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Proton core-beam system in the expanding solar wind: Hybrid

simulations

Petr Hellinger1,2 and Pavel M. Trávńıček1,2,3

Abstract. Results of a two-dimensional hybrid expanding box simulation of a proton beam-
core system in the solar wind are presented. The expansion with a strictly radial magnetic field
leads to a decrease of the ratio between the proton perpendicular and parallel temperatures
as well as to an increase of the ratio between the beam-core differential velocity and the lo-
cal Alfvén velocity creating a free energy for many different instabilities. The system is in-
deed most of the time marginally stable with respect to the parallel magnetosonic, oblique Alfvén,
proton cyclotron and parallel fire hose instabilities whichdetermine the system evolution coun-
teracting some effects of the expansion and interacting with each other. Nonlinear evolution
of these instabilities leads to large modifications of the proton velocity distribution function.
The beam and core protons are slowed with respect to each other and heated, and at later stages
of the evolution the two populations are not clearly distinguishable. On the macroscopic level
the instabilities cause large departures from the double adiabatic prediction leading to an ef-
ficient isotropization of effective proton temperatures inagreement with Helios observations.

1. Introduction

Thermal and nonthermal proton properties in the fast solar wind
are not well understood. The protons are essentially collisionless
but they do not follow the double adiabatic prediction; their perpen-
dicular temperature decreases with distance more slowly, whereas
the parallel temperature decreases faster than what is expected from
the double-adiabatic prediction [Marsch et al., 1982]. Proton ve-
locity distribution functions are largely gyrotropic and are typically
skewed carrying a heat flux along the magnetic field in the direc-
tion away from the Sun [Marsch et al., 1982]. The proton heat
flux (or its radial gradient) seems to be negligible for the proton
thermal energetics. However, the proton heat flux is typically com-
parable to the corresponding saturation heat flux [Marsch et al.,
1982;Hellinger et al., 2011] indicating a presence of nonnegligi-
ble secondary/beam population or a strongly distorted proton ve-
locity distribution function [Feldman et al., 1973]. Helios obser-
vations indeed show that the proton velocity distribution function
in the fast solar wind can be typically regarded as a superposition
of two populations, a more abundant, typically anisotropiccore
with perpendicular temperature greater the parallel one and a sec-
ondary/beam population drifting with respect to the core along the
ambient magnetic field [Marsch et al., 1982]. Helios observations
indicate that the drift velocity between the core and the beam de-
creases with the distance roughly following the local Alfv´en ve-
locity. This effect is on the macroscopic level connected with a
cooling of the total/effective parallel proton temperature [Marsch
and Richter, 1987]. A transfer of the parallel energy to the per-
pendicular one may be partly responsible for the observed proton
perpendicular heating [Schwartz et al., 1981].

Processes responsible for the formation of the beam and for
its deceleration with respect to the core are not well established
[Matteini et al., 2011]. Helios [Marsch and Livi, 1987;Tu et al.,
2004] and Ulysses [Goldstein et al., 2000] data sets indicate a pres-
ence of beam-driven electromagnetic instabilities [parallel magne-
tosonic, oblique Alfvén, cf.,Montgomery et al., 1976;Daughton
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and Gary, 1998] based on a linear analysis assuming two drifting
bi-Maxwellian velocity distribution functions. Such a linear analy-
sis [Marsch and Livi, 1987] indicate even strongly unstable cases in
contradiction with the theoretical expectations [cf.,Hellinger et al.,
2006, in the case of proton temperature anisotropy]. The presence
of the parallel magnetosonic instability is moreover indicated by a
linear analysis based on the observed proton velocity distribution
function [Dum et al., 1980]. The beam-driven instabilities natu-
rally reduce the relative beam-core velocity as a part of thesatura-
tion mechanism [Daughton et al., 1999] and may be responsible for
the beam deceleration. In the solar wind the plasma system starts
in the stable region and the expansion may continuously drive the
system unstable [Matteini et al., 2011]. In this paper we investi-
gate the evolution of the beam-core proton system using the hybrid
expanding box model which self-consistently models the competi-
tion between the expansion and ion kinetic instabilities. Section 2
presents linear and quasi-linear expectation for relevantinstabili-
ties, section 3 presents the numerical model and its results. Finally,
in section 4 we discuss the simulation results and compare them
with observations.

2. Theoretical considerations

Proton velocity distribution functions in the fast solar wind typi-
cally exhibit two populations [Marsch et al., 1982]: first one, nomi-
nally more abundant, called here core and a second one calledhere
beam. The two populations can be described to some extend as
two bi-Maxwellian distributions [Goldstein et al., 2000] drifting
with respect to each other along the ambient magnetic field. Such
a description is a useful approximation to investigate linear stabil-
ity of the system with respect to different instabilities. However,
this approximation is not generally sufficient for resonantinstabil-
ities [Dum et al., 1980; Gary, 1993] where the linear dispersion
is largely determined by a small resonant portion of the velocity
distribution function.

The proton distribution function consisting of two bi-
Maxwellian velocity distributions drifting with respect to each
other may be a source of free energy for many different instabilities.
Temperature anisotropy of the (core and possibly also beam)pro-
tons can generate at least four electromagnetic instabilities [Gary,
1993;Hellinger et al., 2006]: forTp⊥ > Tp‖ there are the proton
cyclotron and mirror instabilities while forTp⊥ < Tp‖ there are
the parallel and oblique fire hose instabilities (for the definitions of
all symbol used here see Appendix C).

