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ABSTRACT. It is known that impulsive retarded functional differential equa-
tions can be regarded as Banach-space valued generalized ordinary differ-
ential equations (generalized ODEs). In the present paper, we discuss the
variational stability and variational asymptotic stability of the zero solu-
tion of generalized ODEs and we apply these results to obtain the Lyapunov
uniform stability and uniform asymptotic stability for a large class of re-
tarded differential equations with pre-assigned moments of impulse action,
via Lyapunov functionals.

1. INTRODUCTION

Let I C R be an interval. If X is a Banach space, by PC(I, X) we mean
the space of functions y : I — X which are continuous from the left, that is,
y(t—) = y(t) and admit the right limits y(¢+). Note that PC(I, X) is in fact
the set of X-valued left continuous regulated functions on 1.

By | - | we denote a norm in R™. If I C R is a compact interval, then
for ¢ € PC(I,R™) we set ||| = sup,e;|o(t)]. It is known that in this case
PC(1,R") with the norm || - || forms a Banach space.

Given r > 0 and a function y : R — R", let y; : [—r,0] — R™ be given by
y (0) =y(t+80),0€c[—r0],tecR. Itis clear that for « € R and a function
y € PC([a —r,00),R™), we have y, € PC ([—r,0],R") for all ¢t € [a, c0).

For y : R — R"™ belonging to PC(R,R"™) put

Ay () =y(t+)—y{t—)=y(t+)—y(t) fort € R.

If b: Ry — R, is monotone increasing satisfying 6(0) = 0, then we say that
b is a function of Hahn class.
Let r>0and 0 <t; < ... <ty <... with ty — 400 as k — +o0.
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An impulsive retarded functional differential equation is formally written in
the form

(1.1) { J(t) = f(yit), t £t

where y € R" — [} (y) € R". We will study equations of this type for the case
t>0.

Given an a > 0 and ¢ € PC(|—r,0],R"), the initial value problem with
impulses corresponding to the equation (1.1) and the given data has the form

yt)=f(y,t), t #t
(1.2) Ay (ty) =L (y(tr), k=1,2,...
Ya = ¢

Without specifying the properties of the function f in the first relation in (1.1)
or (1.2) at this moment, we suppose that a solution y belongs to PC' on its
interval of definition.

The equation (1.1) can be interpreted in a certain “integral” form

v =0+ [ Flesidst 3 L) or o0

0<trp<t

which comes from integrating the part without impulses and the “jumping”
of the solution is described by the sum on the righthand side of this relation
(see [1] or [3] for details).

So, if ¥ > 0 and v > +, then a function y : [y —r,v] — R™ is called a solution
of (1.1) on the interval [y, v] if it satisfies

v O =y + [ Fnsast Y )

y< <t

for all t € (y,v]. The restriction y,—r4 of the function y to the interval
[v — r,7] plays the role of the “starting condition (point)” for the solution y
on [y, v].

The initial value problem (1.2) for the impulsive system is equivalent to the
integral equation

v =y@+ [ fs)dst Y Lt for t>a

a<ltp<t
Yo = ¢7

whenever the integral exists in some sense.

The integral occurring in our interpretation of solutions is the Lebesgue
integral and therefore the requirement of Lebesgue integrability of the inte-
grand is natural. This concept of a solution necessarily leads to its properties.
Namely, a solution is the sum of an absolutely continuous function (given by
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the integral term) and a simple step function (given by the sum) with jumps
at the points t.
For y € PC(|—r,00),R") we denote

lyllpc = sap [y(s)].
s€[—r,00)
In this way, the topology of locally uniform convergence on PC([—r,c0), R")
is given.
Given a compact interval I = [a, b] C [—7, +00) and a function ¢ € PC(I,R")
we identify the function ¢ with its constant prolongation to the whole [—r, +00),
i. e. with the function

ola), —-r<t<a
pt)=9q ¢t),ast<d
o(b), b<t < 0.

It is clear that the norm of ¢ € PC(I,R") is the same as the norm ||@||pc
of its extension p € PC([—r, +00), R").

Let PCy; C PC([—r,o0),R™) be an open set with the following property: if
y is an element of PCy, a > 0 and t € [a, 00), then § given by

_ y(t),a—rgtgf
y(t) = { -
y(t), t<t<oo
is also an element of PC;. In particular, any open ball in PC([—r,c0), R")
has this property.
Let H; C PC ([—r,0],R"™) be such that {y,; t € [a,+0),y € PCy} C H;.
To be specific with the function f we will assume that f(¢,t) : H; X
[0,400) — R™, for y € PC([—r,o0), R™) the mapping ¢t — f (y;,t) is locally
Lebesgue integrable in [0, 4+00) and the following conditions hold:

(A) there is a locally Lebesgue integrable function M : [0,00) — R such
that for all z € PC} and all uy,uy € [0, +00), u; < ug,

/fxs, )ds /M

(B) there is a locally Lebesgue integrable function L : [0,00) — R such
that for all z,y € PC; and all uy,us € [0, +00), u; < uy,

/ 1 (@ s) — f )] ds| < / P L) s — gl ds.

u1
For the impulse operators I, : R® — R", kK = 1,2,..., we assume the
following conditions:

/ : — n
1 =1,2,... ,
(A’) there is a constant K; > 0 such that for all £k = 1,2 and all z € R
[ 1i(2)] < Ki;
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(B') there is a constant Ky > 0 such that for all £ = 1,2,... and all
z,y € R",

[1k(x) = Lk (y)| < Ksfz —yl.

