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Dedicated to Professor Jaroslav Kurzweil on the occasion of his seventieth birthday
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a � βC � ξC � γC � β� � ξ� � γ� � . . . � βe � ξe � γe � b{~ ����}� �
P -system
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⋃�� C[β�, γ�] = [a, b].(z� ��~{|{�} ��z�|{�z
δ : [a, b]→ (0,∞)
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[β� , γ� ] ⊂ [ξ� − δ(ξ� ), ξ� + δ(ξ� )], j = 1, . . . ,m,|�}z |�}

P
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{α� , τC, αC, τ� , . . . , α�−C, τ� , α�}~��� |��|
a = α� < αC < . . . < α�−C < α� = b�z�
τ� ∈ [α�−C, α� ] ��� j = 1, . . . , k{~ �
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{α� , τC, αC, τ� , . . . , α�−C, τ� , α�}
��
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δ
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[α�−C, α� ] ⊂ (τ� − δ(τ� ), τ� + δ(τ� )) ��� j = 1, . . . , k.
Cousin’s Lemma. Given an arbitrary gauge δ on [a, b] there is a δ-fine P -
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1. Definition.
(~~�� } |��| � ��z�|{�z

f : [a, b] → � {~ � {�}z � $�} �����}{�!"}z~|� �� {z|}���� ∫ gh f(s) ds }� {~|~ {� |�}�} {~ �z }�}� }z|
I ∈ � ~��� |��| ��� }�}��

ε > 0
|�}�} {~ � ����}

δ
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[a, b]
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S(f,D) =

�
∑

��C f(τ� )(α� − α�−C)
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|S(f,D)− I| < ε����{�}�
D
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δ
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[a, b] � �} �}z�|}
I =
∫ gh f(s) ds � ��� |�} ��~}

a = b
{| {~ ��z�}z{}z| |� ~}| ∫ gh f(s) ds = 0 �$�} ������ {z� �����~{|{�z {~ }�~� |� ~��� �� |�} �}yz{|{�z �� |�} {z|}���� �

2. Proposition. Assume that f, g : [a, b] → � are given such that the integrals
∫ gh f(s) ds, ∫ gh g(s) ds exist.��

�



Then for every cC, c� ∈ � the function cCf + c�g : [a, b]→ � is integrable and
∫ gh [cCf(s) + c�g(s)] ds = cC ∫ gh f(s) ds+ c� ∫ gh g(s) ds.

If g(τ) � f(τ) for τ ∈ [a, b] then

∫ gh g(s) ds � ∫ gh f(s) ds.
If [c, d] ⊂ [a, b] then the integral

∫ �
� f(s) ds exists.$�} z}�| ~|�|}� }z| ����{�}~ �z ��}��|{�} |��� {z |�} |�}��� �� �����}{�!"}z~|���{z|}���� � �|~ ��{� {z�� �}�~{�z �}��z�~ |� # � #�� ~ �z� {| ��~ �������|}� ��� �}z}���{�}�{z|}����~ �~{z� �{}��zz!�{�} ~�� ~ �� � � "}z~|� �� �

3. Lemma
D#�� ~!"}z~|� �� � � Assume that a function f : [a, b]→ � is given such

that the integral
∫ gh f(s) ds exists. Given ε > 0 assume that the gauge δ on [a, b] is

such that
∣

∣

∣

∣

�
∑

��C f(τ� )(α� − α�−C)−

∫ gh f(s) ds∣∣∣∣ < ε
for every δ-fine P -partition D = {α� , τC, αC, . . . , α�−C, τ� , α�} of [a, b]. If

a � βC � ξC � γC � β� � ξ� � γ� � . . . � βe � ξe � γe � b
represents a δ-fine system {(ξ� , [β� , γ� ]), j = 1, . . . ,m}, i.e.

ξ� ∈ [β� , γ� ] ⊂ [ξ� − δ(ξ� ), ξ� + δ(ξ� )], j = 1, . . . ,m,
then

∣

∣

∣

∣

e
∑

��C
[

f(ξ� )(γ� − β� )−

∫ ��
� � f(s) ds

]∣
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∣

∣

� ε.
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β� < γ� ��� }�}��
j = 1, . . . ,m �	}z�|}

γ� = a �z�
βe
 C = b � ��

γ� < β�
 C ��� ~�� }
j = 0, 1, . . . ,m

|�}z |�}{z|}���� ∫ ��� �
�� f(s) ds

}� {~|~ �z� |�}�}���} ��� }�}��
η > 0

|�}�} }� {~|~ � ����}
δ� �z

[γ� , β�
 C] ~��� |��|
δ� (τ) < δ(τ) ��� τ ∈ [γ� , β�
 C] �z� ��� }�}��

δ� !yz} P !���|{| {�z
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S(f,D
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)−