The secondary/beam population drifting with respect to the
core protons may drive another set of electromagnetic instabilities
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[Daughton and Gary, 1998, and references therein]; the most rele-
vant ones are usually the parallel magnetosonic [Montgomery et al.,
1976] and oblique Alfvén [numbered as (I) byDaughton and Gary,
1998] instabilities. It is important to note that the parallel fire hose
and the magnetosonic instabilities drive waves at the same branch
and are related [cf.,Hellinger and Trávnı́ček, 2006;Matteini et al.,
2011]. Daughton and Gary[1998] studied the linear competition
of the parallel magnetosonic and oblique Alfvén instabilities. They
found that for a wide range of parameters the parallel magnetosonic
instability is dominant. However, as the two instabilitiesdepend
differently on the many present parameters (core and beam den-
sities and temperatures, differential velocity, and electron parame-
ters) the oblique Alfvén instability becomes dominant foranother
wide range of parameters (e.g., for large beam density and/or small
core temperatures). Moreover, these instabilities are typically res-
onant and their properties strongly depend on the details ofthe ve-
locity distribution function in the resonant region. Usually only
the three basic resonances, cyclotron, Landau and anomalous cy-
clotron ones, are relevant. The corresponding resonant velocities
(for a wave with the real frequencyωr and the parallel component
of the wave vectork‖) are given as

vc =
ωr − ωcp

k‖
vL =

ωr

k‖
, vac =

ωr + ωcp

k‖
. (1)

The resonant particles may importantly contribute to the linear
(Equation (A1)) as well as to the nonlinear/quasi-linear (Equa-
tion (B5)) properties of the plasma.

At the parallel propagation, the linear dispersion splits to three
branches separating the cyclotron, anomalous cyclotron (Equa-
tion (A4)) and Landau resonances. The parallel fire hose and
the magnetosonic instabilities interact through the anomalous cy-
clotron resonance [Matteini et al., 2006] while the proton cyclotron
instability interacts through the cyclotron resonance [Gary et al.,
1976].

At oblique propagation, the unstable waves can resonate through
more than one resonance at the same time. For example, while
the mirror nonpropagating mode resonate with particles mainly
through the Landau resonance [Kivelson and Southwood, 1996;
Califano et al., 2008] the nonpropagating oblique fire hose res-
onate through both cyclotron and anomalous cyclotron resonances
[Hellinger and Trávnı́ček, 2008]. Let us here look at the case of the
oblique Alfvén instability. For the following parameters,

np = 0.9ne, nb = 0.1ne, vbp = 1.8vA,

βp‖ = 0.2, βb‖ = 0.1, Tp⊥/Tp‖ = 1.8, Tb⊥/Tb‖ = 1, (2)

the system is unstable with respect to the oblique Alfvén insta-
bility with the maximum growth rateγmax ≃ 10−2ωcp at k ≃
0.8vA/ωcp andθkB ≃ 50.8o havingωr ≃ 0.38ωcp. In this case,
the unstable waves resonate with the protons strongly through the
anomalous cyclotron resonance. Furthermore, they resonate non-
negligibly through the Landau resonance whereas the cyclotron
resonance is rather weak. To estimate strengths of the different
resonances one can calculate the impact of the most unstablemode
on the initial proton velocity distribution functionf0 through the
quasi-linear diffusion

δf

δt
=

∂

∂v‖

[

D‖‖
∂f0
∂v‖

+D‖⊥
∂f0
∂v⊥

]

+
1

v⊥

∂

∂v⊥
v⊥

[

D⊥‖
∂f0
∂v‖

+D⊥⊥
∂f0
∂v⊥

]

. (3)

The diffusion coefficientsD have been derived byKennel and
Engelmann[1966] and are given in a more explicit form in Ap-
pendix B. Figure 1 displays the result of such a calculation for the
example case with the parameters given by Equation (2). The top
left panel of Figure 1 shows the proton velocity distribution func-
tion f0 as a function ofv‖ andv⊥. The other three panels show
the contribution of the most unstable mode to the quasi-linear dif-
fusion δf/δt given by Equation (3) near the cyclotron resonance

(top right), the Landau resonance (bottom left), and the anomalous
cyclotron resonance (bottom right) as functions ofv‖ andv⊥. The
solid curves show isocontours forδf/δt > 0 whereas the dotted
curves show isocontours forδf/δt < 0. The dash-dotted lines de-
note the resonant velocities,vc (cyclotron),vL (Landau), andvac
(anomalous cyclotron) given by Equation (1). Figure 1 givesonly
qualitative results, the isocontour levels on the different panels are
arbitrary and independent. Figure 1 shows that the oblique Alfvén
instability slows the resonant beam particles and heat themin the
perpendicular direction, has a tendency to flatten the velocity distri-
bution function alongv‖ in the Landau resonant region and heats in
the perpendicular direction and accelerate the resonant core protons
through the cyclotron resonance. On the quantitative level, the am-
plitudes of|δf/δt| are strongest for the anomalous cyclotron reso-
nance, weaker for the Landau resonance and they are the weakest
for the cyclotron resonance.
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Figure 1. (top left) Example of unstable proton velocity dis-
tribution functionf0 as a function ofv‖ and v⊥. The other
panels show the contribution of the most unstable mode to the
quasi-linear diffusionδf/δt (Equation (3)) near the cyclotron
resonance (top right), the Landau resonance (bottom left),and
the anomalous cyclotron resonance (bottom right) as functions
of v‖ andv⊥. The solid curves show isocontours forδf/δt > 0
whereas the dotted curves show isocontours forδf/δt < 0.
Dashed dotted lines denote the resonant velocities,vc, vL, and
vac (Equation (1)).

One can for a comparison calculate the impact of the most un-
stable mode for the magnetosonic instability and the resultare
qualitatively very similar to the anomalous cyclotron resonance of
the oblique Alfvén instability (Figure 1, bottom right). In a case
of a sufficient core temperature anisotropyT⊥ > T‖ the proton
cyclotron instability is destabilized and resonates through the cy-
clotron resonance. This instability has diffusion properties similar
to those shown in Figure 1 (top right) but with the opposite effect
δf/δt → −δf/δt, cooling in the perpendicular direction and de-
celerating (resonant) core protons.

3. Simulation results

The two dominant beam driven instabilities, the parallel magne-
tosonic and oblique Alfvén ones, have different linear andnonlin-
ear properties. They compete for essentially the same free energy.
Their nonlinear behavior and competition is a highly complex prob-
lem which needs a kinetic modeling.Daughton et al.[1999] per-
formed a set of standard two-dimensional (2-D) hybrid (kinetic ions
and fluid electrons, see below) simulations and investigated and
parametrized the saturation properties of these instabilities. They
have assumed weakly unstable initial conditions and observed only
weak wave amplitudes and small changes in the proton velocity
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distribution functions which is compatible with the quasi-linear ex-
pectations. They have confirmed that these instabilities reduce the
differential velocity between the beam and core and heat mainly the
beam in the perpendicular direction.

