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ABSTRACT. The McShane integral of functions f : I — R defined on an m-dimen-
sional interval I is considered in the paper. This integral is known to be equivalent
to the Lebesgue integral for which the Vitali convergence theorem holds.

For McShane integrable sequences of functions a convergence theorem based on
the concept of equi-integrability is proved and it is shown that this theorem is equi-
valent to the Vitali convergence theorem.

We consider functions f : I — R where I C R™ is a compact interval, m > 1.

A system (finite collection) of point-interval pairs {(¢;, I;), i = 1,...,p} is called
an M -system in I if I; are non-overlapping (int I; Nint I; = @ for i # j, int I; is
the interior of I;), t; are arbitrary points in 1.

Denote by p the Lebesgue measure in R™.

P
An M-system in [ is called an M -partition of I if |J I, = 1.

=1
Given A : I — (0, +00), called a gauge, an M-system }(¢;,1;), i =1,...,p}in I
is called A-fine if
I C Bty At)), i =1,....p.
The set of A-fine partitions of I is nonempty (Cousin’s lemma, see e.g. [1]).

1. Definition. f:I — R is McShane integrable and J € R is its McShane integral
if for every £ > 0 there exists a gauge A : I — (0, +00) such that for every A-fine
M-partition {(t;,1;), i = 1,...,p} of I the inequality

‘Zf(ti),u(li) —Jl<e

holds. Denote J = fI f-
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Notation. For simplifying writing we will from now use the notation {(u;,U;)}
for M-systems instead of {(u;,U;); | = 1,...,r} which specifies the number r of
elements of the M-system. For a function f : I — R and an M-system {(u;,U;)}
we write >, f(u)u(U;) instead of >°,_; f(u)u(T), ete.

2. Theorem. f : I — R is McShane integrable if and only if f is Lebesgue
integrable.

See [2] or [4].

3. Definition. A collection M of functions f : I — R is called equi-integrable if
every f € M is McShane integrable and for every ¢ > 0 there is a gauge A such
that for any f € M the inequality

IS sttt - [ 1<

holds provided {(¢;,I;)} is a A-fine M-partition of I.

4. Theorem. A collection M of functions f : I — X is equi-integrable if and
only if for every e > 0 there exists a gauge A : I — (0,400) such that

1> £ () u( Zf s (K;)x < e

for every A-fine M -partitions {(t;, I;)} and {(s;, K;)} of I and any f € M.

Proof. If M is equi-integrable then the condition clearly holds for the gauge 6 which
corresponds to % > 0 in the definition of equi-integrability.
If the condition of the theorem is fulfilled, then every individual function f € M

is McShane integrable (see e.g. [5]) with the same gauge ¢ for a given ¢ > 0
independently on the choice of f € M and this proves the theorem.

5. Theorem. Assume that M = {fr : [ — R; k € N} is an equi-integrable
sequence such that

lim fr(t) = f(t), t € I.

k— o0

Then the function f : I — R is McShane integrable and
dm [ g / /

Proof. If A is the gauge from the definition of equi-integrability of the sequence fi
corresponding to the value € > 0 then for any k£ € N

IS bttt - [ fel < (1

holds.
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for every A-fine M-partition {(¢;, ;)} of I.
If the partition {(¢;, I;)} is fixed then the pointwise convergence fr — f yields

i, 37 eltou(r) = 3 £ttt

k—oo

Choose kg € N such that for £ > kg the inequality
> Frlti)u Z Ft)u@)| < e

holds. Then we have

IS sty ~ [ £l <
< IZf(ti)u(L-) — fr(t)u(L)] + | ka(ti)u(li) —~ /Ifk| <2

for k > k.
This gives for k,l > k¢ the inequality

|xﬁ—[ﬂ<%

which shows that the sequence of real numbers [ 1 Jrs k € Nis Cauchy and therefore

lim /fk =J eR exists. (2)

k—o0 I

Let € > 0. By hypothesis there is a gauge A such that (1) holds for all £ whenever
{(t;, I;)} is a A-fine M-partition of I. By (2) choose a N € Nsuch that | [, fi—J| <
e for all k > N. Suppose that {(¢;,I;)} is a A-fine M-partition of I. Since fy
converges to f pointwise there is a k; > N such that

