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Equivalence of deductive systems

Abstract algebraizability

Definition
Let A and B be M-sets. Two M-structural consequences relations
ta and Fp (resp. on A and B) are equivalent if there are structural

transformers
7:P(A) «— P(B): p

such that

X Fa x <= 7(X) Fp 7(x)
y Ak Tp(y)

Remark

Let M be the monoid of substitutions, I be a logic and K be a gen.
quasi-variety. I is algebraizable with eq. alg. sem. K iff = and g
are equivalent as M-structural consequences.
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Equivalence of deductive systems

Abstract algebraizability

Definition
Let M = (M, -, 1) be a monoid.
1. An M-set is a pair A = (A, x,) where x5: M x A — As.t.

(0-7m)(a) =0 *p (m*4 a) and 1 x4 a = a.

2. A consequence relation = on an M-set A is M-structural when
for every o € M,

if X x, then o x5 X o x4 x.

3. Let A and B be two M-sets. An structural transformer from A
to B is a residuated map 7: P(A) — P(B) such that for every
o€ M and X C A,

o xp T(X) = 7(0 *4 X).

Equivalence of deductive systems

Examples: order-algebraizability

» Let Ineq be set of inequalities ¢ < v in w variables.

Definition
1. Let K be a class of ordered algebras and © U {¢ < ¥} C Ineq,
© FX ¢ < ¢ <= for every (A, <) € K and hom v: Fm — A,
if v(a) < v(pB) for every a < B € ©,
then v(¢) < v(¥).

The relation |=§ is the inequational consequence relative to K.

2. A logic |- is order algebraizable if it is equivalent to the
consequence Fy of some class of ordered algebras K.

Remark
Every algebraizable logic is order algebraizable.
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Equivalence of deductive systems Equivalence of deductive systems

Examples: order-algebraizability Examples: Gentzen-algebraizability

Example: BCI Definition (very informal version)
» A CRPM is a structure (A, <, x,1, —) where (A, <,%,1) is an

_ ; A Gentzen system Fg is algebraizable if it is equivalent to Fg for
ordered commutative monoid and

some generalized quasi-variety K.

a—b=max{ce A:axc < b}
Example: substructural logic

» Consider the implication fragment BCI of linear logic: :
» Let FL be the Full Lambek Calculus and FL be the variety of

IE(x—=y)=((z—=x)=(z—=y) FL-algebras.
D (x—(y —2)) = (y = (x = 2)) » FL is algebraizable w.r.t. FL via the translations
s _>|_X 7: P(Seq) +— P(Eq): p
xRy (v M) ={(1 e Tn) < ¢}
» BCl is order algebraizable w.r.t. (<, —)-subreducts of CRPMs. (e 0) = {(L oy vn) < 0}
» BClis not alg_e_bralzable (hint: use semantic characterization plo =) = {p> v, > o)
of algebraizability). J
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Bridge theorems Bridge theorems
Metalogical properties and bridge theorems Deduction theorems: local deduction theorem
Definition
> Since algebraizale logics are essentially the same as relative A logic I has the local deduction detachment theorem (LDDT) if
equational consequences,they form a nice framework for the there is a family {®;(x,y) : i € I} of sets of formulas such that

formulation of transfer theorems:
I''y b o <= thereis i €[ such that I' = ®;(¢, ).

variants of interpolation <— variants of amalgamation

variants of deduction theorem <— variants of EDPC and CEP Example: tucasiewicz logic
variants of Beth definability +— variants of ES > In Lukasiewicz logic £ we have
inconsistency lemma +— variant of filtrality Iy p<= thereisncwst. I'k (Yx---x9) = .
having a disjunction <— congruence distributivity n-times

» t has LDDT with {®,(x,y) : n € w} as follows:

» We consider only very few of them... ®n(x,y) ={(x*--*xx) = y}.
—_———

n-times
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Bridge theorems

Deduction theorems: local deduction theorem

Example: global modal logic

Then & has LDDT with {®,(x,y) : n € w} as follows:

Ou(x,y) ={(xAOxA---AO"%) = y}.

Definition

A generalized quasi-variety K has the relative congruence extension
property (RCEP) if for every A < B € K and 6 € ConkA, there is
¢ € ConkB such that § = ¢ N A2

Theorem
Let - be a finitary algebraizable logic with equivalent algebraic

semantics K. Then F has the LDDT if and only if K has the RCEP.
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Bridge theorems

Deduction theorems: deduction theorem

Definition

A quasi-variety K has equationally definable principal relative
congruences (EDPRC) if there is a finite set of equations
®(x,y, z,v) such that for every algebra A € K and a,b,c,d € A,

(a,b) € Cgl(c,d) < AE ®(a, b, c,d).

