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From classical to spectral isoperimetric inequality

A bounded domain Q C RY (d > 2) with smooth boundary 9Q; ball B ]Rd.J

The self-adjoint Dirichlet Laplacian —A£ in L2(Q)

Spectrum of —A% is discrete. \P(Q2) > 0 — the lowest eigenvalue of —Af.
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The self-adjoint Dirichlet Laplacian —A£ in L2(Q)

Spectrum of —A% is discrete. \P(Q2) > 0 — the lowest eigenvalue of —Af.

| N\

Isoperimetric inequalities

|0Q2| = |0B| Q] < |B| (geometric)
—
QzB AP(Q) > AP(B)  (spectral)
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From classical to spectral isoperimetric inequality

A bounded domain Q C RY (d > 2) with smooth boundary 9Q; ball B ]Rd.J

The self-adjoint Dirichlet Laplacian —A£ in L2(Q)

Spectrum of —A% is discrete. \P(Q2) > 0 — the lowest eigenvalue of —Af.

Isoperimetric inequalities

{|aQ| — 98| {|Q| < |B] (geometric)
—

QzB AP(Q) > AP(B)  (spectral)

Geometric: STEINER-1842, HURWITZ-1902 (d = 2), FEDERER-69 (d > 3).
Spectral: FABER-1923 and KRAHN-1926.
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From classical to spectral isoperimetric inequality

A bounded domain Q C RY (d > 2) with smooth boundary 9Q; ball B ]Rd.J

The self-adjoint Dirichlet Laplacian —A£ in L2(Q)

Spectrum of —A% is discrete. \P(Q2) > 0 — the lowest eigenvalue of —Af.

| A

Isoperimetric inequalities

|0Q| = |0B| 1| < |B] (geometric)
—
QzB AP(Q) > AP(B)  (spectral)

Geometric: STEINER-1842, HURWITZ-1902 (d = 2), FEDERER-69 (d > 3).
Spectral: FABER-1923 and KRAHN-1926.

The Neumann Laplacian: similar spectral inequality is trivial: A[(Q) = 0.
Non-trivial for the Robin Laplacian and for d-interactions on surfaces.
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Part |I. Schrodinger operators with
0-interactions on hypersurfaces

@ P. Exner and V. L., A spectral isoperimetric inequality for cones,
arXiv:1512.01970, 2015, to appear in Lett. Math. Phys.

@ V. L., Spectral isoperimetric inequalities for §-interactions on open arcs and for the
Robin Laplacian on planes with slits, arXiv:1609.07598, 2016.
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Definition of Hamiltonians with surface d-interactions

A Lipschitz hypersurface ¥ ¢ R?, not necessarily bounded or closed. J
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Definition of Hamiltonians with surface d-interactions

A Lipschitz hypersurface ¥ ¢ R?, not necessarily bounded or closed. J

Symmetric quadratic form in L?(R9)

Hl(Rd) S U hz[u] = HVUHLz(Rd .cd) 0‘”“’2“[_2 for a > 0.
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Definition of Hamiltonians with surface d-interactions

A Lipschitz hypersurface ¥ ¢ R?, not necessarily bounded or closed. J

Symmetric quadratic form in L?(R9)

HARY) 3 = 3 (0] = [V ulBagce) — alluls g, for o> 0.

The quadratic from hZ is closed, densely defined, and semi-bounded. J
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Symmetric quadratic form in L?(R9)

HARY) 3 = 3 (0] = [V ulBagce) — alluls g, for o> 0.

The quadratic from hZ is closed, densely defined, and semi-bounded. J

Schrodinger operator with d-interaction on ¥ of strength «

HZ - self-adjoint operator in L?(R?) associated to the form hZ.
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Definition of Hamiltonians with surface d-interactions

A Lipschitz hypersurface ¥ ¢ R?, not necessarily bounded or closed. J

Symmetric quadratic form in L?(R9)

HARY) 3 = 3 (0] = [V ulBagce) — alluls g, for o> 0.

The quadratic from hZ is closed, densely defined, and semi-bounded. J

Schrédinger operator with d-interaction on X of strength o

HZ - self-adjoint operator in L?(R?) associated to the form hZ.