In [1] it was proved that, under the conditions above, system (1.1) can be
identified by a one-to-one correspondence with a system of generalized ODE’s
which takes values in a Banach space. Local existence and uniqueness of
solutions are guaranteed.

In the present paper, we consider system (1.1) assuming f(0,¢#) = 0 and
conditions (A), (B), (A’) and (B’). Our aim is to obtain results on Lyapunov
uniform stability and uniform asymptotic stability of the trivial solution of
(1.1). In order to do this, we consider the corresponding generalized ODE and
the stability theory in this setting. Then, by means of Lyapunov functionals
satisfying weak Krasovskii-type conditions and the correspondence between
generalized ODE’s and impulsive retarded differential equations, we are able
to get the desired results.

We organize the paper in the following manner. Section 2 is devoted to
the basis of the theory of generalized ODEs. In Section 3, the concepts of
variational stability and variational asymptotic stability for generalized ODEs
are explored. In Section 4, we investigate the uniform Lyapunov stability and
uniform asymptotic stability of impulsive retarded systems.

2. GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS

A tagged division of a compact interval [a,b] C R is a finite collection (7, s;),
where a = 59 < s1 < ... < s, = b is a division of [a,b] and 7; € [s;_1, 84,
i=1,2... k.

A gauge on a set E C [a,b] is any function 6 : E' — (0, 400).

Given a gauge 0 on [a, b], a tagged division d = (7;, s;) is 0-fine if, for every
27

[si—1, 8] C{t € [a,b]; |t — 7| <0 (m)}.
We sometimes write d = (7, [si—1, s;]) instead of d = (7, s;) when we want to
specify the subintervals.

In the sequel we will use integration specified by the next definition.

Let X be a Banach space with the norm || - || x.

Definition 2.1. A function U (7,t) : [a,b] X [a,b] — X is Kurzweil integrable
if there is a unique element I € X such that given ¢ > 0, there is a gauge ¢
on [a, b] such that for every d-fine tagged division d = (7, s;) of [a, b], we have

1S (U,d) = Il x <e,
where S (U,d) = Z[U (7iy8:) — U (75,8i-1)]. In this case, we write [ =

%

[P DU (7,1).
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Remark 2.2. Suppose the integral f b DU (7,t) exists. Then we define

/DUTt /DUTt

This type of integration belongs to Jaroslav Kurzweil and it was described
extensively in Chapter I of [3] for the case X = R" (see Definition 1.2n in [3]).
Checking the results concerning this integration in [3], it can be easily seen
that the results presented there can be transferred without any changes to the
case of X-valued functions U (7,t) : [a,b] X [a,b] — X. Let us mention a few
of them.

The integral has the usual properties of linearity, additivity with respect to
adjacent intervals, etc.

An important result, which will be used latter, concerns the integrability on
subintervals. It is stated next (see Theorem 1.10 in [3]).

Lemma 2.3. Let U (7,t) : [a,b] X [a,b] — X be integrable over [a,b]. Then
fcd DU(7,t) exists, for each subinterval [c,d] C [a,b].

The following result is an important Hake-type theorem based on the Saks-
Henstock Lemma (see Theorem 1.14 in [3]).

Lemma 2.4. Let a function U : |a,b] X [a,b] — X be given such that U is
integrable over [a,c| for every c € |a,b) and let the limit

lim U DU(7,t) = U(b,c) + U(b,b)| =T € X

exists. Then the function U is integrable over |a,b] and

/a b DU(r,t) =

Similarly, if the function U is integrable over [c,b] for every ¢ € (a,b] and the
limat

lim VcbDU(T, B+ Ulae)— Ula,a)| = T € X

c—a+

exists, then the function U is integrable over |a,b] and

/a " DUr1) =

This leads to the following result (see Theorem 1.16 in [3]).

Lemma 2.5. Let U : [a,b] X [a,b] — X be integrable over |a,b] and ¢ € |a,b.
Then

hm[/:DU(T,t)— (cs)+Ucc} /DUTt

S§—C
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Remark 2.6. Lemma 2.5 shows that the function defined by
ehﬁ}~>/jDUﬁj)eX,

i.e. the indefinite integral of U, may not be continuous in general. The indefi-
nite integral is continuous at a point ¢ € [a, b] if and only if the function U(c, -) :
[a,b] — X is continuous at the point c. Notice that if U : [a, b] X [a,b] — X is
integrable over [a, b], then by Lemma 2.3 the indefinite integral of the function
U is well defined on the whole interval [a, b].

Having the concept of Kurzweil integrability of a function U : [a, b] X [a,b] —
X, we are able to define the notion of a generalized ordinary differential equa-
tion.

Let an open set 2 C X x R be given. Assume that G : Q@ — X is a given
X-valued function G(z,t) defined for (x,t) € Q.

Definition 2.7. A function z : [«, 5] — X is called a solution of the general-
1zed ordinary differential equation

d

DGz, 1)
dr
on the interval [a, ] C R if (x(t),t) € Q for all t € [a, 5] and if the equality

(2.2) / DG(z

holds for every v, v € |, (3].

(2.1)

Given an initial condition (2, %y) € € the following definition of the solution
of the initial value problem for the equation (2.1) will be used.

