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Oblique proton fire hose instability in the expanding solar wind:

Hybrid simulations

Petr Hellinger1,2 and Pavel M. Trávńıček2,1

Abstract. Oblique fire hose instability is investigated using hybrid simulations for proton
betas of the order of one and for proton parallel temperatures sufficiently greater than the per-
pendicular ones. The simulations confirm previous simulation results showing that this insta-
bility has a self-destructing properties and efficiently reduces the proton temperature anisotropy.
A parametric study using one-dimensional standard hybrid simulations shows that stronger changes
in the temperature anisotropy and stronger wave emissions appear for larger initial temper-
ature anisotropies. An ideal, slow plasma expansion, modelled by a two-dimensional hybrid
expanding box simulation, leads to a generation of proton temperature anisotropy. The anisotropy
leads first to destabilization of the dominant parallel fire hose which interacts mainly with mi-
nor supra-Alfvénic protons whereas the evolution of core protons is determined by the expan-
sion. Consequently, the effective anisotropy is only slightly reduced and the system eventu-
ally becomes unstable with respect to the oblique fire hose instability. The oblique fire hose
strongly scatters the protons and removes the anisotropy disrupting the parallel fire hose. An
important portion of the fluctuating wave energy is dissipated to protons and only long-wavelength
waves remains in the system. The system with a low wave activity then develops again larger
temperature anisotropies and the evolution repeats itself. It is concluded that both parallel and
oblique proton fire hose instabilities constrain the protontemperature anisotropy in the expand-
ing solar wind with the latter one constituting a final frontier for the anisotropy. These results
give a possible explanation of some apparent discrepanciesbetween observations and linear
predictions. In addition, a simple bounded anisotropy model is developed to include some of
the kinetic effects of the fire hose instabilities in fluid models.

1. Introduction

Proton velocity distribution functions in the solar wind strongly
differ from the Maxwellian shape [cf.,Marsch et al., 1982] and may
be sources of free energies for kinetic instabilities. These instabil-
ities constitute limits on possible distribution shapes. The statisti-
cally significant data set of the WIND/SWE experiment [Kasper
et al., 2002, 2006] presents strong evidences of such a limiting
role of instabilities. The data show clear signatures of constraints
on the proton temperature anisotropiesT⊥p/T‖p (whereT⊥p and
T‖p are the proton perpendicular and parallel temperatures, respec-
tively) ordered by the proton parallel betaβ‖p. These constraints
are compatible with the theoretical marginal stability conditions for
the mirror and oblique fire hose instabilities in the plasma con-
sisting of isotropic Maxwellian electrons and bi-Maxwellian pro-
tons [Hellinger et al., 2006]. Moreover, observations byBale
and Kasper[2008] show enhanced transverse magnetic fluctuations
near the marginal stability region of the oblique fire hose aswell as
compressional magnetic fluctuations near the marginal stability re-
gion of mirror instability. However, the observed constraints are
not compatible the theoretical marginal stability conditions of the
linearly dominant instabilities, the proton cyclotron instability and
the parallel fire hose (for the Maxwellian electrons, bi-Maxwellian
protons). This disagreement between these observations and the
linear prediction may be due to the assumptions of the plasmacom-
position (and other parameters) used for the linear calculations; for
example, on the linear level in the case ofT⊥p > T‖p a presence
of a small abundance of alpha particles in the plasma [commonly
observed in the solar wind, cf.,Kasper et al., 2007] may strongly
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attenuate the proton cyclotron instability in favor of the mirror in-
stability [Price et al., 1986].

The linear analysis is not a sufficient tool to understand he for-
mation of the proton distribution functions in the expanding solar
as this is a dynamic nonlinear processes. The observed temperature
anisotropies (and in general departures from the Gaussian distribu-
tion) are determined by a competition between the mechanisms that
drive them and the mechanisms that reduce them. In the expand-
ing solar wind with a dominant radial magnetic field the expansion
tends to drive the anisotropyT⊥p < T‖p. On the other hand, the
turbulence/wave activity may heat in the perpendicular direction
trough the cyclotron resonance [cf.,Hollweg and Isenberg, 2002]
which leads to the opposite anisotropyT⊥p > T‖p. Furthermore,
Coulomb collisions reduce the temperature anisotropy and,finally,
for sufficient anisotropies the kinetic instabilities set in. Helios ob-
servations [Marsch et al., 1982] show thatT⊥p/T‖p decreases with
the distance between 0.3 and 1 AU (especially for a fast solarwind)
and the plasma approaches regions unstable with respect thefire
hose instabilities [Matteini et al., 2007].

