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ijkl mno pqorskqtm ku mno mnokjv ku qtmowjxmqkt y kzj {otmzjv {xt |o {x}}o~ r qmn�
kzm xtv o�xwwojxmqkt mno �o|o�wzo {otmzjv� �no �j�m xttkzt{ol otm mnxm x tor
qtmowjx} y rnq{n q� �mjktwoj mnxt mno $ qolxtt qtmowjx} y rx� {joxmo~ y xssoxjo~ qt ��� �
qt
Comptes Rendus

qt xt xjmq{}o |v � � �o|o�wzo xt~ qt x lkjo ~omxq}o~ ukjl }xmoj
qt ���� qt �o|o�wzo �� ~q��ojmxmqkt

Intégrale, Longeur, Aire
8�tt � ~q �xmol � 8�� y � y

�� ������ � &t ���� �o|o�wzo rjkmo mno |kk�
Leçons sur l’integration et la recherche

des fonctions primitives
y %xzmnqoj�# q}}xj� y �xjq� y ���� y rnq{n xssoxjo~ qt mno �o{kt~

o~qmqkt qt ���� �
�no �o|o�wzo qtmowjx} sjo�otmo~ qt~q�szmx| }o x~pxt{o� qt {klsxjq�kt r qmn mno

$ qol xtt qtmowjx} �

a) For a function f : [a, b] → � to be integrable in the sense of Lebesgue, this
function need not be continuous at any point of the interval [a, b].
� uzt{mqkt

f : [a, b]→ � rnq{n q� qtmowjx|}o qt mno �ot�o ku $ qolxtt q� to{o��xjq}v
{ktmqtzkz� x}l k�m opojvrnojo qt mno qtmojpx}

[a, b]
�
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b) If f� : [a, b] → � is a sequence of functions integrable in the Lebesgue sense,
which converges pointwise to a function f : [a, b] → � and |f� |

�
g, where g :

[a, b] → � is integrable in the Lebesgue sense, then f : [a, b] → � is Lebesgue in-
tegrable and ∫ �

� f = lim�→∞

∫ �
� f�

holds.

c) If a function F has a bounded derivative F ′ in the interval [a, b], then the

function F ′ is integrable in the Lebesgue sense in [a, b] and

∫ �
� F

′ = F (x)− F (a)

holds for every x ∈ [a, b].�}qwnm}v ~q�ojotm q� mno uk }}kr qtw sjksk�qmqkt �
d) If the function F is continuous in the interval [a, b] and is differentiable to F ′

in [a, b] everywhere except a countable set, and if F ′ is Lebesgue integrable, then

∫ �
� F

′ = F (x)− F (a)

holds for every x ∈ [a, b].&t mno }x�m sjksk�qmqkt ~� mno jo�zqjol otm mnxm
F ′

nx� mk | o �o|o�wzo qtmowjx|}o
q� �klornxm �zjsjq�qtw � �zm mnq� jo�zqjol otm {xttkm |o kl qmmo~ mnojo �
&t~oo~ y qu ro �om

F (x) = x� sin
( �
x�

)
, 0 < x

�
1, F (0) = 0,

ro wom x uzt{mqkt rnq{n nx� x ~ojqpxmqpo

F ′(x) = −
2�
x
cos
( �
x�

)
+ 2x sin

( �
x�

)
= f(x) + g(x), 0 < x

�
1, F ′(0) = 0

xm x}} s kqtm� ku mno qtmojpx}
[0, 1]

�
&m q� tkm ~q	 {z}m mk {no{� mnxm mno uzt{mqkt

F
q� tkm x|�k}zmo}v {ktmqtzkz� qt mno

qtmojpx}
[0, 1]

xt~ mnojoukjo mno uzt{mqkt
F ′

{xttkm |o qtmowjx|}o qt mno �o|o�wzo
�ot�o qt

[0, 1]
�

�opojmno}o�� y mno uzt{mqkt
F ′

sk��o��o� qt mno qtmojpx}
[0, 1]

mno �ormkt qtmowjx}
xt~ ro nxpo

(N)

∫ 

� F

′ = F (1)− F (0) = 0.
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�kk�qtw {}k�o}v xm mno uzt{mqkt
F ′
y ro o�mx|}q�n ox�q}v mnxm mno �zllxt~

g(x) = 2x sin
( �
x�

)
, 0 < x

�
1, g(0) = 0

q� �o|o�wzo qtmowjx|}o xt~ mnxm mno sjk|}ol � r qmn qtmowjx|q}qmv xjo {xz�o~ |v mno
uzt{mqkt

f(x) = −
2�
x
cos
( �
x�
)
, 0 < x

�
1, f(0) = 0,

|o{xz�o ∫ 

� |f | =∞

�
�nq� {}x��q{x} o�xls}o �nkr � mnxm mno �o|o�wzo qtmowjx} q� wotojx}}v tkm �zx}q�o~

mk jo{kt�mjz{m x uzt{mqkt qu mno ~ojqpxmqpo ku mnq� uzt{mqkt q� �tkrt y q �o � mno jo}xmqkt
∫ �
� F

′ = F (x)− F (a)

too~ tkm nk}~ ukj opojv
x ∈ [a, b]

opot qt mno {x�o rnot mno �tqmo ~ojqpxmqpo
F ′

o� q�m�
opojvrnojo qt mno qtmojpx}

[a, b]
�

�kjokpoj y qm {xt |o �oot ujkl mnq� o�xls}o mnxm x}mnkzwn ukj opojv
ε ∈ (0, 1]

mno
�o|o�wzo qtmowjx}

∫ 

� F

′ = F (1)− F (ε) = −F (ε)

o� q�m� xt~ x}�k mno sjks oj }ql qm

lim�
→
��
∫ 

� F

′ = − lim�
→
�� F (ε) = 0

o� q�m� y mno �o|o�wzo qtmowjx} ∫ 

� F

′
~ko� tkm o� q�m y q �o �y ukj mno �o|o�wzo qtmowjx} mno

�k {x}}o~ �x�o �nokjol q� tkm px}q~ �
�no�o ~jxr|x{�� ku mno �o|o�wzo qtmowjx}� rnq{n q� pojv skrojuz} qt kmnoj

jo�so{m�� }o~ qllo~qxmo}v xumoj �o| o�wzo �� rkj� xm mno |owqttqtw ku mno {otmzjv mk
xmmolsm� mk {joxmo xt qtmowjxmqkt mnokjv qt rnq{n x sjksk�qmqkt ku mvso ~� rkz}~
nk}~ r qmnkzm mno x��zlsmqkt ku qtmowjx|q}qmv ku mno uzt{mqkt

F ′
� &t kmnoj rkj~� y xt

qtmowjxmqkt mnokjv rx� too~o~ qt mno ujxl o ku rnq{n mno qtmowjx| q}qmv ku x ~ojqpxmqpo
rkz}~ |o ot�zjo~ sjkpq~o~ mnq� ~ojqpxmqpo o� q�m� qt �klo jox�ktx|}o �ot�o �
� mnokjv �xmq�uv qtw mnq� ~o�qjo rx� ~opo}ks o~ qt �� �� |v � ��ot�kv� �nq� rx� mno