3.1. Model and initial conditions

In standard numerical studies of kinetic instabilities thesystem
starts in the unstable region and the simulation reveals thediffer-
ent instability phases, initial exponential grow, saturation and post-
saturation evolution including effects of competition between dif-
ferent instabilities [Daughton et al., 1999]. However, in the solar
wind the system typically starts in the stable region and theexpan-
sion may continuously drive the system unstable [Matteini et al.,
2011]. To study the response of the solar wind plasma to a slow
expansion we use in this paper the expanding box model [Grappin
et al., 1993] implemented to the hybrid code byMatthews[1994].
The Hybrid Expanding Box (HEB) simulations self-consistently
model the competition between the expansion driven free energy
for instabilities and the relaxation owing to these instabilities. In
the HEB model [Liewer et al., 2001; Hellinger et al., 2003] the
expansion is described as an external force where a constantsolar
wind radial velocityvsw is assumed. The radial distanceR is then

R = R0 + vswt = R0

(

1 +
t

te

)

(4)

whereR0 is an initial radial distance andte = R0/vsw is a charac-
teristic expansion time. Transverse scales (with respect to the radial
direction) of a small portion of plasma, co-moving with the solar
wind velocity, increase with time∝ (1 + t/te). The expanding
box uses these co-moving coordinates, replacing the spatial depen-
dence by the temporal one (Equation (4)). The physical transverse
scales of the simulation box increase with time [seeHellinger and
Trávnı́ček, 2005, for a detailed description of the code].

The characteristic spatial and temporal units used in the model
arevA/ωcp0 and1/ωcp0, respectively (for the definitions of sym-
bols used here see Appendix C). We use the spatial resolution
∆x = ∆y = vA/ωcp0, and there are2, 048 particles per cell for
the core protons and1, 024 particles per cell for the proton beam.
Fields and moments are defined on a 2-Dx–y grid with dimensions
512 × 512 with the periodic boundary conditions. Protons are ad-
vances using the Boris’ scheme with a time step∆t = 0.05/ωcp0,
while the magnetic fieldB is advanced with a smaller time step
∆tB = ∆t/10. The initial ambient magnetic field is directed
along the radial,x direction,B0 = (B0, 0, 0) and we impose a
continuous expansion in the transverse (y andz) directions.

For simplicity we here only consider a strictly radial magnetic
field. In this case the expansion leads to a decrease of the ambient
density and magnitude of the magnetic field as

n ∝ B ∝

(

1 +
t

te

)−2

(5)

and the double adiabatic prediction of the proton temperature
anisotropy and parallel beta in the expanding box is

Tp‖

Tp⊥
∝ βp‖ ∝

(

1 +
t

te

)2

. (6)

The expansion tends to increaseTp‖/Tp⊥ leading to the corre-
sponding temperature anisotropy driven instabilities [Hellinger and
Trávnı́ček, 2008]. Furthermore, the Alfvén velocity decreases
vA ∝ 1/(1 + t/te) whereas the parallel differential velocityvbp
between the proton core and beam populations is constant (for the
strictly radial magnetic field) when no wave activity or collisions
are present. This results in a continuous increase of their ratio,

vbp
vA

∝ 1 +
t

te
, (7)

which leads to beam driven instabilities.
For initial conditions we have chosen these parameters:

np = 0.9ne, nb = 0.1ne, vbp = 1.3vA,

βp‖ = 0.2, βb‖ = 0.1, Tp⊥/Tp‖ = 1.8, Tb⊥/Tb‖ = 1. (8)

This choice is comparable with the proton properties in the fast so-
lar wind atR0 ∼ 0.3 AU (but no alpha particles and other minor
ions are considered here for simplicity). The characteristic time is
chosen to bete = 104/ωcp0, which is about 10 times faster than
in the solar wind. The system of Equation (8), is marginally stable
with respect to all the relevant instabilities (see below).

3.2. Waves

The wave activity is initially on the noise level which is negligi-
ble owing to the large number of particles per cell. Consequently,
the system follows the double adiabatic prediction during the first
phase. Later on, the system becomes unstable and generated waves
alter the double adiabatic evolution. Figure 2 displays theevolution
of the wave spectra: The top panel shows the fluctuating magnetic
field δB2/B2

0 as a function of time (solid line). The dashed line
denotes the fluctuating magnetic field with oblique propagation,
|θkB | > 30o. The middle and bottom panels display gray scale
plots of the fluctuating magnetic fieldδB as a function of time and
wave vectork and as a function of time and propagation angleθkB ,
respectively.
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Figure 2. Evolution of the wave spectra: (top) Fluctuating
magnetic fieldδB2/B2

0 (solid line) as a function of time. The
dashed line shows the fluctuating magnetic field at oblique prop-
agation with|θkB | > 30o. Gray scale plots of the fluctuating
magnetic fieldδB as a function of time and wave vectork (mid-
dle panel) and as a function of time and propagation angleθkB
(bottom panel).

Figure 2 clearly demonstrates that soon after the beginningof
the simulation electromagnetic waves are generated, first at a quasi-
parallel propagation with wave vectors about0.5–1.1vA/ωcp, pre-
sumably due to the parallel magnetosonic instability, and,later,
oblique waves appear with lower amplitudes and with wave vec-
tors about0.1–0.5vA/ωcp, probably due to the oblique Alfvén in-
stability. To understand better properties of the generated waves let
us look at the density fluctuations. Figure 3 display the evolution
of the density fluctuations in a format similar to Figure 2. The top
panel of Figure 3 shows the fluctuating total proton densityδn2/n2

0

as a function of time, whereas, the middle and bottom panels dis-
play a gray scale plot of the fluctuating total proton densityδn as
a function of time and wave vectork and as a function of time and
propagation angleθkB, respectively.
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Figure 3. Evolution of the density fluctuations: (top) Fluctu-
ating proton densityδn2/n2

0 as a function of time. Gray scale
plots of the fluctuating densityδn as a function of time and wave
vectork (middle panel) and as a function of time and propaga-
tion angleθkB (bottom panel).