> feton Z Ftul)| < e.
Therefore

21Ty =TI 1D @I = D fu (Tl
+\ka1(ti)u(fi)—/lfkl\+|/Ifk1 —J| < 3¢

and it follows that f is McShane integrable and limg .o [ [ Je=J= i) . f

6. Remark. By a figure we mean a finite union of compact nondegenerate intervals
in R™.

We mention the fact that that if for the notion of an M-system {(¢;,I;), i =
1,...,p} the intervals I; are replaced by figures, we can develop the same the-
ory and M-systems and M-partitions of this kind can be used everywhere in our
considerations.
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7. Definition. Let M be a collection of Lebesgue integrable functions f : I — R.

If for every ¢ > 0 there is a 6 > 0 such that for £ C I measurable with pu(E) < 6
we have | [ p fl < e for every f € M then the collection M is called uniformly
absolutely continuous.

8. Theorem. Assume that a sequence of Lebesgue integrable functions fr : [ — R,
n € N s given such that fi converges to f in measure.
If the set { fx; k € N} is uniformly absolutely continuous then the function f is

Lebesgue integrable and
hm fk / f-

See [3, p. 168] or [1, p. 203, Theorem 13.3].
We will consider Theorem 8 in a less general form

9. Theorem. Assume that a sequence of Lebesgue integrable functions fr : I — R,
k € N is given such that fi converges to f pointwise in I.
If the set { fx; k € N} is uniformly absolutely continuous then the function f is

Lebesgue integrable and
Jim f k= / S

10. Remark. It is possible to assume in Theorem 9 that f; converges to f almost
everywhere in I, but changing the values of fr and f to 0 on a set N of zero
Lebesgue measure (u(N) = 0) it can be seen easily that such a change has no effect
on Lebesgue integrability and on the corresponding indefinite Lebesgue integrals.

Our goal is to show that the relaxed Vitali convergence Theorem 9 is a conse-
quence of our convergence Theorem 4 for the McShane integral.

11. Lemma (Saks-Henstock). Assume that a collection M of functions f : I — R
is equi-integrable. Given € > 0 assume that the gauge A on I is such that

S sun) - [ 1<

for every A-fine M -partition {(t;,I;)} of I and f € M.
Then if {(r;, K;)} is an arbitrary A-fine M -system we have

|Z[f(7‘j)M(Kj) - [ fll<e

K;

for every f € M.
Proof. Since {(r;, K;)} is a A-fine M-system the complement I'\int (| K;) can be

j
expressed as a finite system M;, [ = 1,...,r of non-overlapping intervals in I. The
functions f € M are equi-integrable and therefore they are equi-integrable over all
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M, and by definition for any n > 0 there is a gauge §; on M; with 6;(t) < 6(t) for
t € M, such that for every [ = 1,...,r we have

I st = [ sy < 5

provided {(st, J!)} is a é,-fine M-partition of the interval M; and f € M.

The sum
ST FrHpE) + >N fshu())
J I 4

represents an integral sum which corresponds to a certain é-fine M-partition of I,
namely {(r;, K;), (s., J!)}, and consequently by the assumption we have

3 )+ 325 f(shut) = [ faul <

Hence

n
Y s - / dp| < e+ <e+
: | : f(si)u(J;) le pl<etr—— <etn
Since this inequality holds for every n > 0 and f € M we obtain immediately the

statement of the lemma.

Looking at Lemma 11 it can be seen immediately that if the equi-integrable
collection M consists of a single McShane integrable function f, then the following
standard Saks-Henstock Lemma holds.

Assume that f : I — R is McShane integrable. Given ¢ > 0 assume that the gauge

A on I is such that
I3 sontn) = [ fl<e

for every A-fine M -partition {(t;,I;)} of I.
Then if {(rj, K;)} is an arbitrary A-fine M -system we have

K;

\Z[f(?”j)u(Kj) — [ fll<e
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12. Proposition. Assume that fr, : I — R, k € N are McShane (=Lebesgue)
integrable functions such that

1) fi(t) = f(t) fort €1,
2) the set {fr; k € N} is uniformly absolutely continuous.
Then the set {fr; k € N} is equi-integrable.

