Kybernetika

VOLUME 38 (2002), NUMBER 3

The Journal of the Czech Society for
Cybernetics and Information Sciences

Published by: Editorial Board:
Institute of Information Theory Jit{ Andél, Marie Demlové, Petr Héjek,
and Automation of the Academy Jan Hlavicka, Martin JanZura, Jan JeZek,
of Sciences of the Czech Republic Radim Jirousek, Ivan Kramosil,

Franti?ek Matus, Jiff Outrata, Jan Stecha,
Olga Stépankova, Igor Vajda, Pavel Zitek,
Editor-in-Chief: Pavel Zampa
Milan Mares

Managing Editors: Editorial Office:
Karel Sladky Pod Vodérenskou vézi 4, 18208 Praha 8

Kybernetika is a bi-monthly international journal dedicated for rapid publication of
high-quality, peer-reviewed research articles in fields covered by its title.

Kybernetika traditionally publishes research results in the fields of Control Sciences,
Information Sciences, System Sciences, Statistical Decision Making, Applied Probability
Theory, Random Processes, Fuzziness and Uncertainty Theories, Operations Research and
Theoretical Computer Science, as well as in the topics closely related to the above fields.

The Journal has been monitored in the Science Citation Index since 1977 and it is
abstracted/indexed in databases of Mathematical Reviews, Current Mathematical Publi-
cations, Current Contents ISI Engineering and Computing Technology.

Kybernetika. Volume 38 (2002) ISSN 0023-5954, MK CR E 4902.

Published bi-monthly by the Institute of Information Theory and Automation of the
Academy of Sciences of the Czech Republic, Pod Vodarenskou vézi 4, 18208 Praha 8.
— Address of the Editor: P.O. Box 18, 18208 Prague 8, e-mail: kybernetika@utia.cas.cz.
— Printed by PV Press, Pod vrstevnici 5, 14000 Prague 4. — Orders and subscriptions
should be placed with: MYRIS TRADE Ltd., P. 0. Box 2, V Stihldch 1311, 142 01 Prague 4,
Czech Republic, e-mail: myris@Qmyris.cz. — Sole agent for all “western” countries: Kubon
& Sagner, P. O. Box 340108, D-8000 Miinchen 34, F.R.G.

Published in June 2002.

© Institute of Information Theory and Automation of the Academy of Sciences of the
Czech Republic, Prague 2002.


http://www.utia.cas.cz
http://www.utia.cas.cz
http://www.utia.cas.cz
http://www.kybernetika.cz/board.html
http://www.kybernetika.cz/contact.html
http://www.kybernetika.cz
http://www.kybernetika.cz/content/383.html

KYBERNETIKA — VOLUME 38 (2002), NUMBER 3, PAGES 363 -381

COUNTABLE EXTENSION OF TRIANGULAR NORMS
AND THEIR APPLICATIONS TO THE FIXED POINT
THEORY IN PROBABILISTIC METRIC SPACES

OLGA HADZIC, ENDRE PAP AND MIRKO BUDINCEVIC

In this paper a fixed point theorem for a probabilistic g-contraction f : S — S, where
(S, F,T) is a complete Menger space, F satisfies a grow condition, and 7' is a g-convergent
t-norm (not necessarily T' > T1.) is proved. There is proved also a second fixed point
theorem for mappings f : S — S, where (S, F,T) is a complete Menger space, F satisfy a
weaker condition than in [13], and 7" belongs to some subclasses of Dombi, Aczél-Alsina,
and Sugeno—Weber families of t-norms. An application to random operator equations is
obtained.

1. INTRODUCTION

The origin of triangular norms was in the theory of probabilistic metric spaces, in
the work K. Menger [9], see [4, 7, 14]. Tt turns out that t-norms and related t-
conorms are crucial operations in several fields, e.g., in fuzzy sets, fuzzy logics (see
[7]) and their applications, but also, among other fields, in the theory of generalized
measures [7, 11, 17] and in nonlinear differential and difference equations [11].