Hybrid expanding box simulations [Hellinger et al., 2003;Mat-
teini et al., 2006] that model the interaction between the expan-
sion and the ion kinetic instabilities indicate forβ‖p ∼ 1 that the
parallel fire hose interacts mainly with minor supra-Alfvénic pro-
tons whereas the evolution of core protons is determined by the
expansion. Consequently, the effective anisotropy is onlyslightly
reduced and the system may become unstable with respect to the
oblique fire hose instability. In this paper we extend the work of
Hellinger et al.[2003] andMatteini et al.[2006] on the competi-
tion between the expansion and the proton fire hose instabilities.
The paper is organised as follows: section 2 gives a short overview
of the linear and nonlinear properties of the parallel and oblique fire
hose instabilities. Section 3.1 presents a parametric study of one-
dimensional (1-D) hybrid simulations of the oblique fire hose. Sec-
tion 3.2 presents results of a two-dimensional (2-D) hybridexpand-
ing box simulation. Section 4 introduces a simple fluid bounded
anisotropy model that mimic the effect of the two fire hose on the
proton temperature anisotropy. Finally, section 5 summarizes the
present results.
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2. Brief overview of the fire hose instabilities

In the low frequency, long wave-length limit [Tajiri , 1967] of
the linearized Vlasov-Maxwell equation on can get a threshold of
the (fluid) fire hose instability in the form

β‖ − β⊥ > 2 (1)

whereβ‖ andβ⊥ are the total parallel and perpendicular plasma
beta, respectively. However, a numerical solution of the linearized
Vlasov-Maxwell equation in a plasma consisting of Maxwellian
electrons and bi-Maxwellian protons predicts existence of(at least)
two kinetic electromagnetic instabilities. First one is a propagat-
ing instability with a maximum growth rate at the parallel direction
with respect to the magnetic field, here termed parallel (proton) fire
hose [Quest and Shapiro, 1996;Farrugia et al., 1998;Gary et al.,
1998]. This instability drives proton whistler waves whichare es-
sentially transverse (with respect to the ambient magneticfield)
and have nearly circular right-handed polarization. They have fre-
quencies around the proton cyclotron frequency and wave lengths
around the proton inertial length. Second one is a non propagat-
ing instability with a maximum growth rate at an oblique direction,
here termed oblique (proton) fire hose [Hellinger and Matsumoto,
2000]. This instability drives linearly polarized transverse waves
with wave lengths around the proton inertial length.

The numerical approach makes a determination of the thresh-
old condition for the two instabilities difficult. Therefore, instead
of searching the threshold condition, it is more convenientto solve
a marginal stability condition [cf.,Gary et al., 1998] γm = γ0

(whereγm is the maximum growth rate for given plasma param-
eters) for some small value ofγ0. One can get the approximate
marginal stability conditions by fitting the equationγm = 10−3Ωp

with an analytical formula with only few fitting parameters [Gary
et al., 1998;Hellinger et al., 2006]: for the parallel fire hose one
can get

T⊥p

T‖p
≃ 1 −

0.47

(β‖p − 0.59)0.53
(2)

whereas for the oblique fire hose one can get

T⊥p

T‖p
≃ 1 −

1.4

(β‖p + 0.11)1.0
(3)

within the parameter range

0.1 < β‖p < 30 and 0.1 < T⊥p/T‖p < 1

. Note that the two instabilities are active even below the fluid
threshold, Equation (1), i.e., even for

T⊥p

T‖p

> 1 −
2

β‖p

. (4)

This disagreement is explained by the fact that these kinetic insta-
bilities drives waves with short wave-lengths (comparableto proton
inertial length) where the low frequency, long wave-lengthapprox-
imation used for the derivation of Equation (1) is not applicable.