Proof. Assuming 1) we will use Egoroft’s Theorem (see [3] or [1, Th. 2.13, p. 22])
in the following form:

1
For every j € N there is a measurable set E; C I such that p(I\ E;) < -,
J

E; C Ej11 and fi(t) — f(t) uniformly for t € E;, i.e. for every e > 0 there is a
K; € N such that for k > K; we have

[fk(t) = f(B)] <& for t € Ej. (3)

Let us mention that for N = I\ J;Z, E; we have u(N) = 0 because p(N) <
1
u(I'\ E;) < - for every j € N.
J

Using Remark 10 we may assume without any loss of generality that fi(t) =
f(t)=0for ke Nandt € N.

Assume now that ¢ > 0 is given. By the assumption 2) there is a j € N such
that

/I\E |fx| <e forall ke NN (4)

Then (by (3) and (4))

/I\fk—fz|=/Ej \fk—fl|+/I\Ej [fie = fil <
< s s e [ e [l

< 2ep(Ej) 4 2e < 2e(p(l)+1)

for all k,1 > K. This shows that the sequence fi, k¥ € N is Cauchy in the Banach
space L of Lebesgue integrable functions on I and implies that the function f : I —
R also belongs to L and

klirgo/llfk—f| 0, (5)

i.e. there is a K € N such that
/\fk—f|<aforallk>K. (6)
T

By Theorem 2 we know at this point that all the functions f, fi, k£ € N are also
McShane integrable and the values of the integrals are the same.
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Using Definition 1 there exists a gauge A : [ — (0,+00) such that

IS sttt - [ 1< (7

for every A;-fine M-partition {(¢;, I,)} of I.
Further there exists a gauge As : I — (0, 4+00) such that

\ka(ti /fk|<€ (8)

for every Ao-fine M-partition {(t;,1;)} of I for all k < K, K given by (6). (A finite
set of integrable functions is evidently equi-integrable.)
Similarly for any j € N we have a gauge ¢; : I — (0, +00) such that

S noutn) - [ <5 (©)

for every ¢;-fine M-partition {(¢;,I;)} of I and all k < K.
Since u(N) = 0, for every 6 > 0 there is an open set U C R™ such that N C U
and u(U) < 6. Using 2) the value of § can be chosen in such a way that

\ ; Ifk|<6 for all k€N, (10)
n

cf. Definition 7.

For t € E1 \ N define As(t) = 61(t), for t € (E3 \ E1) \ N define Az(t) = 62(t),

, for t € (EJ \ Ej—l) \ N define Ag(t) = 6j(t), etc.

If t € N then we define As(t) > 0 such that for the ball B(t, As(t)) (centered at
t with the radius A3(t)) we have B(t,As(t)) C U.

In this way the positive function Ag defined on I represents a gauge.

Let us put A(t) = min(Aq(t), Aa(t), As(t)) for t € I. The function A is evidently
a gauge on /.

Assume that {(¢;,;)} is an arbitrary A-fine M-partition of I.

If £ < K then
S bty = [ £l <

by (8).
If £ > K then

I3 feoun) = [ £l =1 S ientn) — [ £l <
=D SND SRR 8= [ 8 S o) - f

I (BB O\N tEN
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For the second term on the right hand side of (11) we know that if ; € N then
fe(t;) =0and |J i A; C U and therefore by (10) we have
ti€

|Z/fk|<|/ sl nl<e (12)

tiEN
Concerning the first term of the right hand side of (11) we have

> > ) /fk

T (BB, O\

=SS SRR Al (13)
” tiG(Ej\sz’j—l)\N 1

If k < K; the the Saks-Henstock lemma 11 yields by (9) the inequality
DS - [ #ll<y (14)
tiE(Ej\Ejfl)\N