We present in this paper some results on t-norms which are closely related to the
fixed point theory in probabilistic metric spaces, see [4]. The first fixed point theorem
in probabilistic metric spaces was proved by Sehgal and Bharucha-Reid [15] for
mappings f : S — S, where (S, F,T\) is a Menger space, where Ty = min . Further
development of the fixed point theory in a more general Menger space (S, F,T) was
connected with investigations of the structure of the t-norm 7. Very soon the problem
was in some sense completely solved. Namely, if we restrict ourselves to complete
Menger spaces (S, F,T), where T is a continuous t-norm, then any probabilistic
g-contraction f : S — S has a fixed point if and only if the t-norm T is of H-type,
see [4].

We investigate in this paper the countable extension of t-norms and we introduce
a new notion: the geometrically convergent (briefly g-convergent) t-norm, which is
closely related to the fixed point property. We prove that t-norms of H-type and
some subclasses of Dombi, Aczél-Alsina, and Sugeno—Weber families of t-norms are
geometrically convergent. We prove also some practical criterions for the geometri-
cally convergent t-norms.
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A new approach to the fixed point theory in probabilistic metric spaces is given
in Tardiff’s paper [16], where some additional growth conditions for the mapping
F : S x8 — DT are assumed, and T > Ty,. V. Radu [13] introduced a stronger
growth condition for F than in Tardiff’s paper (under the condition T' > Tt,), which
enables him to define a metric. By metric approach an estimation of the convergence
with respect to the solution is obtained, see [4].

We prove in this paper a fixed point theorem for a probabilistic g-contraction
f:8 — S, where (S, F,T) is a complete Menger space, F satisfies Radu’s condition,
and T is a g-convergent t-norm (not necessarily 7' > T1,). We prove a second fixed
point theorem for mappings f : S — S, where (S, F,T) is a complete Menger
space, F satisfy a weaker condition than in [13], and T belongs to some subclasses
of Dombi, Aczél-Alsina, and Sugeno—Weber families of t-norms. An application to
random operator equations is obtained.

Notions and notations can be found in [4, 7, 11, 14].

2. TRIANGULAR NORMS
A triangular norm (t-norm for short) is a binary operation on the unit interval [0, 1],
i.e., a function T : [0,1]? — [0, 1] which is commutative, associative, monotone and

T(z,1) = z. t-conorm S is defined by S(z,y) =1-T(1 —z,1 —y).
If T is a t-norm, z € [0,1] and n € NU {0} then we shall write

1 if n =0,
€T =
g T (ch?_l), x) otherwise.

Definition 1. A t-norm T is of H-type if the family (mgfl))neN is equicontinuous
at the point z = 1.

A trivial example of a t-norm of H-type is Tp;. There is a nontrivial example of

a t-norm 7" such that (chz1 ))neN is an equicontinuous family at the point x = 1.

Example 2. Let T be a continuous t-norm and let for every m € NU {0}:
I,=[1—-2""1-2"""1.
If
T(x,y)=1-2"" 427 @ H (z —1427™), 2™ (y — 1 +27™))
for (z,y) € I, x I, and T(z,y) = min(z,y) for (x,y) ¢ U Ln X I, then the

meNU{0}
family (wgfl))neN is equicontinuous at the point x = 1, i.e., T' is a t-norm of H-type.
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Proposition 3. ([4]) If a continuous t-norm 7' is Archimedean than it can not be
a t-norm of H-type.

A method of construction a new t-norm from a system of given t-norms is given
in the following theorem, see [4, 7].

Theorem 3. Let (T;)rex be a family of t-norms and let ((ag, Ok))kex be a family
of pairwise disjoint open subintervals of the unit interval [0,1] (i.e., K is an at most
countable index set). Consider the linear transformations ¢y, : (o, Bk] — [0,1], k €

K given by

U — g
p(u) = ——.
Pr(u) R

Then the function T : [0,1]? — [0, 1] defined by

or  (Tilon(x), or(y) if (z,y) € (o, Br)’,

T(z,y) = _ _
min(z, y) otherwise,

is a triangular norm, which is called the ordinal sum of (T)kex and will be denoted
by T'= (< (ak, Br), Tk >)ker-

The following proposition was proved in [12].

Proposition 5. A continuous t-norm 7" is of H-type if and only if
T = (< (ak,Br), Tk >)rex and sup S < 1 or sup oy, = 1.

Remark 6. If T = (< (o, 0k), Tk >)kex and supfr < 1 or supay = 1, then
T is of H-type for any summands Tj (not only for continuous and Archimedean
summands Ty, k € K, see [12]). Hence , if

B K —k—1y
T—(<(1—2 ,1—2 )7T>)keNu{0}

we have sup a = sup(1 — 27%) = 1 (cf. Example 2).
For an arbitrary t-norm of H-type we have by [4] the following characterization.