The lowest spectral point for HX
ps(X) ;= inf o(HEL).
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Motivations
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Motivation from physics

(i) HZ models a ‘leaky’ quantum system wherein a particle is confined to
> but the tunnelling between different parts of X is not neglected.

(ii) Quantum graphs and waveguides do not explain the tunnelling!
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Motivation from physics

(i) HZ models a ‘leaky’ quantum system wherein a particle is confined to
> but the tunnelling between different parts of X is not neglected.

(ii) Quantum graphs and waveguides do not explain the tunnelling!

Motivation from spectral geometry

Characterise the spectrum of HZ in terms of X!

This question can be asked for various shapes of ¥

(i) EXNER-KOVARIK-15 and the references therein.

(ii) Universal description of spectrum for general ¥ can hardly be found!
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d-interactions on loops

Y C R? —a C%smooth loop. C C R? — a circle. J
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d-interactions on loops

Y C R? —a C%smooth loop. C C R? — a circle. J

Proposition
Oess(HE) = Ry and aq(HE) # @ for all a > 0.
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d-interactions on loops

Y C R? —a C%smooth loop. C C R? — a circle. J

Proposition
Oess(HE) = Ry and aq(HE) # @ for all a > 0.

Theorem (Exner-05, Exner-Harrell-Loss-06)

Y 2C

Y| =
{" o o) > ), vaso.
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d-interactions supported on open arcs
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d-interactions supported on open arcs

A topic of recent interest: DirTricH, EXNER, JEX, KONDEJ, KUHN, VL,
MANTILE, PANKRASHKIN, POSILICANO, ROHLEDER, SINI, ...
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Y C R? —a C®-smooth open arc. T C R? — a line segment.

v

Oess(HE) = Ry and o4(HE) # @ for all a > 0.
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d-interactions supported on open arcs

A topic of recent interest: DirTricH, EXNER, JEX, KONDEJ, KUHN, VL,
MANTILE, PANKRASHKIN, POSILICANO, ROHLEDER, SINI,

Y C R? —a C®-smooth open arc. T C R? — a line segment.

v

Oess(HE) = Ry and oq(HZ) # @ for all a > 0.

Theorem (V.L.-16)

Y| =|T
{’Z‘%T“ — () > pE(5), Va0,
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d-interactions supported on open arcs

A topic of recent interest: DirTricH, EXNER, JEX, KONDEJ, KUHN, VL,
MANTILE, PANKRASHKIN, POSILICANO, ROHLEDER, SINI,

Y C R? —a C®-smooth open arc. T C R? — a line segment.

v

Oess(HE) = Ry and oq(HZ) # @ for all a > 0.

Theorem (V.L.-16)

T =T
{’Z%T“ — () > pE(5), Va0,

1) Birman-Schwinger principle; 2) the line segment is the shortest path

connecting two fixed points; 3) strict monotonous decay of Kp(-)-
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Sketch of the proof
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Sketch of the proof

A: [0, L] — R? — arc-length parameterization of an arc A € R?. x > 0. J
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Sketch of the proof

A: [0, L] — R? — arc-length parameterization of an arc A € R?. x > 0. J

Q: 2N = 2V, (@) = [ Ko(wl(s) ~ ABlw(e)at
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Sketch of the proof

A: [0, L] — R? — arc-length parameterization of an arc A € R?. x > 0. J

Q: 2N = 2V, (@) = [ Ko(wl(s) ~ ABlw(e)at

a) Q= (QM*. b) Q) > 0. ¢) Q) € &. d) M} :=supa(QD). J
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Sketch of the proof

A: [0, L] — R? — arc-length parameterization of an arc A € R?. x > 0. J

Q: 2N = 2V, (@) = [ Ko(wl(s) ~ ABlw(e)at

a) Q= (QM*. b) Q) > 0. ¢) Q) € &. d) M} :=supa(QD). J

() mE>ml Ve >0 = u$(T) > pus(X), Va > 0; (BS-principle).

V. Lotoreichik (NPI CAS) Optimisation of the lowest eigenvalue for... 09.11.2016 8 /23



Sketch of the proof

A: [0, L] — R? — arc-length parameterization of an arc A € R?. x > 0. J

Q: 2N = 2V, (@) = [ Ko(wl(s) ~ ABlw(e)at

a) Q= (QM*. b) Q) > 0. ¢) Q) € &. d) M} :=supa(QD). J

() mE>ml Ve >0 = u$(T) > pus(X), Va > 0; (BS-principle).

