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X � Y ���

Z
��| �����~ y���|y ��� }~�} }~|�| �y � �����|�� { ������

B : X×Y → Z � �| zy| }~| y~��} ��}�}���
xy = B(x, y) ��� }~| ���z| �� }~| �����|��

���{ B ��� x ∈ X � y ∈ Y
��� �yyz{| }~�}

‖xy‖� � ‖x‖� ‖y‖� .
��

‖ · ‖� }~| ���{ �� }~| �����~ y���|
X

�y �|��}|� 7��� y�{ ������ ��� }~| �}~|���|y� ������|y �� �����~ y���|y X � Y � Z ��}~ }~|y| ���� |�}�|y ��| ����|� bilinear triples��� }~|� ��| �|��}|� ��
B = (X,Y, Z)

�� y~��}��
B �
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��������� "� X ���
Y

��| �����~ y���|y � �|} zy �|��}| ��
L(X,Y )

}~|
�����~ y���| �� ��� ��z��|� ���|�� �� |��}��y A : X → Y ��}~ }~| z�����{ ��|��}��
}�������� � |	���� B(A, x) = Ax ∈ Y ��� A ∈ L(X,Y )

���
x ∈ X � �| ��}��� �� �

��}z��� ��� }~| � ����|�� }����| B = (L(X,Y ), X, Y ) �
��{ ������ �� X � Y ���

Z
��| �����~ y���|y � }~|� B = (L(X,Y ), L(Y,Z), L(X,Z))

���{ y � �����|�� }����| � �}~ }~| ��}z��� � ����|�� ���{ ���|� �� }~| ��{��y�}���
AB ∈

L(X,Z)
�� �� |��}��y A ∈ L(X,Y )

���
B ∈ L(Y,Z) ��~| zyz�� ��|��}�� ���{ �y zy|� �� ��}~ |
�{��|y ���|� ����| �"� X ′ �y }~| �z�� }� }~| �����~ y���| X }~|�

(X,X ′, C)
�y � �����|�� }����| � �}~

B(x, x′) = x′(x) ��� x ∈ X
���
x′ ∈ X ′ �� �y�

(�, X,X) ��� (X, �, X) ��| �����|�� }��� �|y � �}~ }~| � ����|�� {�� B(r, x) =
rx

���
B(x, r) = rx � �|y�|�}��|��� �~|�| r ∈ � ���

x ∈ X �

�tuptv pr � ��r�vprx � pv� �tq�sx pr t otrt�� xwt�s

�yyz{| }~�}
[a, b] ⊂ � �y � ��z��|� ��}|���� ��� }~�}

X
�y � �����~ y���| � % ��|�

x : [a, b]→ X � }~| �z��}��� x �y �� bounded variation on [a, b] ��

�
var� (x) = sup

{ �∑
� � � ‖x(α� )− x(α�−�)‖�

}
<∞,

�~|�| }~| yz��|{z{ �y }��|� ��|� ��� 	��}| ���}�}���y

D : a = α� < α� < . . . < α�−
� < α� = b

�� }~| ��}|���� [a, b] � �~| y|} �� ��� �z��}���y x : [a, b]→ X ��}~ var��(x) <∞ ���� �|�|��}|� ��
BV ([a, b];X)

�� y~��}��
BV ([a, b])

�� �} �y ��|�� �~��~ �����~ y���|
X

�| ~��| �� { ��� ��yyz{| ��� }~�}
B = (X,Y, Z)

�y � � ����|�� }����| �� �����~ y���|y ����
x : [a, b]→ X

��� � ���}�}���
D
�� }~| ��}|���� [a, b] �|	�|

V
�
� (x,D) = sup

{∥∥∥∥
�∑

� � �[x(α
� )− x(α�−

�)]y�
∥∥∥∥�
}
,

�~|�| }~| yz��|{z{ �y }��|� ��|� ��� � �yy���| �~���|y �� y� ∈ Y � j = 1, . . . , k ��}~
‖y�‖ � 1 ��� y|}

(B)
�
var� (x) = supV

�
� (x,D),

���



�~|�| }~| yz��|{z{ �y }��|� ��|� ��� 	��}| ���}�}���y

D : a = α� < α� < . . . < α�−
� < α� = b

�� }~| ��}|���� [a, b] �� �z��}��� x : [a, b] → X ��}~ (B) var��(x) < ∞
�y ����|� �

function with bounded

B-variation on [a, b]
7y�{ |}�{ |y ��y�

a function of bounded semi-variation ��� � ���� ���� � ���|� �����|�� }����|
B = (X,Y, Z)

}~| y|} �� ��� �z��}���y x : [a, b]→ X ��}~
(B) var

��(x) < ∞ ���� � | �|��}|� �� (B)BV ([a, b];X) �� y~��}�� �� (B)BV ([a, b]) ���} �y ��|�� �~��~ �����|�� }����| (X,Y, Z) �| ~��| �� { ��� �

1. Proposition. If B = (X,Y, Z) is a bilinear triple then

BV ([a, b];X) ⊂ (B)BV ([a, b];X)

and if x ∈ BV ([a, b];X), then

(B)
�
var� (x) �

�
var� (x).

������ ��� � ���|� �z��}��� x : [a, b] → X ��}~ x ∈ BV ([a, b];X) � � ���}�}���
D
�� [a, b] ��� ����}���� y� ∈ Y � j = 1, . . . , k ��}~ ‖y�‖ � 1 �| ~��|

∥∥∥∥
�∑

� � �(x(α
� )− x(α�−�))y�

∥∥∥∥� �
�∑

� � � ‖x(α� )− x(α�−�)‖� ‖y�‖�

�
�∑

� � � ‖x(α� )− x(α�−�)‖� �
�
var� (x).

��yy��� }� }~| yz��|{� ����|y������� }� }~| �|	��}��� �� (B) var��(x) �� }~�y ��!
|�z���}� �| �{{|���}|�� ��}��� }~| ����z y��� �y �|�� �y }~| ��|�z���}� ����{ |� �� }~|y}�}|{ |�} � �

	����
 � "} �y |�y� }� y~�� }~�} �� x : [a, b] → � ���
B = (�, �, �) }~|�

x ∈ (B)BV ([a, b])
�� ��� ���� �� x ∈ BV ([a, b]) �

"��||� � �� }~�y ��y| �| ~��|

V
�
� (x,D) = sup

{∣∣∣∣
�∑

� � �[x(α
� )− x(α�−�)]y�

∣∣∣∣
}
=

�∑
� � � |x(α� )− x(α�−

�)|

�|��zy| �| ��� }��| y� = 1 �� x(α� )−x(α�−�) � 0 ��� y� = −1
�� x(α� )−x(α�−�) < 0 �

���



�~| y�{ | �y }�z| ��y� �� x : [a, b]→ X ���
B = (X, �, X) � �~|�| }~| �����~ y���|

X
�y 	��}|!��{ |�y����� ��~�y y~�� y }~�} }~| ����|�} �� B

!�����}��� �� � �z��}��� x : [a, b]→ X �y �|�|���}
�� �� ��� ��	��}|!��{ |�y����� �����~ y���|y X �

�s��qtvs� ��r�vprx tr� xvsw ��r�vprx � pv� �tq�sx pr t otrt�� xwt�s
�yyz{| }~�}

[a, b] ⊂ � �y � ��z��|� ��}|���� ��� }~�}
X
�y � �����~ y���| � % ��|�

x : [a, b]→ X � }~| �z��}��� x �y ����|� regulated on [a, b] �� �} ~�y ��|!y��|� ��{ �}y �}|�|�� ����} �� [a, b] � � �| � �� ��� |�|�� s ∈ [a, b)
}~|�| �y � ���z|

x(s+) ∈ X
yz�~ }~�}

lim�
→�� ‖x(t)− x(s+)‖� = 0

��� �� ��� |�|�� s ∈ (a, b]
}~|�| �y � ���z|

x(s−) ∈ X
yz�~ }~�}

lim�
→�− ‖x(t)− x(s−)‖� = 0.

