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ON NONLINEAR EQUIVALENCE
AND BACKSTEPPING OBSERVER-

J. DELEONT, 1. SOULEIMAN, A. GLUMINEAU AND (. SCHREIER

An observer design based on backstepping approach for a class of state affine systems
is proposed. This class of nonlinear systems is determined via a constructive algorithm
applied to a general nonlinear Multi Input—Multi Output systems. Some examples are
given in order to illustrate the proposed methodology.

1. INTRODUCTION

It is well-known that when a state control law is designed its application is limited
if the components of the state vector are not all measurable. This problem can be
overcome by using observers. For linear systems, it is traditionally solved by using
either a Luenberger observer or Kalman-filter. Moreover, the observability property
for linear systems does not depend on the input. However, the observability property
of nonlinear systems does depend on the input. There are some inputs for which
the system could become unobservable (for more details see [1, 8, 10]). Hence, the
inputs which render the system unobservable should be considered when observer
is constructed. For these reasons, the observer problem for nonlinear systems re-
mains an interesting field of research. Although the problem of observer synthesis
for linear systems is solved, no general methodology exists for the observer design
for nonlinear systems. However, some results have been obtained in this direction
([8, 10, 12, 13, 16, 18, 20]), where the observer design has been investigated for a
class of nonlinear system which can be transformed into another observable form.

Several authors (see for instances [13, 14]) have considered the case when a non-
linear system can be transformed into a linear system up to input-output injection.
On the other hand, a straightforward approach verifying and computing the lin-
earization condition for those systems have been given in ([15, 17]).

The design of an observer for a class of nonlinear systems can be solved via a
change of coordinates which transforms the system into another nonlinear system
for which an observer can be constructed (see [10, 14, 20]). Some results related to
the coordinate transformation of a nonlinear system into a state affine systems have

*This work was supported by CONACYT-MEXICO 26498-A.
fCorresponding author.
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been obtained (see for instances [1, 8, 10, 14, 18]). The design of an observer for
these state affine systems has been studied in [3].

Furthermore, necessary and sufficient conditions transforming a nonlinear system
into a state affine system has been proposed in [2, 10]. However, no construction
procedure characterizing such systems exits so far for multi-input-multi-output case.
On the other hand, a constructive methodology for the single output case, comput-
ing the change of coordinates, is presented in [14].

This paper deals with the observer synthesis of nonlinear systems via their equiv-
alence to state affine systems. Necessary and sufficient conditions are given to char-
acterize a class of nonlinear systems, which can be transformed into a class of mul-
tivariable state affine systems up to input-output injection. Furthermore, for the
class of state affine systems an observer is designed using a backstepping observer
approach.

The paper is organized as follows. In Section 3, a computation algorithm is
described which allows the transformation of a nonlinear system into a multi-output
affine system. In Section 4, the unmeasurable components of the vector state are
estimated using a backstepping observer. For this observer, conditions are given
to characterize the inputs which render the system observable. In Section 5, some
examples illustrating the proposed methodology are given. Finally, some conclusions
are given.

2. PRELIMINARIES

Now, consider the following nonlinear system
&= f(z,u)
DI {
y = h(x)

where x € IR" is the state, v € IR™ is the input, y € IRP is the controlled output,
f and h are meromorphic functions of their arguments. Assume that there exists a
change of coordinates transforming ¥ into the state affine system of the form

(1)

2aﬁ‘ine : . (2)
Yi = Cizia Z:17"'7p7
where z; = col (zi1,...,%ik,), Ai € R are matrices of the form
0 ai,l(u) 0 .o 0
0 0 a;i2(u,y) ... 0
Ay=| 0 : : (3)
0 0 Qg J; (uv y)
0 0 0
®i,1
¢l: : ) and 01:( 10 0 )1><k'; i =1, y Ps
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where the k; denote observability index related with the output y;, which are ordered
as k1 > ko >...>kpand Y0 ki =n.

Remark 1. In order to simplify the notation and without loss of generality, the
outputs are reordered in function of the observability indices; i.e. the output y; is
associated to the index observability k;, fori =1,...,p.

All definitions and results given in the paper can be written locally around a
regular point z¢ of M, an open subset of IR™. If this property is generically satisfied,
it means that this property is satisfied locally around a regular point zo of M. Let
O denote the generic observability space defined by (see [16]).

O=xnQV+U) (4)

where X = Spany{dz}, Y = Span,{dy™),w > 0}, U = Span,{du™),w > 0},
(Spany is a space spanned over the field X of meromorphic functions of = and a
finite number of time derivatives of u).