(ii) m} — simple eigenval. of Q) with normalized eigenfunct. ¥)] > 0.
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Sketch of the proof

A: [0, L] — R? — arc-length parameterization of an arc A € R?. x > 0. J

Q: 2N = 2V, (@) = [ Ko(wl(s) ~ ABlw(e)at

a) Q= (QM*. b) Q) > 0. ¢) Q) € &. d) M} :=supa(QD). J

() mE>ml Ve >0 = u$(T) > pus(X), Va > 0; (BS-principle).

(i) mf

(iii) |Z(s) — Z(t)] < |T(s) — T(t)|, Vs,t € [0,L] and IM C [0, L]?,
|M| > 0 where this inequality is strict.

— simple eigenval. of QI with normalized eigenfunct. ¢ > 0.
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Sketch of the proof

A: [0, L] — R? — arc-length parameterization of an arc A € R?. x > 0. J

Q: 2N = 2V, (@) = [ Ko(wl(s) ~ ABlw(e)at

a) Q= (QM*. b) Q) > 0. ¢) Q) € &. d) M} :=supa(QD). J

() mE>ml Ve >0 = u$(T) > pus(X), Va > 0; (BS-principle).

(i) mf

(iii) |Z(s) — Z(t)] < |T(s) — T(t)|, Vs,t € [0,L] and IM C [0, L]?,
|M| > 0 where this inequality is strict.

— simple eigenval. of QI with normalized eigenfunct. ¢ > 0.

L ,L
mE = (QFvT wD)ee = [ [ KolkI(s) — S0 () (e)dsde
> [ [ KolwlT(s) — T(ODUT ()l (st = .
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Fixed endpoints

P, Q € R? — points. P # Q. J
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Fixed endpoints

P, Q € R? — points. P # Q. J

T C R? - the line segment connecting P and Q. J
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Fixed endpoints

P, Q € R? — points. P # Q. J
T C R? - the line segment connecting P and Q. J
Proposition
or ={P,Q}
T > puf(¥X), Va>0.
{Z o pg () > pf(X) o
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Fixed endpoints

P, Q € R? — points. P # Q. J
T C R? - the line segment connecting P and Q. J
Proposition
or ={P,Q}
T > puf(¥X), Va>0.
{Z o pg () > pf(X) o

Open question

The shape of the optimizer under two constraints simultaneously:
1) fixed endpoints P, Q € R?;
2) fixed length L € (|P — Q|,00)7
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No direct analogue in R3
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No direct analogue in R3

> C R3 - a (closed) compact Lipschitz surface. J
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No direct analogue in R3

> C R3 - a (closed) compact Lipschitz surface. J

Proposition
Oess(HE) = Ry and 04(HE) # @ iff @ > a.(X) with . (Z) > 0.
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No direct analogue in R3

> C R3 - a (closed) compact Lipschitz surface. J

Proposition

Oess(HE) = Ry and 04(HE) # @ iff @ > a.(X) with . (Z) > 0.

feC®((~1,1);Ry), f(£1) =0, f/(+1) = Foo and 27 [1, f(x)dx = 1
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No direct analogue in R3

> C R3 - a (closed) compact Lipschitz surface. J

Proposition
Oess(HE) = Ry and 04(HE) # @ iff @ > a.(X) with . (Z) > 0.

feC®((~1,1);Ry), f(£1) =0, f/(+1) = Foo and 27 [1, f(x)dx = 1

M: [0,27) x [-1,1]  (u, v) + (ef(v)cosu,ef(v)sinu,e~tv) € R3 J

Dumbbell — a counterexample in R3 (EXNER-FRAAS-09).
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No direct analogue in R3

> C R3 - a (closed) compact Lipschitz surface. J

Proposition
Oess(HE) = Ry and 04(HE) # @ iff @ > a.(X) with . (Z) > 0.

feC®((~1,1);Ry), f(£1) =0, f/(+1) = Foo and 27 [1, f(x)dx = 1

M: [0,27) x [-1,1]  (u, v) + (ef(v)cosu,ef(v)sinu,e~tv) € R3 J

Dumbbell — a counterexample in R3 (EXNER-FRAAS-09).