�~| y|} �� ��� �|�z��}|� �z��}���y x : [a, b]→ X ���� � | �|��}|� �� G([a, b];X) ��y~��}��
G([a, b])

�� �} �y ��|�� �~��~ �����~ y���| X �| ~��| �� { ��� ��yyz{| ��� }~�}
B = (X,Y, Z)

�y � � ����|�� }����| �� �����~ y���|y �� �z��}��� x : [a, b] → X
�y ����|�

B-regulated on [a, b]
�� ��� |�|�� y ∈ Y, ‖y‖�

� 1 }~| �z��}��� xy : [a, b] → Z
���|� ��

t 7→ x(t)y ∈ Z ��� t ∈ [a, b]
�y �|�z��}|� �� �| � xy ∈ G([a, b], Z) ��� |�|�� y ∈ Y, ‖y‖� � 1 ���� � ���|� �����|�� }����|

B = (X,Y, Z)
}~| y|} �� ��� B

!�|�z��}|� �z��}���y x :
[a, b] → X ���� �| �|��}|� �� (B)G([a, b];X) �� y~��}�� �� (B)G([a, b]) �� �} �y ��|��
�~��~ �����|�� }����| (X,Y, Z) �| ~��| �� { ��� �� �z��}��� x : [a, b]→ X �y ����|� �

(finite) step function on [a, b]
�� }~|�| |
 �y}y �	��}| ���}�}���

D : a = α� < α� < . . . < α�−
� < α� = b

�� }~| ��}|���� [a, b] yz�~ }~�}
x
~�y � ���y}��} ���z| ��

(α�−�, α� ) ��� |�|�� j =
1, . . . , k ��~| ������ ��� �|yz�} �y �|�� ����� ��� �|�z��}|� �z��}���y �

2. Proposition.
7y|| | �� � �� �~|��|{ � �� � � � ���� A function x : [a, b] → X is

regulated (x ∈ G([a, b];X)) if and only if x is the uniform limit of step functions.

3. Proposition. If B = (X,Y, Z) is a bilinear triple and x ∈ G([a, b];X) then

x ∈ (B)G([a, b];X), i.e.

G([a, b];X) ⊂ (B)G([a, b];X).

���



������ ��� ���
y ∈ Y ��}~ ‖y‖� � 1 ��� s, t ∈ [a, b] �| ~��|

‖x(t)y − x(s)y‖� � ‖x(t)− x(s)‖� ‖y‖� � ‖x(t)− x(s)‖�
��� }~ �y �{���|y }~| y}�}|{ |�} 7| �� � �� }~| �������!��z�~� �����}��� ��� }~| |
 �y!}|��| �� ��|y��|� ��{ �}y �� }~| �z��}��� x� � �

	����
 � "� }~| �����|�� }����| B = (X, �, X) � � �}~ � �����~ y���| X �y � ��|� �}~|� �} �y |�y� }� �~|�� }~�} � �z��}��� x : [a, b]→ X �y
B
!�|�z��}|� �� ��� ���� �� �}�y �|�z��}|� � }~| �����|�� ���{ B(x, r) �y � ��|� �� }~| ����z�} xr �

�vpsqv �sx prvs�utvpr � �s�vu �tq�s� ��r�vprx

� 	��}| y�y}|{ �� ����}y

{α� , τ�, α�, τ� , . . . , α�−
�, τ� , α�}

yz�~ }~�}
a = α� < α� < . . . < α�−

� < α� = b
���

τ� ∈ [α�−�, α� ] ��� j = 1, . . . , k
�y ����|� �

P -partition
�� }~| ��}|���� [a, b] ���� ��y�}��| �z��}��� δ : [a, b]→ (0,∞) �y ����|� � gauge on [a, b] ���� � ���|� ��z�|
δ
��
[a, b]

�
P
!���}�}���

{α� , τ�, α�, τ� , . . . , α�−
�, τ� , α�} �� [a, b]�y ����|�

δ-fine
��

[α�−�, α� ] ⊂ (τ� − δ(τ� ), τ� + δ(τ� )) ��� j = 1, . . . , k.

4. Cousin’s Lemma. Given an arbitrary gauge δ on [a, b] there is a δ-fine P -

partition of [a, b].

7�|| | �� � �� � ��

5. Definition.
�yyz{ | }~�}

B = (X,Y, Z)
�y � �����|�� }��� �| ��� }~�} �z��}���y

x : [a, b]→ X
���
y : [a, b]→ Y

��| ���|� �
���



�| y�� }~�} }~| �}�|�}� |y ��}|���� ∫ �� d[x(s)]y(s) |
 �y}y �� }~|�| �y �� |�|{ |�} I ∈ Zyz�~ }~�} }� |�|��
ε > 0

}~|�| �y � ��z�|
δ
��
[a, b]

yz�~ }~�} ���

S( dx, y,D) =

�∑
� � �
[
x(α� )− x(α�−

�)]y(τ� )

�| ~��| ∥∥S( dx, y,D)− I
∥∥� < ε������|�

D
�y �
δ
!	�|

P
!���}�} ��� �� [a, b] � �| �|��}|

I =
∫ �
� d[x(s)]y(s) � ��� }~| ��y|

a = b
�} �y ����|��|�} }� y|} ∫ �� d[x(s)]y(s) = 0 ��� �� b < a � }~|� ∫

�
� d[x(s)]y(s) =

−
∫ �� d[x(s)]y(s) ���{ ������ �| ��� �|	�| }~| �}�|�}� |y ��}|���� ∫

�
� x(s) d[y(s)] zy��� �}�|�}� |y ��}|����yz{ y �� }~| ���{

S(x, dy,D) =

�∑
� � � x(τ

� )[y(α� )− y(α�−�)
]
.

	����
 �  �}| }~�} ��zy�� �y #|{{� � �y |yy|�}��� ��� }~�y �|	��}��� � �~|
�}�|�}� |y ��}|���� ��}���z�|� �� }~�y ��� �y �|}|�{ ��|� z���z|�� ��� ~�y }~| ������ ���|�|{ |�}��� ����|�}�|y �
6. Proposition. Assume that B = (X,Y, Z) is a bilinear triple and that functions

x : [a, b]→ X and y� : [a, b]→ Y are such that the Stieltjes integrals
∫ �
� d[x(s)]y�(s),

i = 1, 2 exist.

Then for every c�, c� ∈ � the integral ∫
�
� d[x(s)](c�y�(s) + c�y�(s)) exists and

∫ �

� d[x(s)]
(
c�y�(s) + c�y�(s)) = c�

∫ �

� d[x(s)]y
�(s) + c�

∫ �

� d[x(s)]y�(s).

If functions x� : [a, b] → X and y : [a, b] → Y are such that the Stieltjes integrals∫ �
� d[x�(s)]y(s), i = 1, 2 exist then for every c�, c� ∈ � the integral ∫

�
� d[c�x�(s) +

c�x�(s)]y(s) exists and
∫ �

� d[c
�x�(s) + c�x�(s)]y(s) = c�

∫ �

� d[x
�(s)]y(s) + c�

∫ �

� d[x�(s)]y(s).