If £ > K, then

| Z [fr(ti)pu(ls) — /1 fell < Z | fr(ts / fel <

tie(Ej\;Ej,l)\N tiE(Ej\JzEjfl)\N

S N (RS VR AR ]

LE(B\E;1)\N ti€(B;\E;_1)\N

DS /\f fil <

t;€(E; \Eg D\N

<e Z p(l;) + Z |f(ti)u(Ls) — /1 fl+

tie(Ej\;Ej,l)\N tiE(Ej\;ijl)\N

+/ U, I \f = frl-
t

E(E;\Ej—1)\N

This together with (14) gives the estimate

X hwu) - [ All<gae X s

tiG(Ej\%j—O\N tiE(Ej\’LEj_1)\N
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+ Z |f(t) (L) —/ fl +/ U, I: \f = fel.
i Ii t:€(E;\E;—1)\N
ti€(E;\Ej—1)\N

Summing over j we obtain finally

Z‘ Z [fk(ti).u(li)—/[ fell <eden(I)+e+e¢
T LeB\E_\N 1

and by (11) and (12) we obtain
> feltau(L) - /Ifk| < (4+ p(I))e for all keN.

This inequality proves that the sequence fi, k£ € N is equi-integrable.

13. Lemma. Assume that f, : I — R, k € N are McShane (Lebesgue) integrable
functions such that

1) f(t) = f(t) fort € I,

2) the set {fr; k € N} is equi-integrable.

Then for every € > 0 there is an n > 0 such that for any finite collection
{Jj: j=1,...,p} of non-overlapping intervals in I with 3, ju(J;) <n we have

|Z/ fl<e kEN.
i i

Proof. Let € > 0 be given. Since fi are equi-integrable on I, there exists a gauge
6 on I such that | Y, fi(t:)u(L;) — [; fu| < € for k € N whenever {(t;,1;)} is an
arbitrary 6-fine M-partition of I. Fixing a é-fine M-partition {(¢;,;)} of I let
ko € N be such that

\fre(ts) — f(t:)| <efor 1<i<gq, k> ko

put M = max{|f(t:)], [fe(t:)]; &, k < ko} and set n = =

Suppose that {J; : j=1,...,p} is a finite collection of non-overlapping intervals
in I such that }_; u(J;) <n. By subdividing these intervals if necessary, we may
assume that for each j, J; C I; for some ¢. For each ¢ let M; = {7; J; C I;} and let

D = {(Jj,ti) ] € Mz,Z}

Note that D is a é-fine M-system in [.
Using the Saks-Henstock Lemma 11 we get

|]Z /J EE @ /J e Jultu) +; ety <

€
M+1

<e+(M+2)Y u(Jj) <e+(M+e)n<e2+

)

and this proves the lemma.
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14. Lemma. Assume that fi, : I — R, k € N are McShane (Lebesgue) integrable

functions such that
1) fi(t) — f(t) fort €I,
2) the set {fr; k € N} forms an equi-integrable sequence.
Then for every ¢ > 0 there exists an n > 0 such that

(a) if F is closed, G open, F C G C I, u(G\ F) < n then there is a gauge

¢:1— (0,00) such that
B(t,&(t)) C G for t €@,

B(t,£(t)) CI\F for te I\ F

and
(b) for &-fine M -systems {(u;, Up)}, {(Vm, Vin)} satisfying

u,tm €G, FC int | J U FCint ] Vi
u€F vV EF

we have

> Few)u(U) = fr(on) (V)| < €

for every k € N.

(15)

Proof. Denote ®(J) = [, fx for an interval J C I (the indefinite integral or

e
primitive of fx) and put € = —.

Since fi is equi-integrable we obtain by the Saks-Henstock lemma 11 that there

is a gauge A on I such that

| Z[fk(rj)ﬂ(Kj) — & (Kj)]| <€

for every A-fine M-system {(r;, K;)} and k € N.
Assume that

w,, W,)} is a fixed A-fine M-partition of I.
{(wp, Wy

Let kg € N be such that
| fie(wp) — f(wp)| < 1

for k > ko and all p. Put k = max, g<i, {1 + |f(wp)|, | fr(wp)|}. Then
|fr(wp)| < k for all k€N and p.