For all & > 0 and all sufficiently small £ > 0 holds oq(HZ) = @. J
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d-interactions on truncated cones

T C S? —a C%-smooth loop on the unit sphere. C C S? — a circle. J
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d-interactions on truncated cones

T C S? —a C%-smooth loop on the unit sphere. C C S? — a circle. J

Yr(T)={rT:re[0,R)} C R® - truncated cone of radius R with base T.J

>r(T) >r(C)
4( X
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d-interactions on truncated cones

T C S? —a C%-smooth loop on the unit sphere. C C S? — a circle. J

Yr(T)={rT:re[0,R)} C R® - truncated cone of radius R with base T.J

>r(T) >r(C)
4( X

Theorem (Exner-V.L.-15)

{’cc ’;;rm —  1(ZR(0) > 1§ (ZR(T)), Yo > au(Tr(C)).
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d-interactions on truncated cones

T C S? —a C%-smooth loop on the unit sphere. C C S? — a circle. J

Yr(T)={rT:re[0,R)} C R® - truncated cone of radius R with base T.J

>r(T) >r(C)
4( X

Theorem (Exner-V.L.-15)

{’cc ’;;rm —  1(ZR(0) > 1§ (ZR(T)), Yo > au(Tr(C)).

1) Birman-Schwinger principle. 2) Mean chord length inequality

—avy r2 c
(Lik6-66). 3) Convexity/decay of r — % for a, b,c > 0.
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d-interactions on truncated cones

T C S? —a C%-smooth loop on the unit sphere. C C S? — a circle. J

Yr(T)={rT:re[0,R)} C R® - truncated cone of radius R with base T.J

>r(T) >r(C)
4( X

Theorem (Exner-V.L.-15)

{’cc ’;;rm —  1(ZR(0) > 1§ (ZR(T)), Yo > au(Tr(C)).

1) Birman-Schwinger principle. 2) Mean chord length inequality

—avy r2 c
(Lik6-66). 3) Convexity/decay of r — e\/brzbi; for a, b,c > 0.

The borderline case a = o (Xr(C)): p§(Xr(C)) =0 and u§(Xg(7T)) <0.
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d-interactions on infinite cones
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d-interactions on infinite cones

T C S? —a C%-smooth loop. C C S? - a circle. J
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d-interactions on infinite cones

T C S? —a C%-smooth loop. C C S? - a circle. J

Y(T)={rT:r€[0,00)} C R? - infinite cone of with the base 7. J
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d-interactions on infinite cones

T C S? —a C%-smooth loop. C C S? - a circle. J

Y(T)={rT:r€[0,00)} C R? - infinite cone of with the base 7. J

Proposition (Behrndt-VL-Exner-14, Bruneau-Popoff-15)

ess(HET)) = [—a?/4, +00) and #0q(HEE)) =
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d-interactions on infinite cones

T C S? —a C%-smooth loop. C C S? - a circle. J

Y(T)={rT:r€[0,00)} C R? - infinite cone of with the base 7. )

Proposition (Behrndt-VL-Exner-14, Bruneau-Popoff-15)

ess(HET)) = [—a?/4, +00) and #0q(HEE)) =

Further analysis VL-OURMIERES-BONAFOS-16
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d-interactions on infinite cones

T C S? —a C%-smooth loop. C C S? - a circle. J

Y(T)={rT:r€[0,00)} C R? - infinite cone of with the base 7. J

Proposition (Behrndt-VL-Exner-14, Bruneau-Popoff-15)

ess(HET)) = [—a?/4, +00) and #0q(HEE)) =

Further analysis VL-OURMIERES-BONAFOS-16

Theorem (Exner-V.L.-15)

cl=im#2r [T 2o
CET HE(E(C)) = 1§ (E(T)), Va>o.
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d-interactions on infinite cones

T C S? —a C%-smooth loop. C C S? - a circle. J

Y(T)={rT:r€[0,00)} C R? - infinite cone of with the base 7. J

Proposition (Behrndt-VL-Exner-14, Bruneau-Popoff-15)

ess(HET)) = [—a?/4, +00) and #0q(HEE)) =

Further analysis VL-OURMIERES-BONAFOS-16

Theorem (Exner-V.L.-15)

cl=im#2r [T 2o
CET HE(E(C)) = 1§ (E(T)), Va>o.