������ �~| y}�}|{|�}y ��| |�y� ���y|�z|��|y �� }~| |�z���} �|y ~������ ��� }~|����|y������� ��}|���� yz{ y � � �| �
S( dx, c�y� + c�y� , D) = c�S( dx, y�, D) + c�S( dx, y� , D)

���
S
(
d(c�x� + c�x�), y,D) = c�S( dx�, y,D) + c�S( dx�, y,D).

�
���



7. Proposition.
7�������!��z�~� �����}��� �

Assume that B = (X,Y, Z) is a

bilinear triple and that functions x : [a, b]→ X and y : [a, b]→ Y are given.

Then the Stieltjes integral
∫ �
� d[x(s)]y(s) exists if and only if for every ε > 0 there

is a gauge δ on [a, b] such that

7��� ∥∥S( dx, y,D�)− S( dx, y,D�)
∥∥� < ε

provided D�, D� are δ-fine P -partitions of [a, b].
������ ��|����� �� }~| ��}|���� �� �z|y}��� |
 �y}y � }~| �������!��z�~� �����}����y y�}�y	|� ��yyz{| �� }~| ���}���� }~�} }~| �������!��z�~� �����}��� 7��� ~���y � ��� �

�|�}���
ε > 0

�|	�|

I(ε) =
{
S( dx, y,D);D

�� ����}����
δ
!	�|

P
!���}�}��� �� [a, b]} ⊂ Z

�~|�| δ = δ� �y }~| ����|y������� ��z�| � �� ��zy�� �y #|{{� � }~| y|}
I(ε)

�y
���|{�}�� �� }~| �����}��� 7��� �| ~��|

���{
I(ε) < ε

��� ��y�
I(ε�) ⊂ I(ε�)

��� ε� < ε� � �|��| }~| ��}|�y|�}���
⋂

���
I(ε) = {I} ; I ∈ Z

���y�y}y �� � y����| ����} � |��zy| }~| y���| Z �y ��{��|}| 7
I(ε)

�|��}|y }~| ���yz�|
�� I(ε) �� Z � � �~|�|���| ��� �� ����}���� δ!	�| P !���}�} ��� D �� [a, b] �| �|}

∥∥S( dx, y,D)− I
∥∥ � ε.

�

8. Proposition. Assume that B = (X,Y, Z) is a bilinear triple and that functions

x : [a, b] → X and y : [a, b] → Y are given. If the Stieltjes integral
∫ �
� d[x(s)]y(s)

exists, then for every interval [c, d] ⊂ [a, b] the integral
∫ �
� d[x(s)]y(s) exists.

������ % ��|�
ε > 0

�yyz{ | }~�}
δ
�y }~| ��z�| ��

[a, b]
yz�~ }~�}

∥∥S( dx, y,D�)− S( dx, y,D�)
∥∥� < ε

�� �



������|�
D�, D�

��|
δ
!	�|

P
!���}�} ���y �� [a, b] 7y|| }~| �������!��z�~� �����}���

��� }~| |
 �y}|��| �� }~| ��}|����� �� yyz{| }~�}
D∗� , D∗�

��| ����}����
δ
!	�|

P
!���}�} ���y �� [c, d] � #|} D−

�| �
δ
!	�|

P
!���}�}��� �� [a, c] ��� D�

�
δ
!	�|

P
!���}�}��� �� [d, b] � �~| z���� �� D− � D∗� ���

D� ���{ y � ���}�}��� D� �� [a, b] ��� y�{ ������ D− � D∗�
���
D�

���|y � ���}�}���
D��� [a, b] ��� ��}~ ���}�}���y D� ��� D�

��|
δ
!	�| � "} �y |�y� }� �~|�� }~�}

S( dx, y,D�)− S( dx, y,D�) = S( dx, y,D∗�)− S( dx, y,D∗� ).

�|��|
∥∥S( dx, y,D∗�)− S( dx, y,D∗� )

∥∥� < ε
��� �� }~| �������!��z�~� �����}��� }~| ��}|���� ∫ �

� d[x(s)]y(s)
|
 �y}y � �

9. Proposition. Assume that B = (X,Y, Z) is a bilinear triple and that functions

x : [a, b] → X and y : [a, b] → Y are such that for c ∈ [a, b] the Stieltjes integrals∫ �
� d[x(s)]y(s) and

∫ �
� d[x(s)]y(s) exist.

Then the integral
∫ �
� d[x(s)]y(s) exists and

∫ �

� d[x(s)]y(s) =
∫ �

� d[x(s)]y(s) +
∫ �

�
d[x(s)]y(s).

������ "� c = a ��
c = b

}~|� }~| y}�}|{ |�} �y ��|�� � |��zy| �| ~��|
∫ �
� d[x(s)]y(s) = 0

�� �|	��}��� � � yyz{| }~|�|���| }~�} c ∈ (a, b) ���� |�|��
ε > 0

}~|�| |
 �y} ��z�|y
δ−

���
δ�

��
[a, c]

���
[c, b]

�|y�|�}��|�� yz�~
}~�} �� }~| �|	��}��� �| ~��|

∥∥∥∥S( dx, y,D−)−

∫ �

� d[x(s)]y(s)
∥∥∥∥� < ε

������|�
D−

�y �
δ−
!	�|

P
!���}�}��� �� [a, c] ���

∥∥∥∥S( dx, y,D� )−

∫ �

�
d[x(s)]y(s)

∥∥∥∥� < ε
������|�

D�
�y �
δ�
!	�|

P
!���}�} ��� �� [c, b] �#|} zy �~��y| � ��z�|
δ
��
[a, b]

yz�~ }~�}

0 < δ(s) < min
(
δ−(s),

��y}
(s, c)

) ��� s ∈ [a, c),

0 < δ(s) < min
(
δ�(s),

��y}
(s, c)

) ��� s ∈ (c, b]

���



���

0 < δ(c) < min
(
δ−(c), δ� (c)

)
.

#|} zy �yyz{ | }~�}
D = {α� , τ�, α�, τ� , . . . , α�−

�, τ� , α�} �y � δ!	�| P !���}�}��� �� }~|��}|����
[a, b] � "} �y |�y� }� �~|�� }~�} �� }~| �~���| �� }~| ��z�| δ }~|�| �y �� ���|


l ∈ {1, . . . , k}
yz�~ }~�}

τ� = c
��� }~�}

D− = {α� , τ�, α�, τ�, . . . , α�−�, τ� = α� = c}���
D� = {c = α� = τ�, α�� �, τ�� �, . . . , α�−

�, τ� = α�} ��|
δ−
! ���

δ�
!	�|

P
!

���}�} ���y �� [a, c] ��� [c, b] � �|y� |�}��|��� �~|� �| ~��| S( dx, y,D) = S( dx, y,D−)+

S( dx, y,D� )
���

∥∥∥∥S( dx, y,D)−
∫ �

� d[x(s)]y(s) −

∫ �

�
d[x(s)]y(s)

∥∥∥∥�
=

∥∥∥∥S( dx, y,D−) + S( dx, y,D� )−
∫ �

� d[x(s)]y(s) −

∫ �

�
d[x(s)]y(s)

∥∥∥∥�
�
∥∥∥∥S( dx, y,D−)−

∫ �

� d[x(s)]y(s)
∥∥∥∥� +

∥∥∥∥S( dx, y,D� )−
∫ �

�
d[x(s)]y(s)

∥∥∥∥� < 2ε.

�~�y ��|�z���}� ��|��y �� �|	��}��� }~| |
 �y}|��| �� }~| ��}|���� ∫
�
� d[x(s)]y(s) �y �|���y }~| |�z���}�

∫ �

� d[x(s)](y(s) =
∫ �

� d[x(s)]y(s) +
∫ �

�
d[x(s)]y(s).