∫

��� �
�� f(s) ds
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∣

∣
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< �e
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γ� = β�
 C |�}z �} |��}

S(f,D
�
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e
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��C S(f,D�
)−

∫ gh f(s) ds∣∣∣∣ < ε."}z�}
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� � f(s) ds
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∫ gh f(s) ds∣∣∣∣+ e
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∣

∣
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S(f,D
�
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∫
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�� f(s) ds
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∣
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< ε+ (m+ 1) �e
 C = ε+ η.#{z�} |�{~ {z}����{|� ����~ ��� }�}��
η > 0
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4. Theorem. Let functions f, fe : [a, b] → �, m = 1, 2, . . . be given where the
integral

∫ gh fe (s) ds exists for every m = 1, 2, . . .. Assume thatD
�
� lime

→∞

fe (τ) = f(τ)
for τ ∈ [a, b]. Assume further that

for every η > 0 there is a gauge δ on [a, b] such that

D
� ∣

∣

∣

∣

S(fe , D)−

∫ gh fe (s) ds∣∣∣∣ < η��





for every δ-fine P -partition D of [a, b] and every m = 1, 2, . . ..

Then the function f : [a, b]→ � is integrable and
D�� lime

→∞

∫ gh fe (s) ds = ∫ gh f(s) ds.
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D = {α� , τC, αC, . . . , α�−C, τ� , α�}��
[a, b]
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S(fe , D)−

∫ gh fe (s) ds∣∣∣∣ < �����
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m > m� |�} {z}����{|�
|S(fe , D)− S(f,D)| = ∣∣∣

∣

�
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��C[fe (τ� )− f(τ� )](α� − α�−C)∣∣∣
∣
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S(fe , D) = S(f,D).$�}�}���} ��� �z�
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m� ~���|��| ���

m > m� �} ���}
D� � ∣

∣

∣

∣

S(f,D)−

∫ gh fe (s) ds∣∣∣∣ < ε.
� {�~| �} �}| ���� D� � |��| ��� ��� � �~{|{�} {z|}�}�~

m, l > m� |�} {z}����{|�
∣

∣

∣

∣

∫ gh fe (s) ds−

∫ gh f�(s) ds∣∣∣∣ < 2ε����~ � $�{~ � }�z~ |��|
(
∫ gh fe (s) ds)∞e�C {~ � %����� ~}��}z�} {z � �z� |�}�}���} {|��~ � �{� {|

D�� lime
→∞

∫ gh fe (s) ds = I ∈ �. ��
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|S(f,D)− I| � ∣∣∣

∣

S(f,D)−

∫ gh fe (s) ds∣∣∣∣+ ∣∣∣∣ ∫ gh fe (s) ds− I

∣

∣

∣

∣

< ε+

∣

∣

∣

∣

∫ gh fe (s)− I

∣

∣

∣

∣

���
m > m� .
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D
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[a, b]
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|S(f,D)− I| < ε�z� |�{~ �}�z~ |��| |�} {z|}���� ∫ gh f(s) ds }� {~|~ �z� D�� {~ ~�|{~y}� � �

5. Definition.
( ~}��}z�} �� {z|}���� �} ��z�|{�z~

fe : [a, b] → � �
m = 1, 2, . . .{~ ����}�

equiintegrable
{� |�} ��z�{|{�z D
� �� $�}��}� � {~ ~�|{~y}� �

� � ������ � �z ~�� } |}�|~ D~}} } �� � ��	� �z }��{{z|}���� �} ~}��}z�} {~ ����}�
uniformly integrable.$�}��}� � � {�}~ � ~�� �{}z| ��z�{|{�z ��� � ~}��}z�} �� {z|}���� �} ��z�|{�z~ |�|}z� |� �z {z|}���� �} �{� {| �z� ��� |�} {z|}����~ �� |�} �}�� }�~ �� |�} ~}��}z�}|� |}z� |� |�} {z|}���� �� |�} �{� {| ��z�|{�z � $�} ��z�}��}z�} �� |�} ��z�|{�z~

fe|�
f

� {�}z �� D
�
� {~ |�} ��{z|� {~} ��z�}��}z�} �z� |�} ~�� �{}z| ��z�{|{�z {~ |�}}��{{z|}���� {�{|� D
� �� |�} ~}��}z�}

(fe ) �� ~{z� |�} ��z�}�| �� �z }��{{z|}���� �} ~}��}z�} �� ��z�|{�z~
fe : [a, b]→ � $�}!��}� � ��z �} �}�������|}� �~ ������ ~ �

Let functions f , fe : [a, b] → �, m = 1, 2, . . . be such that the functions fe are
integrable for every m = 1, 2, . . .. Assume that

lime
→∞

fe (τ) = f(τ)
for τ ∈ [a, b]. Assume further that the sequence fe : [a, b] → �, m = 1, 2, . . . is
equiintegrable, then the function f : [a, b]→ � is integrable and

lime
→∞

∫ gh fe (s) ds = ∫ gh f(s) ds.
7. Proposition. Let functions f� : [a, b] → �, n = 1, 2, . . . be given where the

integrals
∫ gh f�(s) ds exist for n = 1, 2, . . .. Assume thatD� � lim�→∞

f�(τ) = 0��
�



for τ ∈ [a, b] and that the sequence of functions f� : [a, b]→ � is equiintegrable.
ThenD% � for every ε > 0 and for every finite system of nonoverlapping � intervals [β� , γ� ] ⊂
[a, b], j = 1, 2, . . . , l there is an N ∈ � such that for every n > N the inequality

∣

∣

∣

∣

�
∑

��C
∫ ��
� � f�(s) ds

∣

∣

∣

∣

< ε

holds.

������  }|
ε > 0
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δ
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D = {α� , τC, αC, . . . , α�−C, τ� , α�}��
[a, b]

�} ���}
D
� ∣

∣

∣

∣

S(f� , D)−

∫ gh f�(s) ds∣∣∣∣ < ��
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n = 1, 2, . . .� ( ~~�� } |��| �z ��� {|���� yz{|} ~�~|}� �� z�z��}�����{z� {z|}����~

[β� , γ� ] ⊂ [a, b] � j = 1, 2, . . . , l {~ � {�}z �  }|
D

�
= {α

�� , τ �C , α�C, . . . , α���−C, τ ��� , α��� }
� } �

δ
!yz} � !���|{| {�z ��

[β� , γ� ] ��� j = 1, 2, . . . , l �� ~{z� D
� �z� |�} #��~!"}z~|��� �}��� �} ��|�{z
D
�
�

∣

∣

∣

∣

�
∑

��C
[

S(f� , D
�
)−

∫ ��
� � f�(s) ds

]∣

∣

∣

∣

=

∣

∣

∣

∣

�
∑

��C
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∑�� C f�(τ �� )(α�� − α

��
−C)−

�
∑

��C
∫ ��
� � f�(s) ds

∣

∣

∣

∣

� �� < �� .
)� D� � ��� }�}�� y�}� ~�~|}� ��
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D
� �
j = 1, 2, . . . , l

� {|� |�} ���� }�|{}~
� {�}z ����} |�}�} }� {~|~ � ��~{|{�} {z|}�}�

N ∈ � ~��� |��| ���
n > N

|�} {z}����{|�
∣

∣

∣

∣

�
∑

��C S(f� , D�
)

∣

∣

∣

∣

=

∣

∣

∣

∣

�
∑

��C
��
∑�� C f�(τ �� )(α�� − α

��
−C)∣∣∣
∣
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∣

∣

∣

∣
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∑

�� C
∫ ��
� � f�(s) ds

∣

∣

∣

∣

� ∣∣∣
∣

�
∑

��C
[
∫ ��
� � f�(s) ds− S(f� , D

�
)

]∣

∣

∣

∣

+

∣

∣

∣

∣

�
∑

��C S(f� , D�
)

∣

∣

∣

∣

< ε

���
n > N � �
������ � $�} ����� �� � ����~{|{�z 
 {~ � ~�{��| ���{y��|{�z �� |�} ����� �� |�}%�z�}��}z�} |�}��}� � �
8. Theorem. Let functions f� : [a, b] → �, n = 1, 2, . . . be given where the

integrals
∫ gh f�(s) ds exist for n = 1, 2, . . .. Assume thatD

�
� lim�→∞

f�(τ) = 0

for τ ∈ [a, b] and thatD�% � for every ε > 0 there is an N ∈ � such that for every n > N and every finite
system of nonoverlapping intervals [β� , γ� ] ⊂ [a, b], j = 1, 2, . . . , l the inequality
D
�
��

∣

∣

∣

∣

�
∑

��C
∫ ��
� � f�(s) ds

∣

∣

∣

∣

< ε

Then the sequence of functions f� : [a, b]→ �, n = 1, 2, . . . is equiintegrable.
������  }|

ε > 0
� } � {�}z �  }| �~ ~}|

A� = {t ∈ I : |f�(t)| � ε}.
���� D

�
� �} �}|

D
��

�
∞
⋂

��CA� = ∅.