Definition 2.8. A function x : [, 8] — X is a solution of the generalized
ordinary differential equation (2.1) with the initial condition x(ty) = zo on the
interval (o, B] C R if ty € [a, f], (x(t),t) € Q for all t € [, 3] and if the
equality

(2.3) z(v) — 2o :/ DG(z(7),t
to
holds for every v € [a, f].
Let —o0 < a < b < oo and let us set
Q=0 x|a,b),
where O C X is an open set (e.g. O = B, = {z € X ||z||x < ¢} for some
c>0).
Definition 2.9. A function G : Q@ — X belongs to the class F(€2, h) if there
exists a nondecreasing function h : [a,b] — R such that

(2.4) |G, 55) = Gz, 81)|lx < [h(s2) = h(s1)|
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for all (z, s5), (z,s1) € Q and
(2.5) [|G(z,52) = G(z,51) = Gly, 52) + Gy, s1)llx < |lz = ylx[h(s2) — h(s1)]
for all (z,s2), (z,51), (v, $2), (y,s1) € Q.

For functions G € F(Q,h), we have the following information about solu-

tions of the generalized differential equation (2.1). See Lemma 3.10 in [3] for
a proof.

Lemma 2.10. Assume that G : Q — X salisfies condition (2.4). If [«, 5] C
la,b] and x : [, B] — X is a solution of (2.1), then the inequality

[z(s1) — 2(s2)||x < [h(s2) — h(s1)]
holds for every sy, ss € [, f].

Let var?(z) be the variation of a function z : [, 3] — X. Lemma 2.10
implies the following property of solutions of (2.1).

Corollary 2.11. Assume that G : Q — X satisfies the condition (2.4). If
[, 5] C (a,b) and z : [, B] — X is a solution of (2.1), then x is of bounded
variation on (o, §] and

var’ z < h(B) — h(a) < +o0.

FEvery point in o, 3] at which the function h is continuous is a continuity point
of the solution x : [a, ] — X.

Moreover, we have the following result (see Lemma 3.12 in [3]).

Lemma 2.12. Ifz : [a, ] — X is a solution of (2.1) and G : Q — X satisfies
condition (2.4), then
z(o+) —x(o) = lim z(s) —x(0) = G(z(0),0+) — G(z(0),0)

s—o+

for o € |, 5) and
(o) —x(oc—) =z(0) — lim z(s) = G(z(0),0) — G(x(0),0—)

§—0—

for o € («, 3], where
G(z,0+4) = Em+ G(z,s), foro € |a,p)

and

G(z,0—) = lim G(z,s), foro € (a,p].

S§—0—

Now we present a result on the existence of the integral involved in the
definition of the solution of the generalized equation (2.1). This result is a
particular case of Corollary 3.16 and of Proposition 3.6 in [3].

Lemma 2.13. Let G € F(,h). Suppose x : [a,b] — X is of bounded
variation on [a,b] and (z(s),s) € Q for every s € [a,b]. Then the integral
fab DG(x(7),t) exists and the function s — [° DG(x(7),t) € X is of bounded
variation.
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The next result concerns the existence of a solution of (2.1) (see [1], Theorem
2.15).

Theorem 2.14 (Existence and uniqueness). Let G :  — X belongs to the
class F(Q, h), where the function h is left continuous (i.e. h(t—) = h(t), t €
(a,b]). Then for every (Z,ty) € Q such that for T, = T+G(Z, to+)—G(T, to) we
have (T4,tg) € Q and there exists a A > 0 such that on the interval [ty,to+ 4]
there exists a unique solution x : [to,tg + A] — X of the generalized ordinary
differential equation (2.1) for which x(ty) = .

Remark 2.15. The assumption on the left continuity of the function A in
Theorem 2.14 shows that the solutions of (2.1) are also left continuous (cf.
Lemma 2.10). Given a solution z of (2.1), the limit z(0+) exists for every o
in the domain of x. This follows again by Lemma 2.10 and, by Lemma 2.12,
we have the relation

z(o+) = x(0) + G(x(0),0+) — G(z(0),0)

which describes the discontinuity of the given solution from the right.

3. SOME CONCEPTS OF STABILITY FOR GODE’s

In this section we set = B, X (a,b), where B, = {y € X;|lyllx < c},
¢ > 0, X is a Banach space and (a,b) C [0,4+00), r > 0. We also assume that
G € F(, h), where h : [0,00) — R is a left continuous nondecreasing function,
and G(0,t) — G(0,s) = 0, for t,s > —r. Then for every [y,v] C [0, +00), we
have

/ " DG(0,1) = G(0,0) — G(0,7) = 0

and, therefore, x = 0 is a solution of the generalized equation (2.1) on [0, +00).
Note also that, by Lemma 2.10, every solution of (2.1) is continuous from the
left.

If G € F(Q,h) and x : [y,v] — X is a solution of (2.1), where [y,v] C
[0,400), then x is of bounded variation on [y,v] by Corollary 2.11 and, of
course, x(t) € B, for t € [y,v]. Thus it is natural to measure the distance of
two solutions using the variation norm given by ||z(7)[|x + varlx.

The next stability concepts are based on the variation of the solutions around
x=0.

Definition 3.1. The solution x = 0 of (2.1) is called variationally stable if
for every ¢ > 0, there exists 6 = d(¢) > 0 such that if 7 : [y,v] — B,,
0 <7y <wv < +oo is a function of bounded variation on [, v] such that

[Z(V)llx <9

and

var? <T(s) - A S DG(E(T),t)> <4,
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then
1Z(t)||x <&, te€ly,v]

The conditions in Definition 3 1 mean that the BV function T is close (in
the “BV norm” : [|[Z(7)||x + varl( f DF(z(7),t))) to the solution x = 0

of (2.1).
Definition 3.2. The solution x = 0 of (2.1) is called variationally attracting
if there exists a 09 > 0 and for every € > 0, there exist a T = T'(¢) > 0 and a

p = p(e) > 0 such that if 7 : [y,v] - B, 0 < v < v < 400, is a function of
bounded variation on [y, v] such that

[Z(V)llx < o

var (f(s) - /7 8 DG(E(T),t)) <,

1Z®)|x <e, te[yv,v]N[y+T,+00), v>0.

Definition 3.3. The solution = = 0 of (2.1) is called variationally asympto-
tically stable if it is variationally stable and variationally attracting.

and

then

To Defintions 3.1-3.3, it should be noted that if 7 : [y,v] — X is a solution
of (2.1) then:

(a) T is of bounded Variation on [y, v] and
(b) vary — J; DG(@(7),t)) = 0.
Indeed, (a ) follows by Corollary 2.11 and (b) is a consequence of the fact that

for every s € [y, v],
_ / DF(F(r), ¢
vy

var / DF(z = 0.

The next lemma will be useful in the proofs of the Lyapunov-type theorems
for the generalized equation (2.1). A proof of it for the case X = R" can be
found in [3], Lemma 10.12 and it holds also for a general Banach space.

Lemma 3.4. Let G € F(Q, h). Suppose V : [0,4+00) x X — R is such that
V(-,2z):]0,00) — R is left continuous on (0,4+00) for x € X and satisfies
(3.1) V(t,z) = V(t,y)| < K|z —vyllx, zvyeX, te[0,+0),

where K > 0 is a constant. Suppose in addition that there is a function
® : X — R such that for every solution x : [a,b] — X, [a,b] C [0,400), of
(2.1), we have

and therefore

(3.2) hf}l%up V(t+mn,z(t -1—77]7)) —V(t,z(t))

< ®d(z(t)), teEla,bl.
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Ifz:[y,v] = X, 0< v <v< 400 is left continuous on (7,v] and of bounded
variation on [y, v], then

(3.3) V(v,Z(v) =V (v, (7)) < K vary (T(s) — /S Dg(T(T),t)> +M(v—7),

where M = supe (., ®(Z(t)).

Remark 3.5. In [2], variational stability for GODEs was studied in connec-
tion with stability with respect to perturbations and it was shown that these
concepts are equivalent.

The next two results are Lyapunov-type theorems for equation (2.1) and
they are borrowed from [3] (see [3], Theorems 10.13 and 10.14; see also [4]).
We include their proofs here for the sake of self-containedness.

Theorem 3.6. Let V : [0,+00) x B, — R, where B, = {y € X;|yllx < p},
0 < p <c, be such that V(-,z) : [0,00) — R is left continuous on (0,+00) for
x € X and the following conditions hold:

(i) V(z,0) =0, t € [0, 400);
(ii) there is a constant K > 0 such that

V(t,2) = V(ty)l < Kz —yllx, t€[0,+00), 2,y € B..

(i) V' is positive definite, that is, there is a function b : [0,+00) — R of
Hahn class such that

V(t,z) 2 b(|lz]|x), (¢ z) € [0, +00) x Bg;
(iv) for all solutions x(t) of (2.1),

n—04 n

<0

— Y

that is, the right derivative of V' along every solution x(t) of (2.1) is
non-positive.
Then the trivial solution x =0 of (2.1) is variationally stable.

Proof. Let T : [y,v] — X be of bounded variation on [, v] and left continuous
on |v,v], [v,v] C [0,+00). By (iv) and Lemma 3.4, we have

(3.4) V(t,z(t)) < V(y,T(7))+K var, (E(s) - /s DG(E(T),E)) . tE[y,vl.

If € > 0 is given, then b(e) > 0. Let §(¢) > 0 be such that 2Kd(e) < b(e). If
in addition ||Z(7)||x < d(¢) and

vart (f(s) _ L S DG(E(r),t)) <5(e),

then (3.4) implies
(3.5) V(t,z(t)) <2Kd(e) < b(e), t € [y,v]
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since Vv, 7(x)) < K|E()llx by (i) and (i)
On the other hand, if there exists u € [y,v] such that ||T(u)||x > €, then
(iii) implies
V(u,7(u)) = b([[7(w)]|x) = b(e)
which contradicts (3.5). Hence ||Z(t)||x < € for all ¢ € [y,v] and the result
follows. O

Theorem 3.7. Let V : [0,+00) x B, — R, where B, = {y € X;|yllx < p},
0 < p < ¢, satisfies (i) - (iii) from Theorem 3.6. Suppose there is a continuous
function ® : X — R, with ®(0) = 0 and ®(x) > 0 for x # 0, such that for
every solution x : [y,v] — B, [y,v] C [-r,+0), of (2.1), we have

(3.6) hgﬁmvﬁ+nw@+g»—vaw@»

< —®(x(t)), t € [y,v).

Then the trivial solution x =0 of (2.1) is variationally asymptotically stable.

Proof. By (3.6) it can be easily seen that (iv) from Theorem 3.6 holds. Thus
Theorem 3.6 implies the trivial solution x = 0 of (2.1) is variationally stable.
Therefore it remains to prove that the solution x = 0 of (2.1) is variationally
attracting.

Since the solution z = 0 of (2.1) is variationally stable, we have

(I) There is a dy € (0, p) such that if T : [y,v] — B, [y,v] C [-r, +0), is
a function of bounded variation on [y, v], left continuous on (v, v| and

such that
[Z(V)]lx < do
and
var (T(s) _ / DG(T(T),t)) < b,
v
then

[ZOlx <e telyvl

(IT) For every € > 0, there exists 6 = d(¢) > 0, § < ¢ such that if T :
7, 0] — Be, [7,7] C [—r,+00), is a function of bounded variation on
7, 9], left continuous on (7,7] and such that

[Z()llx <o

and
var? (E(s) - L S DG(E(T),t)) <6,

then
1Z(t)|[x <e, teT].
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Let A(e) = min{dp, 0} < € and also
N =sup{—®(y); AM(e) < |lyllx < e} = —inf{P(y); \Me) < [Jyllx <e} <0

and

(3.7) T'(e) = min {v -7, _K%+Tm} > 0.

Suppose T : [y,v] — By, [v,v] C [—r, +00), is a function of bounded variation
on [y, v], left continuous on (v, v] and such that

(3.8) [Z(7) ]l x < do
and
(3.9) var? (E(s) - / s DG(E(T),2€)> < \e) <6

We want to prove that
[Z()llx <&, te[y,v]N[y+T(e),+o0), v = —r

We assert that there exists t* € [y, v+ T(¢)] such that ||Z(t*)||x < A(e) < 6.
Indeed. Suppose the contrary, that is, ||Z(s)||x > A(e), for every s € [y,7 +
T'(e)]. By Lemma 3.4, (ii) from Theorem 3.6, (3.9), (3.7) and (3.8), we have

Viy+T(e),z(y+T()) < V(v.z(v))
+ K var?tT® (f(s) - DG(E(T)J)) +NT(E)

< K|z(y)|x + KA+ N (_K%JFTA(E))

= Klz(y)l[x — Kdp <0.
On the other hand, by (iii) from Theorem 3.6,
V(v +T(e),x(v +T(€) 2 b ([7(v + T(e))llx) = b(A(e)) > 0.

Hence we have a contradiction and the assertion holds. Therefore ||Z(t)||x < ¢
for t € [t*,v], since (II) holds for ¥ = t* and ¥ = v. Also ||Z(t)||x < ¢ for
t >~ +T(e), since t* € [y,7+ T'(¢)] and hence the solution z = 0 of (2.1) is
variationally attracting and we finished the proof. 0

4. STABILITY OF IMPULSIVE RETARDED SYSTEMS

Now we turn our attention to impulsive retarded functional differential equa-
tions (1.1) as they are presented in the introductory Section 1 with the assump-
tions (A), (B), (A7), (B’) satisfied. We want to establish stability results for
these equations by means of generalized ODE’s.
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Definition 4.1. Assume that ¢y > 0 and o > 0. A function y : [to—7r, to+0]| —
R™ is called a solution of (1.1) on the interval [to,to + o] if t — f(y:,t) is
Lebesgue integrable over [ty,to + o], y+ € H; for t € [ty, o + o] and

t) = y(to) /fys> )ds + Z I (y(te))

to<tr<t

holds for every (to,to + o).
It can be easily seen that for a solution y : [tg — r,tg + 0] — R™ of (1.1) on

[to, to + o] we have
(i) g (t) = f (y,t) for almost every t € [tg,to + 0]
and
(ii) y (te+) = y (tx) + Ix (y (t)) for all ¢, such that [to,to + o).
Given y € PCy and t € [—r, 00), we define
0, —r<v<0or —r<t<O0,
(4.1) F(y,t) (¥) = f f(ys,8)ds, 0<9<t< o0,
f f(ys,s)ds, 0<t<9 < o0,

and
(4.2) J(y, 0)(9) = Hy (1) Hy, (9) L(y(t))

for ¥ € [—r, 00), where H;, is the left continuous Heaviside function concen-
trated at tj, that is,

H, (1) = 0 for t <t
BT for ty, < 2
Taking F'(y,t) from (4.1) and J(y,t) from (4.2), define
(4.3) Gy, 1)(0) = F(y, 1)) + J(y, 1) (V)
for y € PCy, t € [0,00) and ¥ € [—r,00). Clearly the values of the function

G(y,t) belong to PC([a — r,00), ]R"), that is,
G : PC) x [0,00) — PC([—r,00),R").
Moreover for s1,s9 € [0,00) and z,y € PC; we have
(4.4) |G (2, 52) = G(z, 51)|| < h(s2) — h(s1)
and
(4.5) [|G(z,52) = G(w,51) = Gy, 52) — Gy, s1)|| < llw = yll(~(s2) = h(s1)),
where

ht) = /0 (M(s) + L(3)lds + max(Ky, K2) S Hy (8), € [0,00).

k=1
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is a nondecreasing real function which is continuous from the left at every
point, continuous for all ¢ # t; and h(t;+) exists for [ = 1,2,....

According to (4.4) and (4.5), it can be easily seen that the function G defined
by (4.3) belongs to the class F(2, h), where Q = PCy X [¢,d] and |[c,d] is any
compact subinterval of [a, 00).

For details, see [1].

Consider now the generalized ordinary differential equation

(4.6) Z—f = DG (z,1).

Note that any solution of (4.6) on an interval [y,v] is a function z(t) with
values in PC([—r, 00),R"™).

A solution z of (4.6) in the interval [, v] has the following property (see
Lemma 3.3 in [1]).

Lemma 4.2. Let z (t) be a solution of (4.6) in the interval [y,v]. Then if
o € [v,v] we have

@)  z(0)W)=x(0)(0), V=0 dely—r0]
and
(b)  z(@)W)=z@)W), V<o dely—ru1]
The next equivalence result gives a one-to-one relation between a solution of
the impulsive retarded equation (1.1) and a solution of the generalized equation

(4.6), with G given by (4.3). A proof of it can be found in [1], Theorems 3.4
and 3.5.

Theorem 4.3 (Equivalence of equations).

(i) Consider equation (1.1), where f : Hy X [to,to + o] — R", t — f (y,t)
is for y € PCy Lebesgue integrable over [to, to + o] and (A), (B), (A",
(B') are fulfilled. Let y : [to — r,to + 0] — R™, ty > 0 be a solution of
the problem (1.1) in the interval [ty,ty + o). Given t € [to,to + o], let

y (), 0€lty—r,t
= (t) () = { y(t), V€[t to+0].
Thenx (t) € PC ([to — 7, to + o], R™) is a solution of (4.6) in [to,to + o].

(ii) Reciprocally, let x : [to, to + o] — PC([to — r,to + o], R™) be a solution
of (4.6), with G given by (4.3), in the interval [to, ty + o].
For every 9 € [ty — r,to + o], define

2 (t0) (), fo—1 <0< to
“m:{xwﬂm,mSﬁgm+a

Then y : [to — r,to + o] — R" is a solution of (1.1) in [ty,to + o] and
y () =z (to+0)(9) for ¥ € [tg—r,to+o].
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Assume that ¢ty € [0,00) and ¢ € PC (|-r,0],R") are given. Define the
function T € PC([—r,o0)) by

T(to —r) = ¢(—r) for ¥ € [—r,tg — 1],
(4.7) T(0) =< (0 —ty) for U € [tg — 7, to],
f(to) = Qb(O) for ¥ € [to, OO)

Looking at the initial value problem for (4.6), with z(tq) = z, the local
existence and uniqueness Theorem 2.14, together with the equivalence result
given in Theorem 4.3, can be used to obtain the following local existence and
uniqueness result.

Theorem 4.4. Consider problem (1.2). If conditions (A), (B), (4’), (B') are
fulfilled and if T € PCy from (4.7) is such that

(4.8) -+ H,(9)L(F(t)) € PC,

whenever tg = t; for some | = 1,2,..., then there is a A > 0 such that on
the interval [to,to + A] there exists a unique solution y : [to,to + A] — R™ of
problem (1.2) for which y,, = ¢.

By Theorem 2.14 for x € PC| the relation
5+ - .’i'/—l- G(EE, to—l-) - G(E, to) S PCl,

is needed. This condition assures that the solution of the initial value problem
for the generalized ordinary differential equation (4.6) does not jump out of
the set PC immediately at the moment ¢5. Notice that, in our situation where
G is given by (4.3), we have G(7,to+) — G(z,to) = 0if tog # ¢, 1 = 1,2,...
and [G(Z,to+) — G(z,0)|(V) = Hy, (9)[1(Z(to)) if to = t; for some [ =1,2,....
This implies condition (4.8) from Theorem 4.4.

By Theorem 4.3, we also have the opposite, i.e. there is a one-to-one corre-
spondence between the solutions of the problem (1.2) and the solutions of the
initial value problem for (4.6) with x(to) = .

In the next lines, we assume that

0€ Hy, f(0,t)=0 forall tand I,(0)=0, k=1,2,....

This implies that the function y = 0 is a solution of the system (1.1) on any
interval contained in [0, 400).

We also consider the set E. = {¢p € Hy; [|[¢]lx < ¢}, ¢ > 0 and a point
tp € [0, OO)

Definition 4.5. The trivial solution y = 0 of the system (1.1) is called stable
if for every € > 0 and v > 0, there exists 6 = d(g,v) > 0 such that if ¢ € E.
and ¥ = y(v,¢) : [y —r,v] — R", is a solution of (1.1) on [y, v] such that
Y, = ¢ with

o]l <9,
then

1T:(v, 0l <&, tely,v]
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Definition 4.6. The trivial solution y = 0 of the system (1.1) is called uni-
formly stable if the number ¢ in Definition 4.5 does not depend on ~.

Definition 4.7. The solution y = 0 of (1.1) is called uniformly asymptotically
stable if there exists a 0y > 0 and for every € > 0, there exists a T' = T'(g, dg) >
0 such that if ¢ € E., and 5 : [y — r,v] — R, is a solution of (1.1) on [, v]
such that 7, = ¢ and

@]l < do,
then
1T:(v, @)l <e, for t&[y,v]N[y+T,+00).

We will apply Theorem 4.3 together with Theorems 3.6 and 3.7 to obtain
stability results for problem (1.1).

Given a solution y : [y —r,v] — R" of equation (1.1) on [y,v], v > 0, v > 7,
such that y, = ¢ for some t € [, v], we have evidently ¢» € PC([—r,0],R")
and

VO =y O) =yt +0)=yt)— [ [lyss)ds— > Ily(ty)

t+0 < tp<t

for € [—r,0]. In this case, we write y,1,, = Yu1y(t,9) for every n > 0 such
that ¢t + 1 € [y, v].

Let x be the solution of the generalized equation (4.6) given for the solution
y : [y —r,v] — R by Theorem 4.3(i) on the interval [y,v] C [0, +00), with
initial condition z(y) = o,, where 0,(7) = ¢(1 —7), v —r < 7 < 7, and
o,(7) = ¢(0) for 7 > 7. Then x(t)(t + 0) = y(t + ), for all ¢t € [y,v] and all
0 € [—r,0] and hence (z(t)); = y,; for all t € [y, v].

On the other hand, if z(t) € PC) is a solution of (4.6) on [y,v] C [0, +00)
with the initial condition z(y) = o, where 0.,(7) = ¢(7 — ) for 7 € [y —r, 7],
and o, (1) = ¢(0) for 7 > =, then Theorem 4.3(ii) implies that we can find a
solution y of (1.1), with ¢ty = v, by means of x. Suppose (z(t)); = ¢ for some
t € [v,v]. In this case, we write x,(s) instead of z(s) for s € [t,v] and we have
yr = .

Assume that a functional
U :[0,400) x PC([-r,0],R") - R

is given.

U will play the role of a Lyapunov functional with respect to the impulsive
retarded equation (1.1). We relate it to a functional V' : [0,4+00) X B, — R
with respect to the generalized equation (4.6) by defining

(4.9) V(t,z) = U(t, z1)

fort > 0 and z € PC([—r,00), R™).
It is easy to show that
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U(t,0) =0 for t € [0,400),

V(t,0) =0 for ¢ e [0,+00).
and
(IT) if there is a constant K > 0 such that

U 0) = Ut 9) < Kl =9, te[-r+00), $¥€E,
then
V(t,x) = V(t,7)] < K|z = 7| pc
for x,7 € PC(]—r,00),R").
Indeed, for (II) we have

V(t,2) =V(t,7)| = [U{t,z) = UE,7)| < Kz =7l =

=K sup |z(t+9)—Z(t+9)| < K sup |z(s) —T(s)] <
ve[—r,0] s€[—rt]
<K sup )!-73(8) —(s)| = Kllz — 7| pc-
se|—r,00
For U : [0,400) x PC([-r,0],R") — R, ¢t € [0,+00) and a given function
y € PC([t —r,t+o],R™), 0 > 0, we have by (4.9)

Ut +n0,ye4n) —Ult,ye)  V(t+n,y) = V(t,y)

U U

if0<n<oand

(4.10)  limsup U+, yen) = Ultsyn) _ . . Vit+my) — VL)
E " n—04 n

This notion of the right upper derivative of U along y is prepared for solu-
tions y of (1.1) on some interval [, v].

With the notation above, we will prove the next two results concerning
stability of the trivial solution of equation (1.1) when (A), (B), (4’), (B’) are
fulfilled.

Theorem 4.8. Suppose that (A), (B), (A'), (B') are fulfilled. Let U : [0, +00) X
E, — R be such that U(-,1) is left continuous on (0, +00), where E, = {1 €
Hyi |[v]] < p}, 0< p<c. Let U fulfills the conditions

() U(t,0) =0, t € [0,400);
and
(ii) there is a constant K > 0 such that

Ut ) = Ut 9) < K[y =9, tel0,+00), ¢,¢ € E,.
Assume further that
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(iii) there is a function b : [0, +00) — R of Hahn class such that
b(llyllpc) < U(t w)
for any y € PC([—r,00),R"))
and
(iv) for any solution y of (1.1) on [y,v] and t € [y,v) the inequality
lim sup U(t + m, yt-l-??) - U<t7 yt)
n—04 n

<0

holds.
Then the trivial solution y =0 of (1.1) is uniformly stable.
Proof. Notice that, since f satisfies (A) and (B) and [, satisfies (A’) and (B’)
for k =1,2,..., the function G from the equation (4.6) belongs to F(2, h).
Taking into account the function V' : [0, 00) x PC([—r,o0),R™) — R given
by (4.9) and its properties (I) and (II) presented above, we have
V(t,0) =0 for ¢ € [0,+00).
and
\V(t,x) =V (t,z| < Kl||lz — 7| pc
for t € [0,400) and z,7 € PC([—r,00),R").
By condition (iii) we have
b(llyllpc) < Ut y) = V(E,y)
for y € PC([—r,+00),R™).
This shows that the function V' in general satisfies conditions (i), (ii) and
(iii) from Theorem 3.6.
Assume that x : [to, to + 0| — PC([—r,+00),R")), o > 0, is a solution of
(4.6). Then for t € [to,to + o) we have by definition (4.9)
VIt +mn,x(t+n)) = U +mn,2(t + 1))

for all n > 0, provided t +n <ty + 0.
Note that by (ii) from Theorem 4.3, the function
y(0) = z(t +n)(0)
is a solution of the system (1.1) on [t,t 4+ n] and x(t 4+ 7)t+y = Yi+y. Hence

Ut +n,2(t +n)ern) = Ut + 1, Yiin)
for all n > 0. Therefore

V(t+n,a(t+n) =Vt xt) _ Ul +n4iy) = Ut y)

n N n
for all n > 0. By (iv) and (4.10) we get

lim sup =
n—0+ n
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— lim sup U+, Yern) — Ut ye)
n—0+ n
if t € [to,to+0c). This implies condition (iv) from Theorem 3.6. The hypotheses
of Theorem 3.6 are fulfilled and therefore the solution = = 0 of the generalized
equation (4.6) is variationally stable.
Thus, for every ¢ > 0 there exists 0 = §(¢) > 0 such that if T : [y,v] — B,,
0 <7y <wv < +o00, is a function of bounded variation on [y, v] such that

<0

(4.11) ([l <o

and

(4.12) var? (z@) . L 5 DG(E(T),t)) <4,
then

(4.13) IZ@)) <& te |y

Let ¢ € E. and 5 : [y — r,v] — R" be a solution of (1.1) on [y,v] with
Y, = ¢. Suppose

(4.14) |l < 6.