�
	����
 � "� }~| ����y�}| ���|�}��� �| |���|�}�� ~��| �

If c ∈ [a, b] and the integral
∫ �
� d[x(s)]y(s) exists, then the Stieltjes integrals∫ �

� d[x(s)]y(s) and
∫ �
� d[x(s)]y(s) exist and

∫ �

� d[x(s)]y(s) =
∫ �

� d[x(s)]y(s) +
∫ �

�
d[x(s)]y(s).

���
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10. Proposition. Assume that B = (X,Y, Z) is a bilinear triple and that func-

tions x : [a, b]→ X and y : [a, b]→ Y are given. If the Stieltjes integral
∫ �
� d[x(s)]y(s)

exists and (B) var
��(x) <∞ then

∥∥∥∥
∫ �

� d[x(s)]y(s)
∥∥∥∥� � sup

�∈ �� ���
‖y(s)‖� .(B)

�
var� (x).

������ � yyz{ | }~�}
ε > 0

�y ���|� � ����| }~| ��}|���� ∫
�
� d[x(s)]y(s) |
 �y}y �}~|�| �y � ��z�|

δ
��
[a, b]

yz�~ }~�} �| ~��|

∥∥∥∥
�∑
� � �[x(α

� )− x(α�−
�)]y(τ� )−

∫ �

� d[x(s)]y(s)
∥∥∥∥� < ε

������|�
D = {α� , τ�, α�, τ�, . . . , α�−

�, τ� , α�}
�y �
δ
!	�|

P
!���}�} ��� �� [a, b] � �|��|

∥∥∥∥
∫ �

� d[x(s)]y(s)
∥∥∥∥�

�
∥∥∥∥
∫ �

� d[x(s)]y(s) −

�∑
� � �[x(α

� )− x(α�−
�)]y(τ� )

∥∥∥∥� +
∥∥∥∥

�∑
� � �[x(α

� )− x(α�−�)]y(τ� )
∥∥∥∥�

< ε+

∥∥∥∥
�∑

� � �[x(α
� )− x(α�−�)]y(τ� )

∥∥∥∥� .

�z�}~|� �| ~��|
∥∥∥∥

�∑
� � �[x(α

� )− x(α�−�)]y(τ� )
∥∥∥∥� =

∥∥∥∥
�∑

��� �� 	
� � 6��
[x(α� )− x(α�−

�)]y(τ� )
∥∥∥∥�

=

∥∥∥∥
�∑

�� � �� 	
� � 6��
[x(α� )− x(α�−�)]

y(τ� )
‖y(τ� )‖� ‖y(τ� )‖�

∥∥∥∥�

� sup
�∈ �� ���

‖y(s)‖� ·

∥∥∥∥
�∑

�� � �� 	
� � 6��
[x(α� )− x(α�−�)]

y(τ� )
‖y(τ� )‖�

∥∥∥∥� � sup
�∈ �� ���

‖y(s)‖� .(B)
�
var� (x).

���



�~�y ��|��y }~| ��|�z���}�
∥∥∥∥
∫ �

� d[x(s)]y(s)
∥∥∥∥� < ε+ sup�∈ �� ���

‖y(s)‖� .(B)
�
var� (x)

��� }~| y}�}|{ |�} �y ����|� �|��zy|
ε > 0

��� �| ����}������ y{ ��� � �
11. Uniform convergence theorem. Assume that B = (X,Y, Z) is a bilinear

triple and that functions x : [a, b]→ X and y, y� : [a, b]→ Y , n = 1, 2, . . . are given.

If (B) var
��(x) <∞, the Stieltjes integrals

∫ �
� d[x(s)]y�(s) exist and the sequence y�

converges on [a, b] uniformly to y, i.e.

lim
�→∞

‖y�(s)− y(s)‖� = 0 uniformly on [a, b],

then the integral
∫ �
� d[x(s)]y(s) exists and
∫ �

� d[x(s)]y(s) = lim�→∞

∫ �

� d[x(s)]y�(s).

������ #|}
ε > 0

�| ���|� ����}�����������| }~| y|�z|��|
y�

����|��|y ��
[a, b]

z�����{ �� }� y � }~|�| �y � ��y�}��| ��}|�|�
n� yz�~ }~�} ��� ��� n > n� ��� s ∈ [a, b] �| ~��|

‖y�(s)− y(s)‖� < ε

6((B) var
��(x) + 1) .

�|��| ��� ��� m,n > n� ��� s ∈ [a, b] �| ~��|

‖y�(s)− y� (s)‖� � ‖y�(s)− y(s)‖� + ‖y� (s)− y(s)‖�
<

2ε

6((B) var
��(x) + 1) =

ε

3((B) var
��(x) + 1) .

�� �����y�}��� �� �| �|}
∥∥∥∥
∫ �

� d[x(s)]y�(s)−

∫ �

� d[x(s)]y� (s)
∥∥∥∥� =

∥∥∥∥
∫ �

� d[x(s)](y�(s)− y� (s))

∥∥∥∥�
� sup

�∈ �� ���
‖y�(s)− y� (s)‖� (B)

�
var� (x) <

(B) var
��(x)

3((B) var
��(x) + 1)ε �

�
�

��� m,n > n� � ����| Z �y � �����~ y���| }~�y ��|�z���}� �{���|y }~�} }~| ��{ �}

lim
�→∞

∫ �

� d[x(s)]y�(s) = I ∈ Z

���



|
 �y}y � #|} n� ∈
� �| yz�~ }~�} ��� m > n� �| ~��|

∥∥∥∥
∫ �

� d[x(s)]y� (s)− I

∥∥∥∥� <
�
� .

#|} ��� m > n� = max(n� , n�) �| 	
|� � ����| }~| ��}|���� ∫
�
� d[x(s)]y� (s) |
 �y}y �}~|�| �y � ��z�|

δ
��
[a, b]

yz�~ }~�}

∥∥∥∥
�∑

� � �[x(α
� )− x(α�−�)]y� (τ� )−

∫ �

� d[x(s)]y� (s)
∥∥∥∥� <

�
�

������|�
D = {α� , τ�, α�, τ� , . . . , α�−

�, τ� , α�} �y �
δ
!	�|

P
!���}�} ��� �� [a, b] ���� yz�~ � ���}�}��� �| ~��|

‖S( dx, y,D)− I‖� =
∥∥∥∥

�∑
� � �[x(α

� )− x(α�−
�)]y(τ� )− I

∥∥∥∥�

�
∥∥∥∥

�∑
� � �[x(α

� )− x(α�−
�)](y(τ� )− y� (τ� ))

∥∥∥∥�

+

∥∥∥∥
�∑

� � �[x(α
� )− x(α�−

�)]y� (τ� )−

∫ �

� d[x(s)]y� (s)
∥∥∥∥�

+

∥∥∥∥
∫ �

� d[x(s)]y� (s)− I

∥∥∥∥�
<

��
� +

∥∥∥∥
�∑

� � �[x(α
� )− x(α�−�)](y(τ� )− y� (τ� ))

∥∥∥∥� .

�| ~��| �z�}~|�

∥∥∥∥
�∑

� � �[x(α
� )− x(α�−�)](y(τ� )− y� (τ� ))

∥∥∥∥�

=

∥∥∥∥
�∑

�� ��� 	
� � 6��� 	
� �
[x(α� )− x(α�−�)](y(τ� )− y� (τ� ))

∥∥∥∥�

=

∥∥∥∥
�∑

�� ��� 	
� � 6��� 	
� �
[x(α� )− x(α�−�)] �

��� �−��
��� �

‖�
��� �−��

��� �‖� ‖y(τ� )− y� (τ� )‖�
∥∥∥∥�

� max� ‖y(τ� )− y� (τ� )‖� · (B)
�
var� (x) <

�
�
B� ��	 
� ��� ��

B� ��	
� ���� �� � � < �
� .