)� |�} �}yz{|{�z �� |�} {z|}���� � ��� |�} � {�}z
ε
�z�
n = 1, 2, . . .

|�}�} }� {~| ����}~
δ�

~��� |��|
D
�

�

∣

∣

∣

∣

S(f� , D)−

∫ gh f�(t) dt∣∣∣∣ < ε,
��}z}�}� |�} � !���|{|{�z

D
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!yz} � #}||{z�

l = 1
�z�
[βC, γC] = [a, b] {z D

�
�� �}��|�{z

D
�
��

∣

∣

∣

∣

∫ gh f�(s) ds∣∣∣∣ < ε ���
n > N.��

�



 }| �~ �}yz} z}� ����}~
δ̂� ~��� |��|

δ̂�(t) = δ�(t) {� t ∈ A� �z�
δ̂�(t) = 1 {�

t 6∈ A� �	}yz} ���|�}�
∆: [a, b]→ � ��

D
�
�� ∆(t) = inf� δ̂�(t).��
t ∈ [a, b]

|�}z �� D
�
� |�}�} {~ �z {z�}�

M
~��� |��|

|f�(t)| < ε
���
n > M �

�}z�}
t /∈ A�

���
n > M

�z� |�{~ {���{}~ |��|
t
�}��z�~ |� � yz{|} z��� }� �� ~}|~

A�
�z���} �� � t ∈

�
⋂�� CA�� �z� |�}�}���} �} ���}

∆(t) = min{δ̂��(t), . . . δ̂�� (t), 1} � "}z�}
∆(t) > 0

��� ���
t ∈ [a, b]�z�

∆
{~ � ����} �z

[a, b] � �} � {�� ����} |��|
∆

{~ |�} �}��{�}� ����} ���� D
�����}~��z�{z� |�
ε �( ~~��} |��|
D = {α� , τC, αC, τ� , . . . , α�−C, τ� , α�}

{~ �
∆
!yz} � !���|{|{�z �� |�}{z|}����

[a, b] �  }| �~ ��z~{�}� |�} {z|}���� ~��
S(f� , D) =

∑���C f�(τ� )(α� − α�−C) ��} ���}
D
�
��

�
∑

��C f�(τ� )(α� − α�−C) = �
∑

��C
�� �

∈��

f�(τ� )(α� − α�−C) + �
∑

��C��
∈��

f�(τ� )(α� − α�−C)
��� |�} y�~| ~�� �z |�} �{��| ��z� ~{�} �� D

�
�� �} ���}

|f�(τ� )| < ε � �}z�}
∣

∣

∣

∣

�
∑

��C
�� �

∈��

f�(τ� )(α� − α�−C)∣∣∣
∣

< ε

�
∑

�� C(α� − α�−C) = ε(b− a)

��{�} �� D
�
�� �} �}|

∣

∣

∣

∣

�
∑

�� C
�� �

∈��

∫ ��

��
−

� f�(s) ds∣∣∣∣ < ε ��� n > N.
"}z�}

D
�
� �

∣

∣

∣

∣

�
∑

��C
�� �

∈��

[

f�(τ� )(α� − α�−C)−

∫ ��

��
−

� f�(s) ds]∣∣∣∣ < ε(b− a) + ε = ε(b− a+ 1)

��
τ� ∈ A�

|�}z
δ̂�(τ� ) = δ�(τ� ) �z� ∆(τ� ) < δ�(τ� ) � "}z�} |�} ~�~|}�

α�−C � τ� � α� � {|�
τ� ∈ A�

��





{~ ~��� |��|
[α�−C, α� ] ⊂ (τ� −∆(τ� ), τ� + ∆(τ� )) ⊂ (τ� − δ�(τ� ), τ� + δ�(τ� )) � #{z�}D

�

� ����~ ��� �z� δ� !yz} P !���|{| {�z �  }��� � �{}��~

D
�

�

∣

∣

∣

∣

�
∑

��C��
∈��

[

f�(τ� )(α� − α�−C)− ∫ ��

��
−

� f�(s) ds]∣∣∣∣ � ε.
$�� {z� {z|� �����z| D

�
�� � �� D

�
� � �z� D

�

� �} ���}

D
��

�

∣

∣

∣

∣

�
∑

�� C f�(τ� )(α� − α�−C)−

∫ gh f�(s) ds∣∣∣∣
=

∣

∣

∣

∣

�
∑

��C
[

f�(τ� )(α� − α�−C)−

∫ ��

��
−

� f�(s) ds]∣∣∣∣ < ε+ ε(b− a+ 1)

= ε(b− a+ 2)���
n > N � }| �~ z�� ~}|

δ(t) = min{δC(t), δ�(t), . . . , δ� (t),∆(t)}�z� �~~�� } |��|
D

{~ �
δ
!yz} � !���|{|{�z ��

[a, b] � $�}z �~{z� D
�

� ��� n = 1, . . . , N�z� D

��
� �} ��|�{z

∣

∣

∣

∣

�
∑

��C f�(τ� )(α� − α�−C)−

∫ gh f�(s) ds∣∣∣∣ < ε(3 + b− a)

��� }�}��
n ∈ � �z� |�{~ � }�z~ |��| |�} ~}��}z�} �� ��z�|{�z~

f� : [a, b] → � {~}��{{z|}���� �} � �
�
� ������ � �| {~ }�~� |� ~}} |��| |�} ��z��� ~{�z D% � �� � ����~{|{�z 
 ��z �}~|�|}� {z |�} ����D% � for every finite system of nonoverlapping intervals [β� , γ� ] ⊂ [a, b], j = 1, 2, . . . , l

lim�→∞

�
∑

��C
∫ ��
� � f�(s) ds = 0

holds

��{�} |�} ��z�{|{�z D�% � ���� $�}��}�
�
��z �}��D�% �

lim�→∞

�
∑

��C
∫ ��
� � f�(s) ds = 0���



uniformly with respect to finite systems of nonoverlapping intervals

[β� , γ� ] ⊂ [a, b], j = 1, 2, . . . , l. ��� {z� �| � ����~{|{�z 
 �} ��z �~� ��}|�}� |�} ��z���~{�z D% � ��z �} �}����}�
�� {|~ �z{���� �}�~{�z D�% � � {�}z {z $�}��}�

�
� �z �|�}� ����~ � �} ��} �~� {z�

��}|�}� ��� � ~}��}z�} �� ��z�|{�z~
f� : [a, b]→ � �

n = 1, 2, . . .
� {|�

lim�→∞

f�(τ) = 0���
τ ∈ [a, b]

|�} }��{{z|}���� {�{|� �� |�{~ ~}��}z�} {~ }��{���}z| |� |�} ��z�{|{�zD�% � �$�} ������ {z� }�����} ~��� ~ |��| |�} �z~�}� |� |�{~ ��}~|{�z {~ z}��|{�} ��
� � ������� �  }| � ~ �}yz} |�} ��z�|{�z

f : [0, 1]→ � ��
f(τ) =

(−1)
�

τ

��� 1

k + 1
< τ � 1

k
, k = 1, 2, . . .

f(0) = 0.$�} ��z�|{�z
F (τ) = ln τ

{~ ���
τ > 0

|�} ��{� {|{�} |� |�} ��z�|{�z C� � "}z�}
∫

����� � f(s) ds = (−1)� ∫
����� � 1s ds = (−1)�( ln 1k − ln

1

k + 1

)

�z�
∫ C�
�
f(s) ds =

�−C
∑

��C
∫

����� � f(s) ds = �−C
∑

��C(−1)� ln k + 1k .

$�} ~}�{}~ ∞
∑

��C(−1)� ln �
 C� ��z�}��}~ D|� |�} ����}
− ln �� � �z� |�}�}���} |�} �{� {|

lim�
→�

∫ C
� f(s) ds = − ln ��

}� {~|~ � � ~{z� "��} �~ |�}��}� � �} ��|�{z |�} }� {~|}z�} �� |�} {z|}���� ∫ C� f(s) ds =
− ln �� �
� ��	
 �� 
�
��
� � �c i s �� � �� → � H^ ^YGB WB7W WBF H8WF`A7\ � g� i �j� 9j F� H^W^ c�A FIFAb� ∈

�� � �� 789 WB7W WBFAF F� H^W 7 �8HWF \HJ HW \HJ
�
→
h� � g

� i �j� 9j k � � WBF8 WBF cY8GWH�8 i H^H8WF`A7K\F �IFA �� � �� 789 f gh i �j� 9j k � l
��FF F �` � ��� � �BF�AFJ ���� � ���



�z |�} �|�}� ��z� �} ���}
|f(τ)| = C

�
���
τ ∈ (0, 1]

�
|f(0)| = 0

�z� |�} {z|}����
∫ C
� |f(s)| ds =

∫ C
�
1

s
ds��}~ z�| }� {~| � }���~}

∫ C
�
1

s
ds = ln 1− lim�

→�
 ln c = +∞.$�} ��z�|{�z
f : [0, 1] → � � {�}z ����} {~ � |��{��� �}��}~}z|�|{�} �� ��z�|{�z~

��{�� ��} z�| �� ~���|}�� {z|}���� �} � }| �~ z�� �}yz} � ~}��}z�} �� ��z�|{�z~
f� : [0, 1] → � �

n = 1, 2, . . .
{z ~��� �

��� |��|
f�(τ) = f(τ)

���
τ ∈ [0, C�� ],

f(0) = 0
���
τ > C�� .$�}z

lim�→∞

f�(τ) = 0
�z� |�} ~}��}z�}

(f�)
{~ }��{{z|}���� �} D~}} } �� � $�}��}�

�
{z �

�
	 � ���
n� ∈ � �z�

n > n� � |�}z
∫

������� � f� � (s) ds =
∫

������� � 1s ds = ln 12n − ln
1

2n+ 1
= ln

2n+ 1

2n
.

#{z�} |�} ~}�{}~ ∞
∑

��C ln � �
 C� � �{�}��}~ � ��� }�}��
n� ∈ � |�}�} {~ � yz{|}

k(n�) ∈ � �
k(n�) > n� ~��� |��|

� ��� �
∑

��� �
ln
2n+ 1

2n
> 1�z� |�}�}���} ��~�

∣

∣

∣

∣

� �� � �
∑

����

∫

������� � f�� (s) ds

∣

∣

∣

∣

=

� ��� �
∑

����

∫

������� � f�� (s) ds > 1."}z�} ��� }�}��
n� ∈ � |�}�} {~ � yz{|} ~�~|}� �� z�z��}����� {z� {z|}����~
[β� , γ� ] = [ 1

2j + 1
,
1

2j

]

, j = n� , . . . , k(n�)~��� |��|
∣

∣

∣

∣

� ��� �
∑

��� �

∫

��
� � f�� (s) ds

∣

∣

∣

∣

> 1�z� |�{~ ~��� ~ |��| }�}z {�
lim�→∞

f�(τ) = 0
�z� |�} ~}��}z�}

(f�)
{~ }��{{z|}���� �} �|�} ��z�{|{�z D�% � ���� $�}��}�
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��}~ z�| ���� �
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� ������� � �} ��z~|���| � ~}��}z�} �� ��z�|{�z~

(f�(t))∞�� C �}yz}� �z�{z|}���� �} �z |�} {z|}����
[0, 1]

�� �y ��{z�
D� � lim�→∞

f�(t) = 0�z�
D
��

� lim�→∞

∫ gh f�(t) dt = 0��� }�}�� {z|}����
[a, b] ⊂ [0, 1]

~��� |��| |�} ~}��}z�}
(f�)∞��C {~ z�| }��{{z|}���� �} �

	}z�|}
I


� = (0, 4

−�),

I−
� = (4

−� , 2.4−�).

	 }yz}
f�(t) = 4

� ���
x ∈ I



� ,

f�(t) = −4
� ���

x ∈ I−
� ,

f�(t) = 0
�|�}�� {~}

.#{z�}
I


� ∪ I−�

{~ � �z�|�z} �z�
∞
⋂

��C(I
� ∪ I−
� ) = ∅,

|�} ��z�{|{�z D� � {~ �� �y ��}� � }|
0 < a < b � 1 � } ���y ��}� � $�}�} }� {~|~

nC ~� |��|
(I



� ∪ I−� ) ∩ [a, b] = ∅

���
n > nC � $�} ����}�|� D

��
� {��}�{�|}�� �� ���� ~ ��� |�} {z|}����

[a, b] � }|
0 = a < b � 1 �} ���y ��}� � |�}z |�}�} }� {~|~

n� ~� |��|
(I



� ∪ I−� ) ⊂ [a, b]

���
n > n� �z� |�} ����}�|� D

��
� ��� |�} {z|}����

[a, b]
�� ���� ~ ���{z � �| {~ ��~� }�~� |�~}} |��| ��� ~}��}z�}

(f�)
~�|{~y}~ |�} ��z�{|{�z D% � � {�}z {z � ����~{|{�z 
 �( ~~��} z�� |��| |�} ~}��}z�}

{f�(t)}∞��C {~ }��{{z|}���� �} � { �} � ��� }�}�� ε > 0|�}�} {~ � ����}
δ
�z
[0, 1]

~��� |��|
∣

∣

∣

∣

S(fe , D)−

∫ C
� fe (s) ds∣∣∣∣ < ε��� }�}��

m = 1, 2, . . .
�z� }�}��

δ
!yz}

P
!���|{|{�z

D
��
[0, 1] �


�
�



	}z�|}
d = δ(0) � %���~} �z {z|}�}�

m
~� |��|

2 · 4−
e
< d

�z� �}| �~ ~}|
β = 0, γ = 4−

e
.$�}z

{β, 0, γ}
{~
δ
!yz} � { �} � [β, γ] ⊂ [−δ(0), δ(0)] � $�} #��~!"}z~|��� �}��� �{}��~

∣

∣

∣

∣

fe (0)(γ − β)−

∫ �
� fe (x) dx∣∣∣∣ = ∣∣∣∣fe (0)4−

e
−

∫ �−�

� fe (x) dx∣∣∣
∣

� ε.
�z |�} ��z|���� �} ���}

fe (0) = 0 �z� ∫ �−�� fe (x) dx = 1.$�� {z� {z|� �����z| |�} ~{���} ~|�|}� }z| � {�}z {z �}� ���
�
� |�{~ }�����} ~��� ~|��| }�}z {�

lim�→∞

f�(τ) = 0
�z� |�} ~}��}z�}

(f�)
~�|{~y}~ |�} ��z�{|{�z D% � � |�}~}��}z�}

(f�)
{~ z�| }��{{z|}���� �} ��


 � ������ � ��� � � {�}z ~}��}z�} �� ��z�|{�z~
f� : [a, b]→ � ��{�� ��} {z|}!