The parallel fire hose drives ion whistler waves with the real
frequency aboutΩp. This instability is resonant with protons [for
β‖p < 25, seeGary et al., 1998] through the anomalous cyclotron
resonance

ω − k‖v‖ = −Ωp. (5)

The oblique fire hose drives non propagating oblique, transverse
linearly polarized waves which result from a dispersion change
of the standard propagating left-handed Alfvén waves in a plasma
with the proton temperature anisotropyT⊥p < T‖p [Hellinger and
Matsumoto, 2000]. In our previous work we have erroneously as-
sumed that the oblique fire hose is non-resonant. It turns outthat
the oblique fire hose is an instability resonant with protonsthrough
the cyclotron resonances

ω − k‖v‖ = ±Ωp. (6)

It interesting to note that the oblique proton fire hose has many
properties, including the resonant ones, analogous to those of the
non propagating oblique electron fire hose [Li and Habbal, 2000;
Gary and Nishimura, 2003].

The linear dispersion predicts that the parallel fire hose isdom-
inant for lower betas,β‖p . 4, whereas the oblique one is dom-
inant for higherβ‖p. However, the two instabilities have similar
growth rates for a wide range of plasma parameters and their non-
linear competition is an open question as their nonlinear properties
of the two instabilities (inferred from numerical simulations) are
quite different.Gary et al.[1998] andMatteini et al.[2006] showed
that that the parallel fire hose (for weak growth rates) saturates in
a quasilinear manner. The instability drives the ion whistler waves
that saturate at marginal stability and lead to an importantperpen-
dicular diffusion in the resonant region (which appears typically for
parallel velocities above the Alfvén velocity). On the other hand,
the oblique fire hose has a self-destructing behavior and maygrow
even when the parallel fire hose is saturated. The oblique firehose
drives the non propagating waves which scatter protons in the per-
pendicular direction (in the resonant region around the Alfvén ve-
locity). This scattering leads to the dispersion change of the driven
waves to the standard propagating Alfvén waves which are strongly
damped. Some part of the fluctuating energy survives throughan
inverse cascade towards longer wavelengths and less oblique angles
[Hellinger and Matsumoto, 2000, 2001].

3. Simulation results

3.1. Standard 1-D hybrid simulations

Let us start with standard 1-D hybrid simulation of the oblique
proton fire hose instability. For these numerical simulations we use
a modified version of the 1-D hybrid code developed byMatthews
[1994]. In this code, electrons are considered as a massless, charge
neutralizing fluid, with a constant temperature; ions are described
by a particle-in-cell model and are advanced by a leapfrog scheme
that requires the fields to be known at half time steps ahead ofthe
particle velocities. This is achieved by advancing the current den-
sity to this time step with only one computational pass through the
particle data at each time step. The particle leapfrog advance is
based on the Boris’ implicit scheme with the electromagnetic field
at the particle position obtained from the mesh points by linear
weighting. The particle contribution to the current density at the
relevant mesh points is evaluated with linear weighting, aswell,
followed by smoothing over three points. No smoothing is per-
formed on the electromagnetic fields, and the resistivity isset to
zero in Ohm’s law. The magnetic field is advanced in time with a
modified midpoint method, which allows time substepping forthe
advance of the field.

In this section we investigate results of a set of 1-D standard
hybrid simulations with different initial plasma parameters, β‖p

andT⊥p/T‖p (see Table 1) giving the same maximum growth rate
γm = 5 · 10−3Ωp. For each case we chose the angleθm (between
the simulationx-direction and the ambient magnetic fieldB0) to
be the angle betweenB0 and the wave vector of the most unstable
modekm (km being its amplitude).

For these standard 1-D simulations there are 2048 grid points
in x-direction with the spatial resolution∆x = 0.25c/ωp and
there are 131,072 macroparticles per cell. The time step is∆t =
2 · 10−2/Ωp while the field is advanced with∆tB = ∆t/4. Elec-
trons haveβe = 1 and the standard periodic boundary conditions
are used.