� ot�kv mkmx} sjk~z{o~ |v x jo}xmqpo}v {kls}q{xmo~ sjk {o�� |x�o~ kt mno z�o ku mjxt��
�tqmo tzl|oj� � �nkjm}v xumoj mnq� � � �z� qt {ktto{mo~ mno tor �ot�kv qtmowjxmqkt
r qmn mno {kt{osm ku wotojx}q�o~ x|�k}zmo {ktmqtzqmv 8

ACG∗)
� �no jo�z}m rx� mno

uk}}kr qtw sjksk�qmqkt �
���



A function f : [a, b] → � is integrable in the sense of Denjoy if there is an ACG∗

function F : [a, b]→ � such that F ′ = f almost everywhere in [a, b].
�nq� {kjjo�skt~� mk mno uk}}kr qtw �tkrt x��ojmqkt ukj mno �o|o�wzo qtmowjx} �

A function f : [a, b] → � is integrable in the Lebesgue sense if there is an abso-
lutely continuous function (an AC function) F : [a, b]→ � such that F ′ = f almost

everywhere in [a, b].
�om z� �nkjm}v uk }}kr mno ~opo}ksl otm ku mno lk~ojt pqor � ku mno {kt{osm ku mno

qtmowjx} qt �knol qx qt mno ��mn {otmzjv�
�k~ojt qtmowjxmqkt mnokjv qt mnq� wokwjxsnq{x} jowqkt wko� |x{� mk �jkuo��kj � xjo}

�omj rnk rjkmo x mo�m|kk�
Integral Calculus

8�k �om qtmowj� }t �� � $ qol xtt �� xssjkx{n
mk qtmowjxmqkt q� sjo�otmo~ mnojo qt uz}} o�motm xt~ sjo{q�o}v r qmnkzm l otmqkt qtw
�o|o�wzo qtmowjxmqkt � �no �j�m o~qmqkt ku mnq� pk}zl qtkz� |kk� xssoxjo~ qt �� ��
xt~ mno �o{kt~ qt ��� ��
�no tor ��� � o~qmqkt ku �omj �� |kk� rx� mnkjkzwn}v jopq�o~ xt~ {kt�q~ojx|}v

o�mot~o~ � �t xssot~q�
Introduction into the theory of sets

rx� rjqmmot |v #k � m�{n
�xjt �� �
�omj �� o�sk�qmqkt rx� |x�o~ kt mno �ormkt xt~ $qol xtt {kt{osm� ku qtmowjxmqkt y

xt~ qm nx� mk | o tkmo~ mnxm qm {ktmxqt � x wkk~ ~ox} ku xjm ku {x}{z}xmqkt mo{ntq�zo�
xt~ opot tzlojq{x} l omnk~� � �nq� rx� x �mjktw xt~ jq{n sxjm ku � � �omj �� l xmnol xm�
q{x} �tkr }o~wo � &t mno xssot~q� mk �omj �� |kk� �jku � # � �xjt �� lotmqkt� mno rkj�
ku � � �o|o�wzo y  �� xl�o y � � �{n}o�qtwoj xt~ � � � }o�toj y "n � ~o }x #x}}�o��kz��qt ~o�
pkmo~ mk mno �o|o�wzo mnokjv ku qtmowjx} xt~ no tkmo� mnxm mn q� mnokjv q� tkm qt{}z~o~
qt mno xssot~q� � &t x {ojmxqt �ot�o mno �o{kt~ o~qmqkt ku �omj �� |kk� rx� mno jox�kt
ukj mno }ktw ~o}xv ku sjo�otmqtw �o|o�wzo �� mnokjv qt x "�o{n |kk� �
&t mno voxj ����  ~zxj~ �o{n sz|}q�no~ mno |kk�

Point Sets. Part one
8�k~kp�

ltk� qtv� ���m sjpt �� r qmn xt xssot~q�
On derivation numbers of real functions8� ~ojqpkpxt	{n ���}o{n uzt�{� � o~t� sjkl �tt� � xwxqt rjqmmot |v # � �xjt �� � �no

ukzjmn {nxsmoj ku �o{n ��
Point Sets

nx� mno mqm}o
Measure and integral

xt~ q� pojv
o�mot�qpo y josjo�otmqtw xssjk�ql xmo}v kto nx}u ku mno rnk}o |kk� y q �o � ��� sxwo� �
�no {nxsmoj kt qtmowjxmqkt qt �o{n �� |kk� q� mno �j�m "�o{n sjo�otmxmqkt ku mno

mnokjv ku mno �o|o�wzo qtmowjx} qt mno ukjl ku x |kk� � �xlo}vy qt
Point Sets

�o{n
sjo�otm� x pojv sjkukzt~ o�sk�qmqkt ku mno mnokjv� �om z� l otmqkt �nkjm}v �klo ku mno
mksq{� � x}wo|jx� ku �om� y

σ
�x}wo|jx� y �kjo} �om� y x~~qmqpo xt~

σ
�x~~qmqpo �om uzt{mqkt� y

wotojx} mnokjv ku l ox�zjo y wotojx} mnokjv ku qtmowjx} 8l ox�zjx| }o uzt{mqkt� y iz|qtq ��
mnokjol y mno �s o{qx} {x�o ku mno �o|o�wzo l ox�zjo � y �om uzt{mqkt� ku |kzt~o~ pxjqx�
mqkt 8# qmx}q �� {kpojqtw y ~ojqpxmqpo� ku �om uzt{mqkt� y l omjq{ ~ot�qmv � y skqtm uzt{mqkt�
ku |kzt~o~ pxjqxmqkt y mno �mqo}m� o� qtmowjx} �

�o{n �� {nxsmoj kt qtmowjxmqkt q� x ~omxq}o~ xt~ {klsjonot�qpo o�s }xtxmqkt ku mno
mnokjv ku mno qtmowjx} � �no {x}{z}z� sxjm ku qtmowjxmqkt q� l q��qtw mnojo � mno�o mnqtw�
���



rnq{n xjo �k qlskjmxtm ukj �mz~otm� rojo xpxq}x|}o xm mnxm mql o qt mno |kk� ku � xjo}
�omj � &t mno sjoux{o mk nq�

Point Sets
 ��o{n l otmqkto~ mnxm no rx� qt�zot{o~ xt~

qt�s qjo~ |v mno ijot{n poj�qkt ku mno |kk� ku �mxtq�}xr �x��
Théorie de l’integrale.�no xssjkx{n z�o~ qt mno mo�m ku �o{n wqpo� x {}oxj opq~ot{o ku mnq� ux{m �

�x�� � |kk� kt qtmowjxmqkt mnokjv s }xvo~ x pojv qlskjmxtm xt~ ~o{q�qpo jk}o qt mno
mn qjmqo� tkm kt }v r qmnqt mno mnokjv ku qtmowjx} y |zm x}�k qt mno mnokjv ku jox} uzt{mqkt�
qt wotojx} �
�jkuo��kj # � �xjt �� rx� x}�k qt�zot{o~ |v mno |kk� ku � � �x�� xt~ �x�� l otmqkto~

mn q� qt mno sjoux{o mk mno  tw}q�n mjxt�}xmqkt ku mno |kk� ujkl ���� qt {ktto{mqkt
r qmn �kl o qtx{{zjx{qo� qt mno ijot{n poj�qkt rnq{n nx~ |oot ~omo{mo~ xt~ {kjjo{mo~
|v # � �xjt �� �
�jkuo��kj # � �xjt �� opq~otm}v nx~ ukj x }ktw mql o mno qtmotmqkt ku r jqmqtw x |kk�

kt qtmowjx} {x}{z}z � |x�o~ kt mno �o|o�wzo qtmowjx} � �o |owxt mk sjosxjo �z{n x
mo�m ~zjqtw mno �kj}~ �xj && � � q� |kk�

Integral Calculus II
8&tmowj�}t � sk�om &&�

rx� sz|}q�no~ qt ���� � 8 xj}qoj no sz|}q�no~
Integral Calculus I

8&tmowj� }t � sk �om &�
rnq{n rx� |x�o~ kt mno $ qol xtt qtmowjx} xt~ rx� o��otmqx}}v �nkjmoj mnxt �omj ��
|kk� �� # � �xjt �� nql �o}u {nxjx{mojq�o� nq� |kk� x� uk }}kr � �

. . . this book, even if it

is based on the modern concept of integral, is rather an “Integral Calculus” than a

“Theory of integration”.
"kt{ojt qtw mno lkjo wotojx} mnokjomq{x} xssjkx{n y �xjt ��

jouoj� mno jox~oj mk �o{n ��
Point Sets.

�nq� �mxmolotm ku �xjt �� q� pojv lk~o�m y nq�
Integral Calculus II

q� | kmn mnokjomq{x} xt~ {x}{z}xmqktx} � �t~ mnq� l x�o� mno |kk�
pojv qt �mjz{mqpo xt~ z�ouz} ukj �mz~otm� � �krx~xv� mn q� |kk� ku # � �xjt �� q� lkjo
mnxt ukjmv voxj� k}~ xt~ qt �sqmo ku mnxm qm nx� tkm |oot jos }x{o~ |v xtkmnoj "�o{n
|kk� ku o�zx} qlskjmxt{o �
&t mno x|kpo sxjm ro kpoj�zlso~ qt mql o mno ~o�{jqsmqkt nkr mno pqor � ku qtmo�

wjxmqkt ~opo}ks o~ qt kzj {kztmjv� �kkt xumoj �� && x wjkzs ku lxmnol xmq{qxt� rx�
wjkr qtw zs y mnoqj ~ot�qmv xlktw mno sksz}xmqkt ku sk�mrxj �mz~otm� xt~ sk�mwjx~�
zxmo� | oqtw ztz�zx}}v nqwn � &t mno �o}~ ku qtmowjxmqkt mnokjv �xt �x� �� rx� kto
ku mnol � �umoj no ot~o~ nq� wjx~zxmo �mz~qo� qt � xmnol xmq{� y no |o{xlo x��q�motm
xm mno �o{ntq{x} �tqpoj�qmv qt �jxwzo xt~ opq~otm}v nx~ {ktmx{m r qmn �mz~otm� qt
mno {kzj�o ku rnq{n no ot{kztmojo~ jxmnoj zt�xmq�ux{mkjv xssjkx{no� mk qtmowjxmqkt
mnokjv� &t mno voxj ���� � � � x� �� sz|}q�no~ qt

�asopis pro pΞstovánímatematiky
8��

8������ x }ktw sxsoj ~qpq~o~ qtmk mnjoo sxjm�
Foundations of the theory of integral in

Euclidean spaces
8���}x~v mnokjqo qtmowj� }z p  z�}q~kp	{n sjk�mkjo{n � � �no sxsoj

{kt�q�m� ku ��� sxwo� xt~ q� x}�k pojv {klsjonot�qpo � &m rx� sz|}q�no~ |oukjo mno
xssoxjot{o ku mno x|kpo lotmqkto~ |kk� ku # � �xjt �� � �xjt �� lotmqkt� qt mno sjoux{o
mk nq� |kk� kt mno �o|o�wzo qtmowjx} mno o� q�mot{o ku �x� �� �� xjmq{}o � 8�om z� tkmo
mnxm | oukjo mnq� sxsoj qt ���� �x��� sz|}q�no~ qt �x�ksq� sjk s��mkp�t � lxmol xmq�v
xtkmnoj "�o{n sxsoj

The Lebesgue integral in abstract spaces
8�x�ksq� ���m � �xm � ��

8��� ��� �
���



�x� �� �� |qw rkj�
Foundations of the theory of integral in Euclidean spaces

q� ku o~�
z{xmqktx} {nxjx{moj � �no sjo�otmxmqkt q� qt~os ot~otm ku kmnoj �kzj{o� y �o}u{ktmxqto~ y
x{{o��q| }o mk x l o~qzl o~z{xmo~ xt~ sxmqotm lxmnol xmq{qxt � � }} mno to{o��xjv
{kt{osm� xjo {ktmxqto~ qt mno xjmq{}o r qmn mno to{o��xjv {xjouz } xt~ o{ktkl q�o~ o��
s}xtxmqkt �  �s o{qx}}v mno qtmjk~z{mkjv sxjm q� o~z{xmqtw mno jox~oj y x}} mno �tkrt
qtmowjxmqkt mnokjqo� xjo x��o��o~ y |kmn mnoqj x~pxtmxwo� xt~ ~q�x~pxtmxwo� | oqtw
skqtmo~ kzm �
�om z� sjo�otm �klo ku �x��� �� q~ox� ujkl mno qtmjk~z{mqkt mk mno sxsoj �
We will mostly consider the Perron integral; why we will not start “as usual” with

the Riemann integral? This has sufficiently serious reasons. The Riemann integral

possesses some merits; its definition—especially in the one dimensional case—is sim-

ple and sufficiently “instructive”; in the more dimensional case it is a well fitted tool

for introducing some physical quantities . . .

Further, it can be said that the majority of functions for which we do “calculations”

have a proper or improper integral.

However, this is probably the end of the list of good properties of the Riemann

integral.izjmnoj �x��� �xv� �
By having pronounced a certain definition (e.g. the definition of the Riemann

integral) in fact nothing is done; merely some notation is introduced. To have a

theory of integral which “is of any use”, the theory has to provide not only definitions,

but above all theorems; especially theorems helping in really calculating or at least

estimating the value of the integral in individual cases. Of course we would be glad if

the theorems were as general as possible, if their formulation was not too complicated

and, last but not least, it should be also taken into account whether it is possible to

deduce them in a simple and relatively elementary way.�nq� �zkmxmqkt qt ux{m ~o�{jq|o� mno sjkwjxl ku �x� �� �� rkj� �
�x� �� q� x}�k pojv {jqmq{x} qt mno {x�o ku mno �o|o�wzo qtmowjx} �
The theory is lucid and definitive; it is its advantage that it can be used in abstract

spaces in which there has been nothing heard even of topology.

However, it is quite credible that using such a too general approach we cannot get

sufficiently deep into what we need in the case of Euclidean spaces.

The main defect of the Lebesgue integral is that it covers only absolutely convergent

integrals; hence the Lebesgue integral is a generalization neither of the improper Rie-

mann integral nor the Newton integral. (For example the derivative of the function

x� sin(1/x�) completed at the point zero by the corresponding limit does not possess
the Lebesgue integral over the interval 〈−1, 1〉 though it has the improper Riemann

integral as well as the Newton integral over this interval.) This example shows also

that for the Lebesgue integral the following theorem does not hold:

���



If the (Perron) integral of the function f exists over every interval 〈a, b− ε〉, where ε is

an arbitrary positive number less than b−a, and if the proper limit lim�
→
��
∫ �

−
�

� f(x) dx

exists, then also the integral
∫ �
� f(x) dx exists and is equal to this limit.8�krx~xv� mnq� mnokjol q� {x}}o~ �x�o �� mnokjol xt~ �x��� q� l otmqkt qtw xm mnq�

s}x{o mno �tkrt ~o�{qot{v ku mno �o|o�wzo qtmowjx} rnq{n ro nxpo x}jox~v l otmqkto~
x|kpo ��
It can be presumed that especially for beginners the Perron theory of integral is

more suited than the Lebesgue theory. Indeed, the Perron theory of integral can

be constructed in such a manner that we work only with the concepts of the limit

of a sequence and of the more dimensional interval; it is not necessary to speak

simultaneously about measure or topology. The proofs of theorems look also more

natural than in Lebesgue’s theory and they are usually much simpler.

The relation between the Perron and Lebesgue integral is simple.

A function f possesses the Lebesgue integral in an interval K, if and only if both

the functions f and |f | possess the Perron integral.�x� �� {kt�mjz{m� mno qtmowjx} �mos |v �mos r qmnkzm ��qssqtw xtvmn qtw to{o��xjv
ukj n q� jox�ktqtw � �om z� jo{x}} �nkjm}v nq� rxv mk mno ~o�tqmqkt �
�o q� rkj�qtw qt xt

m
�~ql ot�qktx} qtmojpx}

K
rqmn uzt{mqkt� ku xt qtmojpx} � �no

uzt{mqkt
F
q� qt mno qtmojpx}

K superadditive
8
subadditive

� y qu qm q� ~o�to~ kt mno �om
ku x}} qtmojpx}�

I ⊂ K
xt~ qu

F (I) + F (J)
�
F (I � J)

(
F (I) + F (J) � F (I � J))

nk}~� sjkpq~o~ mno �zl kt mno }oum nxt~ �q~o l x�o� �ot�o xt~
I � J ⊂ K

�
I
xt~
Jxjo tktkpoj}xss qtw qtmojpx}� 8q �o � mnoqj qtmojqkj� xjo ~q��kqtm � xt~

I � J loxt� mnxm
I + J

q� x}�k xt qtmojpx} � 8�kmo mnxm
+
q� z�o~ nojo ukj mno ztqkt ku �om� ��

&u
F

xt~
G

xjo uzt{mqkt� qt mno qtmojpx}
K
y
G

q� �tqmo xt~
x ∈ K

mnot mno
upper

derivative of the function F with respect to the function G at the point x with respect

to the interval K
q� ~otkmo~ |v

F (G, x,K)
xt~ loxt� mno �zsjolzl ku mno �om ku x}}

t ∈ E∗
 ku mno ukjl 8ro z�o nojo mno �vl|k}� z �o~ |v � � � x� �� � }om z� l otmqkt kt}v
mnxm

E∗
 loxt� �mno �om
E
 8= �� ot }xjwo~ |v mno o}olotm� ∞

xt~
−∞� y ukj E∗
 mno�vl|k} �∗

rq}} | o z�o~ qt mno �o�zo}�

t = lim(F (I�) : G(I�)),
rnq}o mno

lower derivative of the function F with respect to the function G at the point

x with respect to the interval K
q� ~otkmo~ |v

F (G, x,K)
xt~ loxt� mno qt�lzl ku

mno �om ku x}}
t ∈ E∗
 ku mno ukjl

t = lim(F (I�) : G(I�)),
���



rnojo mno }ql qm� xjo mx�ot ukj
I� → x

y
I� ⊂ K

xt~
I� → x

y rnq{n l oxt� mnxm
I� q�

x �o�zot{o ku qtmojpx}� r qmn
x ∈ I� y n = 1, 2, . . . xt~ d(I�)→ 0

y rnojo
d(I)

~otkmo�
mno }otwmn ku mno }xjwo�m o~wo ku mno qtmojpx}

I
�

���� � � not ~o�tqtw mno zssoj ~ojqpxmqpo
F (G, x,K)

ku mno uzt{mqkt
F

rqmn
jo�so{m mk mno uzt{mqkt

G
xm mno skqtm

x
rqmn jo�so{m mk mno qtmojpx}

K
xt~ mno }kroj

~ojqpxmqpo
F (G, x,K)

ku mno uzt{mqkt
F

rqmn jo�s o{m mk mno uzt{mqkt
G

xm mno skqtm
x
rqmn jo�s o{m mk mno qtmojpx}

K
ro nxpo qt ux{m mk ~k r qmn mno �zsjolzl xt~ mno

qt�lzl ku mno �om ku tzl|oj�

S(x) =
{
t ∈ �∗ ; t = lim(F (I�) : G(I�))

}
,

rnojo
lim(F (I� ) : G(I�)) nx� mno l oxtqtw �mxmo~ x|kpo �

� ��zlo mnxm
B(x, δ) = {y ∈ �� ; ‖y−x‖ < δ}

q� mno |x}} qt �� rqmn qm� {otmoj xm
mno skqtm

x ∈ �� xt~ jx~qz�
δ > 0

�
�otkmo |v

S̃(x)
mno �om ku x}}

t ∈ �∗
�z{n mnxm ukj opojv

ε > 0
mnojo q� x

δ(x) > 0�z{n mnxm
∣∣∣∣
F (I)

G(I)
− t

∣∣∣∣ < ε
sjkpq~o~

I ⊂ �� q� xt qtmojpx} y
x ∈ I ⊂ B(x, δ(x))

rqmn mno z�zx} {ktpotmqkt qt mno
{x�o rnot

t =∞
kj
t = −∞

y q �o � � �� 	
 �� 	 > 

�
qt mno ukjl oj {x�o xt~ � �� 	
 �� 	 < −



�
qt mno

}xmmoj �
�v mno �k}�xtk��oqoj�mjx�� �nokjol qm q� ox�v mk �oo mnxm

S(x) = S̃(x).

�om z� uk}}kr uzjmnoj nkr �x� �� sjk {oo~� r qmn mno ~o�tqmqkt ku mno qtmowjx} �
�om
G
|o x

finite, nonnegative additive
uzt{mqkt qt xt qtmojpx}

K
� }om
f
|o x skqtm

uzt{mqkt qt
K
�

M
q� {x}}o~ x

majorant of the function f with respect to the function G in the

interval K
y qu

x �
M

q� qt
K

�zsojx~~qmqpo y
| �

−∞ 6=M(G, x,K) � f(x) ukj opojv x ∈ K
�

�ql q}xj}vy
m

q� x
minorant of the function f with respect to the function G in the

interval K
qu
(−m)

q� x l x�kjxtm mk
(−f)

y q �o � qu
x

′
�
m

q� qt
K

�z|x~~qmqpo y
|

′
�

∞ 6= m(G, x,K)
�
f(x)

ukj opojv
x ∈ K

�
�no
upper

8�ojjkt��mqo}m� o��
integral of the function f with respect to the function

G in the interval K
q�

∫

�
f dG = infM(K),

���



rnojo mno qt�lzl q� mx�ot kpoj x}} l x�kjxtm�
M

ku mno uzt{mqkt
f
�

�no
lower

8�ojjkt��mqo}m� o��
integral of the function f with respect to the function

G in the interval K
q�

−

∫

�
(−f) dG,

kj qt kmnoj rkj~�
∫

��
f dG = supm(K),

rnojo mno �zsjolzl q� mx�ot kpoj x}} l qtkjxtm�
m

ku mno uzt{mqkt
f
�

� �qtw mno�o ~o�tqmqkt� ku mno zssoj xt~ }kroj qtmowjx}� �x� �� sjo�otm� mno uk}}kr�
qtw ~o�tqmqkt �

Definition 1.
�o �xv mnxm mno

function f has an integral
8kj mnxm

the integral

of the function f exists
�
with respect to the function G in the interval K

y qu

∫

��
f dG =

∫

�
f dG ∈ E


nk}~� �
&t mnq� {x�o ro rjqmo

∫

��
f dG =

∫

�
f dG =

∫

�
f dG

xt~ ~otkmo |v �
=

�
(G,K)

mno �om ku x}} �z{n uzt{mqkt� �
�no xssjkx{n z�o~ |v �x��� ukj ~o�tqtw mno �ojjkt��mqo}m� o� qtmowjx} kpoj lkjo

~ql ot�qktx} qtmojpx}� {xt |o ukzt~ x}jox~v 8qt mno �qmzxmqkt rnot mno uzt{mqkt
G
nx�

mno l oxtqtw ku mno pk}zlo� qt mno sxsoj ku � � �xzoj �
Der Perronsche Integralbegriff

und seine Beziehung zum Lebesgueschen
8�ktxm�noumo � xmn � �nv� � �� � ujkl �� �� �

izjmnoj �x��� qtmjk~z{o� mno uk}}kr qtw tkmxmqkt �
� � = � �(G,K) q� mno �om ku x}} | kzt~o~ uzt{mqkt� qt � �
�� q� mno �om ku x}} uzt{mqkt�

f ∈
� ukj rnq{n x}�k

|f | ∈
� �

�� q� mno �om ku uzt{mqkt� ukj rnq{n

∫

��
f dG =

∫

�
f dG

nk}~� y rnojo mno px}zo�
−∞

kj
∞

xjo x}�k x}}kro~ �
�o �nkr � mnxm

f ∈
�

⇒ f� , f−, |f | ∈
��

���



xt~ mnxm ro nxpo

� � ⊂
��

⊂
�

⊂
��
.

&t mno �z|�o�zotm sxjm� ku mno xjmq{}o �x� �� qtpo�mqwxmo� jo}xmqkt� ku mno qtmowjx}
qtmjk~z{o~ |v nql mk kmnoj mvso� ku qtmowjx}� 8$ qolxtt��mqo}m� o� y �ormkt y om{ �� xt~
no ~ojqpo� mnokjol � rnq{n xjo qlskjmxtm ukj {x}{z}xmqtw mno qtmowjx} 8mno qtmowjxmqkt
|v sxjm� mnokjol ukj mno {x�o rnot

K
q� x kto ~ql ot�qktx} qtmojpx} y mno {nxtwo ku

pxjqx|}o� mnokjol ukj uzt{mqkt� | o}ktwqtw mk �� y
. . .

� � �x��� {kls}omo� n q� sjkwjxl
xt~ �nkr � mnxm �qls}o tkmqkt� x}}kr mk {kt�mjz{m xt qtmowjx} rnq{n nx� �z	 {qotm}v
tq{o sjks ojmqo� y xt~ x}�k mnxm nq� {kt�mjz{mqkt qtpk}po� x}} �tkrt xt~ {kllkt}v z�o~
qtmowjx}� �
�no q~ox mnxm

. . . especially for beginners the Perron theory of integral is more

suited than the Lebesgue theory . . .
rx� sjx{mq{x}}v topoj jox}q�o~ |v �x��� qt x

�osxjxmo mo�m ukj �mz~otm� � &t mno voxj� ������ � no sz|}q�no~ mrk pk}zlo� ku x
ztqpoj�qmv mo�m

Integral Calculus I, II
mkwomnoj r qmn & ��ojt	� �nq� mo�m rx� l xqt}v

~opkmo~ mk xt x}mojtxmqpo sjo�otmxmqkt 8qt {klsxjq�kt r qmn mno k}~oj "�o{n mo�m|kk�
Integral Calculus II

|v #k� m�{n �xjt �� � ku mno {kt�mjz{mqkt ku mno �o|o�wzo qtmowjx}
qt mno �j�m sxjm xt~ mk �kl o sjk|}ol � {kt{ojtqtw

k
�~ql ot�qktx} qtmowjx}� qt

m
�

~ql ot�qktx} �sx{o� qt mno �o{kt~ pk}zl o � �opojmno}o�� qt mno �o{kt~ pk}zl o ku mnq�
ztqpoj�qmv mo�m mno �ojjkt qtmowjx} xssoxj� qt x jo}xmqpo}v �qls}o ukjl y rnq{n �ojpo�
mk ~o~z{o x �mjktw poj�qkt ku mno %xz�� mnokjol qt mno mo�m|kk� � &t mno �q�mqo�
� � � x��� rjkmo sxsoj�

A non-absolutely convergent integral in E� and the theorem
of Gauss

8"�o{nk�}kpx� �xmn � � � �� 8��� y ���� y �������� xt~
On representations

of some Perron integrable functions
8"�o{nk�}kpx� �xmn � � � �� 8�� � y ���� y ����

���� kt tktx|�k}zmo}v {ktpojwotm qtmowjx}� xt~ jo}xmo~ �zo�mqkt� �kqtm}v r qmn � xjo}
� xjm�� � �m mn q� skqtm x}�k mno sxsoj

On a generalization of the Lebesgue integral in

E�
8"�o{nk�}kpx� �xmn � � � �� 8��� y ����� rjqmmot mkwomnoj r qmn �q�� �xmv��x xt~

Continuous additive mappings
8"�o{nk�}kpx� �xmn � � � �� 8��� y ����� r qmn �xjk�}xp

�k}o{ �nkz }~ | o l otmqkto~ � � }lk�m xm mno �xl o mql o �xt �x� �� sz|}q�no~ mno
sxsoj

Extensions of additive mappings
8"�o{nk�}kpx� �xmn � � � �� 8��� y ����� rnojo

x l omnk~ q� ~o�{jq|o~ rnq{n x}}kr � mk o�mot~ mno �o|o�wzo qtmowjx} � �nq� �ojqo� ku
�x��� �� sxsoj� q� {ktto{mo~ r qmn n q� ukjl oj rkj�

The surface integral
8"�o{nk�}kpx�

�xmn � � � � 8� �� y ����� �
�m mnq� s}x{o x}�k nq� rkj� kt mno wotojx}q�o~ qtmowjx} xt~ mjqwktklomjq{ �ojqo�

�nkz}~ |o lotmqkto~ � �nq� q� x {xjouz}}v rjqmmot mo�m ukj ztqpoj�qmv �mz~otm� y rnq{n
rx� sjosxjo~ ~zjqtw �x��� �� o� q}o qt mno ��� xt~ rnq{n {xl o mk z� qt mno ukjl
ku x {ksv ku nq� nxt~rjqmmot l xtz�{jqsm � �m mno | owqttqtw ku mn q� mo�m mno �ojjkt
qtmowjx} kpoj kto ~ql ot�qktx} qtmojpx}� q� ~o�{jq| o~ qt uz }} ~omxq} �
���



�om z� x~~ x �qls}o {kt�q~ojxmqkt mk mno mksq{� sjo�otmo~ x|kpo � �x�o qtmk x{{kztm
�x��� �� � o�tqmqkt � ku mno qtmowjx} ∫

� f dG ∈ � xt~ uzt{mqkt�
f
ukj rnq{n

f ∈
�
=

�
(G,K)

�
�v �o�tqmqkt � ro nxpo

∫

�
f dG = supm(K) = infM(K),

rnojo mno �zsjolzl q� mx�ot kpoj x}} l qtkjxtm�
m

ku mno uzt{mqkt
f
xt~ mno qt�lzl

kpoj x}} l x�kjxtm�
M

ku mno uzt{mqkt
f
� �v mno �nokjol kt mno �zsjolzl 8&t�lzl �

ro �tkr mnxm ukj opojv
ε > 0

mnojo o� q�m� x l qtkjxtm
m∗

xt~ x l x�kjxtm
M∗

mk mno
uzt{mqkt

f
�z{n mnxm

8
∗
�

M∗(K)− ε <

∫

�
f dG < m∗(K) + ε.

�qt{o
m∗

q� x l qtkjxtm mk mno uzt{mqkt
f
y ro �tkr mnxm

m∗
q� �z|x~~qmqpo qt

K
xt~

mnxm
∞ 6= m∗(G, x,K)

�
f(x)

ukj opojv
x ∈ K

nk}~� �
�x�qtw qtmk x{{kztm mno x|kpo �kmo y ro k|mxqt mnxm mno zssoj ~ojqpxmqpo

m∗(G, x,K)
q� mno �zsjolzl ku mno �om ku x}}

t ∈ �∗
�z{n mnxm ukj opojv

ε > 0mnojo q� x
δ(x) > 0

�z{n mnxm qu
I ⊂ �� q� xt qtmojpx} y

x ∈ I ⊂ B(x, δ(x))
y mnot

∣∣∣∣
m∗(I)

G(I)
− t

∣∣∣∣ < ε.

�zm mnq� l oxt� |v mno ~o�tqmqkt ku mno �zsjolzl mnxm ukj wqpot
x ∈ K

xt~
ε > 0mnojo o� q�m� x

δ(x) > 0
�z{n mnxm qu

x ∈ I ⊂ B(x, δ(x))
mnot x}�k

m∗(I)

G(I)
− ε < m∗(G, x,K)

�
f(x),

kj y qt kmnoj rkj~� y mno qto�zx}qmv

8
∗∗
�

m∗(I)− εG(I) < f(x)G(I)

nk}~� � ikj mno l x�kjxtm
M∗

ro wom xtx}kwkz�}v mno qto�zx}qmv

f(x)G(I) < M∗(I) + εG(I)

���



sjkpq~o~
x ∈ I ⊂ B(x, δ(x))

�
� ��zlo tkr ukj x lklotm mnxm mnojo q� x �tqmo �v�mol ku qtmojpx}�

J
, J� , . . . , J� ⊂ K

�z{n mnxm
K = J
 � J� � . . . � J� ,xt~ skqtm�

x� ∈ K
y
i = 1, 2, . . . , k

�z{n mnxm
x� ∈ J� ⊂ B(x�, δ(x�))

� �not y |o{xz�o
G
q� �tqmo xt~ x~~qmqpo y

m∗
q� �z|x~~qmqpo xt~ 8

∗∗
� nk}~� ukj

x� ∈ J�
y
i = 1, 2, . . . , k

y
ro wom

m∗(K)
� �∑

�� 

m∗(J�) <

�∑

�� 

[
f(x�)G(J�) + εG(J�)

]

=

�∑

�� 

f(x�)G(J�) + εG(K).

�v pqjmzo ku mno qto�zx}qmv 8
∗
� y ro k|mxqt ujkl mnq� jo}xmqkt mno qto�zx}qmv

∫

�
f dG < m∗(K) + ε <

�∑

�� 

f(x�)G(J�) + εG(K) + ε

=

�∑

�� 

f(x�)G(J�) + ε[G(K) + 1].

�kj�qtw qt x �ql q}xj rxv r qmn mno l x�kjxtm y ro xjjqpo xm mno qto�zx}qmv

�∑

�� 

f(x�)G(J�)− ε[G(K) + 1] <

∫

�
f dG,

rnq{n mkwomnoj r qmn mno sjopqkz� kto wqpo�

8
∗ ∗ ∗

� ∣∣∣
�∑

�� 

f(x�)G(J�)−

∫

�
f dG

∣∣∣ < ε[G(K) + 1].