���



�~|�|���| �| �|}

‖S( dx, y,D)− I‖� =
∥∥∥∥

�∑
� � �[x(α

� )− x(α�−
�)]y(τ� )− I

∥∥∥∥� <
��
� +

�
� = ε

��� }~�y {|��y }~�} }~| ��}|���� ∫ �� d[x(s)]y(s) |
 �y}y ���

∫ �

� d[x(s)]y(s) = I = lim�→∞

∫ �

� d[x(s)]y�(s).

�

12. Lemma. Assume that B = (X,Y, Z) is a bilinear triple and that x : [a, b]→

X is B-regulated on [a, b] (x ∈ (B)G([a, b], X)). Let y∗ ∈ Y be a given fixed element

in Y .

For c ∈ [a, b] let us define a function y : [a, b]→ Y such that y(c) = y∗ and y(t) = 0

for t ∈ [a, b], t 6= c. Then the integral
∫ �
� d[x(s)]y(s) exists and

∫ �

� d[x(s)]y(s) = lim�
→�� x(t)y

∗ − x(a)y∗ if c = a,

∫ �

� d[x(s)]y(s) = x(b)y
∗ − lim�

→
�
−
x(t)y∗ if c = b

and ∫ �

� d[x(s)]y(s) = lim�
→�� x(t)y

∗ − lim�
→�−
x(t)y∗ if c ∈ (a, b).

������ �� }~| �yyz{�}��� �| ~��|
x ∈ (B)G([a, b], X)

��� }~|�|���| }~|
��|y��|� ��{ �}y

lim�
→�� x(t)y

∗ = z�� , lim�
→�−
x(t)y∗ = z−�

�� }~| �z��}��� t 7→ x(t)y∗ ∈ Z|
 �y} �� c ∈ [a, b)
��
c ∈ (a, b] � �}| }~�} �� }~| �yyz{�}��� x ∈ (B)G([a, b], X)

�y �|� ���|� �� }~| y}����|� �|�z��|!
{ |�}

x ∈ G([a, b], X)
}~|� }~| ��{ �}

lim�
→�� x(t) = x(c+) ∈ X

|
 �y}y ���
lim�
→�� x(t)y

∗ =

x(c+)y∗ ��� y�{ ������ ��y� }~| ��{ �} lim�
→�−
x(t) = x(c−) ∈ X

|
 �y}y ���
lim�
→�−
x(t)y∗ =

x(c−)y∗ �
�| � ��� y~�� }~| �|yz�} ��� }~| ��y| c ∈ (a, b)

���� � }~| ����� ��� }~| ��y|y c = a���
c = b

�y y�{ ���� �#|}
ε > 0

�| ���|� ��� �|}
∆ > 0

�| yz�~ }~�}

‖x(t)y∗ − z−� ‖� < ε ��� t ∈ (c−∆, c)

���



���
‖x(t)y∗ − z�� ‖� < ε ��� t ∈ (c, c+∆).

� |	�| � ��z�| δ yz�~ }~�} 0 < δ(c) < ∆ ���
0 < δ(t) < |t− c| ��� t ∈ [a, b], t 6= c �� yyz{| }~�}

D = {α� , τ�, α�, τ� , . . . , α�−
�, τ� , α�} �y �

δ
!	�|

P
!���}�}��� �� [a, b] ����{ }~| ����|�}�|y �� }~| ��z�| ���|� ����| �} �� ���� y }~�} }~|�| �y �� ���|


l ∈

{1, . . . , k}
yz�~ }~�}

τ� = c
���

c−∆ < α�−� < τ� = c < α� < c+∆.

��� }~| ��}|���� yz{
S( dx, y,D) �| ~��| �� }~| ���� |�}�|y �� }~| �z��}��� y ��� ��}~| ���}�}���

D
}~| |�z���}�

S( dx, y,D) = [x(α�)− x(α�−�)]y(τ�) = [x(α�)− x(α�−�)]y∗

���

‖S( dx, y,D)− z�� + z−� ‖� = ‖[x(α�)− x(α�−�)]y∗ − (z�� − z−� )‖�
� ‖x(α�)y∗ − z�� ‖� + ‖x(α�−�)y∗ − z−� ‖� < 2ε.

�|��| }~| ��}|���� ∫ �� d[x(s)]y(s) |
 �y}y ���

∫ �

� d[x(s)]y(s) = z
�� − z−� = lim�

→�� x(t)y
∗ − lim�

→�−
x(t)y∗.

�

13. Lemma. Assume that B = (X,Y, Z) is a bilinear triple and that x : [a, b]→

X is B-regulated on [a, b] (x ∈ (B)G([a, b], X)). Let y∗ ∈ Y be a given fixed element

in Y .

For c, d ∈ [a, b], c < d let us define the function y : [a, b]→ Y such that y(t) = y∗

for t ∈ (c, d) and y(t) = 0 for t ∈ [a, b]\ (c, d). Then the integral
∫ �
� d[x(s)]y(s) exists

and ∫ �

� d[x(s)]y(s) = lim�
→�−
x(t)y∗ − lim�

→�� x(t)y
∗.

������ #|}
ε > 0

�| ���|� ��� �|}
∆ > 0

�| yz�~ }~�}

‖x(t)y∗ − lim�
→�−
x(t)y∗‖� < ε ��� t ∈ (d−∆, d)

���
‖x(t)y∗ − lim�

→�� x(t)y
∗‖� < ε ��� t ∈ (c, c+∆).

���



� |	�| � ��z�| δ yz�~ }~�} 0 < δ(c) < ∆ � 0 < δ(d) < ∆ ���
0 < δ(t) < min(|t − c|,

|t− d|) ��� t ∈ [a, b], t 6= c, t 6= d �� yyz{| }~�}
D = {α� , τ�, α�, τ� , . . . , α�−

�, τ� , α�} �y �
δ
!	�|

P
!���}�}��� �� [a, b] ����{ }~| ����|�}�|y �� }~| ��z�| δ �} �� ���� y }~�} }~|�| ��| �����|y l,m ∈ {1, . . . , k}yz�~ }~�}

τ� = c � τ� = d ���

τ� = c < α� < c+∆,

d−∆ < α�−
� < τ� = d.

����|
y(t) = 0 ��� t � c ��� t � d �| ~��| ��� }~| ��}|���� yz{ S( dx, y,D)

S( dx, y,D) =

�∑
� � �[x(α

� )− x(α�−
�)]y(τ� )

=

�−
�

∑
� � �� �

[x(α� )− x(α�−�)]y(τ� )

=

�−
�

∑
� � �� �

[x(α� )− x(α�−�)]y∗ = [x(α�−
�)− x(α�)]y∗

��� }~|�|���|
∥∥S( dx, y,D)− ( lim�

→�−
x(t)y∗ − lim�

→�� x(t)y
∗)
∥∥�

=
∥∥[x(α�−

�)− x(α�)]y∗ − ( lim�
→�−

x(t)y∗ − lim�
→�� x(t)y

∗)
∥∥�

� ∥∥x(α�−
�)y∗ − lim�

→�−
x(t)y∗

∥∥� +
∥∥x(α�)y∗ − lim�

→�� x(t)y
∗
∥∥� < 2ε.

�|��| }~| ��}|���� ∫ �� d[x(s)]y(s) |
 �y}y ���
∫ �

� d[x(s)]y(s) = lim�
→�−
x(t)y∗ − lim�

→�� x(t)y
∗.