Table 1. Initial conditions for the set of 1-D standard hybrid simulations

Run # γm/Ωp β‖p T⊥p/T‖p kmc/ωp θm

1 1.5 0.134 0.714 56.1◦

2 2 0.332 0.498 47.7◦

3 5 · 10−3 4 0.659 0.306 40.8◦

4 8 0.828 0.208 38.8◦

5 16 0.913 0.147 38.6◦
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A typical evolution of the 1-D standard hybrid simulation is
shown in Figure 1 which shows the results of run 1 (see Table 1).
Figure 1 shows (left top) a gray scale plot ofBz as a function of
time andx (only a part of the simulation box is shown). (right top)
The fluctuating magnetic energyδB2/B2

0 as function of time. (left
bottom) The proton temperature anisotropyT⊥p/T‖p as a function
of time. (bottom right) The parallel proton betaβ‖p a function of
time. Figure 1 shows that the wave energy slowly grow initially
and the generated waves are non propagating. The magnetic en-
ergy saturates and decays and the generated waves becomes prop-
agating. The temperature anisotropy strongly decreases,T⊥p/T‖p

increases, andβ‖p decreases.
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Figure 1. Evolution in run 1 (see Table 1): (left top) Gray scale
plot of Bz as a function of time andx (only a part of the simula-
tion box is shown). (right top) The fluctuating magnetic energy
δB2/B2

0 as function of time. (left bottom) The proton temper-
ature anisotropyT⊥p/T‖p as a function of time. (bottom right)
The parallel proton betaβ‖p a function of time.

Figure 2 shows results of run 1, the proton distribution function
at (left) t = 1000/Ωp and (right)t = 1500/Ωp as contour plots.
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Figure 2. Contour plots of the proton distribution function
f(v‖, v⊥) in run 1 (see Table 1) at (left)t = 1000/Ωp and
(right) t = 1500/Ωp .

Figure 2 evidences strong cyclotron diffusion of the protons with
v‖ ∼ vA and smallv⊥ towards higherv⊥. A more detailed in-
spection of the proton distribution function indicate alsoa signature
of the Landau resonance, a weak parallel heating of protons with
v‖ . vA [cf., Hellinger and Trávnı́ček, 2006].

Figure 3 shows results of the set of the standard 1-D hybrid sim-
ulations (with parameters given in Table 1). Left panel shows paths
in (β‖p, T⊥p/T‖p) from the initial conditions (empty circles) to the
final conditions (full circles). The solid curve denotes therelation
γm = 5·10−3Ωp. For comparison, the dotted curve shows the fluid
threshold, Equation (4). Right panel of Figure 3 displays the max-

imum (full circles) and final (empty circles) fluctuating magnetic
energyδB2/B2

0 as a function of the initialβ‖ p.
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Figure 3. Standard 1-D hybrid simulations: (left) Paths in
(β‖p, T⊥p/T‖p) from the initial conditions (empty circles) to
the final conditions (full circles). The solid curve denotesthe
relationγm = 5 · 10−3Ωp. The dotted curve shows the fluid
threshold (4). (right) Maximum (full circles) and final (empty
circles) fluctuating magnetic energyδB2/B2

0 as a function of
the initialβ‖ p.

Figure 3 (left panel) shows that stronger changes in the tem-
perature anisotropy appear for lower betas and stronger initial
anisotropies. Figure 3 (right panel) shows that the maximum
and final fluctuating magnetic energyδB2/B2

0 tends be stronger
for stronger initial anisotropy (smallerT⊥p/T‖p corresponding to
greaterβ‖p).

3.2. Expanding box simulation

In standard hybrid simulations the system starts in the unstable
region whereas in the solar wind the system starts in the stable re-
gion and the expansion drives the temperature anisotropy [cf., Mat-
teini et al., 2007]. To study the response of the plasma to a slow
expansion we use the expanding box model [Grappin et al., 1993]
implemented to the hybrid code byMatthews[1994]. The expand-
ing box simulations can model both the anisotropy formationfrom
expansion and its relaxation via fire hose instabilities. Inthis hy-
brid expanding box (HEB) model [Liewer et al., 2001;Hellinger
et al., 2003] the expansion is described as an external force. One
assumes a solar wind with a constant radial velocityU at a radial
distanceR. Transverse scales (with respect to the radial direction)
of a small portion of plasma, co-moving with the solar wind ve-
locity, increase with timey, z ∝ (1 + t/te)y, z wherete = R/U
is a characteristic time of the expansion. The expanding boxuses
these co-moving coordinates, the physical transverse scales of the
simulation box increase with time [seeHellinger and Trávnı́ček,
2005, for detailed description of the code] and the standardperi-
odic boundary conditions are used.