�no qto�zx}qmv 8
∗∗∗

� y mkwomnoj r qmn mno ux{m mnxm
ε > 0

{xt |o mx�ot xj|qmjxjq}v �l x}} y
l oxt� mnxm mno px}zo ku mno qtmowjx} ∫

� f dG
x� qm rx� ~o�to~ |v � � � x� �� {xt |o xs�

sjk� ql xmo~ |v x $qol xtt 8��mqo}m� o�� mvso qtmowjx} �zl ku mno ukjl ∑�
�� 
 f(x�)G(J�) �

���



�nq� jox�ktqtw ~osot~� ku {kzj�o kt mno ux{m rnomnoj ukj mno sk�qmqpo uzt{mqkt
δ(x)

y rnq{n {klo� ujkl mno ~o�tqmqkt ku mno zssoj ~ojqpxmqpo ku mno uzt{mqkt
m∗

xt~
mno }kroj ~ojqpxmqpo ku mno uzt{mqkt

M∗
y mnojo jox}}v o� q�m� x �tqmo �v�mol ku qtmojpx}�

J
, J� , . . . , J� ⊂ K

�z{n mnxm
K = J
 � J� � . . . � J� ,

xt~ skqtm�
x� ∈ K

y
i = 1, 2, . . . , k

�z{n mnxm
x� ∈ J� ⊂ B(x� , δ(x�))

�
�nq� sjk|}ol q� xt�rojo~ qt mno x	 jl xmqpo |v mno �k {x}}o~

Cousin Lemma
y rnq{n

�mxmo� mnxm ukj xt xj| qmjxjv uzt{mqkt
δ(x) > 0

wqpot kt mno qtmojpx}
K

mnojo q� x �tqmo
�v�mol ku �skqtm�qtmojpx}� {kzs}o� (x, J) rnq{n nx� mno sjksojmqo� jo�zqjo~ x|kpo �
�umoj mnq� {kt�q~ojxmqkt ro qtmjk~z{o mno uk}}kr qtw ~o�tqmqkt �

Definition 2.
�no uzt{mqkt

f
nx� xt qtmowjx} r qmn jo�so{m mk mno uzt{mqkt

G
qt

mno qtmojpx}
K

qu mnojo o� q�m�
I ∈ � �z{n mnxm ukj opojv

ε > 0
mnojo q� x uzt{mqkt

δ :

K → (0,+∞)
�z{n mnxm

∣∣∣
�∑

�� 

f(x�)G(J�)− I

∣∣∣ < ε

nk}~� ukj opojv �tqmo �v�mol ku qtmojpx}�

J
, J� , . . . , J� ⊂ K,

ukj rnq{n
K = J
 � J� � . . . � J� ,

rnojo
x� ∈ J� ⊂ B(x� , δ(x�))

ukj
i = 1, 2, . . . , k

�
�o ~otkmo mno �om ku x}} �z{n uzt{mqkt� |v �

=
�
(G,K)

xt~ mno tzl|oj
I
|v

∫
� f dG

�
�no uzt{mqkt

δ : K → (0,+∞)
q� {x}}o~ x

gauge
kt
K

xt~ mno �v�mol
{(x�, J�), i =

1, 2, . . . , k}
rqmn mno sjksojmqo� ~o�{jq| o~ qt mno ~o�tqmqkt q� {x}}o~ x

partition of the

interval K
y rnq{n q�

δ-fine
rqmn jo�s o{m mk mno wxzwo

δ
�

�nq� ~o�tqmqkt ku mno �mqo}m� o� qtmowjx} |o}ktw� mk �xjk�}xp �zj�roq} y rnk sjo�otmo~
x �ql q}xj ~o�tqmqkt qt mno voxj ���� qt n q� sxsoj

Generalized ordinary differential

equations and continuous dependence on a parameter
8"�o{nk�}kpx� �xmn � � � � 8��� y

����� �
&m q� jol xj�x|}o mnxm mno uk}}kr qtw �mxmol otm q� mjzo �

�� �



Proposition. The function f has an integral with respect to the function G

in the interval K in Maflík’s sense if and only if it has the integral in the sense of

Kurzweil. In such a case the two integrals have the same value, i.e. the equality

�
=
�

holds.

�om z� wk |x{� ukj x lklotm mk �x� �� �� x��o��l otm ku mno $ qol xtt qtmowjx} �
�o �mxmo~

. . . its definition—especially in the one dimensional case—is simple and

sufficiently “instructive”; in the more dimensional case it is a well fitted tool for

introducing some physical quantities . . .
 pq~otm}v mno �qt�mjz{mqpoto��� nx� mk |o

zt~oj�mkk~ qt mno rxv mnxm mno $ qol xtt qtmowjx} �zl {}k�o}v xssjk� ql xmo� y zt~oj
mno �zssk�qmqkt mnxm mno sxjmqmqkt q� �z	 {qotm}v �to y o �w � mno xjox rnq{n q� o�sjo��o~
|v mno qtmowjx} y kj mnxm qm ~o�{jq| o� qt x mjxt�sxjotm rxv mno snv�q{x} �zxtmqmv rnq{n
q� mk | o ~omojl qto~ �
�jksk�qmqkt �mxmo~ x|kpo �nkr � mnxm mno qtmowjx} rnq{n rx� sjo�otmo~ |v �x� �� qt

nq� rkj� ujkl ���� {xt |o qtmjk~z{o~ pqx $ qolxtt��mqo}m� o� qtmowjx} �zl � xt~ mnxm qm
nx� mnojoukjo x}�k kto ku mno uor x~pxtmxwo� ku mno $ qol xtt qtmowjx} rnq{n nx~ |oot
skqtmo~ kzm |v �x� �� � �kjokpoj y ro {xt uk}}kr �x� �� �� �mos� ku {jqmq{q�l xt~ {}xql
mnxm ukj qtmjk~z{qtw mno �ojjkt qtmowjx} |v � o�tqmqkt � lz{n }o�� �ksnq�mq{xmo~ mkk}�
xjo too~o~ qt {klsxjq�kt r qmn mnk�o z�o~ |v �x� �� 8qm q� tkm to{o��xjv mk sjo�otm
zssoj xt~ }kroj ~ojqpxmqpo� y ro too~ tkm rkjjv x|kzm l x�kjxtm� xt~ l qtkjxtm� y
�zsjol x xt~ qt�l x y om{ �� �
�m mnq� �mxwo ro nxpo mk {}k�o mno oz}kwv ku mno �ojjkt {kt{osm ku qtmowjxmqkt �

&m nx� mk | o �xq~ mnxm xlktw kmnoj qm q� pojv ~q�{kl ukjmx|}o rnot qtmowjxmqtw kpoj
lkjo~ql ot�qktx} ~kl xqt� o�s o{qx}}v ujkl mno skqtm ku pqor ku mjxt�ukjl xmqkt� 8mnq�
{kt{ojt� mno "nxtwo ku #xjqx| }o� �nokjol � � �x��� ~q~ tkm l otmqkt mnq� ~ouo{m ku
mno mnokjv x}mnkzwn qt n q� }o{mzjo� xm "nxj}o� �tqpoj�qmv qt �jxwzo no sjo�otmo~
l xtv mql o� xt o�xls}o ku x uzt{mqkt rnq{n q� qtmowjx| }o qt mno �ojjkt �ot�o kpoj
x mrk~ql ot�qktx} qtmojpx} |zm xumoj x �qls}o mjxt�ukjl xmqkt qm }k�o� mno sjks ojmv ku
qtmowjx|q}qmv�
"klsxjqtw �zj�roq} �� ~o�tqmqkt ku mno �ojjkt qtmowjx} r qmn mno ~o�tqmqkt ku mno