Figure 3 shows that the quasi-parallel waves are essentially in-
compressible in agreement with the linear expectations whereas the
oblique waves are weakly compressible. Further analysis indicates
that the oblique waves have comparable transverse magneticcom-
ponentsδBy ∼ δBz ∼ δBx and that the parallel componentδBx

evolves similarly toδn (see Figure 3) and has similar amplitudes
δB2

x/B
2
0 ≃ δn2/n2

0.
The top panels of Figures 2 and 3 also indicate that the oblique

waves grow in two stages with a first saturation aroundt ∼ 0.4te

and a second saturation aroundt ∼ te. When speaking about sat-
uration, it is important to note that both the background andthe
fluctuating magnetic fields decrease with time with generally dif-
ferent rates. The background magnetic field decreases following
Equation (5) and the rate for the fluctuating magnetic fields depends
on the wave properties [e.g., for low-frequency Alfvén waves one
expects WKB evolution, cf.,Liewer et al., 2001;Hellinger et al.,
2005]. Furthermore, the wave modes which have been generated
may (and likely will eventually) become damped/stabilized[Mat-
teini et al., 2006;Rosin et al., 2011].

3.3. Velocity distribution functions

Further investigation of instabilities (or other processes) which
are responsible for the observed waves it is necessary to investigate
the evolution of the proton velocity distribution function. Figure 4
displays the proton distribution function at three times: (top pan-
els) t = 0.2te, (middle panels)t = te, and (bottom panels) at
t = 3te. The left panels show the total proton distribution func-
tion, the middle panels shows the distribution function of protons
which initially formed the core while the right panels showsthe dis-
tribution function of protons which initially formed the bean pop-
ulation. Figure 4 shows that the proton velocity distribution func-
tion is strongly modified owing to the interaction between protons
and the generated waves. The beam particles are clearly slowed
down. The perpendicular cooling expected from the double adia-
batic prediction concerns only a portion of the proton distribution
with roughly |v‖| . vA. The superalfvénic protons are heated in
the perpendicular direction for both the beam and core populations.
This is consistent with the quasi-linear predictions for the parallel
magnetosonic and oblique Alfvén instabilities for the standard and
anomalous cyclotron resonances. Furthermore, there are indica-
tions of a formation of a quasi-linear plateau due to the Landau
resonance.
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Figure 4. Proton velocity distribution functions as functions ofv‖ andv⊥ (normalized to the initial Alfvén velocity
vA0) at (top panels)t = 0.2te, (middle panels)t = te, and (bottom panels) att = 3te. Left panels show the total
distribution function, the middle panels shows the distribution function of particles which initially formed the core
while right panels shows the distribution function of particles which initially formed the bean population. Dashed
lines displays the local Alfvén velocityvA.

The complex proton velocity distribution function
presents a problem when we attempt to separate the core and
beam particles. In the code the core and beam populations
are treated as separated species and we can determine their
mean velocities and temperatures. In reality, however, it is
impossible to determine the origin of a given proton. One
possibility how to characterize the proton velocity distribu-
tion function is to fit it by a given analytical form. Here we
fit the proton velocity distribution function as a superposi-
tion of two bi-Maxwellian distribution drifting with respect
to each other along the ambient magnetic field [cf.,Gold-
stein et al., 2000]. We expect that such a fit would work at

least at the beginning of the simulation as the initial velocity
distribution function has this form.
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Figure 5. Evolution of the beam properties: (top left) number
density,nb, (bottom left) mean velocity,vb, (top right) parallel,
and (bottom right) perpendicular temperatures,Tb‖ andTb⊥, as
functions of time. Solid lines show results of a fit of the total
proton distribution function as a sum of two bi-Maxwellian ve-
locity distribution functions. Dashed lines show moments cal-
culated from protons which initially formed the beam. Dotted
lines denote the double-adiabatic prediction.
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Figure 5 shows the evolution of the beam properties ob-
tained from the fit (solid lines) compared to the moments
calculated from protons which initially formed the beam
(dashed lines). Figure 5 displays (top left) number density,
nb, (bottom left) mean velocity,vb, (top right) parallel, and
(bottom right) perpendicular temperatures,Tb‖ andTb⊥, as
functions of time. For a comparison the dotted lines denote
the double-adiabatic prediction. Figure 5 shows that initially
the fit and the moments give similar results following the
double adiabatic prediction. As the important wave activ-
ity develops the double adiabatic prediction is broken, beam
protons slow down and are heated in the perpendicular di-
rection while they cool in the parallel directions. During this
time the fitted results departs considerably from the calcu-
lated moments and aftert & 1.5te there is a jump in the fitted
results which indicates that the proton velocity distribution
cannot be at later times characterized as a superposition of
two bi-Maxwellian distributions (see Figure 4).
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Figure 6. Evolution of the proton core properties: (top left)
number density,nb, (bottom left) mean velocity,vp, (top right)
parallel, and (bottom right) perpendicular temperatures,Tp‖ and
Tp⊥, as functions of time. Solid lines show results of a fit of the
total proton distribution function as a sum of two bi-Maxwellian
velocity distribution functions. Dashed lines show moments
calculated from protons which initially formed the core. Dot-
ted lines denote the double-adiabatic prediction.

As for the core protons, Figure 6 shows the correspond-
ing plot for the evolution of the core obtained from the fit
(solid lines) compared to the moments calculated from pro-
tons which initially formed the beam (dashed lines). Fig-
ure 6 shows (top left) number density,nb, (bottom left) mean
velocity,vp, (top right) parallel, and (bottom right) perpen-
dicular temperatures,Tp‖ andTp⊥, as functions of time in
the same format as in Figure 5. For comparison the dot-
ted lines denote the double-adiabatic prediction. Figure 6
shows that initially the fit and the moments give similar re-
sults and follow the double adiabatic prediction. As the im-
portant wave activity appears the core protons are weakly
accelerated, cooled in the parallel direction and heated inthe
perpendicular one. The fitted results then departs consider-

ably from the calculated moments and aftert & 1.5te, there
is the jump in the fitted results.