We will prove that

(4.15) [7:(v, o)l <&, t €yl
Let

wo = {20

By Theorem 4.3 (i), T is on [y, v] a solution of the generalized equation (4.6)
satisfying the initial condition x(y) = o, where o, (1) = ¢(7), vy —r < 7 < 7,
and o, (1) = ¢(0), 7 > . Also G in equation (4.6) belongs to F (€2, h) and this
implies that T is of bounded variation on [y, v] (by conditions (A) and (A’)
and Corollary (2.11)).

By (4.16) and (4.14), we have

(4.17) [Z)I = sup () (M)} = sup_ [F(r)] = i¢ll <o

Y—r<7<vy

and therefore (4.11) holds. Moreover

(4.18) 2s) = [ DCEE)E) =T(1), s € [0l

Hence

var’ (T(s) - j DG(E(T),?&)) —0<54
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and by (4.12) we obtain (4.13). In particular, |Z(v)|| < e. But (4.16) implies
that for any given t > ~,

lye(v; )l = sup [y(t+0)| < sup [y(7)|
—r<6<0 y—r<r<v
(4.19) = sup [7(v)(7)] = sup [T(v)(7)|
y—r<7t<v T
= [zl <e
Thus (4.15) follows and the proof is complete. O

The next theorem concerns the uniform asymptotic stability of the trivial
solution of (1.1).

Theorem 4.9. Consider equation (1.1), where (A), (B), (A"), (B') are ful-
filled. Let U : [0,+00) x B, — R, 0 < p < ¢, satisfy (i), (ii) and (iii) from
Theorem 4.8. Suppose there is a continuous function A : R, — R, of Hahn
class such that for every solutiony : [y—r,v] — E, of (1.1) on [y,v] C [0, +00)
we have

Ul(t —U(t
(4.20) lim sup (E5 1, Yern) (t:9:) < —A(sup [y(7])
n—04 n <t
fort € [y,v). Then the trivial solution y = 0 of (1.2) is uniformly asymptoti-
cally stable.

Proof. We assume the notation of the previous theorem.

Suppose V' : [0, +00) x PCy — R is given by (4.9). Then the hypotheses of
Theorem 3.6 are fulfilled.

Let & : PC' — R be defined by

®(2) = A(ll2llPc)

for z € PC. Then ® is continuous, ®(0) = 0 and ®(z) > 0, for z # 0.

Assume that = : [tg,to + o] — PC([—r,+00),R™)), 0 > 0 is a solution
of (4.6). The procedure from the proof of the previous Theorem 4.8 can be
repeated to state that by (ii) from Theorem 4.3 the function

y(0) = z(t +n)(0)

is a solution of the system (1.1) on [t,t + 5] while z(t + 9)t+y = Yiy,y for all
n > 0, and by the assumption (4.20), we get

V(t+nx(t+n)— V(L))

lim sup =
n—0+ n
Ult - Ut
— timsup LM een) UGB oy .
n—0+ n <t

However
sup |y(7)| = sup [z(t)(7)] = [[z(t)[| pc,

T<t
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because for 7 < we have (by Lemma 4.2 and (b) in Theorem 4.3)

y(r) =zt +n)(1) = =(t)(7)
and for 7 >t it is z(t)(7) = z(t)(t) (a constant w.r.t 7).

Therefore
V({E+nzt+n) - V(Etz@) _

lim sup
n—0+ n

< —Alup y(7]) = =A(lz({®)llpe = = (@)(1))

and the hypotheses of Theorem 3.7 are satisfied.

Hence z = 0 is variationally asymptotically stable which means that if
there exists a dy > 0 and for every € > 0, there exist a T'= T'(¢) > 0 and a
p = p(e) > 0 such that if T : [y,v] — B, —r < v < v < +00, is a function of
bounded variation on [y, v] such that

(4.21) [Z(M)II < do

and

(4.22) var? (z(s) - L S DG(E(T),t)) <p,
then

(4.23) IZ)| <& te[nonly+T,+o0), v > —r

Assume there exists a dg > 0 and for every € > 0, there exists a T =
T(e,0) > 0 such that if ¢ € E., and 7 : [y,v] — R", with [y,v] C [—r, +00)
and [y,v] 3 0, is solution of (1.2) (t, = 0) such that 7, = ¢ and

(4.24) 6] < do.
We want to prove that
(4.25) 17.00,0)[ <&, te€[y,v]N[y+T, +o0).

O

Remark 4.10. Examining the proofs of Theorems 4.8 and 4.9, we can see that
their first instances show the variational stability and asymptotic variational
stability of the solution z = 0 of the corresponding GODE. This means that
the solution y = 0 of (1.1) is, in the sense given in [2], variationally stable and
asymptotically variationally stable respectively.
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