The characteristic spatial and temporal units used in the model
are c/ωp0 and1/Ωp0 respectively, wherec is the speed of light,
ωp0 = (n0e

2/mpǫ0)
1/2 is the initial proton plasma frequency, and

Ωp0 = eB0/mp is the initial proton gyrofrequency (B0: the initial
magnitude of the ambient magnetic fieldB0, n0 is the initial den-
sity,e andmp are the proton electric charge and mass, respectively;
finally, ǫ0 is the dielectric permittivity of vacuum). We use the spa-
tial resolution∆x = ∆y = c/ωp0, and there are1, 024 particles
per cell. Fields and moments are defined on a 2-D (periodic)x–y
grid with dimensions256 × 256. Protons are advances using the
Boris’ scheme with a time step∆t = 0.02/Ωp0 , while the mag-
netic fieldB is advanced with a smaller time step∆tB = ∆t/10.
The initial ambient magnetic field is directed along the radial, x
direction,B0 = (B0, 0, 0), and we impose a continuous expan-
sion iny andz directions with a characteristic timete = 104/Ωp0.
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For the strictly radial magnetic field the expansion leads toa de-
crease of the ambient density and magnitude of the magnetic field
as (1 + t/te)

−2. The double adiabatic prediction of the proton
temperature anisotropy and parallel beta in the expanding box is

T‖p

T⊥p
∝ β‖p ∝

„

1 +
t

te

«2

. (7)

The evolution in the 2-D HEB simulation is shown in Figure 4
as a path in the space(β‖p, T⊥p/T‖p) by solid curve; the empty
circles denote the initial conditions whereas the full circles denotes
the end of a first oscillation. The dashed contours shows the linear
prediction in a homogeneous plasma with bi-Maxwellian protons:
the maximum growth rate (in units ofΩp) as a function ofβ‖p

andT⊥p/T‖p for (left) the parallel proton fire hose and (right) the
oblique one.
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Figure 4. Evolution in 2-D HEB simulation: Path in the space
(β‖p, T⊥p/T‖p) is shown by solid curve; the empty circles de-
note the initial conditions whereas the full circles denotes the
end of a first oscillation. The dashed contours shows the linear
prediction in a homogeneous plasma with bi-Maxwellian pro-
tons: the maximum growth rate (in units ofΩp) as a function
of β‖p andT⊥p/T‖p for (left) the parallel proton fire hose and
(right) the oblique one.

The evolution of the simulated expanding exhibit oscillations
in the space(β‖p, T⊥p/T‖p); let us look in detail at the first pe-
riod between the beginning, denoted by the empty circle, andthe
full circle. This period may be divided in three phases. During
the first phase, the system follows the double-adiabatic prediction;
this phase ends around the first crossing of theγm = 10−3Ωp

contour of the parallel fire hose, att ∼ 0.4te (Figure 4, left
panel). This double adiabatic evolution is modified during the sec-
ond phase when the system enters the region unstable with respect
to the parallel fire hose. The system is able to get relativelyfar
into the instable region so that in enters the unstable region with
respect to the oblique fire hose. During the third phase the sys-
tem then rapidly jumps back to the region stable to with respect to
the oblique fire hose. This phase starts close to the first crossing
of the γm = 10−3Ωp contour of the oblique fire hose (Figure 4,
right panel), at aboutt = 0.8te and it ends at aboutt = 0.9te

(denoted by the full circles on Figure 4). Afterwards, another os-
cillation starts with the proton anisotropy increasing in anearly
double-adiabatic manner. The oscillation between the unstable and
stable regions (with respect to the oblique fire hose) repeats two
more times, although with smaller variations of the temperature
anisotropyT⊥p/T‖p. This evolution indicate a presence of the par-
allel fire hose instability during the second phase and of theoblique
fire hose instability during the third phase.