Theorem 7. Let T be a t-norm. Then (i) and (ii) hold, where:

(i) Suppose that there exists a strictly increasing sequence (by)nen from the
interval [0,1) such that lim b, = 1 and T'(b,,b,) = b,. Then T is of H-type.

(ii) If T is continuous and of H-type, then there exists a sequence (b, )nen as in

(i)-

From the proof of the above theorem it follows that the condition of continuity

of whole sequence (zg? ))nEN can be replaced by the condition that the function

or(z) = T(z,z) (z € [0,1]) is right-continuous on an interval [b, 1) for b < 1.
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Theorem 8. Let T be a t-norm such that the function ér(z) = T'(z,z) (x € [0,1])
is right-continuous on an interval [b,1) for b < 1. Then T is a t-norm of H-type if
and only if there exists a sequence (b, )nen from the interval (0, 1) of idempotents of
T such that nlingo b, = 1.

In particular, for continuous t-norms the following characterization holds, [4].

Theorem 9. Let T be a continuous t-norm. Then the following are equivalent:
a) T is not of H-type.

b) There exist ar € [0,1) and a continuous strictly increasing and surjective
mapping @a,. : [ar, 1] — [0, 1] such that

T(2,Y) = Par (Par () * Par (y)), for every z,y > ar,

where the operation x is either Tp or Ty, where Tp(x,y) = zy and Tr(z,y) =
max(z +y — 1,0).

3. COUNTABLE EXTENSION OF t-NORMS

An arbitrary t-norm T can be extended (by associativity) in a unique way to an
n-ary operation taking for (z1,...,2z,) € [0,1]", n € N, the values T'(z1,...,%s)
which is defined by

0 n—1
Txi:]_, T;L'Z:T(T xi,xn):T(xl,...,xn).
im i=1

=1 =1

Specially, we have Ty, (x4, . . ., 2, ) = max <Z x; — (n—1), O> and Tnv (1, ..., @p) =
i=1

min(xy,...,%n).
We can extend T to a countable infinitary operation taking for any sequence
(Zn)nen from [0, 1] the values

n

i'olxi = lim T . (1)

n—oo ;
=1

n

The limit on the right side of (1) exists since the sequence (T z;)nen i non-
i=1

increasing and bounded from below.

Remark 10. An alternative approach to the infinitary extension of t-norms can
be found in [10].

In the fixed point theory it is of interest to investigate the classes of t-norms T
and sequences (z,)nen from the interval [0, 1] such that lim z, =1, and
n—oo

o0 o0
lim T z; = lim T z,4; =1 (2)
n—oo i=n n—oo i=1
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n
In the classical case T = Tp we have (Tp)?_; = [] z; and for every sequence (2, )nen
i=1

from the interval [0,1] with Y (1 — z,) < oo it follows that
i=1

o0

e T

Jim () = fim [[wi =1
=N

Namely, it is well known that

ﬁxi >0 < nllrgoﬁxizl & i(l—xi) < 0.
i=1 i=n i=1

The equivalence
o0

Z(l—xi)<oo < lim T z=1 (3)
i=1 i=n

holds also for T' > Ty,. Indeed

(TL)?;2; = max <Z x; — (n—1), O) = max (Z(:m -1)+1, 0) ,
i=1

i=1

and therefore Y (1 — ;) < oo holds if and only if

n=1

lim (71)52,,2; = max < lim Z(ml -1+ 1,0) =1

=n

For T > Ty, we have T z; > (1) ,z; and therefore for such a t-norm T the
i=1

implication
Z(l—mi)<oo = lim Tz, =1
Py n—oo,_

holds.

We shall need some families of t-norms given in the following example.
Example 11. (i) The Dombi family of t-norms (T) A€[0,00] 18 defined by

Tp(z,y) if A =0,
Tm(z,y) if A = o0,

1+<(1;$)A+(1;3’>A>1/A it A € (0,00).
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(ii) The Schweizer-Sklar family of t-norms (T55)\e[—oo,00] i defined by

Tz, y) if A\ = —o0,
(x* + ¢y — VA if A\ € (—00,0),
T8 (z,y) = Te(x,y) if A =0,
(max(z* +y* —1,0))* if A € (0,00),
Tp(x,y) if X = oo.

