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The model

non-stationary isothermal saturated water flow in a deformable porous medium
isotropic elastoplastic skeleton
negligible inertial effects

the assumption of small perturbations (small transformations, small displacements, small vari-
ations of the porosity and of the water mass density) + the assumption of small deformation
velocity

e continuum approach, continuity assumption

e compressive-positive pore pressures, tensile-positive stresses

e a summary from [Cou04] + the Eulerian approach based on [LS98] but extended from poroe-
lasticity by myself in the case of compressible solid matrix (Biot’s coefficient « < 1)

Notation
t — the time u — the displacement vector of the skeleton
id + u — the deformation of the skeleton F =TI + Vu — the deformation gradient
1
=3 (Vu+ (Vu)T) — the linear strain tensor €y = tre = divu — the volumetric strain

J = det(I + Vu) — the Jacobian of the deformation
(= 1+ ¢, under the assumption of small transformations)
n — the Eulerian porosity ¢ = Jn — the Lagrangian porosity

Balance equations

Water mass balance
The Eulerian form (in the current configuration):

Ds (pwn)
Dt
pw — the water mass density

+ ppndivo, + div(pwq,.,,) =0 (1)

vs — the solid velocity v, — the water velocity
q,., = n(v, —vs) — the water specific discharge relative to the solid
(or Darcy velocity or filtration vector)

D, 0 . .. . .
Dt~ 7 + vs - V — the total time derivative with respect to the solid
The Lagrangian form (in the initial configuration):
d
(’;‘;"b) 4 divM =0 2)

M = JF '(puq,,) — the Lagrangian relative flow vector of water mass



Solid mass balance
The Eulerian form:

Ds(ps(1 = 7))
Dt
ps — the solid mass density

+ps(1—n)dives =0 (3)

The Lagrangian alternative:

ps(L—n)J = pso(1l — ¢o) (4)
pso — the initial solid mass density
¢o(= ng) — the initial Lagrangian (= initial Eulerian) porosity

Equilibrium equation
The Eulerian form:

divo + (py(1 = 1)+ pun)f = 0 (5)
o — the Cauchy stress tensor f — a body force density

The Lagrangian counterpart:

diV(FH) + (Pso(l - ¢0) + pwd))f =0 (6)
II=JF '0F " — the Piola-Kirchhoff stress tensor

Constitutive relationships

Water density

dpw _ dpw (7)
Pw K,

pw — the water pressure K, — the water bulk modulus

Considering K,, constant (over some range of pressures), one can integrate (7) into the form:

Pw = pwoe(Pw*Pwo)/Kw

Pw0, Pwo — initial values of the water density and pressure

Darcy’s law

G = Mﬁ(fm T puf) (8)

w
k — the (intrinsic) permeability tensor of the porous medium
1y — the dynamic viscosity of water

Plastic strain and plastic porosity

Poroplasticity is the ability of porous materials to undergo permanent strains and permanent
changes in porosity. In the context of small transformations, the incremental strain de and the in-
cremental Lagrangian porosity d¢ can be decomposed into their reversible (elastic) and irreversible
(plastic) parts as follows:

de = de® + de? dé = do® + de?
de®’ — the incremental elastic strain d¢®’ — the incremental elastic Lagrangian porosity
deP — the incremental plastic strain d¢P — the incremental plastic Lagrangian porosity



Elastic and plastic strains and elastic and plastic Lagrangian porosities are defined as the integrals
of the increments from an initial reference state to the current one so that:

e=el+e”  p—go=0"+¢

One can say that the poroplastic constitutive relationships for the skeleton are obtained from
the poroelastic ones by replacing the (total) strain € with the reversible strain € = € — e? and
additionally also the porosity ¢ with the reversible part of porosity ¢ — ¢P in the Lagrangian
approach.

Stress tensor

do’ = do + dp,I = D(de — de? — debv) (9)
o' = o + puI — Terzaghi’s effective stress
D — a tangent elastic stiffness tensor of the solid skeleton
1

dePv = —
s 3K,

dp, I — the incremental strain of the solid matrix (grains) produced (10)
by an incremental water pressure dp,,

K, — the matrix bulk modulus
For an isotropic material
DI =3KI K — the skeleton bulk modulus
and one obtains:
do + adp,I = D(de — de?)