�
14. Proposition. Assume that B = (X,Y, Z) is a bilinear triple and that x :

[a, b]→ X is B-regulated on [a, b] (x ∈ (B)G([a, b], X)). Let y : [a, b] → Y be a step

function, i.e. there is a finite partition

a = β� < β� < . . . < β�−
� < β� = b

of the interval [a, b] such that y has a constant value y∗� ∈ Y on (β�−�, β� ) for every
j = 1, . . . , k.

���



Then the integral
∫ �
� d[x(s)]y(s) exists and

∫ �

� d[x(s)]y(s) = lim�
→�� x(t)y(a) − x(a)y(a)

+

�−
�

∑
� � �[ lim�

→� �� x(t)y(β
� )− lim�

→� �−
x(t)y(β� )] + x(b)y(b)− lim�

→
�
−
x(t)y(b)

+

�∑
� � �[ lim�

→� �−
x(t)y∗� − lim�

→� �−
�� x(t)y

∗� ].

������ ��|�� y}|� �z��}��� y : [a, b] → Y �y ��|���� � 	��}| ���|�� ��{����}���
�� �z��}���y �� }~| }��| ���|� �� #|{{� �� ��� �� �

�|��| }~| |
 �y}|��| �� }~| ��}|���� ∫
�
� d[x(s)]y(s) |�y��� �� ���� y ���{ }~| ���|���}� ��}~| ��}|���� ��� ���{ #|{{�y �� ��� �� � �~| ���z| �� }~| ��}|���� ��� �| ����z��}|��� }~| ���z|y �� ��}|����y � ��|� �� }~�y| �|{{�y � �

15. Proposition. Assume that B = (X,Y, Z) is a bilinear triple and that x :

[a, b]→ X is B-regulated on [a, b] (x ∈ (B)G([a, b], X)) and (B) var
��(x) <∞. Let y :

[a, b]→ Y be a regulated function.

Then the integral
∫ �
� d[x(s)]y(s) exists.

������ ����|
y : [a, b] → Y

�y �yyz{ |� }� �| � �|�z ��}|� �z��}��� � �} �y }~|z�����{ ��{ �} �� � y|�z|��| y� �� Y !���z|� y}|� �z��}���y 7y|| �����y�}��� �� � �������y�}��� �� }~| ��}|����y ∫
�
� d[x(s)]y�(s) |
 �y} ��� }~| |
 �y}|��| �� }~| ��}|����∫ �

� d[x(s)]y(s) �{{|���}|�� �� ���� y ���{ }~| ������{ ����|��|��| �~|��|{ �� � �
�~| ������ ��� y}�}|{ |�} ������|y �� ��|��}��| }��� �� }~| }~|��� �� �|�|�����|��|���� ��}|���� � "}y �������� �|�y��� �|����y }� � � ��� y ��� �} ��y ���{z��}|� ����|�|�����|� ��}|����y zy��� � �|{���!���| yz{ y �� � � � |�y}� �� �

16. Lemma
7���y!�|�y}��� � � Assume that B = (X,Y, Z) is a bilinear triple and

that functions x : [a, b] → X and y : [a, b] → Y are such that the Stieltjes integral∫ �
� d[x(s)]y(s) exists.
Given ε > 0 assume that the gauge δ on [a, b] is such that

∥∥∥∥
�∑
� � �[x(α

� )− x(α�−
�)]y(τ� )−

∫ �

� d[x(s)]y(s)
∥∥∥∥� < ε

for every δ-fine P -partition D = {α� , τ�, α�, . . . , α�−
�, τ� , α�} of [a, b].

���



If {(ξ� , [β� , γ� ]), j = 1, . . . ,m} is a δ-fine system, i.e.

a � β� � ξ� � γ� � β� � ξ� � γ� � . . . � β� � ξ� � γ� � b
and

ξ� ∈ [β� , γ� ] ⊂ [ξ� − δ(ξ� ), ξ� + δ(ξ� )], j = 1, . . . ,m
then ∥∥∥∥

�∑
� � �

[
[x(γ� )− x(β� )]y(ξ� )−

∫ ��

� �
d[x(s)]y(s)

]∥∥∥∥� � ε.

������ � �}~�z} ��� ��yy �� �|�|����}� �} ��� �| �yyz{ |� }~�} β� < γ� ��� |�|��
j = 1, . . . ,m � �|��}| γ� = a ��� β�� � = b � "� γ� < β�� � ��� y�{ | j = 0, 1, . . . ,m}~|� �����y�}��� � ��|��y }~| |
 �y}|��| �� }~| ��}|���� ∫ � �� �

�� d[x(s)]y(s)
��� }~|�|���|

��� |�|�� η > 0 }~|�| |
 �y}y � ��z�|
δ� ��

[γ� , β�� �]
yz�~ }~�}

δ� (τ) < δ(τ) ���
τ ∈ [γ� , β�� �]

��� ��� |�|�� δ� !	�| ���}�}��� D� �� [γ� , β�� �] �| ~��|
∥∥∥∥S( dx, y,D

�
)−

∫ � �� �

�� d[x(s)]y(s)

∥∥∥∥� <
�

�� � .

"� γ� = β�� � }~|� �| y|} S( dx, y,D� ) = 0 ��~| |
��|yy���
�∑
� � �[x(γ

� )− x(β� )]y(ξ� ) +
�∑
� � � S( dx, y,D

�
)

�|��|y|�}y �� ��}|���� yz{ �~��~ ����|y����y }� � �|�}��� δ!	�| P !���}�} ��� �� [a, b]��� ���y|�z|�}��
∥∥∥∥

�∑
� � �[x(γ

� )− x(β� )]y(ξ� ) +
�∑
� � � S( dx, y,D

�
)−

∫ �

� d[x(s)]y(s)
∥∥∥∥� < ε.

�|��|
∥∥∥∥

�∑
� � �
[
[x(γ� )− x(β� )]y(ξ� )−

∫ ��

� �
d[x(s)]y(s)

]∥∥∥∥�

�
∥∥∥∥

�∑
� � �[x(γ

� )− x(β� )]y(ξ� ) +
�∑
� � � S( dx, y,D

�
)−

∫ �

� d[x(s)]y(s)
∥∥∥∥�

+

�∑
� � �
∥∥S( dx, y,D

�
)−

∫ � �� �

�� d[x(s)]y(s)
∥∥� < ε+ (m+ 1)

�

�� � = ε+ η.

����| }~�y ��|�z���}� ~���y ��� |�|�� η > 0 �| �{{|���}|�� ��}��� }~| ��|�z���}� ���{}~| y}�}|{ |�} � �
�� �



17. Theorem. Assume that B = (X,Y, Z) is a bilinear triple and that functions

x : [a, b] → X and y : [a, b] → Y are such that the Stieltjes integral
∫ �
� d[x(s)]y(s)

exists for every c ∈ [a, b) and let the limit

7
�� lim�→

�
−

[ ∫ �

� d[x(s)]y(s) + [x(b)− x(c)]y(b)

]
= I ∈ Z

exist. Then the integral
∫ �
� d[x(s)]y(s) exists and

∫ �

� d[x(s)]y(s) = I.