Theorem

Let - be a finitary algebraizable logic with equivalent algebraic
semantics the quasi-variety K. Then I has the DDT if and only if K

has EDPRC.

» Remark: This is useful to disprove the fact that a logic has the
DDT, e.g. £ and H§ have not DDT.
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Bridge theorems

Deduction theorems: deduction theorem

Definition

A logic I has the deduction datachment theorem (DDT) if there is

a finite set ®(x, y) of formulas such that

Iy o< Tk o, p).

Example

» Intuitionistic logic IPC has the deduction theorem witnessed
by {x — y}, i.e.

I' Y bpe ¢ <= I'Fipc ¥ — .

» The global consequence of K4 have the deduction theorem
witnessed by {(x A Ox) — y}, i.e.

Db, <= T, (W ADY) - .

Bridge theorems

Deduction theorems: contextual deduction theorem

Definition

A logic I has the contextual deduction detachment theorem
(CDDT) when for every n € w there is a finite set of formulas
®,(x1, .-, Xn, y1, y2) such that for all " U {¢, ¥} in x1, ..., Xn,

Ny TFou(x,... xn0,0).

12/20

Example: relevance logic

Relevance logic R has the CDDT as follows: for I"U {¢, ¢} in
X1y Xn,

Nibtro<—=TFr((x1 = x1)) A A(Xnp = Xn) ANU) = .

R has not the DDT since relevant algebras lack the (R)CEP.
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Bridge theorems Bridge theorems

Deduction theorems: contextual deduction theorem Deduction theorems: recap

Transfer results

Definition
A quasi-variety K has equationally semidefinable principal relative local deduction theorem <— RCEP
congr.uenczf (ESPRC) if for every n € w t:er;e is ahfinite set of et TreeEm e [EDEIRE
SBLEIONE G0 - oo 0 o D278, ) Sl 16 wiiermsey contextual deduction theorem +— ESPRC.
e1,...,ep generate an algebra A € K and a,b,c,d € A, )

(a,b) € Cgl(c,d) <= AE ®,(& a, b, c,d). > In quasi-varieties we have
Theorem EDPRC <= ESPRC and RCEP.
Let I be a finitary algebraizable logic with equivalent algebraic :
semantics the quasi-variety K. Then I has the CDDT if and only if Observatlor?
K has ESPRC. Let - be a finitary algebraizable logic whose equivalent algebraic

4

semantics is a quasi-variety. Then F has DDT if and only if it has
LDDT and CDDT.
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Bridge theorems Bridge theorems
Inconsistency lemma Inconsistency lemma
Defmiltlon o _ _ Definition
A logic + ha?c, the-c!assmal inconsistency lemma (CIL) if for every e X e & quaskvEran
n € w there is a finite set of formulas ®,(x1, ..., x,) such that ) :
1. Let A <[];c, Ai be a K-representation and F a filter over /.
I'Uasg,...,«a, is inconsistent <= '+ ®p,(aq, ..., ap) Then define 0 C A x A as
I'uo,(ag,...,a,) is inconsistent <= I' - {aq,...,an}. ) (a,b) € OF {iel:a(i) = b(i)} € F.
Example This representation admits only filtral K-congruences if every
» CPC has the CIL witnessed by congruence of A has the form 6 for some filtrer F.
(Xt .- xn) = {0 A+ A xn) ) 2. Kiis filtral if every K-representation admits only K-congruences.
» Let L be a substructural logic algebraized by a subvariety of Th
FlLew satisfying x VV (x* — 0) = 1 for some k > 1. L has CIL corem _
with A quasi-variety is filtral if and only if it is relatively semi-simple and
it has EDPRC.

4

On(x1s ..oy xn) = {(x1 % - % x,)K = 0}
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Bridge theorems

Inconsistency lemma

Theorem

Let - be a finitary algebraizable logic with equivalent algebraic
semantics the quasi-variety K. TFAE:
1. F has CIL.
2. K has EDPRC, is relatively semi-simple, and for every A € K
the total congruence is compact in ConkA.

3. Kiis filtral and the subalgebras of its non-trivial members are
non-trivial.

In particular, in this case = has the DDT.
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