In order to verify a presence of the two instabilities let us look at
the wave spectra in the simulation. The evolution of the wavespec-
tra is displayed in Figure 5 which shows (top left) the distance from
the marginal stabilityΓof (with respect to the oblique fire hose) de-

fined from Equations (3) as

Γof =
1.4

(β‖p + 0.11)1.0
+

T⊥p

T‖p

− 1 (8)

as a function of time (dashed curve shows the double-adiabatic pre-
diction). (top right) Fluctuating magnetic energyδB2/B2

0 as a
function of time; dashed curve shows the fluctuating magnetic en-
ergyδB2/B2

0 at oblique angles,|θkB| > 20◦. (bottom left) Gray
scale plot of the fluctuating magnetic energyδB2 as a function of
time and the wave vectorkc/ωp. (bottom right) Gray scale plot
of the fluctuating magnetic energyδB2 as a function of time and
angleθkB. Note that the inertial length increases with time

c/ωp ∝ n−1/2 ∝ 1 + t/te

so that the physical resolution is time dependent. Along thenon ex-
pandingx-axis we have∆xωp/c ∝ 1/(1 + t/te) whereas for the
expandingy-axis we have∆yωp/c is constant as the increase of
c/ωp is compensated by the expansion. Consequently, the spatial
resolution of quasi-parallel waves with a wavelength aboutc/ωp is
initially somewhat poor but becomes better later when the parallel
fire hose sets in.
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Figure 5. Evolution in 2-D HEB simulation: (top left) Distance
from the marginal stabilityΓof (Equation (8)) as a function of
time (dash-dotted curve shows the double-adiabatic prediction).
(top right) Fluctuating magnetic energyδB2/B2

0 as a function
of time (dashed curve shows the fluctuating magnetic energy
δB2/B2

0 at oblique angles,|θkB | > 20◦). (bottom left) Gray
scale plot of the fluctuating magnetic energyδB2 as a function
of time and the wave vectorkc/ωp. (bottom right) Gray scale
plot of the fluctuating magnetic energyδB2 as a function of
time and angleθkB.

Figure 5 confirms the existence of a wave activity in the sim-
ulation, generated by the two instabilities. Most of the fluctu-
ating magnetic energyδB2/B2

0 appears at quasi-parallel angles
|θkB | . 20◦. During the first phase,t . 0.3te, there is no dis-
cernible fluctuating magnetic energy and the system followsthe
double-adiabatic evolution. During the second phase,0.3te . t .
0.8te, waves driven by the parallel fire hose slowly appear with
the maximum intensity at the parallel propagation and the wave
vector aboutωp/c; during this phase the system path start to de-
viates from the double-adiabatic evolution. During the short third
phase,0.8te . t . 0.9te, waves driven by the oblique fire hose
rapidly appear at wide range of oblique angles with wave vectors
∼ 0.6ωp/c. These waves also rapidly disappear and are partly
damped to protons, partly cascade to longer wavelength and less
oblique angles. The proton scattering due to the oblique firehose
leads to damping of an important portion of wave energy con-
tained in the waves due to the parallel fire hose. The cycle of the
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three phases then repeats itself. During these cycles, the wave en-
ergyδB2/B2

0 at quasi-parallel angles increases; these wave consist
partly of waves driven by the parallel fire hose, partly of waves re-
sulting from the inverse cascade from oblique fire hose.

The waves generated by the two instabilities interact with pro-
tons in a different way. The ion whistler waves generated by the
parallel fire hose instability interact through the anomalous cy-
clotron resonance whereas, the initially non propagating waves,
transformed to standard Alfvén waves during the nonlinearevo-
lution of the oblique fire hose interact with protons throughthe cy-
clotron and Landau resonances. Figure 6 displays the protondistri-
bution functionf(v‖, v⊥) at (left) t = 0.8te, (i.e. at the end of the
second phase) and (right)t = 1.2te, (i.e. at the time of the local
minimum ofδB2/B2

0 , see Figure 5) as contour plots.
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Figure 6. Contour plots of the proton distribution function
f(v‖, v⊥) at (left) t = 0.8te and (right)t = 1.2te.