������ � yyz{| }~�}
ε > 0

�y ���|� � �� 7
�� ��� |�|�� ε > 0 �| ��� 	�� �

B ∈ [a, b)
yz�~ }~�} ��� |�|�� c ∈ [B, b)

}~| ��|�z���}�

7�� ∥∥∥∥
∫ �

� d[x(s)]y(s) + [x(b)− x(c)]y(b)− I

∥∥∥∥� < ε
�y y�}�y	|� � �yyz{ | }~�} a = c� < c� < . . . < b ��}~ lim�→∞

c� = b � �� }~| �yyz{�}���}~| ��}|����
∫ ��
� d[x(s)]y(s) |
 �y}y ��� |�|�� p = 1, 2, . . . ��� }~|�|���| ��� |�|�� p = 1, 2, . . .}~|�| |
 �y}y � ��z�|

δ� : [a, c� ]→ (0,+∞)
yz�~ }~�} ��� ��� δ� !	�| P !���}�}��� D ��

[a, c� ] �| ~��|

7� � ∥∥∥∥S( dx, y,D)−

∫ ��

� d[x(s)]y(s)

∥∥∥∥� <
ε

2
�� � , p = 1, 2, . . . .

��� ���
τ ∈ [a, b)

}~|�| �y |
��}�� ��|
p(τ) = 1, 2, . . . ��� �~��~ τ ∈ [c� �� �−�, c� �� �) �% ��|�

τ ∈ [a, b)
�|} z y �~��y|

δ̂(τ) > 0
yz�~ }~�}

δ̂(τ) � δ� �� �(τ) ���

[τ − δ̂(τ), τ + δ̂(τ)] ∩ [a, b) ⊂ [a, c� �� �).

�yyz{| }~�}
c ∈ [a, b)

�y � ��|� ��� }~�}

D̂ = {α� , τ�, α�, . . . , α�−� , τ�−
�, α�−

�}
�y �
δ̂
!	�|

P
!���}�} ��� �� [a, c] � "� p(τ� ) = p }~|� [α�−�, α� ] ⊂ [τ� − δ̂(τ� ), τ� + δ̂(τ� )] ⊂

[a, c� ]
��� ��y�

[α�−�, α� ] ⊂ [τ� − δ�(τ� ), τ� + δ� (τ� )] � #|}

�−
�

∑
�� ��

� 	
� ���

[
[x(α� )− x(α�−

�)]y(τ� )−

∫ ��

��
−

� d[x(s)]y(s)
]

���



�| }~| yz{ �� }~�y| }|�{ y �� }~| ����|y������� �}�}��� yz{
�−

�
∑
� � �

[
[x(α� )− x(α�−�)]y(τ� )−

∫ ��

��
−

� d[x(s)]y(s)
]

��� �~��~ }~| }��y τ� y�}�y�� }~| �|��}��� τ� ∈ [c�−
�, c� ) � ����| 7� � ~���y �| ��}����� }~| ��� y!� |�y}� �� #|{{� �� }~| ��|�z���}�

∥∥∥∥
�−

�
∑
�� ��

� 	
� ���

[
[x(α� )− x(α�−�)]y(τ� )−

∫ ��

��
−

� d[x(s)]y(s)
]∥∥∥∥ <

ε

2
�� �

��� 	�����
∥∥∥∥
�−

�
∑
� � �[x(α

� )− x(α�−
�)]y(τ� )−

∫ �

� d[x(s)]y(s)
∥∥∥∥

=

∥∥∥∥
�−

�
∑
� � �

[
[x(α� )− x(α�−

�)]y(τ� )−

∫ ��

��
−

� d[x(s)]y(s)
]∥∥∥∥

�
∞∑
���

∥∥∥∥
�−

�
∑
�� ��

� 	
� ���

[
[x(α� )− x(α�−�)]y(τ� )−

∫ ��

��
−

� d[x(s)]y(s)
]∥∥∥∥ �

∞∑
���

ε

2
�� � = ε.

� |	�| ��� � ��z�|
δ
�� }~| ��}|����

[a, b]
�y ������ y � ��� τ ∈ [a, b)

y|}

0 < δ(τ) < min{b− τ, δ̂(τ)},

�~��|
0 < δ(b) < b−B.

"� D = {α� , τ�, α�, . . . , α�−
�, τ� , α�} �y �� ����}����

δ
!	�|

P
!���}�} ��� �� [a, b] }~|��� }~| �~���| �� }~| ��z�| δ �| ~��| τ� = α� = b ��� α�−

� ∈ (B, b) � � y��� 7�� �|�|}

‖S( dx, y,D)− I‖� =
∥∥∥∥
�−

�
∑
� � �[x(α

� )− x(α�−�)]y(τ� ) + [x(α�)− x(α�−
�)]y(τ�)− I

∥∥∥∥�

�
∥∥∥∥
�−

�
∑
� � �[x(α

� )− x(α�−�)]y(τ� )−

∫ ��
−

�

� d[x(s)]y(s)

∥∥∥∥�
+

∥∥∥∥
∫ ��

−
�

� d[x(s)]y(s) + [x(b)− x(α�−
�)]y(b)− I

∥∥∥∥�
< ε+

∥∥∥∥
�−

�
∑
� � �[x(α

� )− x(α�−�)]y(τ� )−

∫ ��
−

�

� d[x(s)]y(s)

∥∥∥∥� .

���



����|
α�−

� < b ��� D̂ = {α� , τ�, α�, . . . , α�−� , τ�−
�, α�−

�} �y �
δ̂
!	�| ���}�}��� ��

[a, α�−
�] � }~| y|���� }|�{ �� }~| ���~} ~��� y��| �� }~| ��y} ��|�z���}� ��� �| |y�{ �}|���

ε
�y ����| � "� }~ �y ��� �| 	����� ��}���

∥∥S( dx, y,D)− I
∥∥ < 2ε

��� }~�y ��|��y }~| |
 �y}|��| �� }~| ��}|���� ∫
�
� d[x(s)]y(s) �y �|�� �y }~| |�z���}�

∫ �

� d[x(s)]y(s) = I.

�
�� � 	�� ��
 � �~| ��|�} |������}� ������ �� �~|��|{ �� ��� �| ����|� �� �

��{��|}|�� y�{ ���� { ���|� �

Assume that B = (X,Y, Z) is a bilinear triple and that functions x : [a, b] → X

and y : [a, b] → Y are such that the Stieltjes integral
∫ �
� d[x(s)]y(s) exists for every

c ∈ (a, b] and let the limit

lim�→��
[ ∫ �

�
d[x(s)]y(s) + [x(c)− x(a)]y(a)

]
= I ∈ Z

exist. Then the integral
∫ �
� d[x(s)]y(s) exists and

∫ �

� d[x(s)]y(s) = I.

19. Theorem. Assume that B = (X,Y, Z) is a bilinear triple and that functions

x : [a, b] → X and y : [a, b] → Y are such that the Stieltjes integral
∫ �
� d[x(s)]y(s)

exists and c ∈ [a, b]. Then

lim
�→�

�∈ �� ���
[ ∫ �

� d[x(s)]y(s) + [x(c) − x(r)]y(c)

]
=

∫ �

� d[x(s)]y(s).