Passing in the result for truncated cones to the limit R — +o0.
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Part |I. The Robin Laplacian

of a compact set, arXiv:1608.04896, 2016.

@ V. L., Spectral isoperimetric inequalities for §-interactions on open arcs and for the
Robin Laplacian on planes with slits , arXiv:1609.07598, 2016.
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Definition of the Robin Laplacian

Q ¢ R? - a Lipschitz domain with compact boundary 99. J
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Definition of the Robin Laplacian

Q ¢ R? - a Lipschitz domain with compact boundary 99. J

e Bounded domains. e Exterior domains. e Complements of hypersurfaces.
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Definition of the Robin Laplacian

Q ¢ R? - a Lipschitz domain with compact boundary 99. J

e Bounded domains. e Exterior domains. e Complements of hypersurfaces.

Symmetric quadratic form in L?(Q)

HY(Q) 5 v 2] := | Vullaggco) + BlluloalZ o for 8 € R.
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Definition of the Robin Laplacian

Q ¢ R? - a Lipschitz domain with compact boundary 99. J

e Bounded domains. e Exterior domains. e Complements of hypersurfaces.

Symmetric quadratic form in L?(Q)
HY(Q) 3 u— b3[u] == ”vu”%2(Q;(cd) + 5““|89Hfz(39) for 3 € R.

The quadratic from b% is closed, densely defined, and semi-bounded. J
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Definition of the Robin Laplacian

Q ¢ R? - a Lipschitz domain with compact boundary 99. J

e Bounded domains. e Exterior domains. e Complements of hypersurfaces.

Symmetric quadratic form in L?(Q)
HY(Q) 3 u— b3[u] == ”vu|ﬁ2(g;cd) + 5”“|8QH%2(3Q) for 3 € R.

The quadratic from b% is closed, densely defined, and semi-bounded. J

The Robin Laplacian on 2 with the boundary parameter

H% — the self-adjoint operator in L?(f) associated with the form hg.
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Definition of the Robin Laplacian

Q ¢ R? - a Lipschitz domain with compact boundary 99. J

e Bounded domains. e Exterior domains. e Complements of hypersurfaces.

Symmetric quadratic form in L?(Q)
HY(Q) 3 u— b3[u] == ”VUH%z(Q;Cd) + 5H“|8QH%2(39) for 3 € R.

The quadratic from h% is closed, densely defined, and semi-bounded. J

The Robin Laplacian on 2 with the boundary parameter
H% — the self-adjoint operator in L?(f) associated with the form f)g.

|
\

The lowest spectral point for H/Q

V7 (Q) := inf o(HD).

V. Lotoreichik (NPI CAS) Optimisation of the lowest eigenvalue for... 09.11.2016 14 /23



Motivations
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Motivation from physics

(i) Hg describes oscillating, elastically supported membranes.

(ii) H% arises in superconductivity.
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Motivation from spectral geometry

Characterise the spectrum of Hg in terms of Q!
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Motivation from physics

(i) Hg describes oscillating, elastically supported membranes.

(ii) H% arises in superconductivity.

Motivation from spectral geometry

Characterise the spectrum of Hg in terms of Q!

@ Methods and results are frequently very different from §-interactions. J

@ Although, the spectral problems have much in common.
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The Robin Laplacian on a bounded domain
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The Robin Laplacian on a bounded domain

Theorem (Bossel-86 (d = 2), Daners-06 (d > 3))

Q| =|B
{|§z|zzs|| — AB) <L @Q), vB>o.
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The Robin Laplacian on a bounded domain

Theorem (Bossel-86 (d = 2), Daners-06 (d > 3))

Q| =|B
{|§z|zzs|| — AB) <L @Q), vB>o.

— AB)< S @), vB>o.

{|a§z| = |08

QB
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The Robin Laplacian on a bounded domain

Theorem (Bossel-86 (d = 2), Daners-06 (d > 3))

Q=B
{|§z|zzs|| — AB) <L @Q), vB>o.

Corollary

{Iﬁﬂl =198l By <uB@), vB>o.