Definition 1. The system X is generically observable if

dim O = n.

The first goal of this paper is to find a state coordinate transformation z = ®(z),
such that system 3 is locally equivalent to system X.gn. in order to design an
observer. The approach consists in checking that the Input-Output (I/O) differential
equation associated to the observable system 3, which is given by

ks ; . ki—1 - - _
yf ):Pé(yl’y:l?"'y:(l ! )7"'7yp7"') I()kp 1)7u7u7u7"'7u(k1 1))7 (5)
has the same I/O differential equation as ¥,ne, which verifies
ki ) .
yi") = Pl = Fi, (ain,.. ai0-1) (6)
k;—1
+ Z K]Zc,i—r—lF:-(ai,ki—Tv vy Bk —1, @i,ki—'r’) + Kllci—lFOl(@i,ki)
r=1
) ks —
= F]; (am, . 70,1‘7”_1) —+ FO 1((11‘71, ey ai7ki_1, Sﬁi,la ey (pi7ki)
where K! = 0. Qiyp = H;:O a;ij, and a; o = 1. The functions Fior=0,...k;
are given as a sum of monomials depending on
N i 3 Si
(ygm)> and (uET'“')) L fori=1,....p;
where n;, m; = 0,...., k;; represent the order of derivation of the outputs and the
inputs respectively; and ¢;,s; = 0,1,...; are the exponents of the outputs and the

inputs and their derivatives, respectively. These parameters satisfy the following

relation
ZniQi‘FzmiSi =r; fori=1,...,p.
i i



524 J. DELEON, I. SOULEIMAN, A. GLUMINEAU AND G. SCHREIER

. NN i
Remark 2. The functions F involves monomials depending on functions (y("l)>

and (ugm)) " of degree >, niq; + Y, mis; = (ki —r).

On the other hand, the proposed results are obtained from the analysis of I/O
differential equations. The observable nonlinear system . in the state space represen-
tation will be transformed into a set of higher-order differential equations depending
on the inputs and outputs. These equations are obtained by using state elimination
techniques (see [5]). Moreover, considering the assumption of generic observability
of the system, the elimination problem has a solution (see [15, 19]). Hence, the state
affine transformation problem is solved as a realization problem.

The classification problem of nonlinear systems which can be steered by a change
of coordinates to some observable form has received significant attention during the
last years. In [7] and [8], locally uniformly observable systems are studied. Necessary
and sufficient conditions have been stated to guarantee the transformation of non-
linear systems into state affine systems (see [1, 10, 11]). These conditions guarantee
the existence of a vector field transforming the system into another observable one.
However, this vector field cannot be computed directly and hence, the application
of this methodology is limited (see [1]). On the other hand, a constructive method-
ology for the single output case, computing the change of coordinates, is presented
in [14]. In this paper, using the results given in [14], an extension for the class of
multivariable systems will be considered.

3. STATE AFFINE TRANSFORMATION ALGORITHM

The problem of verifying the equivalence between a nonlinear system and state affine
system is considered in this section. Necessary and sufficient conditions allowing to
characterize a class of nonlinear systems, which are diffeomorphic to state affine
systems, are given. These conditions are obtained using the exterior differential
system theory ( for more details see [4, 9, 14, 16]).

Now, the algorithm allowing us to know if a diffeomorphism exists between (1)
and (2) is given. Let St = {ki,ks,...,k;} be the set of observability indices such
that k; satisfies the following inequality

k‘j>k‘i—k/’

for a given k. Denote d¥ the number of outputs whose observability index is greater
than k; — k, as

d¥ = Card {ky, ka, ... k;}. (7)

Algorithm.
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Step 1. Computation of the functions a; ;.

Let P¢ = y(k) , 4 =1,...,p; be the I/O differential equation obtained from the
nonlinear system 3. Let w,i be the one-form defined by

9*P = *P;
Wi = dy; + du (8)
Za (k)a (k —k) I ;;3 (k)a (k —k)
for k =1,...,k —1; with ¢f = ... = ¢,_, =1and ¢, _, = 0. Now, in order to

verify if it is possible to find an equivalence between ¥ and X, gne, it is necessary to
check the following conditions:

— Case df < p.

If dwi Adu # 0 or dwi A dyd§+1 A -+ ANdyp # 0; then, there is no solution.
— Casedf =p

If dw} # 0, then the problem has no solution.

Otherwise, let the a; , functions be any solution of

wk:ckza(k)a (k ) yJ"'ZZ (e du (9)

k k —k
j=11=1 8“1( )8y( )
where the right-hand side of this equation is deduced from the I/O differential equa-
tion Pjo, which is computed from system ¥ .mne-
This ends the Step 1.