Figure 6 (left panel) shows the result of the interaction between
protons and the parallel fire hose driven ion whistler waves:af-
fected are mainly particles with high parallel velocities|v‖| ∼ 2vA

which are required for the anomalous cyclotron resonance [Mat-
teini et al., 2006]. Figure 6 (right panel) shows mainly the ef-
fect of the proton scattering by the oblique fire hose driven waves.
This scattering affects strongly particles with|v‖| ∼ vA. Detailed
analysis also indicate a weak parallel heating of the core protons
|v‖| < VA.

The presented simulations results are only weakly dependent on
the numerical parameters. We have performed additional simula-
tions with different resolutions and box sizes and we have obtained
quantitatively similar results. On the other hand, the characteris-
tic expansion timete is an important parameter. For a faster ex-
pansion, smallerte, the system enters further to the theoretically
unstable regions in the space(β‖p, T⊥p/T‖p) [cf., Matteini et al.,
2006;Hellinger and Trávnı́ček, 2005] but the overall evolution of
the system is qualitatively similar. With the present computational
capabilities we cannot perform simulations with a slower expan-
sion. We expect similar results even for a slower expansion.It is,
however, possible that for a sufficiently slow expansion theevolu-
tion is governed only by the parallel fire hose instability [Matteini
et al., 2006].

4. Bounded anisotropy model

Here we propose a bounded anisotropy model [Denton et al.,
1994], as a possible way how to include kinetic wave-particle in-
teraction due to the two fire hose instabilities following for fluid
modeling. The behavior of the parallel and perpendicular tempera-
tures in the double-adiabatic approximation is given by
„

dT⊥p

dt

«

CGL

= T⊥p
d log B

dt
„

dT‖p

dt

«

CGL

= −2T‖p
d log(B/n)

dt
. (9)

whereB andn are the magnitude of magnetic field and the pro-
ton number density, respectively. Effect of wave-particleinterac-
tion on the fluid level may be described by an energy-conserving
isotropization term that couples the two temperatures

dT⊥p

dt
=

„

dT⊥p

dt

«

CGL

+ ν
`

T‖p − T⊥p

´

dT‖p

dt
=

„

dT‖p

dt

«

CGL

+ 2ν
`

T⊥p − T‖p

´

(10)

where the isotropization frequencyν is assumed to be a sum of
contributions corresponding to each instability,ν = νpf +νof . The
contribution of the parallel fire hose is chosen to be simply propor-
tional to the distance from the marginal stabilityΓpf (with respect
to the parallel fire hose) defined from Equations (2) as

Γpf =
0.47

(β‖p − 0.59)0.53
+

T⊥p

T‖p
− 1. (11)

The contribution is chosen in this simple form:

νpf(β‖p, T⊥p/T‖p) =



0 for Γpf ≤ 0
νpf0Γpf for Γpf > 0

(12)

For the oblique fire hose we chose the isotropization frequency
νof with a memory. Initially, in the stable region, forΓof < 0
(whereΓof is defined in Equation (8)) we setνof = 0. Inside the
unstable region,Γof > 0, νof is for simplicity assumed to be con-
stant

νof(β‖p, T⊥p/T‖p) = νof0 (13)

whereas outside, forΓof < 0 , νof decreases with a characteristic
timeτ

dνof

dt
= −

νof

τ
. (14)

We takeνpf0 = 6 · 10−5Ωp0, νof0 = 10−3Ωp0 and τ =
200/Ωp0 , the same initial parameters (β‖p = 0.5 andT⊥p/T‖p =
0.3), and the same evolution as in the hybrid expanding box sim-
ulation, namely the proton density and the ambient magneticfield
decrease as(1+ t/te)

−2 with te = 104/Ωp0. For these conditions
the evolution determined by Equation (10) exhibits a behavior sim-
ilar to that in the hybrid expanding box simulation. Resultsof this
bounded anisotropy model are shown in Figure 7. Figure 7 shows
a path the space(β‖p, T⊥p/T‖p) obtained from the integration of
Equation (10) in the same format as in Figure 4. Results of the
bounded anisotropy model are in a qualitative agreement with the
results of the hybrid expanding box model. It is, however, impor-
tant to note that the results of this simple bounded anisotropy model
are relatively sensitive to the free parameters. Therefore, the cho-
sen values of these parameters cannot be considered as general and
need to be adjusted to given situation.
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Figure 7. Results from the bounded anisotropy model: Path
in the space(β‖p, T⊥p/T‖p). The dashed contours shows the
linear prediction in a homogeneous plasma with bi-Maxwellian
protons: the maximum growth rate (in units ofΩp) as a function
of β‖p andT⊥p/T‖p for (left) the parallel proton fire hose and
(right) the oblique one.