3.4. Instabilities and nonlinear effects

The fitted results now may be used to estimate the lin-
ear stability of the proton distribution. It turns out, how-
ever, that the linear prediction based on the fitted results
may strongly depart from the linear calculation based on the
velocity distribution since the relevant instabilities are res-
onant. Figure 7 shows the linear prediction, the maximum
growth rateγmax as a function of time for the relevant insta-
bilities. The top left panel showsγmax the parallel magne-
tosonic/fire hose instability for waves propagating along the
beam,vbpk‖ω > 0. The bottom left panel showsγmax for
the parallel fire hose instability for the propagation against
the beam,vbpk‖ω < 0. The top right panel showsγmax

for the oblique Alfvén instability. Finally, the bottom right
panel showsγmax for the parallel proton cyclotron instabil-
ity for the propagation along the beam. The solid lines show
the results for the two bi-Maxwellian fit of the proton ve-
locity distribution function (the results are only shown for
t . 1.5te, see above for the problems with the fitting pro-
cedure) whereas the dots display the linear prediction cal-
culated from the actual distribution function. For the paral-
lel propagating instabilities Equation (A4) is used (with the
appropriate sign) whereas for the oblique Alfvén instability
the general from of the dispersion relation, Equation (A1),is
used (in the infinite sum only the subset−10 ≤ n ≤ 10 is
taken into account; for more details see Appendix A).
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Figure 7. Maximum growth rateγmax as a function of time
for the relevant instabilities: (top left) the parallel magne-
tosonic/fire hose instability for the propagation along thebeam,
(bottom left) parallel fire hose instability for the propagation
against the beam, (top right) oblique Alfvén instability,and
(bottom right) parallel proton cyclotron instability for the prop-
agation along the beam. The solid lines show the results for the
two bi-Maxwellian fit of the proton velocity distribution func-
tion whereas the dots display the linear prediction calculated
from the actual distribution function.

Figure 7 (top left panel) shows that the system is initially
stable with respect to the parallel magnetosonic instability
but becomes rapidly unstable. The proton velocity distribu-
tion function remains nearly bi-Maxwellian and the predic-
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tion based on the bi-Maxwellian fit is close to that based on
the full velocity distribution function. The two predictions
soon substantially differ starting att ≃ 0.1te where the max-
imum growth rate based on the velocity distribution function
starts to decrease whereas the prediction based on the fit con-
tinues to increase (it reaches the maximumγ ≃ 0.02ωcp at
t ≃ 0.3te). This discrepancy is likely owing to the resonant
wave-particle interaction (see Figure 4, top panels). The sys-
tem seems to become nearly stabilized att ≃ 0.5te; later on
the maximum growth rate increases again. In this case it is
rather the parallel fire hose instability as the proton velocity
distribution function exhibit rather a temperature anisotropy
than a drifting beam population (see Figure 4) although the
distinction between the two instabilities is not clear.

Figure 7 (top right panel) shows that the system is also
initially stable with respect to the oblique Alfvén instability.
This instability appears later than the parallel magnetosonic
one (t ≃ 0.2te) when the proton velocity distribution func-
tion is importantly affected by the wave-particle interactions
(see Figure 4, top panels). In this case the linear prediction
based on the fit does not exhibit an unstable solution contrary
to the prediction based on the velocity distribution function
which gives the maximum growth rate for the oblique Alfvén
instability with magnitudes similar to those of the parallel
magnetosonic instability. The linear prediction based on
the velocity distribution function gives the maximum growth
rate for a mode with a wave vector and an angle compati-
ble with the properties of the oblique wave activity observed
in the simulations at the same time (see Figures 2 and 3).
The appearance of the oblique waves likely contributes to
the stabilization of the magnetosonic instability. After the
stabilization of the oblique Alfvén instability att ≃ 0.5te
the maximum growth rate of the parallel magnetosonic/fire
hose instability starts to increase.

The oblique Alfvén instability may explain the first
growth of the oblique waves which saturates att ≃ 0.4te but
cannot explain the second growth and saturation att ≃ te
(see Figure 3). It is possible that some other oblique in-
stability [cf., Daughton and Gary, 1998] appears then but
we have not been able to find it. This does not exclude a
possibility of another instability since the parameter space
is very large but it may indicate that these oblique waves
grow due to nonlinear effects, for example a wave-wave in-
teraction. To test if there exists a three-wave interaction, we
have calculated the bicoherenceb(k1,k2) [Kim and Powers,
1979] of the discrete-Fourier-transformedBz component of
the magnetic field as

b(k1,k1) =

∣

∣

∣

〈

Bz(k1)Bz(k2)Bz(k1 + k2)
〉∣

∣

∣

〈∣

∣

∣Bz(k1)Bz(k2)Bz(k1 + k2)
∣

∣

∣

〉 (9)

where〈〉 denotes time averaging. This bicoherenceb is a
four-dimensional array which is difficult to analyze; tak-
ing different two-dimensional cuts of the four-dimensional
space(k1,k2) we have found important phase coherences
indicating a three-wave interactions between one oblique
mode and two quasi-parallel modes. The bicoherence is im-

portant fort & 0.4te which suggests that secondary growth
of the oblique waves is mainly driven by the wave-wave in-
teraction. The initial growth of oblique waves seems to be
rather related to the oblique Alfvén instability with a possi-
ble contribution of the three-wave interaction.

Figure 7 (bottom right panel) shows an interesting phe-
nomenon. The proton cyclotron instability (for the propaga-
tion along the beam) is initially weakly unstable (γmax ≃
3 · 10−4ωcp) owing to the core temperature anisotropy. Be-
cause of the perpendicular cooling this instability is rapidly
stabilized before it can drive an important wave activity. This
instability, however, appears later on, during the stabilization
of the oblique Alfvén instability. The destabilization ofthe
proton cyclotron instability is therefore likely caused bythe
resonant heating of the core protons by the Alfvén waves
driven by the oblique Alfvén instability in agreement with
quasi-linear predictions (see Figure 1 and the correspond-
ing text). The proton cyclotron instability remains unstable
long after the oblique instability becomes stabilized. This is
possibly because the oblique waves are present in the sim-
ulation long after the saturation. Moreover, the proton ve-
locity distribution is further influenced by the parallel mag-
netosonic/fire hose instability and the nonlinear wave-wave
interactions at later times which may further influence the
linear stability of the system.