On the other hand, the previous one-forms do not allow to know the functions
©i,k- Then, in order to identify the functions ¢; j, all a; ; obtained from Step 1 will
be used to determine the ¢; ;, as it is presented in the next step.

Step 2. Determination of ¢; i,

Consider Pi as in Step 1, and let

Pl=P_ —F _,.1, (10)
for r:=1,...,k; —1; where the F,ii_T,H are functions as in (6). Let @’ the one-form
given by

L1 & ar " 9P
W, = E Z ﬁdy] + Z (k _T)dUI (11)
T |\ j=1 83% 1= Ou
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where .
K; = Q31 ---Qjpr = H Qi 5,
j=0

and a; 0 = 1. Now, in order to compute the functions ¢; ,, we check the following
conditions:

— Case d] < p.

If dw’ Adu # 0 or dw'. Adyar+1A---Adyp # 0, then, the problem has no solution.

— Case d] =p.

If dw? # 0, then the problem has no solution.
Otherwise, if dw, =0, for Vr =1,...,k; — 1; then ¢; , is a solution of

dr m dr m
] 1 - 8301 T 0 1,7 Pir - 80,1' r 80/1’ r
W= Ldy;+ Y o duy — Tdy;+ Y —duy
Qi r = 8yj = an Qjr = 3yj = auj
(12)
And for r =k,
Bl =i ik, 1Pik, = Ki, @ik, (13)

End of the Algorithm.

This Algorithm allows to establish the following theorem.

Theorem 1. The system 3 is locally equivalent by state coordinates transforma-
tion to the system X.mne if and only if the following conditions are verified:

1. For d¥ < p,
dwj, Adu =0, and dwj, A dygeq A+ Ady, =0, (14)
dwj, A du =0, and Ay A dygeyq A -~ Ady, = 0.
2. For d¥ = p, 4 4
dwi, =0, and dwj, = 0;
where wi and w}, are one-forms defined in (8) and (11).

If the conditions of Theorem 1 are satisfied, system X is locally equivalent to
system Y.gine, and the state coordinates transformation z = ®(z) is given by

Zil1 = Y

Zig = ail,l {yz(ﬁ) - Sﬁi,l(uay)} (15)

(G-1) i
Y —P;_ .
Zigj = 3 K 1] 1’for.]:37"'7k’i
-
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where z; = col(z;1 ... %k, ) and

dpP;_, dK;
dt Fk T

P =Kj_1pix + (16)

fork=1,...,k;, a;r, =0 and P} = Yl
Proof of Theorem 1 (see Appendix B).

This result gives the conditions to transform system X into system Xagine (2).
The next section introduces a procedure to design a backstepping observer for this
class of systems.

4. BACKSTEPPING OBSERVER

The propose of this section is to design an observer for the class of state affine
systems (2) based on the backstepping approach. From the structure of the state
affine system, which is represented by state affine subsystems, an observer will be
designed for each subsystem independently. For this reason, consider the following
class of single output state affine systems which are in the observable form

&y = a1 (u,y)rs + g1(u, 1)

ii:ai(uvy)xi-i-l +gi(uax17"'7xi)7 Z:2a7n_17 (17)
Tp = fn(x) +gn(u7 JJ),
y=Cx =ux.

It is clear that system (17) is uniformly observable if the applied inputs are per-
sistently exciting. For instance, there are some inputs which render the unmeasured
states unobservable. Then, in order to design an observer for the unmeasured states
the inputs must be satisfy some observability conditions (see [11]).

The observer for the class of systems considered is described by

Z = a1(u,y) z2 + g1(u, 21) +P1(2) (21 — 21)
Zi = ai(u,y) ziv1 + gi(u, 21, 22, . - -, 2) + Vi (2) (21 — 21),

for i=2,...,n—1 (18)
in = fn(2) + gn(u, 2) + Yn(2) (21 — 21)

where z = col(z1, 22, ..., 2,) is the estimated state and ;(2), ¢ = 2,...,n — 1; are
the observer gains which must be determined in order to guarantee the convergence
of the observer. Defining the estimation error e; = x; — z;, for ¢ = 1,...,n; whose

dynamics is given by

é1 = a1 (u,y)es — ¥1(z) e
éi = a;(u,y) €41 + gi(u, 1, ..., x;) — gi(u, 21,22, ..., 2;) — ¥i(2) e,

for i=2,....,n—1 (19)
€n = fn(w) - fn(z) + gn(u,x) - gn(u,z) - 1l)n(2) €1.
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Using similar arguments given in [12], we will find the observer gains v¥;(z),i =
1,...,n, such that the estimation error tends to zero as t — oco. Now, in order to
design the observer the following assumptions are introduced.