������ #|}
ε > 0

�| ���|� ��� �|}
δ
�| � ��z�| ��

[a, b] �~��~ ����|y����y }�
ε
�� }~| �|	��}��� �� }~| ��}|���� ∫

�
� d[x(s)]y(s) � � �| � }~| ��|�z���}�

∥∥∥∥S( dx, y,D)−

∫ �

� d[x(s)]y(s)
∥∥∥∥ < ε

���



~���y ��� |�|�� δ!	�| P !���}�} ��� D �� [a, b] � "� r ∈ [c− δ(c), c+ δ(c)]∩ [a, b]
}~|� }~|

���y!�|�y}��� �|{{� �� ��|��y
∥∥∥∥[x(r) − x(c)]y(c)−

∫ �

�
d[x(s)]y(s)

∥∥∥∥ < ε,

}~�} �y
∥∥∥∥
∫ �

� d[x(s)]y(s) + [x(c)− x(r)]y(c) −

∫ �

� d[x(s)]y(s)
∥∥∥∥

=

∥∥∥∥
∫ �

�
d[x(s)]y(s)− [x(r) − x(c)]y(c)

∥∥∥∥ < ε,

��� }~�y ��|��y }~| �|��}��� ���|� �� }~| y}�}|{ |�} � �
�� � 	����
 � �~|��|{ �� y~�� y }~�} }~| �z��}��� ���|� ��

r ∈ [a, b] 7→

∫ �

� d[x(s)]y(s) ∈ Z,

� �| � }~| indefinite Stieltjes integral �y ��} ���}��z�zy �� �|�|��� � �~| ���|	��}| ��}|�����y ���}��z�zy �} � ����}
c ∈ [a, b]

�� ��� ���� �� lim
�→�[x(c) − x(r)]y(c) = 0 �

21. Corollary. Assume that B = (X,Y, Z) is a bilinear triple and that functions

x : [a, b] → X and y : [a, b] → Y are such that the Stieltjes integral
∫ �
� d[x(s)]y(s)

exists and c ∈ [a, b]. If x ∈ (B)G([a, b], X), then

lim
�→��

−

∫ �

� d[x(s)]y(s) = lim�→��
−

[x(r) − x(c)]y(c) +

∫ �

� d[x(s)]y(s)

= lim
�→��

−

x(r)y(c) − x(c)y(c) +

∫ �

� d[x(s)]y(s).

������ ����|
x ∈ (B)G([a, b], X)

�y �yyz{ |� � }~| ��{ �}y lim
�→��

−

x(r)u
|
 �y} ���

|�|��
u ∈ Y

��� }~|�|���| ��y� }~| ��{ �}y lim
�→�

�

−

x(r)y(c)
|
 �y} � �~| |�z���}� ���|� ��

}~| y}�}|{ |�} �y ��� � ���y|�z|��| �� }~| |�z���}� ���|� �� �~|��|{ �� � �

22. Proposition. Assume that X,Y are Banach spaces and consider the bi-

linear triple B = (L(X,Y ), X, Y ). If A : [a, b] → L(X,Y ) is B-regulated (A ∈

(B)G([a, b], L(X,Y ))) then for every c ∈ [a, b) there exists A(c+) ∈ L(X,Y ) such

that lim�
→�� A(t)x = A(c+)x for every x ∈ X and for every c ∈ (a, b] there exists

A(c−) ∈ L(X,Y ) such that lim�
→�−
A(t)x = A(c−)x for every x ∈ X.

���



������ "� A �y B
!�|�z��}|� }~|� ��� |�|�� x ∈ X

}~| ��{ �}
lim�
→��A(t)x = y

��(x) ∈

Y
|
 �y}y ��� ��

A(c+)x = y�� (x)
� ���|�� ��|��}�� ���{ X }�

Y
�y �|	�|� � �� }~|�����~!�}|��~�zy }~|��|{ 7y|| | �� � ���� }~| ��|��}�� A(c+) �y ��z��|� � � �| � A(c+) ∈

L(X,Y ) � � y�{ ���� ���z{ |�} ~���y ��� A(c−) � }�� � �
�� � 	����
 � "� }~| y�|���� ��y| ���y��|�|� �� �����y�}��� �� }~| ���{z��|���|� �� #|{{� �� � �� ��� �����y�}��� �� ��� �| ���}}|� �� � {��| |
�����} ���{ �
��� |
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Assume that X and Y are Banach spaces and consider the bilinear triple B =

(L(X,Y ), X, Y ).

If x : [a, b] → L(X,Y ) is B-regulated on [a, b] (x ∈ (B)G([a, b], L(X,Y ))) and y :

[a, b]→ X is a step function, i.e. there is a finite partition

a = β� < β� < . . . < β�−
� < β� = b

of the interval [a, b] such that y has a constant value y∗� ∈ X on (β�−�, β� ) for every
j = 1, . . . , k, then the integral

∫ �
� d[x(s)]y(s) exists and

∫ �

� d[x(s)]y(s) = x(a+)y(a)− x(a)y(a)

+

�−
�

∑
� � �[x(β

�+)y(β� )− x(β�−)y(β� )] + x(b)y(b)− x(b−)y(b)

+

�∑
� � �[x(β

�−)y∗� − x(β�−�+)y∗� ]

where for x(c+) ∈ L(X,Y ), c ∈ [a, b), x(c−) ∈ L(X,Y ), c ∈ (a, b] is given by

lim
�→�� x(r)y = x(c+)y, lim�→�−

x(r)y = x(c−)y,

respectively.

24. Corollary. Assume that X,Y are Banach spaces and consider the bilinear

triple B = (L(X,Y ), X, Y ). Suppose that functions x : [a, b] → L(X,Y ) and y :

[a, b]→ X are such that the Stieltjes integral
∫ �
� d[x(s)]y(s) exists and let c ∈ [a, b].

If x ∈ (B)G([a, b], L(X,Y )) then

lim
�→��

−

∫ �

� d[x(s)]y(s) = [x(c
�
−)− x(c)]y(c) +

∫ �

� d[x(s)]y(s)

���



where x(c�−) ∈ L(X,Y ) is given by the relation

lim
�→�

�

−

x(r)y = x(c�−)y.

�� � 	�� ��
 � "� }~| y�}z�}��� �� ��������� �� � � �| � �� x ∈ (B)G([a, b], L(X,Y ))���
y : [a, b]→ X

�y yz�~ � �z��}��� }~�} }~| �}�|�}� |y ��}|���� ∫
�
� d[x(s)]y(s) |
 �y}y �}~| ���|	��}| ��}|���� ���|� ��

F (r) =

∫ �

� d[x(s)]y(s) ��� r ∈ [a, b]

�y � �z��}��� F : [a, b]→ Y �~��~ �y �|�z ��}|� � � �| � F ∈ G([a, b], Y ) �

�b� bEb� GbC
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b�BbE� � � H � H ��b� b g 394LJ4@ ;KO N9? ;O4�JTN @V N�M<;KO PL;9MLQ 9N

49K9S5M 9�J5L;�KN � > ;�949KL;5M �KL9O45M 
�J5L;�KN � ����]�� ���� �m� �
Y�Z � H��b�� F��� h H 	c 
 
b�BbE� � � H � H ��b� b g 394LJ4@;KO 9<�MJL;�K54V NVNL9? N @V NL9T

49NT�KN9N �K :J?JM5L;<9 �JLTJLN � > ;�949KL;5M �KL9O45M 
�J5L;�KN � ������� �� 5TT954 �
Y]Z j� H i H����� g ��ML9445 PL;9MLQ 9N[�KL9O45M 
�J5L;�KN � ��4L6[	�MM5K= 3J@M � ��?T �� �?N[L94=5? � ���� �
Y�Z � H a�E�d b�
 g � ;:6L5@N�MJL U�K<94O9KL9 �KL9O45M9 � �9J@K94 �94M5ONO9N9MMN:65RL � �9;TX;O �

�9J@K94[�9�L9 XJ4 �5L69? 5L;U = � �� � ��mn �
Y�Z �H ��f�� g IJK:L;�K5M �K5MVN;N � � :`45S [	 ;MM ��U ��?T5KV� �9S ��4U � ���] �

A� D�eE �C FffEbCC g � Db� F� iG�dFB�� � � 5L69? 5L;:5M �KNL;LJL9 � �:5=9?V �R P:;9K:9N �
� ;LK� �� � ��� �� 34565 �� �X9:6 89TJ@M;: � 9[? 5;M g  !"#$% &' ()$*+ ,!-./ ,!0 �

���


