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Problem definition

argmin f(x) st z€Q

r
1
argmin EwTA:B — 2Ty st I<z< Uu,
T

where A € R™™ js SPS.
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Active/Free set:

Alx) ={j: zj =4V ;= w} Flo)={j:§ <z < u}



Active/Free Set and Gradient Splitting

Active/Free set:

Alx) ={j: zj =4V ;= w} Flo)={j:§ <z < u}

Gradient splitting:

g=Ax—b
) 0 if jeF,
gf 0 if je A, . in(g:, 0) it ;
§ = . g; = { min(g;, itz =1,
! gj if jeF. ’ ’ . T
max(g;,0) if zj=wu;



Active/Free Set and Gradient Splitting

Active/Free set:

Alx) ={j: zj =4V ;= w} Flo)={j:§ <z < u}

Gradient splitting:

g=Ax—b
) 0 if jeF,
gf 0 if je A, . in(g:, 0) it ;
§ = . g; = { min(g;, itz =1,
! gj if jeF. ’ ’ . T
max(g;,0) if zj=wu;

Projected gradient:
g9 =d+q



Gradient Splitting - Example




Keeping x Feasible

Projection onto the feasible set Q:

[Po(z)]; = min(uj, max(l, z;)).



MPRGP - Modified Proportioning with Reduced Gradient Pojections

Input: A, 2o € Q, b,T >0, @ € (0,2]|A|| "]
1 gozAwo—b,p():g(f),k::O
2 while ||gF|| is not small:

3 if |lgfll < Tl

4 a{:as = max{a: p — ap; € Q}
5 o = gl'pe/pf Ap;

6 if af < ozims:

7 CG step

8 else:

9 Expansion step

10 else:

11 Proportioning step

12 k=k+1

Output: xy 6
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MPRGP - Modified Proportioning with Reduced Gradient Pojections

Input: A, 2o € Q, b,T >0, @ € (0,2]|A|| "]
1 gozAwo—b,p():g(f),k::O
2 while ||gF|| is not small:

CG step:
cg
1 Ty = T — Q) Py
2 gry1 = gk — a Apy

€ 1acll < Tl Il
> Z’;;';lii’{a . 25— apy € 0 s B = pl Agl,, /Pl Ape

s o= gfm/pl Am Pt = g — i

6 if aff < ol Expansion step:

7 CG step V@1 = T afaspk

8 else: | 2 o i g — o Ap,

9 Expansion step t3 k ;

10 else: 3 @ = Pal@y,y —ag;;r%)
1 Proportioning step 4 Gry1 = A — b

12 k=k+1 5Pk+1=9;f€+1

Output: z;, 6



MPRGP - Modified Proportioning with Reduced Gradient Pojections

Input: A, = € Q, b, T >0, a € (0,2||A]| 7]
1 gozAwo—b,pozgé,kZO
2 while ||gl|| is not small:

3 if llggll < Tllgj:

4 ofe® = max{a : 3, — apy, € O} Proportioning step:
N s e v ox = g5/ (9)" Ag;
6 if oy’ < g™ 2 T = Ty — gy

! Losiep 3 gry1 = gk — arAg;

8 else: . s — QLH

9 Expansion step

10 else:

1 Proportioning step

12 k=k+1

Output: xy 7



MPRGP Operation Count

Step Hess. mult. | Dot prod. | Vec. update | Grad. split.
CG 1 2 3

Expansion: Fixed 2 1 5 2
Proportioning 1 1 3




MPRGP R-linear Convergence

Let a;, be generate by MRPGP, @y € , T' > 0 and @ € (0,2|[A[|~!]. Then

fzpt1) — fz) < n(flz) — (@),
where z denotes the unique solution,

CW\min

77:1_79<1-|-1A“2)’

[=max{l,07},  ¢=2max{all4],1}, &=min{@ 24" -a}

pr =1 k()" /4
forT=1anda = ||A||! 9



MPRGP with Projected CG Step Expansion

Input: A, = € Q, b, T >0, a € (0,2||A]| 7]

1go=Axy— b po=g,, k=0 Projected CG:
2 while ||gF|| is not small: 1 if apf < ofeas:
3 ing,;H < I|g}||: 2 gr1=gr—alAp,
eas
4 oy =max{a: x — apy € Q} 3 Br = pgAgf€+1/pgAPk
5 OéCg — s TA
k gy, pk/pkcg Pk 4 Pi+1 = gfk+1 — Brpr
6 Tt1 = T — O, Dk 5 else:
7 Projected CG 6  Tpy1 = Po(xp)
8 EIseP. o . 7 gk+1 = Akarl —b
9 roportioning step
8 Pik+1 = gf
10 k=k+1 . o

Output: x;

10



Projected CG and Convergence

X

f(Pa(m—a;’pr)) > flaw)

[Z. Dostal, 2009] .



Benchmarks and Parameters

o =1l
c A= ay||MA||TY @y = 1.9
- ||Al| estimated by power method
- 5 - 50 iterations (10~ relative error)
- not included in results (unless stated otherwise)
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Benchmarks and Parameters

1

A

o M= 1l
c A= ay||MA||TY @y = 1.9 N4
- ||Al| estimated by power method M

- 5 - 50 iterations (10~ relative error)
- not included in results (unless stated otherwise)

3D Linear Elasticity Contact Problem

- FETI dual formulation: y

1
argmin §ATF)\ —ATd st. A;>0and Gh=e
A

- SMALBE outer solver
- 81,812,703 (undecomposed) degrees of freedom over 1,000 subdomains

- relative tolerance 10~ .



Benchmarks and Parameters - Support Vector Machines (SVMs) Classification

1
argmin §ATYXTXY)\ ~Ale st o< A< Ce
A

- [1-loss function, dual formulation @ ciossa @ cisss
- LIBSVM datasets o ‘ . & m
© 7
- relative tolerance 10! 2 o 8
& . . . // //:)/
, «-\;2
Dataset # samples | # features o P //‘ /f‘/. )
Australian 690 14 o 9 s @ -
Diabetes 678 8 .’/. o ®
lonosphere 351 34 ’
P ‘o 90 @

Feature #1

I .

13
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Benchmarks and Parameters - PERMON examples

Ex1: Centred finite difference discretization of

—u'(z) = —15, z € [0,1]
sin(4mz — %)

.t >
st u(x) > 5

-2, z € [0,1]

Ex2: Same as ex1 except constrained only on z € [0, 1]

Journal Bearing (lubricant pressure distribution): P1 discretization of

angain [ (50192 - wle)o(s)) do

veEK
K={ve H(D): v>0}, D=(0,2n) x (0,2d),

where wy(z1, 23) = (1 + ecos x1)3, wy(z1, 1) = esinay, e = 0.1 and d = 10.



Benchmarks and Parameters - Generated BQP [Moré, Toraldo 1989]

- Size n = 15000
- k(A) =104
- non-degenerate solution

The number of active variables at the solution:

- BQP1: 10%
- BQP2: 50%
+ BQP3: 90%

15



3D contact - Choice of a,

fixed —+— grgr-opt projcg —@—
grgr-optapprox —x<— gfgr-opt
gfgr-optapprox gfgf-opt —S—
1200 T \ \ T T
1100

1000 \
900
800
700
600
500
400
300
200

Hessian Multiplications




Problem Exp. type Hess. mult. | CG | Exp. | Prop.
B — Fixed 323 | 144 | 83 3
Projected CG 292 | 171 | 53 5
. Fixed 195 8| 92 2

SVM: Australian .
Projected CG 83| 16| 32 2
S Bflheies Fixed 630 2| 313 1
' Projected CG 133 | 13| 58 3
Fixed 381 21| 179 1

SVM: lonosphere .
Projected CG 125 | 14| 54 2




SVM - tolerance 1le — 4

Dataset Exp. Type | Hess. mult. CG | Exp,. | Prop. | Costinc. | Fall.
australian | fixed 4567 | 1134 | 1704 24 423 0
australian | projCG 3571 | 565 | 1455 95 127 0
diabetes fixed 1108 | 124 | 491 1 18 0
diabetes projCG 1439 | 113 | 627 71 109 0
ionosphere | fixed 628 | 149 | 237 4 8 0
ionosphere | projCG 265 | 104 78 4 6 0
18




Gradient value

—— Projected gradient X  Expansion *  Fallback
—— Free gradient ® Proportioning —— Cost function
—— Chopped gradient

104 4 L _50
103 4 =100
102 n A !)A F—150
‘v [ 1 o Lo
107 5 . L f ] P
il -
100 4 X
F —300
10! 5 L
J \’ =350
10-2 E T T T T - —400
0 20 40 60 80 100

Iteration

Cost function value



MPPCG with Fallback

1ifaf < afess;
Input: A, - € 2, b, T >0,ac (0,2||A]|7Y] 2 gi1 = g — o Apy
1 .go= Az — b py=gh k=0 3 Bu=plAg,, /Pl Aps
2 while ||gF|| is not small: b Pre = Gy — Bibi
3 if |lggll < Tllgll: 5 else:
4 a{f“s = max{a: x, — apg € Q} 6 Tr1 = Po(Trg1)
5 a = g pk/pk Ap; 7 i1 = Ay — b
6 Ty = xp — 'y 8 if fallback:
7 Projected CG with fallback 9 Ty 1 = T - a{f“spk
8 else: o 0 Ghit = 95— feasAp
9 Proportioning step . Tior = Po(x agf )
10 k=k+1 kg
Output: x; 12 g1 = Az 1 — b
13 Pit+1 = giﬂ 20




Fallback Variants

Fallback 1:
f(xpy1) > flaz)
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Gradient value

—— Projected gradient X  Expansion *  Fallback
—— Free gradient ® Proportioning —— Cost function
—— Chopped gradient
10% 5 L _50
103 4 F—100
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SVM - tolerance 1le — 4

Dataset Exp. Type | Hess. mult. CG | Exp,. | Prop. | Costinc. | Fall.
australian | fixed 4567 | 1134 | 1704 24 423 0
australian | projCG 3571 | 565 | 1455 95 127 0
australian | fallback 1 3298 | 1015 | 1014 36 218 | 218
diabetes fixed 1108 | 124 | 491 1 18 0
diabetes projCG 1439 | 113 | 627 71 109 0
diabetes fallback 1 292 84 96 1 14 | 14
ionosphere | fixed 628 | 149 | 237 4 8 0
ionosphere | projCG 265 | 104 78 4 6 0
ionosphere | fallback 1 320 | 109 89 5 27 | 27
3




Fallback Variants

Fallback 1:
f(xpy1) > flaz)

Fallback 2:
faren) > faw) A |lgiall > Tllgh,

24



SVM - tolerance 1le — 4

Dataset Exp. Type | Hess. Mult. CG | Exp. | Prop. | Costinc. | Fall.
australian | fixed 4567 | 1134 | 1704 24 423 0
australian | projCG 3571 | 565 | 1455 95 127 0
australian | fallback 1 3298 | 1015 | 1014 36 218 | 218
australian | fallback 2 2160 | 747 | 662 32 74 | 56
diabetes fixed 1108 | 124 | 491 1 18 0
diabetes projCG 1439 | 113 | 627 71 109 0
diabetes fallback 1 292 84 96 1 14 | 14
diabetes fallback 2 292 84 96 1 14 | 14
ionosphere | fixed 628 | 149 | 237 4 8 0
ionosphere | projCG 265 | 104 78 4 6 0
ionosphere | fallback 1 320 | 109 89 5 27 | 27
ionosphere | fallback 2 277 | 104 78 5 13| 11 -




Spectral Projected Gradient (SPG) Method [Birgin et al. 2000]

Input: 9 € Q, 6,0 € (0,1), M€ N, 0 < amin < Xmazy @0 € [Qmins Vmag)

1 while ||g”|| is not small:

d* =g (2" — agg(ah)) — o*

Ve =1, frep=max{f(z*%), 0 < i< min(k, M- 1)}

while f(@* + vy d®) > frop + ovig(2h) T db:

Vp = (5I/k;

S .

define the step length ax € [amin, ¥maz] DY BOXVABB min

k=k+1
Output: zF+!

0 N O U B~ w N

26



BoxVABB,i, [Crisci et al. 2019]

_ k=1 T, k-1

BBl — (e BoxBB2 _ L Yo,
? )

(b= Tylk1) 1P

where s#71 = ¢ — g1 oF = ¢¥ — ¢*~1 and

Lo ={1,2,... .0} \{&: (&P =t;ndf =) v (& = ui A b = wy)}

27



BoxVABB,i, [Crisci et al. 2019]

=1 T g1

BBl _ Hs(kfl)Hz BoxBB2 _ i1 Iny

A = AT k = T i
s(k=1) ~ y(k=1) g5l

where s#71 = ¢ — g1 oF = ¢¥ — ¢*~1 and

Lo ={1,2,...,0}\{&: (&P =t;ndf =) v (& = ui A b = wy)}

BoxBBQ
e O
- Tk/19 if o BBT < Tk
Th+1 = o
0 otherwise
QfoxBE2
: BoxBB2 . ; _ . -
BoxVABBy;, _ ) Min {ajox : j=max{l, k— ma},...,k} if —gpr <7
a = O
aBBl otherwise

27



BQP1: Convergence curves for MPRGP, MPPCG and SPG.

—— MPRGP MPPCG — SPG
1071 j

107 ~ 8

1077 A

[ = XI|/[1x]|
lIg”11/1[b|

10*10:

1013 - i

10_16 — 1 T T T T T T T T T T 1 — T T
0 1000 2000 3000 0 1000 2000 3000
Number of Hessian multiplications
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BQP2: Convergence curves for MPRGP, MPPCG and SPG.

— MPRGP MPPCG — SPG

107 4% 1

107 1 8

1077

[ = XI|/[1x]|
lIg”11/1[b|

10‘10:

1013 - i

10716 L B L I
0 2000 4000 6000 0 2000 4000 6000

Number of Hessian multiplications
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BQP3: Convergence curves for MPRGP, MPPCG and SPG.

—— MPRGP MPPCG — SPG

el =

= 2

=3 =

[ | a9

X 10710 4 = ]
101 - |
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0 2000 4000 6000 0 2000 4000 6000

Number of Hessian multiplications 30



BQP1: Progress of MPRGP.

— [x=x[l/lI|

llg” /11|

—— Last expansion (z = 1972)

—— 99.5% correct active set (z = 1636)

---- Correct active set components
Wrong active set components

—— Last proportioning (z = 2088)
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BQP1: Progress of MPPCG

— [Ix =X/l ---- Correct active set components
llg”11/11bl| Wrong active set components
—— Last expansion (z = 1110) —— Last proportioning (z = 1188)
—— 99.5% correct active set (xz = 637)
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BQP1: Progress of SPG.

— Ix = X||/IIX]| ---- Correct active set components
llg”11/11bl| Wrong active set components
—— Line search failure (z = 988) —— 99.5% correct active set (z = 191)
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BQP3: Progress of MPRGP.

— I =X/l
lig”l1/11bl]
—— Last expansion (z = 5951)

—— 99.5% correct active set (z = 5599)

---- Correct active set components
Wrong active set components

—— Last proportioning (z = 6260)
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BQP3: Progress of MPPCG.

— |Ix = x|/l ---- Correct active set components
llg”11/11bl| Wrong active set components
—— Last expansion (z = 1912) —— Last proportioning (z = 2072)
—— 99.5% correct active set (z = 1493)
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BQP3: Progress of SPG.

— [Ix =X/l ---- Correct active set components
llg”11/11bl| Wrong active set components
—— Line search failure (z = 1015) —— 99.5% correct active set (z = 331)
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Spectral Projected Gradient (SPG) Expansion Step - MPSPG

- feas
1 wk—i—% =T — O Pk

2 Gy = Gk~ ol Apy,

3 define the step length ay € [@min, ¥maz) DY BOXVABB,in
4 dp = Pq <“’k+§ - akgk+%) ~ Tyl

5 v =1

frep = max{f(a, 1), flar—), 0 < i < min(k, M — 1)}

7 while f(mk+% + vidy) > fref + auk(ngr%)Tdk:

8 V= (Sl/k

[o)]

9 Ty = Tpy 1 + vidy,
10 git1 = Gy L + v Ady

N P+l = QQH
37



Results - BQP

Problem notes MPRGP MPPCG SPG MPSPG MPSPGf
BQP1 rtol: 1074 1726 714 208 262 219(217)
BQP2 rtol: 1074 3174 799 205 273 266 (265)
BQP3 rtol: 10~4 3910 1268 248 401 234(231)
BQP1 rtol: 1076 2075 1175 579 745 592 (590)
(
(

BQP2 rtol: 10~6 4299 1230 522 744 726 (465)
BQP3 rtol: 10~6 6081 1735 604 1224 692 (688)
GM of BQP speedups 1 294 9.19 6.25 8.12(5.54

38



Results - PERMON Examples

Problem notes MPRGP MPPCG SPG  MPSPG MPSPGf
ex1l grid: 100 177 164 249 157 167 (165)
ex1 grid: 1000 3245 3037 2709 3946 2918 (2882)
ex1 grid: 5000 31657 25673 19806 74756 22541 (22232)
ex?2 grid: 100 208 200 369 158 181 (178)
ex?2 grid: 1000 2825 3366 3077 2993 2361 (2348)
ex?2 grid: 5000 21525 16103 24505 20227 20767 (20543)
jbearing  grid: 50x50 154 142 154 135 139 (129)
jbearing grid: 100x100 318 335 358 346 322 (307)
jbearing  grid: 200x50 663 664 740 803 690 (659)
jbearing grid: 400x25 1463 1559 1597 1700 1443 (1383)
GM PERMON ex. speedups 1 1.05 0.92 0.91 1.10 (0.74)
Overall GM of speedups 1 1.54 2.19 1.87 2.32(1.57) 39



Results - BQP, rtol 10712

Problem MPRGP MPPCG MPSPG MPSPGf
BQP1 2750 1787 1422 1274 (1272)
BQP2 4951 1932 1402 1249 (1248)
BQP3 6797 2463 1923 1360 (1355)
GM of BQP speedups 1 2.22 2.89  3.50(2.33)

40



Conclusion and Outlook

- Unconstrained QP minimization, PCDEFLATION (a general multilevel deflation
preconditioner)

- Active set methods, including MPRGP and SPG, active set expansion
strategies and preconditioning for MPRGP

- Equality-constrained QP, such as augmented Lagrangian-type methods like
SMALE and ALAPC

- Primal-dual interior point methods
- FETI-type domain decomposition methods
- Implementations and PERMON library

- Benchmarks and applications

41



Thank you for your attention!
Any questions?

Jakub Kruzik
jakub.kruzik@vsb.cz

RERITON

http://permon.vsb.cz
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