QB

Q 2 B, C?-smooth Q

{\39\ = |08
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The Robin Laplacian on a bounded domain

Theorem (Bossel-86 (d = 2), Daners-06 (d > 3))

Q=B
{|§z|zzs|| — AB) <L @Q), vB>o.

Corollary

{Iﬁﬂl =198l By <uB@), vB>o.

QB

— B B
B)>v{(), VB<O.
Q 2 B, C2-smooth vi(B) > v (Q), VB

{\39\ = |08

Open questions: generalisations of the last theorem for d > 3 and for
d = 2 under the constraint |Q2| = |B| for simply connected domains.
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The Robin Laplacian on exterior domains: fixed perimeter

V. Lotoreichik (NPI CAS) Optimisation of the lowest eigenvalue for... 09.11.2016 17 / 23



The Robin Laplacian on exterior domains: fixed perimeter

An exterior domain
Q C R? - bounded, simply connected, C*®-smooth. Q' := R?\ Q.

-
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The Robin Laplacian on exterior domains: fixed perimeter

An exterior domain
Q C R? — bounded, simply connected, C*®-smooth. Q¢ := R?\ Q.

-

Theorem (Krejéitik-VL-16, d = 2)

|0Q| = |0D|
Q 2D, Q convex

— A0 > L), vi<o.
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The Robin Laplacian on exterior domains: fixed perimeter

An exterior domain
Q C R? — bounded, simply connected, C*®-smooth. Q¢ := R?\ Q.

-

Theorem (Krejéitik-VL-16, d = 2)
{raﬂr _ jop|

B ext B roext
= D > Q¥Y), VB <O.
Q 2D, Q convex gl ) > nl ) b

e Min-max principle. ® Method of parallel coordinates. o [y, x = 27.
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The Robin Laplacian on exterior domains: fixed perimeter

An exterior domain
Q C R? — bounded, simply connected, C*®-smooth. Q¢ := R?\ Q.

-

Theorem (Krejéitik-VL-16, d = 2)

|0Q| = |0D|
Q 2D, Q convex

— A0 > L), vi<o.

e Min-max principle. ® Method of parallel coordinates. o [y, x = 27.

V. Lotoreichik (NPI CAS) Optimisation of the lowest eigenvalue for... 09.11.2016 17 / 23



The Robin Laplacian on exterior domains: fixed area
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The Robin Laplacian on exterior domains: fixed area

Dr —adisc of radius R. < 0. = R+~ yf(D}?‘t) is strictly decaying.
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The Robin Laplacian on exterior domains: fixed area

Dr —adisc of radius R. < 0. = R+~ yf(D}?‘t) is strictly decaying.

e Separation of variables. e Subtle properties of Bessel functions K,,.
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The Robin Laplacian on exterior domains: fixed area

Dr —adisc of radius R. < 0. = R+~ yf(D}’g‘t) is strictly decaying.

e Separation of variables. e Subtle properties of Bessel functions K,,.

Q=D
{' =1P = (D) > (@), V<o

Q 2D, Q convex
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The Robin Laplacian on exterior domains: fixed area

Dr —adisc of radius R. < 0. = R+~ Vlﬁ(D‘f?Xt) is strictly decaying.

e Separation of variables. e Subtle properties of Bessel functions K,,.

Theorem (Krejéitik-VL-16, d = 2)

Q =|D
<2 = |l = (D) > (@), V<o
Q 2D, Q convex
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The Robin Laplacian on exterior domains: fixed area

Dr —adisc of radius R. < 0. = R+~ Vf(D‘f?Xt) is strictly decaying.

e Separation of variables. e Subtle properties of Bessel functions K,,.

Theorem (Krejéitik-VL-16, d = 2)

Q=D
<2 = |l = (D) > (@), V<o
Q 2D, Q convex

e D C R? — the disc such that |8Q| = |0D|.

09.11.2016 18 / 23
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The Robin Laplacian on exterior domains: fixed area

Dr —adisc of radius R. < 0. = R+~ Vf(D‘f?Xt) is strictly decaying.

e Separation of variables. e Subtle properties of Bessel functions K,,.