(iii) The Aczél-Alsina family of t-norms (T*)yc(0,0] is defined by

Tp(z,y) if A\ =0,
T (2, y) = Tm(z,y) if A = oo,

e (logz*+[logy)™* it \ € (0, 00).

(iv) The family (T,\SW),\e[—l,+oo] of Sugeno—Weber t-norms is given by

Tp(z,y) ifA=—1,
—14 X
max (O, W) otherwise.

The condition 7' > Ty, is fulfilled by the families: 1. 795 for A € [—o0,1]; 2. TSW
for X € [0, o0].

On the other side there exists a member of the family (T)]\:)))\E(O,oo) which is
incomparable with 7%, and there exists a member of the family (TA4) A€(0,00) Which
is incomparable with T,.

We shall give some sufficient conditions for (2).

Proposition 12. Let (z,)nen be a sequence of numbers from [0,1] such that
lim x, =1 and t-norm T is of H-type. Then (2) holds.
n—oo

Proof. Since t-norm T is of H-type for every A € (0, 1) there exists 6(A) € (0,1)
such that

P
x>0(A) = Taz>1-2A

i=1
for every p € N. Since lim x,, = 1 there exists ng(\) € N such that z,, > §(\) for
every n > ng(\). Hence
P P
T o > T 600
i=1 i=1
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for every n > ng(A) and every p € N. This means that (2) holds. O

Remark 13. If T is a t-norm such that there exists a sequence (z,,),en from the
o0

interval (0,1) such that lim x, =1 and lim T a; = 1, then T is continuous at

the point (1,1). Indeed, let A € (0,1) be given. Then there exists ng(A) € N such

that

T z; >1— A\
i=ng(X)

Since T'(%pg(x), Tng(a)+1) = | T3 > 1=\ weobtain that z,y > max(z,,(x), Tne(r)+1)

i=no(\)
implies T'(z,y) > 1 — .

For some families of t-norms we shall characterize the sequences (x,)nen from
(0, 1], which tend to 1 and for which (2) holds.

Lemma 14. Let T be a strict t-norm with an additive generator t, and the corre-
sponding multiplicative generator . Then we have

i zi=t! (Z t(xi)>
or

i.gl Tr; = 971 (H 9(1‘,)) .

The preceding lemma and the continuity of the generators of strict t-norms imply
the following proposition.

Proposition 15. Let T be a strict t-norm with an additive generator t, and the
corresponding multiplicative generator 6. For a sequence (x,)nen from the interval
(0,1) such that lim z, =1 the condition

n—oo

i 3t =,

or the condition
o0
nlLrgo H 0(z;) =1,
="

holds if and only if (2) is satisfied.
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Example 16. Let (T,P)Ae(o,oo) be the Dombi family of t-norms and (z,)nen be a
sequence of elements from (0, 1] such that lim a, = 1. Then we have the following

equivalence:

n— o0

00 1— 2, A
( l) <oo & lim (TP)X,z; = 1.
=1

For a t-norm T)]\D, A € (0,00), the multiplicative generator QAD is given by
1=z A

0P (z) = e~ (

and therefore with the property 62 (1) = 1. Hence

ﬁﬁ?(%) = lo—o[e_(lgfi)A

1—x; \\
— e_zfin( 1‘11) ,

and therefore the above equivalence follows by Proposition 15. Since lim z, =1,
n—oo

we have that

1—2,\"
< n) ~ (1 —2,)" as n — oco.

Ln
Hence
s} [e%s} 1 A
1—a,)* n
Z( Tp) <00 & Z( . ) < 00,
n=1 n=1

which implies the equivalence

Z(l —r) <0 & nlinéo(TP)finf”z =1.
n=1

Example 17. Let (TAAA) A€(0,00) be the Aczél-Alsina family of t-norms given by
TR (e, y) = (st

and (2, )nen be a sequence of elements from (0,1] such that lim x, = 1. Then we
n—oo

have the following equivalence

oo

Z(l —r) <00 & nh_)rr;o (TfA)zn xz; = 1.
i=1
For a t-norm TAA ) X\ € (0,00), the multiplicative generator 084 is given by

HQA(x) _ 67(7 log z)*
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and therefore with the property #44(1) = 1. Hence

H9 ) = ﬁe—(—logm*
= e E'?in(_ log QL"i)A.