K
a=1- X Biot’s coefficient (11)

S

Porosity
(for the Lagrangian approach solely)

dpw

d¢ — d¢? = a(de, — deb) + (12)

el — the volumetric plastic strain N — Biot’s modulus

Considering o and N constant (over some ranges of strains and pressures), one can integrate (12)
into the form:

6= ¢ — 60 = ale, —eh) + LPu0
Moreover under the assumptions that K and K, are constant as well and the variations of the
porosity are small, the equality in (11) can be recovered and

(13)

1 —-n
. « no (14)
N K
Solid density
(for the Eulerian approach solely)
By assuming ps = ps(pw, tr o) one gets:
dpS . 1 aps 1 aps

d(tro’)

il p il
Ps Ps OPw v Ps 8(tr ‘7/)



Employing

1L ops 1 1 Ops 1
Ps 6p'w - Ks Ps a(tr U’l) o 3(1 — TL)KS
d
d(tro’) 2 tr D(de — de? — derv) 2 3K (dev —deb + f?”) (15)
and using the expression for « in (11), one arrives at:
dps 1 a—n
= dpy — (1 — a)(de, — deP ) 1
Ps 1 —n( K p ( a)(de 29 (16)

Complete equations

Lagrangian approach

When adopting the small perturbation assumption,

Npwd) _ 0 Opw (12),(7) OL(a*fvfaEi) 99?1 9pw Pw OPw
P\ ot ~ ot ot "N ot K, ot

o "o T o
N 1 b0\ Opw O,  Oeb %
pro<N+Kw> ot P\ o o ) TP

: . 8 .. k . k
div M =~ dlv(prTw) (:) div (pw(_va + ow)) ~ div (pwou(_pr + pw0f>)

w w

and the Lagrangian water mass balance equation (2) leads to:

1 @0\ OPw O, 0P o e k _
Pwo (N + Kw)ﬁt +pwoa(at T ) +pw0ﬁ = —div PwO:( Vow + puwof) (17)

Furthermore
div(FII) ~ dive Pw® = Puwodo

and the Lagrangian equilibrium equation (6) becomes:

divo + (pso(1 — ¢o) + puwodo) f =0 (18)

Eulerian approach

When adopting the assumptions of small perturbations and small deformation velocity,

Pw = Pwo n=ng Ps = Ps0
Ds 0 0 D,u ou Oey,
s _ 9 val divo. = di ~ div 2 —
Dt ot T ot WO = AV MV T o

and the Eulerian mass balance equations (1) and (3) and the constitutive equation for p, (16) can
be written as:

on Opw e, .
n + ng 5 + Puono " = = div(pwoq,y) (19)
(1—mn) 1—mngdps e,
1-— = 2
o " o T =0 (20)

Ps0 ot N KS ot

— _ vy
1—nyg aps ="y 3Pw (1 . Ol) <88v agv) (21)



Elimination of dps/0t from (20) by (21) gives:

on _ a—ngdpy Oey
o K, o Tl Tl

which inserted together with (7) and (8) into (19) yields:

0eb
ot

a—ng , no \puw Oy Oeb . k
pw0< e +Kw> o TP + puo(l — @) T d1v<,0wouw( pr+pwof)) (23)

Further
ps(1—n) = pso(1 —no) PwT = P00

and the Eulerian equilibrium equation (5) leads to:

’diVU + (pso(1 = 10) + puwono) f = 0‘ (24)

Additionally, taking o and K constant one can integrate (21) and (22) into:

1 a—nyg
s — Ps 1 (7 w — Pw —(1- v*p)
pe = paa(14 T (S 0w = ) — (- )(e, — D) )
o — N
n=mno+ —p % (pw — Puwo) + (@ — ng)ey + (1 — a)eh (25)

Remark. If D®P is the tangent elastoplastic tensor such that the constitutive equation for the
stress tensor (9) can be written as

do’ = DP(de — deP) (26)

then one can proceed as previously and reformulate the state equations (16) and (22) for p, and
n and the flow equation (23) in terms of D’ instead of Biot’s coefficient « including the skeleton
(elastic) bulk modulus K.

In particular, if one can take K such that (15) can be replaced by:

d(tro’) (20

dpw
tr D°P(de — deP) = 3K (dsv + [}; >

S

then the equations (16), (22) and (23) can be rewritten in the same form as for an isotropic elastic
skeleton with a®? =1 — K°? /K instead of a:

dps 1 (aep -n

dp,, — (1 — ae”)dsv>

Ps T 1-n K,
aj_aep—no% (Ep_n)ﬁel,
ot K, ot 0 ot
a? — ng ng \ Opw » 0%y . k
w 7 -— | &, w P— =—-d w0\ w w
p 0( . +Kw) 5 T Pwoa” = iv{ puo w( Vpw + pwo f)

Models of poroplasticity

An ideal poroplastic model

A poroelasticity domain Cg — a domain in the loading space {o" X p,, } such that the strain and
the change in porosity remain reversible along any loading path lying entirely within this domain.
It can be defined as:

Ceg ={(o,pw) | flo,pw) <0} f — a loading function



A yield surface — the boundary of Cg, where plastic evolutions may occur:

{(e,pw) | flo,pu) =0}

A set of plastically admissible loadings — the closure of Cg:

{(o,pw) | f(o,pu) <0}

For an ideal poroplastic material, the poroelasticity domain C'g is not altered by plastic evolutions.
A (plastic) flow rule — it specifies how the plastic evolutions occur:

de? = dAhe(o, pw) d¢? = dAhy (o, pw)
(he, hg) — a couple of functions defining the directions of plastic increments
d\ — a plastic multiplier scaling the intensity of the plastic increments

The complementarity conditions:
dA>0 <0 dr-f=0 (27)

The consistency condition:
dr-df =0 (28)

Non-negativeness of dissipated energy (plastic work):
o :de? +pde? >0
Owing to the non-negativeness of d\, this inequality requires (he, hy) to satisfy:

U:h€+ph¢20

A hardening poroplastic model
For a hardening poroplastic material, the poroelasticity domain Cg is generally altered by plastic
evolutions:

CE = {(UapUJ) | f(o-vaaC) < 0}

ou
¢C=1{¢} = —8—()() — evolutionary hardening forces accounting for the current

hardening state
U — a trapped energy

X = {xs} — a set of hardening state variables

The yield surface:
{(o.pw) | flo,pw,{) =0}

The set of plastically admissible loadings:

{(o,pw) | flo,pw,¢) <0}

Flow rule:

de? = dAhe (o, pw, €) d¢? = dA\hg (o, puw, C) dxy = d\hy (o, pw,€)

The plastic multiplier dX still obeys the complementarity conditions (27) and the consistency
condition (28).
Non-negativeness of dissipated energy:

o :de? +pd¢? + (ydxs =0



Owing to the non-negativeness of d\, this inequality requires (he, hy, hy) to satisfy:

o :he +phy +Cshy >0

Standard material — the loading function f is a so-called associated potential:

_of ., _of o

" oo *7 Opu ¢

he

Non-standard material — there exists a non-associated potential g # f:

_ 99 _ 99 _ 99
e

Matrix plastic incompressibility

The observable macroscopic volumetric plastic strain € undergone by the skeleton is due to both
the plastic change in porosity and the volumetric plastic strain €, undergone by the solid matrix.
One can show that in the framework of small transformations:

ey = (1 —no)eg, +¢° (29)

In soil and rock mechanics the plastic evolutions are caused by irreversible relative sliding of the
solid grains forming the matrix, whereas the volume change of the matrix due uniquely to plasticity
turns out to be negligible. This entails e?, = 0 and (29) results in:

P =ep (30)
In the case of an associated flow rule, this further yields:

of
Opw

=d¢P =deb :d)\trg

dA 9

which requires the loading function f to depend only upon Terzaghi’s effective stress o' = o +p, I
instead of an arbitrary couple (o, p,,). This holds even for Biot’s coefficient o < 1.

By extension, in the context of a non-associated flow rule both the loading function f and the
non-associated potential g are expressed as functions only of ¢’ (and the set of hardening forces
¢ in the case of hardening). The elasticity and the plasticity criteria then read:

fle') <0, fle)=0  (f('.¢)<0, f(a',¢)=0)

and the flow rule is written in the form:

0 0
de? =dAz% dgP =def <dXJ — dAaCi)
Isotropic hardening — the poroelasticity domain dilates (hardening) or contracts (softening)
in an isotropic way around the origin of the effective loading space {o”'}. A hardening scalar force
(¢ is introduced to define this homothetical transformation.
Kinematic hardening — the poroelasticity domain moves in a rigid way in the effective loading
space {o'}. A second-order tensor ¢ is introduced to define this translation.



Concluding remarks

The Lagrangian approach seems to be more general than the Eulerian one since it enables to
separate the plastic change in porosity from the volumetric plastic strain — recall the plastic strain
partition (29). In the case of matrix plastic incompressibility with (30) and the expressions for
a and 1/N from (11) and (14) (and with ¢g = ng as the initial configuration coincides with the
current one at time ¢ = 0):

e The Lagrangian system (17)&(18) reduces to the Eulerian one (23)&(24).

e The equation (13) for the Lagrangian porosity ¢ is related to the equation (25) for the Eulerian

porosity n by
p=Jdn~(1+e,)n

when €, €0 and p,, — pyo are small.

Further note that a plastic evolution appears in the Eulerian flow equation (23) only for Biot’s
coefficient @ < 1 (an elastically compressible matrix).
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