Figure 7 (bottom left panel) shows that the anti-parallel
fire hose instability is essentially stable during most of the
simulation. This instability seems to appear with small
growth rates near the end of the simulation, possibly as a
result of the expansion and the parallel proton heating due
to the proton cyclotron waves and/or due to nonlinear wave-
wave interactions. Finally, we note a relatively large scatter
of the calculated maximum growth rates based on the veloc-
ity distribution function (Figure 7, points) which indicates
that the precision of the calculation of the order of10−4ωcp.

3.5. Macroscopic view

The bean-core separation of the proton velocity distribu-
tion function is almost impossible during the later stages
of the simulation. For a comparison of the simulation re-
sults with observations it is therefore interesting to lookat
the moments of the total proton velocity distribution func-
tion. Figure 8 (top panels) shows the evolution of the to-
tal/effective (left) parallel and (right) perpendicular temper-
atures,T‖ andT⊥, respectively, as functions of time. For
comparison the dotted lines denote the double-adiabatic pre-
diction. The combined actions of the parallel cooling of both
the populations and of the beam deceleration with respect to
the core leads to an important decrease of the total parallel
temperature. The perpendicular heating of the two popu-
lations contributes to a decrease of the total perpendicular
temperature slower than what is expected from the double
adiabatic prediction.

To characterize the skewness of the proton velocity dis-
tribution function owing to presence of the beam population
let us look at the proton heat flux. Figure 8 (bottom pan-
els) shows the evolution of the (left) parallel and (right) per-
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pendicular components of the proton heat flux,q‖ andq⊥,
respectively. The two heat fluxes are normalized to the cor-
responding parallel and perpendicular saturation heat fluxes

qsat‖ =
n(kBT‖)

3/2

m1/2
and qsat⊥ =

nk
3/2
B T

1/2
‖ T⊥

m1/2
, (10)

respectively. Initially, the system follows the double-
adiabatic predictions and the ratio between the heat fluxes
and the corresponding saturation values remain constant.
The deceleration of the beam with respect to the core (and
the parallel cooling) leads to a decrease of the parallel heat
flux component with respect to the saturation value but they
have values of the same order all the time. The perpendicular
heat flux component increases with respect to the saturation
value owing to the perpendicular heating but later on it de-
creases as the deceleration becomes the dominant effect.
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Figure 8. Top panels: Total (left) parallel, and (right) perpen-
dicular temperatures,T‖ andT⊥ (normalized to the initial mean
total temperatureT0 = (T‖0 + 2T⊥0)/3), as functions of time.
Bottom panels: (left) parallel and (right) perpendicular compo-
nents of the proton heat flux,q‖ andq⊥ (normalized to the cor-
responding saturation heat flux,qsat‖ andqsat⊥, respectively),
as functions of time. Dotted lines denote the corresponding
double-adiabatic predictions.

4. Discussion

In this paper we have presented results of a 2-D hybrid
expanding box simulation for the proton beam-core system
in the fast solar wind with initial proton parameters compa-
rable with the Helios observations at 0.3 AU. The HEB sim-
ulation exhibits a complicated evolution. The system is most
of the time marginally unstable with respect to (at least) four
different instabilities which determine the system evolution
counteracting some effects of the expansion and competing
with or driving each other. The expansion with the strictly
radial magnetic field leads to a decrease of the ratio between
the perpendicular and parallel proton temperatures as wellas
to an increase of the ratio between the beam-core differential
velocity and the local Alfvén velocity. In this way the expan-
sion creates a free energy for many different instabilities. For

the chosen initial condition the expanding system becomes
rapidly unstable with respect to the parallel magnetosonic
instability. This instability saturates rapidly in a quasi-linear
manner by scattering/heating in the perpendicular direction
the resonant particles through the anomalous cyclotron res-
onance while only weakly decelerating these particles with
respect to the core in agreement with previous standard sim-
ulation results [Daughton et al., 1999]. This evolution leads
to destabilization of the competing oblique Alfvén instabil-
ity which is more efficient in reducing the drift velocity be-
cause the generated waves interact with protons through all
the three resonances. The oblique Alfvén instability satu-
rates and becomes stabilized while the parallel magnetosonic
instability or rather the parallel fire hose instability becomes
unstable. At the same time the perpendicular (resonant) scat-
tering/heating of the core protons leads to destabilization of
the parallel proton cyclotron instability. Such a simple quasi-
linear picture is however modified by nonlinear (wave-wave)
interactions which appear around the first saturation of the
oblique Alfvén instability. The relevance of the quasi-linear
approximation becomes then questionable; this is a general
problem of the weak turbulence in the magnetized collision-
less plasmas [cf.,Aamodt and Drummond, 1964;Sugaya,
1991] which needs further theoretical and modeling work.
The chain of the different resonant instabilities and nonlin-
ear effects leads to large modifications of the proton velocity
distribution function so that except a short initial periodthe
distribution function cannot be simply described as a super-
position of two bi-Maxwellian distribution functions and the
linear analysis must be performed using the local velocity
distribution function (but again the relevance of the linear
prediction at the nonlinear stage is questionable).

On the macroscopic level the instabilities lead to large
departures from the double adiabatic predictions, the wave-
particle interactions cause an efficient isotropization ofef-
fective temperatures. The wave-particle interactions also re-
duce the proton heat flux. The present simulation started
with the parallel heat flux comparable to the saturation one
and these two heat fluxes remained comparable during whole
the simulation.