Since lim z; = 1 and logz; ~ z; — 1 as i — oo by Proposition 15. the above

11— 00

equivalence follows.
For t-norms TSW, A € (—1, 00] we have the following proposition.

Proposition 18. Let (x,)nen be a sequence from (0, 1) such that the series

> (1 —z,) is convergent. Then for every A\ € (—1, o0]

n=1

lim (T$W)2, x; = 1.

n—oo

Proof. An additive generator of TSW for A € (—1,0) is given by

14Xz 1
SW/N_ )
5 (@) = 10g< 1+A> Tog(1+ )’

We shall prove that for some n; € N and every p € N

1+>\xn+i71 1 —1
HH)\ (Tnti—1) = e€xp (Zlo < T ) log(1—|—>\)> >e (4)

i=1

for every n > n; since in this case

(T ),L 1Tn+i—1 = (He)\ xn—H 1 ) . (5)

We have to prove that for some n; € N and every p € N

! zp:lo L ¥ ATniog < 1 for every n >n (6)
. - Aol v
log(1+3) 2=\ 11\ Y b
since (6) implies (4). From lim (1 — x,) = 0 it follows that
n—oo

A A

and therefore the series

1 = A
= Nlg (1 w1
1og(1+A)nz::1 °g< T )>
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is convergent. Hence it follows that there exists n; € N such that (4) holds for every
n > ny and every p € N, and this implies (5).
The above proposition holds also for A > 0 since in this case T/\SW > 1Tr,. O
It is of special interest for the fixed point theory in probabilistic metric spaces to
investigate condition (2) for a special sequence (1 — ¢™),en for g € (0,1).

Proposition 19. If for a t-norm T there exists qg € (0,1) such that

o0

lim T (1-¢p) =1, (7)
then
[e'e) i _
dm T (d=d)=1,

for every ¢ € (0,1).

Proof. If ¢ < gy then 1 — ¢" > 1 — ¢} for every n € N and therefore (7) implies

lim T (1-¢")> lim T (1—¢) =1

Now suppose that ¢ > ¢q. First, we consider the special case when ¢> = qq, i.e.,
v/q = q > qo. Then

Ta-d) = 7(Ta-e T a-)

1=2m % i=m

> 1

and since T by Remark 13 is continuous at (1,1) it follows that

[ |

(1 - a), 'f (1- qé))

lim T (1-4¢")>T7T(1,1)=1.
M0 i=om
Therefore
lim T (1-¢)> lim T (1-4¢)=1.
M0 j=2m+1 M0 j=2m

Now we consider an arbitrary ¢ > go from the interval (0, 1). Since for ¢ > go there
exists m € N such that qgfm > g we reduce this situation on the case of the m-
iterations of the preceding procedure. O
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Definition 20. We say that a t-norm T is geometrically convergent (briefly g-
convergent, in [4] called g-convergent for some ¢ € (0, 1)) if
o] .
lim T (1-¢") =1

n—oo .
=n

for every ¢ € (0,1).

&)
Since lim (1—¢")=1and Y (1—(1—¢"))° < oo for every s > 0 it follows that

n— 00 —1

all t-norms from the family

U 0Jd U myr” Uy @™

A€(0,00) A€ (0,00) AE(—1,00]

are g-convergent, where 7 is the class of all t-norms of H-type.
The following example shows that not every strict t-norm is g-convergent.

Example 21. Let T be the strict t-norm with an additive generator t(z) =

o .
fm. In this case the series > t(1 — ¢*) for any ¢ € (0,1) is not convergent
i=1
since
S0 = =Y s ==Y
log ilog q

i=1

In the following two propositions we shall give sufficient conditions for a t-norm
T to be g-convergent.

Proposition 22. Let T and 7; be strict t-norms and t and t; their additive
generators, respectively, and there exists b € (0, 1) such that t(z) < ty1(z) for every
€ (b,1). If T1 is g-convergent, then T is g-convergent.

Proof. Since T} is g-convergent we have lim (73)2, (1 — ¢*) = 1. Therefore

n—oo

lim itl(l —q¢")=0. (8)

i=n

Since there exists ng € N such that 1 — g™ € (b, 1] we have by the condition of the
proposition that

t(1—q") <t1(1 —¢") for every n > ny.

Therefore, by (8) lim Z t(1 —¢') =0, i.e., T is g-convergent. O



374 0. HADZIC, E. PAP AND M. BUDINCEVIC

Proposition 23. Let T be a strict t-norm with a generator t which has a bounded
derivative on an interval (b, 1) for some b € (0,1). Then T is g-convergent.

Proof. By the Lagrange mean value theorem we have for every z € (b, 1) that
t(z) — (1) = t(x) = t'()(x - 1)
for some £ € (x, 1), and therefore
dotl—g) <MD g,
i=ig i=io
where M = sup,¢, 1 [t'(2)], and 1 — qo € (b,1). O

Proposition 24. Let T be a t-norm and 1 : (0,1] — [0, 00). If for some § € (0,1)
and every z € [0,1], y € [1 — 4, 1]

T (z,y) = T(2, )] < P(y) (9)

then for every sequence (z,)nen from the interval [0,1] such that lim ,, =1 and
n—oo

&)
> (xy) < o0, relation (2) holds.

n=1

For the proof see [4].

Corollary 25. Let T and v be as in Proposition 25. If for some ¢ € (0, 1),

o0

> (1 —g") < oo

n=1

then T is g-convergent.

Proof. Since lim (1 —¢"™) =1 by Proposition 25 we obtain that

lim T(1-4¢") =1 O

Example 26. Let a >0, p>1 and 24, : (0,1] x [0,1] — [0, 00) be defined in the
following way:

| In(1 =)
Yy if (z,y) € {1} x[0,1].

Yy if (x,y)€(0,1) x [0,1],

Zoc,p(xv y) =

In this case the function z,, is equal zero on the curve which connects the points

(1,0) and (1 — e 1), where 1 — e < 1.
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Let T be a t-norm such that T'(z,y) > zqp(x,y) for every (z,y) €[1—4,1] x
[0,1]. Then for every (z,y) € [0,1] x [1 —§,1)

T(z,y) —T(z,1)] = |T(y,z)—T(1,z)|
< Jrap(ys @) = zap(l,2)|
<« >
= In(l -y’

i.e., (9) holds for
«
it yell-o1),
by = 4 TH— g Lo
0 if y=1.
Since
oo oo a
1-q¢") =
2 A= = D gy

T is g-convergent.

4. FIXED POINT THEORY IN PROBABILISTIC METRIC SPACES

Let AT be the set of all distribution functions F such that F(0) = 0 (F is a

nondecreasing, left continuous mapping from R into [0, 1] such that sup F'(z) = 1).
z€R
The ordered pair (5, F) is said to be a probabilistic metric space if S is a nonempty

set and F: Sx S — AT (F(p,q) is written by F}, , for every (p,q) € S x S) satisfies
the following conditions:

1. Fyy(z) =1forevery x >0=u=v (u,v € 9).

2. Fyy = Fy, for every u,v € S.

3. Fyp(x) =1and F,,(y) =1= Fyu(z+y) =1for u,v,w € S and z,y €
R+ = [O, OO)

A Menger space is a triple (S, F,T), where (S, F) is a probabilistic metric space,
T is a t-norm and the following inequality holds

Fyu(x+y) > T(Fyw(), Fya(y)) for every u,v,w € S and every > 0,y > 0.

The (g, A)-topology in S is introduced by the family of neighbourhoods

U ={Uy(g, M)} (0,e,0)eS xR, x(0,1)

where
Up(e,N) ={ulues, Fy,(e)>1—-A}L
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4.1. Probabilistic ¢g-contraction and g-convergent t-norms

Definition 27. ([15]) Let (S,F) be a probabilistic metric space. A mapping f :
S — S is a probabilistic ¢g-contraction (g € (0,1)) if

X
Fipnosea ) > oo (7 (10)

for every p1,ps € S and every = € R.

By Remark 13 each g-convergent t-norm T satisfies the condition sup, , T'(z, z) =
1, which ensures the metrizability of the (g, \)-topology.

Theorem 28. Let (S, F,T) be a complete Menger space and f : S — S a proba-
bilistic g-contraction such that for some p € S and k£ > 0

supa”®(1 — F, fp(x)) < o0. (11)
>0
If t-norm T is g-convergent, then there exists a unique fixed point z of the mapping
fand z= lim f"p.
n—oo

Proof.Let u € (¢,1) and § = ¢/pn < 1. We shall prove that (f"p),en is a Cauchy
sequence. Choose € > 0 and A € (0,1) and prove that there exists ng(e, \) € N such
that

Finp pnimp(e) > 1= X for every n > ng(e, A) and every m € N.

&) . [ele] X
Since the series Y §* is convergent, there exists ny = ni(¢) € Nsuch that > §* <e.
i=1 i=m
Let n > ny. Then we have

Ff"p,f"erP(E) > anp7fn+mp <Z 67>

i=n
n+m—1

2 anpyfnd»wnp ( Z 62>

Z T<T( o (T (Ff”Paf"“p(‘sn)vFf"+1p,f"+2p(5n+l))’

~—— —
(m—1)-times

ceey an«#?nflp’fnﬁ»nzp(6n+m71))

>

T(T(--- (T (Fp,fp(u%),Fp,fAﬁ))w«-an,fp(ﬁ))'
-\ 4

(m—1)-times
Let M > 0 be such that

a¥(1 — Fp pp(z)) < M for every > 0. (12)
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Suppose that ny is such that
1— M(uF)™ €10,1) for every n > na. (13)

From (12) it follows that
1 ky\n
Fy p e >1— M(u")" for every n € N

and by (13) for n > max(ny,ns)

Fpp gronp(2) 2 T(T (o (T (1= M(uH) 1= MGR™1), 1= M(tym 1),
N———
(m—1)-times
Let sy be such that M(;/’“)SO < ,uk. Then for every n € N
1— M(Mk)TH“So >1-— (‘uk)n+1

and therefore for n > max(ni,ns) and m € N

Fffb+sop,f7l+so+7np(€) > T(T( ce (T( 1— M(‘uk)n+so’ 1— ]\4(’Udlc)n+so+1)7
—_—
(m—1)-times
1= M(Mk)n+80+m_1>
> T (1—(Eh).
1=n+1

Since T is g-convergent we conclude that (f"p)nen is a Cauchy sequence. Let z =
lim f"p. By the continuity of the mapping f it follows that fz = z. O
n—oo

Corollary 29. Let (S,F,T) be a complete Menger space such that T is a strict
t-norm with a multiplicative generator 6, and f : S — S a probabilistic g-contraction
such that for some k > 0 and p € S (11) holds. If there exists u € (0,1) such that

lim [Tea—u)=1,

then there exists a unique fixed point = of the mapping f and x = lim f"p.
n—oo

Let
7= | 2 U {124y

A€(0,00) A€(0,00)
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Corollary 30. Let (S,F,T) be a complete Menger space such that 7" > T3 for
some T3 € 7 and f: S — S a probabilistic ¢g-contraction such that for some k > 0
and p € S (11) holds. Then there exists a unique fixed point x of the mapping f
and z = nh—>ngo fmp.

From the proof of Theorem 28 it follows that f : S — S has a unique fixed point
if (11) and the condition that T is g-convergent is replaced by the condition

. 1
Jn T () =1 e 0.0) (14)
Using Examples 16 and 17 and Proposition 18 we obtain a fixed point theorem,
where the condition (11) is replaced by the condition

sup In® 2(1 — F, 1, (x)) < oo, (15)
z>1

for some k > 0, which under some additional conditions implies (14).

Theorem 31. Let (S, F,T) be a complete Menger space and f : S — S a proba-
bilistic g-contraction. Suppose that one of the following two conditions is satisfied:
(i) T € {TP,TAAY for some A > 0 and there exists p € S such that (15) holds,
where kA > 1.
(ii) T = TSW for some A € (—1,00] and there exists p € S such that (15) holds,
where k£ > 1.

Then there exists a unique fixed point z of the mapping f and z = lim o0 f"p.

Proof. (i) Suppose that sup ;1 In” z(1 = Fp, p(x)) < o0, Le., that there exists
M > 0 such that

In* 2(1 — F, s, (x)) < M for every x > 1. (16)
Relation (16) implies that

(i) 2 1- 11‘()

wn

M
= 1*W (1€ (0,1)).