5. Conclusion

The presented 1-D standard hybrid simulations confirm the pre-
vious simulation results on the nonlinear evolution of the oblique
proton fire hose instability. This instability has a self-destructing
properties; the non propagating waves generated during theinitial
phase of the instability transform themselves to propagating waves
owing to dispersive properties of the oblique fire hose. The propa-
gating, standard Alfvén waves are strongly damped mainly through
the cyclotron resonance and partly through the Landau one; conse-
quently, protons are efficiently heated in the perpendicular direc-
tion. Only a part of the Alfvén-wave magnetic fluctuating energy
remains on large spatial scales owing to the inverse cascade. The
parametric study of these simulations shows that stronger changes
in the temperature anisotropy and stronger wave emissions appear
for larger initial temperature anisotropies (and lower parallel proton
betas).

Using the 2-D hybrid expanding box simulation we have inves-
tigated the role of the parallel and oblique fire hose instabilities
(β‖p ∼ 1) in a slowly expanding plasma with the characteristic ex-
pansion timete = 104/Ωp (which is close to its realistic values in
the solar wind at 1 AU which are typically of the order of105/Ωp)
The simulated ideal slow expansion leads to the double-adiabatic
evolution of proton temperatures; for the strictly radial magnetic
field this evolution generates a continuous decrease ofT⊥p/T‖p as
well as a continuous increase ofβ‖p. The system becomes unsta-
ble first with respect to the parallel fire hose. This instability gen-
erates low-frequency, ion whistler waves and their presence makes
the evolution to depart from the double-adiabatic prediction. The
parallel fire hose has a quasi-linear saturation, the whistler waves
interact through the anomalous cyclotron resonance with mainly
the supra-Alfvénic protons which are minor forβ‖p ∼ 1. The
major core protons are nearly double adiabatic, and, consequently,
the system becomes unstable with respect to the oblique fire hose
instability that efficiently heats the protons and remove the proton
anisotropy owing to the self-destructing nonlinear evolution. The
oblique instability disrupts the quasi-linear balance of the whistler
waves and an important portion of whistler wave energy is dissi-
pated to protons; only long-wavelength whistler waves remains in
the system as well as long-wavelength Alfvén waves resulting from
the inverse cascade. The system with a low wave activity thenfol-
lows a double-adiabatic-like behavior and the evolution repeats it-
self.

The fluctuating wave energyδB2/B2
0 increases with time (and

β‖p) apart from the oscillatory decreases induced by the oblique
fire hose. Similarly, 1-D hybrid expanding box simulations [Mat-
teini et al., 2006], (which allow only the parallel fire hose) exhibit
a continuous increase of the fluctuating wave energyδB2/B2

0 with

time (andβ‖p). These results are compatible with the observation
results ofBale and Kasper[2008] which show enhanced transverse
magnetic fluctuations near the marginal stability regions of the two
fire hose instabilities and the observedδB2/B2

0 increases withβ‖p.
In concluding, the present results together with the results of

Matteini et al.[2006] and with observations byBale and Kasper
[2008] indicate that both parallel and oblique proton fire hose in-
stabilities constrain the proton temperature anisotropy in the ex-
panding solar wind with the latter one constituting a final frontier
for the anisotropy. These results explain the apparent discrepancy
between the linear prediction and observations forT⊥p < T‖p

[Hellinger et al., 2006]. The kinetic fire hoses (unstable even for
β‖ − β⊥ < 2, i.e., below the fluid threshold) have likely a sim-
ilar role in other weakly collisional space plasmas [e.g.,Sharma
et al., 2006;Schekochihin et al., 2008]. FollowingDenton et al.
[1994] we have developed a simple bounded anisotropy model that
includes some effects of the kinetic instabilities for fluidmodelling
[cf., Samsonov et al., 2007].
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