The simulation model used in this paper does not fully
describe the complex properties of the solar wind. We as-
sumed the strictly radial magnetic field for simplicity; this
nominally represents the polar regions but is also compati-
ble with the inner heliosphere below 1 AU where the mag-
netic field is predominantly radial. The chosen characteris-
tic expansion time is about ten times faster than in the solar
wind, the model does not include the turbulence/wave activ-
ity present in the solar wind and minor ions as alpha particles
are not considered. The model, however, self-consistently
resolves the competition between the expansion and kinetic
instabilities. The presented simulation results suggest that
the kinetic instabilities are partly responsible for the pro-
ton perpendicular heating and parallel cooling in the fast so-
lar wind as observed by Helios [Marsch and Richter, 1987;
Hellinger et al., 2011]. This paper also confirms that the
linear prediction for resonant instabilities generally needs to
be calculated from the full distribution function [cf.,Dum
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et al., 1980]; this property may explain observations where
instability analyses based on simplified models of the proton
velocity distribution function indicate strong linear growth
rates [Marsch and Livi, 1987;Hellinger et al., 2006] (to say
nothing about nonlinear effects).

Appendix A: Linear theory

The linear dispersion relationω = ω(k) in the magne-
tized collisionless (non relativistic) plasma is given by

detD(k, ω) = 0 (A1)

where the dispersion matrixD is given by

D =

(

k2c2 + ω2
p

ω2
− 1

)

1− kk
c2

ω2
(A2)

−
∑

s

ω2
ps

ω2ns

∞
∑

n=−∞

∫ k‖
∂fs
∂v‖

+ nωcs

v⊥

∂fs
∂v⊥

ω − k‖v‖ − nωcs
Tns d

3v

WhereTns are Hermitian matrices

Tns =







n2ω2

cs

k2

⊥
J2
n − inωcs

k⊥
v⊥JnJ

′
n

nωcs

k⊥
v‖J

2
n

inωcs

k⊥
v⊥JnJ

′
n v2⊥J

′2
n iv‖v⊥JnJ

′
n

nωcs

k⊥
v‖J

2
n −iv‖v⊥JnJ

′
n v2‖J

2
n







(A3)
Jn andJ ′

n being the Bessel functions of the fist kind and
their derivatives, respectively, of the integer ordern with the
argumentk⊥v⊥/ωcs (for the definitions of all symbol used
here see Appendix C).

At the parallel propagation the dispersion relation splits
to an electrostatic branch and two electromagnetic branches
with left- and right-handed circular polarization:

k2‖c
2 + ω2

p

ω2
−
∑

s

ω2
ps

ω2ns

∫

v2⊥
2

k‖
∂fs
∂v‖

∓ ωcs

v⊥

∂fs
∂v⊥

ω − k‖v‖ ± ωcs
d3v = 1

(A4)
The above expressions, Eqs. (A1,A4) are valid only for
γ = ℑω > 0 and forγ ≤ 0 must be analytically contin-
ued.

The linear dispersion relation must be generally solved
numerically. In the case when particle velocity distribution
functions may be considered as bi-Maxwellian distributions
drifting along the ambient magnetic field the integration over
velocities in the dispersion relations may be performed an-
alytically which leads to expressions involving the plasma
dispersion function [Fried and Conte, 1961] and (at oblique
propagation) modified Bessel functions [cf.,Stix, 1992].

For a general distribution function the integration must be
performed numerically even in the case of analytical form
[cf., Wong et al., 1991]. In the case of a velocity distribu-
tion function obtained on a grid from numerical simulation
(using the particle-in-cell scheme) or a discrete velocitydis-
tribution function observed in situ [Dum et al., 1980] the
solving the dispersion relation is more complicated. In this
case it is better to remove the derivatives of the distribution
function via the integrationper partes. For instance, in the

case of the parallel propagation, the relation, Equation (A4)
reads

k2‖c
2 + ω2

p

ω2
+
∑

s

ω2
ps

ω2ns

∫

v2⊥
2

k2‖fs

(ω − k‖v‖ ± ωcs)2
d3v

(A5)

±
∑

s

ω2
ps

ω2ns

∫

ωcsfs
ω − k‖v‖ ± ωcs

d3v = 1.

Similar but more complicated expressions one obtains in the
general case, Equation (A2). For the velocity distribution
function obtained on a fine grid, one can approximate the
integral by a simple summation over the grid; this is the
method used in this paper. We have, however, encountered
numerical problems for very weak growth rates. After the
integration/summation overv⊥ one gets to evaluate this type
of integral:

∞
∫

−∞

f̃(v‖)

ω − k‖v‖ − nωcs
dv‖. (A6)

Close toγ = ℑω = 0 the resonances pose numerical prob-
lems. One possibility to remedy this problem is to move the
integration contour below the real line to

∫ ∞−iǫ

−∞−iǫ

f̃(v‖)

ω − k‖v‖ − nωcs
dv‖ (A7)

for a smallǫ > 0. This procedure requires an analytical
continuation off̃(v‖) which may be approximated using the
real derivativef̃(v‖ − iǫ) = f̃(v‖)− iǫ∂f̃/∂v‖.

Appendix B: Quasilinear theory

Assuming the quasi-linear approximation, a superposition
of linear waves [Kennel and Engelmann, 1966]

E
(1) =

∑

k

δE(k, ω) eik·x−iωt (B1)

f (1)
s =

∑

k

δfs(v,k, ω) e
ik·x−iωt (B2)

. . .

which are solutions of the linear dispersion

D(k, ω) · δE(k, ω) = 0 (B3)

based on the instantaneous velocity distribution functionsfs
which in turn is assumed to vary owing to the second order
effects averaged over the space, phase and (fast) time,

∂fs
∂t

= −
qs
ms

〈

(

E
(1) + v ×B

(1)
)

·
∂f

(1)
s

∂v

〉

. (B4)

The second order effects lead to the diffusion equation

∂fs
∂t

=
∂

∂v‖

(

D‖‖s
∂fs
∂v‖

+D‖⊥s
∂fs
∂v⊥

)

+
1

v⊥

∂

∂v⊥
v⊥

(

D⊥‖s
∂fs
∂v‖

+D⊥⊥s
∂fs
∂v⊥

)

. (B5)
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where the diffusion coefficient can be given the following
explicit form