$ qol xtt qtmowjx} y ro x}l k�m {xttkm jo{kwtq�o mno ~q�ojot{o x}mnkzwn ro wom mno
tktx|�k}zmo}v {ktpojwotm �ojjkt qtmowjx} rnq{n qt{}z~o� mno $ qol xtt y �ormkt xt~
x}�k mno �o|o�wzo qtmowjx} � �no o��ot{o ku mn q� l xmmoj q� qt mno {kt{osm nkr mno
�toto�� ku x sxjmqmqkt nx� mk | o zt~oj�mkk~ � �o xjo rkj�qtw r qmn sxjmqmqkt� ku
xt qtmojpx}

K
rnq{n xjo

δ
��to r qmn jo�s o{m mk x wxzwo

δ
rnq{n q� josjo�otmo~ |v

x sk�qmqpo uzt{mqkt kt
K
� &t mno {x�o ku mno $ qol xtt qtmowjx} mnq� wxzwo q� x}�k x

sk�qmqpo uzt{mqkt |zm mn q� uzt{mqkt q� jo�zqjo~ mk | o {kt�mxtm �
���



�no qtmowjx} wqpot |v � o�tqmqkt � q� tkrx~xv� {x}}o~ mno �zj�roq}��ot�mk{� qt�
mowjx} � �no txl o ku mno �kjmnojt &jo}xt~ �� l xmnol xmq{qxt $x}sn �ot�mk {� xssoxj�
qt mnq� {ktto{mqkt |o{xz�o no ~q�{kpojo~ qt ���� mno �xl o �qt~ ku qtmowjx} qt~osot�
~otm}v ku mno rkj� ku � ��zj�roq} � $ � �ot�mk{� nql �o}u �xv� mnxm mno �j�m mql o no
noxj~ x|kzm �zj�roq} �� rkj� rx� qt ���� y rnot no rx� qtukjl o~ x|kzm mn q� ux{m qt
x }ommoj ujkl � �� xjm�� �
�nq� qt~os ot~ot{o ku ~q�{kpojqo� q� tkm x wjoxm �zjsjq�o � �no tor mnokjv ku qt�

mowjx} sjo�otmo~ qt mno rkj� ku � ��zj�roq} qt ���� rx� tkm mno xql ku mno sxsoj y
qm rx� qt ux{m x mkk} ukj o�s}xqtqtw �klo {ktpojwot{o o�o{m� qt mno mnokjv ku kj~q�
txjv ~q�ojotmqx} o�zxmqkt� xt~ ukj qtmjk~z{qtw mno {kt{osm ku wotojx}q�o~ ~q�ojotmqx}
o�zxmqkt� � %otojx}q�o~ ~q�ojotmqx} o�zxmqkt� {kls}omo qt �klo �ot�o mno uxl q}v ku
kj~qtxjv ~q�ojotmqx} o�zxmqkt� r qmn jo�s o{m mk mksk}kwqo� wqpot |v {ktmqtzkz� ~o�
s ot~ot{o mnokjol � r qmn mno rox�o�m sk��q| }o x��zlsmqkt� kt mno {ktpojwot{o ku mno
jqwnm nxt~ �q~o� � �xsoj� ku mnq� �qt~ xjo z�zx}}v tkm uk}}kro~ {xjouz}}v |v �so{qx}q�m�
qt qtmowjxmqkt mnokjvy �qt{o mnov ~k tkm o�so{m qlskjmxtm tor jo}opxtm jo�z}m� qt
sxsoj� ku mnq� �qt~ � �t~ x �s o{qx}q�m qt qtmowjxmqkt mnokjv rkz}~ sjk|x|}v tkm �oxj{n
ukj xt o��otmqx}}v tor ~o�tqmqkt ku mno �ojjkt qtmowjx} qt x sxsoj kt {ktmqtzkz�
~osot~ot{o mnokjol � ukj kj~qtxjv ~q�ojotmqx} o�zxmqkt� �

� ��zj�roq} nql �o}u rx� ~opkmo~ mk sjk| }ol � qt mno mnokjv ku ~q�ojotmqx} o�zxmqkt�
xt~ no ~q~ tkm sxq~ mkk lz{n xmmotmqkt mk mno ~opo}kslotm ku n q� tor qtmowjx} xm mno
mql o � �o wkm qtmojo�mo~ qt qtmowjxmqkt mnokjv xwxqt qt mno �opotmqo� y xt~ mn q� s ojqk~
ot~o~ |v nq� %ojl xt |kk�

Nichtabsolut konvergente Integrale
y sz| }q�no~ qt ���� |v

�oz|toj qt �oqs� qw �
&t ��� � qt mno "�o{nk�}kpx� �xmn � �kzjtx} � � � xrnqt sz|}q�no~ mno sxsoj

Gen-

eralized multiple Perron integrals and the Green-Goursat theorem for vector fields.&t mno sxsoj � � � xrnqt �nkro~ x lkjo ~ql ot�qktx} xtx}kw ku mno mnokjol kt mno
qtmowjx} ku x ~ojqpxmqpo zt~oj jo}xmqpo}v rox� {kt~qmqkt� � � q� qtmowjx} nx~ �kl o zt�
s}ox�xtm sjksojmqo� rnq{n x sjksoj qtmowjx} �nkz}~ tkm nxpo 8�xrnqt �� qtmowjx} q�
tkm x~~qmqpo r qmn jo�so{m mk qtmojpx}�� �
�nq� rx� mno �mxjmqtw lklotm ukj xtkmnoj sojqk~ ku qtpo�mqwxmqkt ku mno qtmowjx}

kpoj lkjo ~ql ot�qktx} �om� � �no lxqt skqtm {kt�q�m� qt lk~quv qtw mno ~o�tqmqkt� qt
�z{n x rxv mnxm mno jo�z}mqtw qtmowjx} nxpo mno sk��q|}v | o�m sjksojmqo� � &t sxjmq{z }xj y
px}q~qmv ku mno � qpojwot{o �nokjol xt~ mno "nxtwo ku #xjqx| }o� �nokjol xjo mno
l xqt jo�zqjol otm� kt x tor mnokjv� �no rkj� qt mnq� ~qjo{mqkt {ktmqtzo~ qt mno
"�o{n $osz|}q{ zs mk tkr xt~ qt mnq� rxv ro x}�k {xt uoo} mno qt�zot{o ku �xt
�x��� �� q~ox� kt sjo�otm "�o{n l xmnol xmq{� �
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