Theorem (Krejéitik-VL-16, d = 2)

Q=D
<2 = |l = (D) > (@), V<o
Q 2D, Q convex

o D C R? - the disc such that |0Q| = [9D].
e Geometric isoperimetric inequality = |D| > |D].
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The Robin Laplacian on exterior domains: fixed area

Dr —adisc of radius R. < 0. = R+~ Vf(D‘f?Xt) is strictly decaying.

e Separation of variables. e Subtle properties of Bessel functions K,,.

Theorem (Krejéitik-VL-16, d = 2)

Q=D
{' =1P = (D) > (@), V<o

Q 2D, Q convex

o D C R? - the disc such that |0Q| = [9D].
e Geometric isoperimetric inequality = |D| > |D|.
e Spectral isoperimetric inequality = yf(QeXt)< Vf(DeXt).
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The Robin Laplacian on exterior domains: fixed area

Dr —adisc of radius R. < 0. = R+~ Vf(D‘f?Xt) is strictly decaying.

e Separation of variables. e Subtle properties of Bessel functions K,,.

Theorem (Krejéitik-VL-16, d = 2)

Q=D
{' =1P = (D) > (@), V<o

Q 2D, Q convex

o D C R? - the disc such that |0Q| = [9D].

e Geometric isoperimetric inequality = |D| > |D|.

e Spectral isoperimetric inequality = yf(QeXt)< Vf(ﬁe"t).

o Lemma = v (D) < o (D). O
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A counterexample for d = 2
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A counterexample for d = 2

Q, =D, UD/ where D.ND! = 2.
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A counterexample for d = 2

Q, =D, UD/ where D.ND! = 2.

A simple computation gives

Q2| = |Drg] — r=R/V2,
0Q,| = |0Dr| =  r=R/2
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A counterexample for d = 2

Q, =D, UD/ where D.ND! = 2.

A simple computation gives

Q2| = |Drg] = r=R/V2,
0Q,| = |0Dr| =  r=R/2.

Strong coupling (KOVARIK-PANKRASHKIN-16)

vy () = 7 (DF*) = B (% — 1) + o(B) as B — —o.

r
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A counterexample for d = 2

Q, =D, UD/ where D.ND! = 2. \

A simple computation gives

2| = [Dr| = r=R/V2,
0Q,| = |0Dr| =  r=R/2.

Strong coupling (KOVARIK-PANKRASHKIN-16)

vy () = 7 (DF*) = B (% — 1) + o(B) as B — —o.

For all 5 < 0 with

G| large enough

v (QP) > vy (DRY).
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No direct analogue for d > 3

V. Lotoreichik (NPI CAS) Optimisation of the lowest eigenvalue for... 09.11.2016 20 /23



No direct analogue for d > 3

Dumbbell-type domain
Q, s = Conv(Br(x0) U Br(x1)) where |xg — x1| = s.
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No direct analogue for d > 3

Dumbbell-type domain
Q, s = Conv(Br(x0) U Br(x1)) where |xg — x1| = s.

Vr >0 3s > 0 such that |Q, | = |Bg| or |09, s| = |0BRg]| |
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No direct analogue for d > 3

Dumbbell-type domain
Q, s = Conv(Br(x0) U Br(x1)) where |xg — x1| = s.

Vr >0 3s > 0 such that |Q, | = |Bg| or |09, s| = |0BRg]| )

Strong coupling (KOVARIK-PANKRASHKIN-16)

v (Q8) - 7 (B = 8 (L2 — S + o(8) as B — —oo.
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No direct analogue for d > 3

Dumbbell-type domain

Q, s = Conv(Br(x0) U Br(x1)) where |xg — x1| = s.

Vr >0 3s > 0 such that |Q, | = |Bg| or |09, s| = |0BRg]| )

Strong coupling (KOVARIK-PANKRASHKIN-16)

v (@) — v (BgY) = B (L2 — 58 ) +o(B) as B — —oo.

For sufficiently small r and all 5 < 0 with |3| large enough
v (Q8) > o] (BgY).
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The Robin Laplacian on a plane with a slit
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The Robin Laplacian on a plane with a slit

V. Lotoreichik (NPI CAS)
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The Robin Laplacian on a plane with a slit

Aﬂz /Rz\'T‘

Theorem (VL-16)

T =T
{|z|9;'r’| = (R°\T) >/ (R*\X), VB<O.
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The Robin Laplacian on a plane with a slit

Aﬂ: /W\'r

Theorem (VL-16)

T =T
{|Z|$éTH = (R°\T) >/ (R*\X), VB<O.