D‖‖s =
∑

k

∞
∑

n=−∞

q2s
m2

s

1

k2⊥|ω|
2

γ

|ω − k‖v‖ − nωcs|2
×

ℜ
[

|δEx|
2n2J2

nk
2
‖ω

2
cs

+ |δEy |
2(J ′

n)
2k2‖k

2
⊥v

2
⊥

+ |δEz |
2J2

nk
2
⊥ |ω − nωcs|

2

+ 2iδExδEynJnJ
′
nk

2
‖k⊥ωcsv⊥

− 2i(ω − nωcs)δEyδEzJnJ
′
nk‖k

2
⊥v⊥

+ 2(ω − nωcs)δExδEznJ
2
nk‖k⊥ωcs

]

(B6)

D‖⊥s =
∑

k

∞
∑

n=−∞

q2s
m2

s

nωcs

k2⊥v⊥|ω|
2

γ

|ω − k‖v‖ − nωcs|2
×

ℜ
[

|δEx|
2n2J2

nk‖ω
2
cs

+ |δEy |
2(J ′

n)
2k‖k

2
⊥v

2
⊥

+ |δEz |
2J2

nk
2
⊥v‖

(

2ωr − k‖v‖ − 2nωcs

)

+ 2iδExδEynJnJ
′
nk‖k⊥v⊥ωcs

− 2i(ω − nωcs)δEyδEzJnJ
′
nk

2
⊥v⊥

+ 2(ω − nωcs)δExδEznJ
2
nk⊥ωcs

]

(B7)

D⊥‖s =
∑

k

∞
∑

n=−∞

q2s
m2

s

k‖

k2⊥v⊥|ω|
2

γ

|ω − k‖v‖ − nωcs|2
×

ℜ
[

|δEx|
2n2J2

nω
2
cs

(

2ωr − 2k‖v‖ − nωcs

)

+ |δEy |
2(J ′

n)
2k2⊥v

2
⊥

(

2ωr − 2k‖v‖ − nωcs

)

− |δEz |
2nJ2

nk
2
⊥v

2
‖ωcs

+ 2iδExδEynJnJ
′
nk⊥v⊥ωcs

(

2ωr − 2k‖v‖ − nωcs

)

− 2i(ω − k‖v‖)δEyδEzJnJ
′
nk

2
⊥v‖v⊥

+ 2(ω − k‖v‖)δExδEznJ
2
nk⊥v‖ωcs

]

(B8)

D⊥⊥s =
∑

k

∞
∑

n=−∞

q2s
m2

s

1

k2⊥v
2
⊥|ω|

2

γ

|ω − k‖v‖ − nωcs|2
×

ℜ
[

|δEx|
2n2J2

nω
2
cs|ω − k‖v‖|

2

+ |δEy |
2(J ′

n)
2k2⊥v

2
⊥|ω − k‖v‖|

2

+ |δEz |
2n2J2

nk
2
⊥v

2
‖ω

2
cs

+ 2iδExδEynJnJ
′
nk⊥v⊥ωcs|ω − k‖v‖|

2

− 2i(ω − k‖v‖)δEyδEznJnJ
′
nk

2
⊥v‖v⊥ωcs

+ 2(ω − k‖v‖)δExδEzn
2J2

nk⊥v‖ω
2
cs

]

, (B9)

Jn andJ ′
n being the Bessel functions of the fist kind and

their derivatives, respectively, of the integer ordern with
the argumentk⊥v⊥/ωcs as in the linear case. The explicit
expression for the diffusion tensor are again only valid for
unstable waves (γ > 0).

Appendix C: Glossary

Here subscripts⊥ and‖ denote the perpendicular and par-
allel directions with respect to the ambient magnetic field
B0, B0 = |B0| denotes its the magnitude;v denotes a ve-
locity, v = |v| being its magnitude, andv‖ andv⊥ denote
magnitude of the velocity components parallel and perpen-
dicular toB0, respectively;t denotes the time. Here sub-
script s denotes different species (e: electrons,p: core pro-
tons, andb: beam protons); subscript0 denotes initial val-
ues. Herefs denotes the velocity distribution function,ns

denotes the number densityns =
∫

f d3v and mean parallel
velocitiesvs are given asvs =

∫

v‖fs d
3v/ns. The field-

aligned differential velocity between the beam and core is
denoted asvbp = vb − vp. The parallel and perpendic-
ular temperatures are given asTs‖ = (ms/kBns)

∫

(v‖ −
vs)

2fs d
3v andTs⊥ = (ms/2kBn)

∫

v2⊥f d3v, respectively.
Herems denotes the mass,kB is the Boltzmann constant;
Ts = (2Ts⊥ + Ts‖)/3 is the total proton temperature.
For the total proton distribution functionf = fp + fb
we define the effective parallel and perpendicular temper-
aturesT‖ = (mp/kBn)

∫

(v‖ − ṽ‖)
2fs d

3v and T⊥ =
(mp/2kBn)

∫

v2⊥f d3v, respectively, wheren is the total
proton number densityn = np + nb and ṽ‖ is the mean
proton velocity,ṽ‖ =

∫

v‖f d3v/n. The two nonzero com-
ponents of the heat flux tensor for the gyrotropic total pro-
ton distribution functionf are given asq‖ = mp

∫

(v‖ −
ṽ‖)

3f d3v and q⊥ = (mp/2)
∫

(v‖ − ṽ‖)v
2
⊥f d3v. Here

βs‖ = 2µ0nskBTs‖/B
2
0 is the parallel beta,ωcs = qsB0/ms

andωps = (nsq
2
s /msǫ0)

1/2 denote the cyclotron and plasma
frequencies, respectively,ωp =

∑

s ωps is the total plasma
frequency. In these expressionsqs denotes the charge,ǫ0
andµ0 denote the vacuum electric permittivity and magnetic
permeability, respectively. HerevA denotes the Alfvén ve-
locity vA = B0/(µ0mpn)

1/2 and c denotes the speed of
light. Here,k denotes the wave vector,k its magnitude,k‖
andk⊥ its parallel and perpendicular components, respec-
tively; i denotes the imaginary unit,ω denotes the complex
frequency,ωr = ℜω, γ = ℑω whereℜ andℑ denote the
real and imaginary part, respectively, and the overline de-
notes the complex conjugate,a+ ib = a − ib. HereR0

denotes the initial radial distance andte = R0/vsw is the
characteristic expansion time.
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