Assume that n > 0 satisfies

and take
0<&(t) <A(t), tel.

(16)

(17)

(18)

(19)

(20)
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Since the sets G and I\ F are open, the gauge £ can be chosen such that B(t,£(t)) C
G fort € G and B(t,&(t)) CI\ F forte I\ F.

This shows part (a) of the lemma.
Since {(wy, W)} is a partition of I, we have |J, W), = I and therefore

> ) ZZ Z fr(u)u(W, U N Vi )+ (21)

wGF“meF
—l—Zkaul (W, N, \ U Vi) +Z Z Fie(w) (W, N TY)
1u€F UmEF’ 7u€I\F

and similarly

S A)uVn) =33 ST fulw)w(Wy 0 U N Vi) + (22)

m

UIIEFUWEF
+Zkaul WﬂV\UUl-l—Zkavm (W, NVy).
U €F wer Py eI\F

The M -systems
{(u;, W, nUiN'Vy,); p,w € Fyvp, € FY

{(wp, W, NU N V,,); p,ui € Fyvp, € F}
are A-fine and therefore, by (16), we have the inequalities

IZZ kauz (W, N U A Vi) = B(W, N U, N V)| < &

ulevaEF

|ZZ kawp (W, N U N Vi) = ®(W, N U, N V)| < &

uzGF”meF
Hence
IZ Z Z Few) Wy nUNVi) =3 3 S fulwp)u(W, NUiNV,)| < 28
U,ZEF'UWGF P ulleF’Um’néF

and similarly also

IZ Z Z Fe0n)sWonUinVe) =3 37 N fulw, ) u(W, nUINV;,)| < 22,
P [

m
uleFUmeF ulepvaF

D> > felw)p(W, N UiN Vin)—

l
ulevaEF

Therefore
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—ZZ Z Fr(n ) (W, 0 U O V)| < 42 (23)

UleF UmGF

Since {(u;,U;)} is a &-fine M-system with w; € G, we obtain by the properties
of the gauge ¢ given in (a) and from the assumption F' C int J, cpUs, F C
int {J, cp Vi that

(U wmpno\ | V)u |y W,nUiCG\F (24)

pauleF Vm €EF p,ulef\F

Further the M-systems

{(u, W, n U\ | Vin)i pyw € F}U{(w, W, N UL); p,w € T\ F},
Vm EF

{(wp, W, NTU\ | Vin)s pows € F}U{(wp, W, N T); pywy € T\ F}
Vm EF
are A-fine. Therefore by (16) we have
Y )W, n U Vi) = (W, n U\ | Vi)l +

pulEF v €F vm€F

+ Z fk ul W N Ul) (I)k(Wp M Ul)” < £
paulEI\F

Y fe(wp)u(Won U\ Vi) =@ n U\ | Vi)l +

p,u €F Vm €EF v EF
+ > [falwp)p(W, N U = @,(W, N T)]| < &
pu €EI\F
This yields
kauz (W, U\ UV Z fr(u) (W, N U )—

pvuleF 'UmEF p,ulef\F

- Z fk wp W mle\ U V Z fk; wp W ﬂUl)‘<2€.

pauleF 'UmEF p,UleI\F

With respect to (24) and (19) we have

Y felwp)uWn U\ Vi) = DD felwp)u(W, n T <

puEF Vm €EF pu €EI\F

<k-n<éE
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and therefore

Y Al)eWon U U Vi) + Y fw)u(Won ) <38 (25)

puEF vm €F pu €EI\F

and similarly also

Y s WonUN | U+ Y felwn)n(W, N V)| < 38 (26)

PV EF u €F PV €EI\F

From (21), (22), (23), (25) and (26) we get
1> frlw) ka v) it (Vin)| < 108 < &
!

and (15) is satisfied. This proves part (b) of the lemma.

15. Theorem. Assume that fr : [ — R, k € N are McShane integrable functions
such that

1) fe(t) = f(t) fort eI,

2) the set {fr; k € N} is equi-integrable.