���� �} ��}�
[a, b]

�z� ~��� |��|
lim�→∞

f�(τ) = 0
� �} �}z�|} �� D��� |�} ����}�|� |��||� {~ ~}��}z�} {~ }��{{z|}���� �} {z |�} ~}z~} �� �}yz{|{�z � �z� �} �}z�|} �� D � |�}���� }�|� |��|

lim�→∞

∫ gh f�(s) ds = 0.�~{z� |�} �}~��|~ � {�}z ����} � �} ���}
(UC)⇒ (EI)⇒ (C)⇒ (L).$�} y�~| {���{��|{�z {~ � {�}z �� $�}��}�

�
� |�} ~}��z� �� � ����~{|{�z 
 �z� |�}|� {�� {~ |�{� {�� D D � {~ {z ���| D% � ��� |�} ��~} �� |�} ~{z� �} {z|}����

[β, γ] = [a, b]� ��z |�} �|�}� ��z� �� ������}
�
� �} ���}
(UC) � (EI)�z� ������}

��
~��� ~ |��|

(EI) � (C)."}z�} �} ���} ��~� D � � D�% � � �� {| �}�} D � ⇒
D�% � |�}z ��� D�% � � D��� � D% ��z� D � ����� � } }��{���}z| ��| |�{~ ��zz�| ���� �}���~} �� D��� �

D% � � ��D�% � � D��� �
13. Proposition. Let nonnegative functions f� : [a, b]→ [0,+∞), n = 1, 2, . . . be

given where the integrals
∫ gh f�(s) ds exist for n = 1, 2, . . .. Assume thatD� � lim�→∞

f�(τ) = 0


�




for τ ∈ [a, b] and

D
�� lim�→∞

∫ gh f�(s) ds = 0.
Then the sequence of functions f� : [a, b]→ �, n = 1, 2, . . . is equiintegrable.
������ )� $�}��}�

�
{| {~ ~�� �{}z| |� ~��� |��| |�} ��z�{|{�z D�% � {~ ~�|{~y}�{z |�{~ ��~} �#{z�}

f�(τ) � 0 ��� }�}��
τ ∈ [a, b]

�} �}| �� � ����~{|{�z 
 |�} {z}����{|�
∫ gh f�(s) ds � 0 ���

n = 1, 2, . . .� )� D
�� ��� }�}��
ε > 0

|�}�} }� {~|~
N ∈ �~��� |��| ���

n > N
�} ���} ∫ gh f�(s) ds < ε �( ~~��} |��|

[β� , γ� ] ⊂ [a, b] � j = 1, 2, . . . , l {~ �z ��� {|���� yz{|} ~�~|}� �� z�z��}�!����{z� {z|}����~ � 	}yz}
g�(τ) = f�(τ)

���
τ ∈ [β� , γ� ]

g�(τ) = 0
���
τ ∈ [a, b] \

�
⋃

��C[β� , γ� ].$�}z
0 � g�(τ) � f�(τ) ��� τ ∈ [a, b]�z�

0 � ∫ gh ge (s) ds = �
∑

��C
∫ ��

� � f
e (s) ds � ∫ gh fe (s) ds < ε���

n > N
�z� |�}�}���} ��~�

∣

∣

∣

∣

∫ gh ge (s) ds∣∣∣∣ = ∣∣∣∣ �
∑

��C
∫ ��
�� f

e (s) ds∣∣∣
∣

< ε,

{ �} � |�} ��z�{|{�z D�% � ���� $�}��}�
�
{~ ~�|{~y}� �z� �� |�{~ �����~{|{�z �} ��|�{z|�} }��{{z|}���� {�{|� �� |�} ~}��}z�} �� ��z�|{�z~

f� : [a, b]→ � �
n = 1, 2, . . . � �

������ � ��� � � {�}z ~}��}z�} �� z�zz}��|{�} ��z�|{�z~
f� : [a, b] → � ��{����} {z|}���� �} ��}�

[a, b]
�z� ~��� |��|

lim�→∞

f�(τ) = 0
�} ���} ����}� {z ���| |��|D � ⇒

D�% � � � ~{z� |�} �}~� �|~ � {�}z {z �}� ���
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 � �} ���}

(UC)⇔ (EI)⇔ (C)⇔ (L)��� � ~}��}z�} �� z�zz}��|{�} ��z�|{�z~
f� : [a, b]→ � �


��



��� � � {�}z ��z�|{�z
f : [a, b]→ � �z�

τ ∈ [a, b]
�}yz}

f
 (τ) = max(f(τ), 0) = C� (|f(τ)|+ f(τ)),
f−(τ) = max(−f(τ), 0) =

C� (|f(τ)| − f(τ)).%�}����
0 � f
(τ) � |f(τ)|

�z�
0 � f−(τ) � |f(τ)|���

τ ∈ [a, b] ��� |�} ��z�|{�z~
f

�z�
|f |

��} {z|}���� �} |�}z � �� � ����~{|{�z 
 �z� |�} ����}�}yz{|{�z |�} ��z�|{�z~
f
 �z�

f−
��} ��~� {z|}���� �} � }| � ~}��}z�} �� ��z�|{�z~

fe : [a, b]→ � �
m = 1, 2, . . .