Suppose that 1 — W > 0 for every n > ng. Then

T mn () 2 T (1 aoptagge) or vy nzmo

By Examples 16 and 17

o M
li l————— ] =1
A T ( nmnuve)

1=n
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since for kA > 1
; X In o> < o0
Hence (14) holds.

(i) If 7 = TSW for some A € (—1, 00| and (16) holds for some k > 1 then (14)
holds, since by Proposition 18, > 2, ﬁ < oo implies (14). O
Remark. It is obvious by Proposition 18 that in the case (ii) the condition (15)
can be replaced by the Tardiff’s condition (see [16])

oo
/ InudF, fp(u) < oco.
1

4.2. An application to random operator equations

Special non-additive measures, so called decomposable measures, see [11], generate
a probabilistic metric space ([4]) on which Theorem 28 implies a random fixed point
theorem.

Definition 32. Let S be a t-conorm. An S-decomposable measure m is a set
function m : A — [0, 1] such that m(@) = 0 and

(AU B) = S(m(A), m(B))
whenever A,B€ Aand ANB = 0.

Example 33. Taking Sp, t-conorm, Q = N, A = 2N and m(FE) = min (|E|/N, 1)
for a fixed natural number N, where |E| is the cardinal number of E, we obtain that
m is St-decomposable measure.

Definition 34. Let S be a left-continuous t-conorm. A set function m : A — [0, 1]
is 0-S-decomposable measure if m(f)) = 0 and

i=1 =1

1=

for every sequence (4;);en from A whose elements are pairwise disjoint set.

The set function considered in Example 33. is 0-Sg,-decomposable.

An S-decomposable measure m is monotone, which means that A, B € A, AC B
implies m(A) < m(B). A measure m is of (NSA)-type (see [17]) if and only if som
is a finite additive measure, where s is an additive generator of the t-conorm S
(see [17]), which is continuous, non-strict, and Archimedean, and with respect to
which m is decomposable (s(1) = 1). If (©2,.4,m) is a measure space and (M, d) is
a separable metric space, by S we shall denote the set of all the equivalence classes
of measurable mappings X : @ — M. An element from S will be denoted by X if
{X(w)} € X. The following proposition is proved in [14].
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Proposition 35. Let (€2,.4,m) be a measure space, where m is a continuous S-
decomposable measure of (NSA)-type with monotone increasing generator s. Then
(S, F,T) is a Menger space, where F and t-norm T are given in the following way

(FXY) = Fy5)
F)?f,(u) =m{w|weQ, dXw),Y(w)) <u}) =m{{dX,Y) <u})

(for every )A(,}A/ € S,u e R),
T(z,y) =s ' (max(0,s(z) +s(y) — 1)), for every z,y € [0, 1].

Let f: Qx M — M be a continuous random operator. Then for every measurable
mapping X : Q@ — M, the mapping w — f(w, X(w))(w € Q) is measurable. If

X : Q — M is a measurable mapping let (fX)(w) = f(w, X(w)),w € &, X € X.
Hence f: 5 — S.

Corollary 36. Let (£2,.4,m) be a measure space, where m is a continuous S-
decomposable measure of (NSA)-type , s is a monotone increasing additive generator
of S, (M,d) a complete separable metric space and f : Q& x M — M a continuous
random operator such that for some ¢ € (0, 1)

m({w | w € Q,d((fX) (W), (fY)(w)) < u})

> m ({w v e QX (), Y(w) < Z}) an

for every measurable mappings X,Y : Q@ — M and every u > 0. If there exists a
measurable mapping U : 0 — M such that for some k& > 0

ili%xk(l —m({d(U, fU) < z})) <

and t-norm T defined by
T(x,y) =s ' (max(0,s(z) +s(y) — 1), 2,y € [0,1],

is g-convergent, then there exists a random fixed point of the operator f.

Corollary 37. Let (Q,.A,m) be a measure space, where m is a continuous wa—
decomposable measure of (NSA)-type for some A € (—1,00], (M,d) a complete
separable metric space and f :  x M — M a continuous random operator such
that for some ¢ € (0,1) (17)holds for every measurable mappings X,Y : Q@ — M
and every u > 0. If there exists a measurable mapping U : Q@ — M such that for
some k > 1 L

sup In® (1 — m({d(U, fU) < z})) < o0,

x>1

then there exists a random fixed point of the operator f.
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