Then fr - xXg, k € N is an equi-integrable sequence for every measurable set
EcCl.

Proof. Let ¢ > 0 be given and let n > 0 corresponds to ¢ by Lemma 14. Assume
that £ C I is measurable. Then there exist F' C I closed and G C I open such that
F C E C G where u(G \ F) < n. Assume that the gauge £ : I — (0, 00) is given as
in the Lemma 14 and that {(u;, U;)}, {(vm, Vin)} are &-fine M-partitions of I.
We have
if we€E thenlU;CG,Fcint |J U,
u€F

and
if v, € E thenV,, C G,F Cint [ V..
vm EF

Hence by (b) from Lemma 14 we have

> Fel)u@) = fevm)n(Va) < e

lu,€ERE m,v, €L

and therefore also

> Felu) xm () w(U0) = Y fr(0m)xE(0m) (V)| < e
.

m

This is the Bolzano-Cauchy condition from Theorem 4 for equi-integrability of the
sequence fr - Xg, k € N and the proof is complete.
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16. Proposition. Assume that fi : I — R, k € N are McShane integrable func-
tions such that

1) fu(t) = f(t) fort €I,

2) the set {fr; k € N} is equi-integrable.

Then for every € > 0 there is an n > 0 such that if E C I is measurable with

u(E) < n then
[ exel =1 [ 5l <2

Proof. Let € > 0 be given and let 7 > 0 corresponds to ¢ by Lemma 13 and assume
that p(F) < n. Then there is an open set G C I such that £ C G and u(G) < n.

The equi-integrability of fi implies the existence of a gauge A : I — (0, 400)
such that for every A-fine M-partition {(¢;, [;)} of I the inequality

\ka(ti)u(fi) —/Ifk| <e

for every k € N.

holds.

By Theorem 15 the integrals fl fr - xE, k € N exist and to every € > 0 there is
a gauge ¢ : I — (0,4+00) which satisfies B(t,6(t)) C Gift € G, §(t) < A(t), t € I
and

S Fulom) - Xe(0m)i(Vin) — / Feovsl <0

holds for any 6-fine M-partition {(vm, Vin)} of I.

Ifvn, € ECGthen Vi, CGand ), cpp(Vi) <n.

Since {(vim, Vin); vm € E} is a A-fine M-system, we have by the Saks-Henstock
lemma 11 the inequality

S Uelwm)u(Vn) - /V fl <e

m,v, EFE

and by Lemma 13 we get

) /mek|§€-

m,vm EE

Hence

|/Efk|se+| S fulom)(Vin)| <

m, v, EE
<0+ Y UnnnVo) = [ £ll+] Y [ nl<ose
m, U, EE Vm m, v, EE Vm
This proves the statement because 6 > 0 can be chosen arbitrarily small.

Using Proposition 12 and 16 and the concept of uniform absolute continuity of
a sequence of functions given in Definition 7 we obtain the following.
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17. Theorem. Assume that fr : I — R, k € N are McShane integrable functions
such that fr(t) — f(t) fort € I.

Then the set {fr; k € N} forms an equi-integrable sequence if and only if
{fr; k € N} is uniformly absolutely continuous.

18. Concluding remarks. Theorem 17 shows that the relaxed Vitali convergence
Theorem 9 is equivalent to our convergence Theorem 4 which uses the concept of
equi-integrability.

Therefore Theorem 4 is in the sense of Gordon [1] also a sort of primary theo-
rem because the Lebesgue dominated convergence theorem and the Levi monotone
convergence theorem follow from Theorem 4 (see [1, p. 203]).

Note also that if we are looking at the Vitali convergence Theorem 8 where the
sequence fr, k € N is assumed to converge to f in measure then by the Riesz
theorem [3] there is a subsequence fj, which converges to f for all ¢t € I\ N where
u(N) = 0. If we set fi,(t) = f(t) for t € N then Theorem 17 yields that the
assumption of the Vitali convergence Theorem implies that the original sequence
fr, k € N contains a subsequence which is equi-integrable.
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