�} � {�}z ��� ��� ~�� }
τ ∈ [a, b]

�} ���}
f�(τ) → 0

���
n → ∞

|�}z ��~�
f�
(τ) → 0

�z�
f�−(τ)→ 0

���
n→ ∞ �

14. Proposition. Let functions f� : [a, b] → �, n = 1, 2, . . . be given where the
integrals

∫ gh f�(s) ds, ∫ gh |f�(s)| ds exist for n = 1, 2, . . .. Assume thatD� � lim�→∞

f�(τ) = 0

for τ ∈ [a, b] and

D

�
� lim�→∞

∫ gh |f�(s)| ds = 0.

Then the sequence of functions f� : [a, b]→ �, n = 1, 2, . . . is equiintegrable.
������  }| � ~ ��z~{�}� |�} ~}��}z�} �� ��z�|{�z~

f�
 : [a, b]→ � �
n = 1, 2, . . .��} ���}

f�
 (τ) � 0 ���
τ ∈ [a, b]

� |�} {z|}����~ ∫ gh f�
 (s) ds � n = 1, 2, . . . }� {~|�z�
f�
(τ) � |f�(τ)|

���
τ ∈ [a, b] � " }z�} D~}} � ����~{|{�z 
�

0 � ∫ gh f�
 (s) ds � ∫ gh |f�(s)| ds

�z� |�}�}���}
lim�→∞

∫ gh f�
(s) ds = 0.
� ��}��}� � �� �}yz{|{�z

lim�→∞

f�
 (τ) = 0���
τ ∈ [a, b] �
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f�
 : [a, b] → � �
n = 1, 2, . . .

{~ }��{{z|}���� �} �#{� {����� {| ��z �} ~���z |��| ��~� |�} ~}��}z�} �� ��z�|{�z~
f�− : [a, b] → � �

n = 1, 2, . . .
{~ }��{{z|}���� �} � "}z�} ��� }�}��

ε > 0
|�}�} {~ � ����}

δ : [a, b] →

(0,+∞)
~��� |��|

∣

∣

∣

∣

�
∑

��C f�
(τ� )(α� − α�−C)−

∫ gh f�
 (s) ds∣∣∣∣ < ��
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∣

∣

∣

∣
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∑

��C f�−(τ� )(α� − α�−C)−

∫ gh f�−(s) ds

∣

∣

∣

∣
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δ
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{α� , τC, αC, τ� , . . . , α�−C, τ� , α�} �"}z�}
∣

∣

∣

∣

�
∑

��C f�(τ� )(α� − α�−C)−

∫ gh f�(s) ds∣∣∣∣
� ∣∣∣
∣

�
∑

��C f�
(τ� )(α� − α�−C)−

∫ gh f�
 (s) ds∣∣∣∣
+

∣

∣

∣

∣

�
∑

��C f�−(τ� )(α� − α�−C)−

∫ gh f�−(s) ds

∣

∣

∣
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(f�) � �

15. Corollary. Let functions f, f� : [a, b] → �, n = 1, 2, . . . be given where
the integrals

∫ gh f(s) ds, ∫ gh |f(s)| ds
∫ gh f�(s) ds, ∫ gh |f�(s)| ds exist for n = 1, 2, . . ..

Assume thatD

� lim�→∞

f�(τ) = f(τ)

for τ ∈ [a, b] and

D
�� lim�→∞

∫ gh |f�(s)− f(s)| ds = 0.

Then the sequence of functions f� : [a, b]→ �, n = 1, 2, . . . is equiintegrable.

��



������  }| � ~ ~}|
g� = f� − f : [a, b] → � �
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If the functions

f, f� : [a, b]→ �, n = 1, 2, . . . are Lebesgue integrable and
lim�→∞

f�(τ) = f(τ)

for τ ∈ [a, b] and

lim�→∞

∫ gh |f�(s)− f(s)| ds = 0

is satisfied, then the sequence of functions f� : [a, b] → �, n = 1, 2, . . . is equiinte-
grable.
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���
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	}yz} ���|�}�
f�(τ) = g�(τ)

���
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f�(τ) = − g�(−τ)
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n ∈ �

�z�
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−C |f�(s)| ds = 2
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n ∈ � .
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∫ gh f�(s) ds = 0�z� ��~� |��| D
�� {z %��������
�
� ��zz�| � } �}����}� ��

lim�→∞

∫ gh f�(s) = ∫ gh f(s) ds.
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