronbach's alpha:

α = m
m−1

∑∑
j 6=k cov (Xij ,Xik)

var (Xi)
= m

m−1
m(m−1)σ2

T

m2σ2
T+mσ2

e
=

σ2
T

σ2
T+ 1

m
σ2
e

estimate of Cronbach's alpha: α̂ = m
m−1

∑∑
j 6=k sjk∑∑
j,k sjk

, where sjk =

1
n−1

∑n
t=1(Xtj − X̄•j)(Xtj − X̄•k)
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Cronbach's alpha: 2-way mixed ANOVA approach (2)

Sums of squares

SST =
∑∑

(X̄i• − X̄••)2 ∼ (mσ2T + σ2e)χ
2(n− 1)

SSe =
∑∑

(Xij − X̄•j − X̄i• + X̄••)
2 ∼ σ2eχ2((n− 1)(m− 1))

Expectations of Mean sums of squares

EMST = ESST /(n− 1) = mσ2T + σ2e

EMSe = ESSe/((n− 1)(m− 1)) = σ2e

Cronbach's alpha

α =
σ2
T

σ2
T+ 1

m
σ2
e

= EMST−EMSe

EMST

Cronbach's alpha estimate

α̂ = m
m−1

∑∑
j 6=k sjk∑∑
j,k sjk

= MST−MSe

MST
= 1− 1

F
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Cronbach's alpha: 2-way mixed ANOVA approach (3)

Estimate of Cronbach's alpha can be reexpressed as

α̂ =
MST −MSE

MST
= 1− 1

F

F statistic used to test the submodel with no subject e�ect
(H0 : σ2T = 0)

Interpretation: alpha close to 1 for F high, i.e. when we reject H0,
i.e. when admission test well discriminates between students

Gives con�dence intervals

Estimate is not generally appropriate for more complicated designs
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Logistic alpha

F statistic in

α̂ = 1− 1

F

assumes normality of items

How does the estimate of reliability behave for binary items?

Would a new estimate

α̂log = 1− n− 1

X2

based on statistic used in similar situation in logistic regression
(di�erence of deviances X2 = D(B)−D(A+B)) give better results
for case of binary data?
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De�nition of reliability in binary items

Classical model not applicable (binary outcome can't be expressed as
sum of T and independent error e)

IRT models ussually assumed

Reliability can be de�ned as (Raykov & Maurcoulides, 2011)

ρX =
var (E (X|T ))

var (E (X|T )) + E (var (X|T ))
=

var (E (X|T ))

var (X)

Resulting integrals can be evaluated numerically, not explicitly

Not equal to parallel-forms reliability, but di�erences negligible (Kim,
2012)

S-B formula holds only approximately (Martinkova, Zvara 2010)
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Cronbach's alpha in binary items

Cronbach's alpha is readily applicable also for binary items

Cronbach's alpha represents generalization of so-called
Kuder-Richardson formulae (Psychometrika, 1937):

ρ̂KR−20 = p
p−1

[
1−

∑
r̂k(1−r̂k)
σ̂X

]
, where r̂k is easiness of k-th item

For test with items of common di�culties
ρ̂KR−21 = p

p−1

[
1− µ̂(p−µ̂k)

pσ̂X

]
, where µ̂ is average total score
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Logistic alpha: Simulation study

Pre-de�ned values:

number of students n = 25, 50, 100, 500

number of items m = 10, 20, 50, 100

IRT parameters (di�culty, discrimination, guessing for each item)

55 values of σT (de�nes true reliability)

number of simulates N = 1000

For each combination of n, m and σT :

true reliability computed
N data sets generated:

set of n student abilities generated Ti ∼ N(0, σ2
T )

Yij generated from IRT model
estimates computed from the data

⇒ N estimates α̂CR, KR-21 and α̂log
bias and MSE of the estimates plotted out
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Simulations: Cronbach's alpha (KR-20) and KR-21

Bias and MSE of two estimators of reliability, item
di�culties from (−0.1, 0.1). Number of students
n = 25, number of items m = 10, number of simu-
lates N = 1000.

Bias and MSE of two estimators of reliability, item
di�culties from (−3, 3). Number of students n =
25, number of items m = 10, number of simulates
N = 1000.

ρ̂KR−21 is not appropriate in case of di�erent item di�culties
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Simulations: Cronbach's and logistic alpha

Bias and MSE of two estimators of reliability, num-
ber of students n = 25, number of items m = 50,
number of simulates N = 1000.

Bias and MSE of two estimators of reliability, num-
ber of students n = 25, number of items m = 100,
number of simulates N = 1000.

α̂log has promising properties especially for high number of items
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Logistic alpha - conclusions

Idea behind Logistic alpha was explained

Logistic alpha has promising properties for some scenarios

Cases of true reliabilities close to 1 need some adjustment

Cases of high number of students?
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More on inter-rater reliability

Motivation: Teacher Selection Process

Applicants to classroom job openings in Spokane Public Schools
during years (2008/09 - 2012/13)
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Motivation: Ratings as Source of Error

54-Pt Screening Rubric:
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Motivation: Questions

1. Do we select the best applicants?

Do admission ratings predict subsequent teacher quality?

Goldhaber et al. 2017

2. Can we do better?

What causes error in ratings? How to eliminate the error?

Martinkova et al. 2015
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Ratings of a single applicant (2008/09 - 2012/13)

Are the ratings consistent?
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Ratings of two applicants (2008/09 - 2012/13)

Are the ratings consistent?
Patrícia Martinková NMST570, L6: Reliability Dec 19, 2017 31/35



Introduction Estimation Procedures Beyond Cronbach's alpha More on IRR Conclusion

Ratings of all applicants (2008/09 - 2012/13)

What is causing the inconsistencies in rating?
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Hiring data: Data structure

3986 �lled forms

1177 applicants

internal and external

141 raters

various levels of experience

54 schools

3 school types: elementary, middle, high

526 job openings

15 types of jobs: grade teacher, math, English, science, ...
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Model-based reliability estimates

Estimate IRR while accounting for hierarchical data structure

schools, job openings, etc.
applicant-school matching, etc.

Test for possible moderators of IRR

internal/external status of the applicant
rater experience

Apply this �model-based IRR"to analyze implications for validity

how IRR a�ects power to predict teacher value added
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Conclusion

In this presentation, we have

explained motivation beind reliability

presented mostly used approaches for reliability estimation

test-retest
parallel forms
split-half coe�cient
Cronbach's alpha

presented research on alternative to Cronbach's alpha

discussed use of model-based reliability estimates (for IRR)
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