Proof.
o Symmetry = v2(R2\ T) = 12%(T).
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The Robin Laplacian on a plane with a slit

AN: /W\'r

Theorem (VL-16)

{|Z|=m —  R\T)>(R*\T), VB<O0.

YT

Proof.

e Symmetry = l/lﬁ(R2 \T)= M%’B(T)-
e Min-max + form ordering = yf(Rz \X¥) < ,ufﬁ(z)-

V. Lotoreichik (NPI CAS) Optimisation of the lowest eigenvalue for...

09.11.2016




The Robin Laplacian on a plane with a slit

AN: /W\'r

Theorem (VL-16)

Y| =|T
{|Z|9é'T‘H = (R°\T) >/ (R*\X), VB<O.

Proof.

o Symmetry = v2(R2\ T) = 12%(T).

e Min-max + form ordering = Vf(Rz \X) < ,ufﬂ(Z).
e The claim follows from uiﬂ(Z) < ,u%ﬁ('r). O
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Summary of the results
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Summary of the results

The lowest eigenvalue of surface d-interactions is optimized by:
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@ the line segment among open arcs of fixed length;
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Summary of the results

The lowest eigenvalue of surface d-interactions is optimized by:

@ the line segment among open arcs of fixed length;

@ the circular conical surface among conical surfaces with fixed length
of the base € (0, 27).
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Summary of the results

The lowest eigenvalue of surface d-interactions is optimized by:

@ the line segment among open arcs of fixed length;

@ the circular conical surface among conical surfaces with fixed length
of the base € (0, 27).

The lowest eigenvalue of the Robin Laplacian is optimized by:

@ the exterior of a disc among domains exterior to convex planar sets of
fixed perimeter / area.
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Summary of the results

The lowest eigenvalue of surface d-interactions is optimized by:

@ the line segment among open arcs of fixed length;

@ the circular conical surface among conical surfaces with fixed length
of the base € (0, 27).

The lowest eigenvalue of the Robin Laplacian is optimized by:

@ the exterior of a disc among domains exterior to convex planar sets of
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@ the exterior of a line segment among domains exterior to arcs of fixed
length.

V. Lotoreichik (NPI CAS) Optimisation of the lowest eigenvalue for... 09.11.2016 22 /23



Summary of the results

The lowest eigenvalue of surface d-interactions is optimized by:

@ the line segment among open arcs of fixed length;

@ the circular conical surface among conical surfaces with fixed length
of the base € (0, 27).

The lowest eigenvalue of the Robin Laplacian is optimized by:

@ the exterior of a disc among domains exterior to convex planar sets of
fixed perimeter / area.

@ the exterior of a line segment among domains exterior to arcs of fixed
length.

The lowest eigenvalue of the Robin Laplacian is not optimized by:
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Summary of the results

The lowest eigenvalue of surface d-interactions is optimized by:

@ the line segment among open arcs of fixed length;

@ the circular conical surface among conical surfaces with fixed length
of the base € (0, 27).

The lowest eigenvalue of the Robin Laplacian is optimized by:

@ the exterior of a disc among domains exterior to convex planar sets of
fixed perimeter / area.

@ the exterior of a line segment among domains exterior to arcs of fixed
length.

The lowest eigenvalue of the Robin Laplacian is not optimized by:

o the exterior of a ball among domains exterior to a bounded set in RY
(d > 3) of fixed volume or fixed area of the boundary.
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Summary of the results

The lowest eigenvalue of surface d-interactions is optimized by:

@ the line segment among open arcs of fixed length;

@ the circular conical surface among conical surfaces with fixed length
of the base € (0, 27).

The lowest eigenvalue of the Robin Laplacian is optimized by:

@ the exterior of a disc among domains exterior to convex planar sets of
fixed perimeter / area.

@ the exterior of a line segment among domains exterior to arcs of fixed
length.

The lowest eigenvalue of the Robin Laplacian is not optimized by:

o the exterior of a ball among domains exterior to a bounded set in RY
(d > 3) of fixed volume or fixed area of the boundary.

@ the exterior of a disc among domains exterior to planar (not
necessarily connected) sets of fixed area or fixed perimeter.
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Thank you for your attention!
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