A1) There exist positive constants ¢; and cg, where 0 < ¢; < ¢o < 00, such that
for all x € R™;

0< e <lai(u,y)| < ez < oo, i=1,...,n—1

A2) The functions g;(u,y,...,x;), i = 2,...,n, are globally Lipschitz with respect
to (z1,...,x;), and uniformly with respect to u and y.

Remark 3. The condition (20) corresponds to a characterization of “good” inputs,
which are required to recover state observability.

Let be O(e)* a function of z and e for k > 0 such that for z € = C IR", there
exist constants N > 0, € > 0 such that

0| < Nel*, Vel <e, VzeE.

Now, consider the following variables s; for i =1,...,n + 1;
S1=¢€1
So =181 + 51 + 0(6)2 (20)

S§; =8Sj—9+Ci—18i—1+ Si-1+ O(e)Q, fori=3,...,n+1,

where the parameters ¢; are positive constants and the error terms are chosen so
that s is a linear function of the error e. Next, writing the above equations in terms
of the error e, we obtain

!
Si41 = Z (bry1,; — Ki—i Ki_191—iq1) € + Kjeyq, forl=1,...,n—1 (21)
i=1
and for [ = n,

n

Ofn
Spt1 = Z (bn+1,i - K i Ki 11+ Kpa ( f )) €; (22)

07
i=1 v

where b;41; and K;_q for¢ =1,...,l;and [ = 1,...,n; are given in Appendix C.
Furthermore, let U, be the p-neighborhood of C an open subset of IR", there exists
constants A\; > 0 and Ay > 0 such that for all z € (_Jp, a compact subset,with e and
s € C , the following inequality is satisfied

Avllell < llsll < Az flefl (23)

where s = col (s1, 82,...,8,) and e = col (e, ea,...,€,). Then we can establish the
following result.
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Theorem 2. Consider the system (17), and assume that assumptions Al and A2
are satisfied. For any subset C C IR" of the dynamical system (17) there exist
constants A1, Ay > 0; € > 0; v > 0 such that if £(0) € C and ||e(0)|] < € then the
system (18) is a locally exponential observer for system (17). Thus, the estimation
error

Ao _
le(t)]| < 32 lle(O)] exp2*
1
converges exponentially to zero as ¢ tends to co.

Proof. Defining the following Lyapunov function

V= Z Vi=3 Z 52,
i=1 i=1
Taking the time derivative of V along (20), we obtain
V=— Z Ci87 + Spsni1 + O(e).
i=1
Next, the observer gains v¢;, ¢ = 1,...,n; are chosen as follows

bn n—i Kn— a n
Yy = Dntln—itl 1 I
K, iKi1 K 1K,

5 ),foril,...,n,
Zn—i+1

where byp41,; and K,,_; are given in Appendix C. Then, from (38) the term sy is
equal to 0 (see Appendix C). Hence, we obtain

V== csi+0(e). (24)
i=1

~ Now, let U, be the p-neighborhood of C an open subset of IR", then its closure
U, is a compact subset. Hence there exist constants N > 0, € > 0 such that the
error term (24) satisfies

0(e)°] < N Jlel”

for all z € U, and |e]| < e. Next, let be € = min (p,€) .

From s = M(b; j,1;) e where s is a linear function of e (see equation (20) and
Appendix C), we know that there exists constants Ay > 0, Ay > 0 such that for all
z €U, and e, s € C , the following inequality is satisfied

Arllell < sl < Az fle]] - (25)

Since ¢; > 0, there exists a constant v > 0 such that

n
sl <Y eis?,
i=1
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Hence, there exist an € > 0 sufficiently small such that the error term in (24) satisfies

n

|O(e)3| < % z:czsl2

i=1
for all z € U,, and |le|| < & For these z and e, we have
. 1<
V= —3 Zcis? < =27V (26)
i=1
And using Gronwall’s inequality
V(t) <V(0)exp 2.
Using the inequality (25), we have

A _
lle(@®l < f le(0) ]| exp™=7".

Then, the estimation error converges exponentially to zero as t — oo. This ends the
proof. O

5. EXAMPLES

Example 1. Single Output Case.
Consider the dynamics of a rigid body

T V12273

€2 = Y2X1T3

xs3 Y3T1T2
Yy=1a

in which z1, 2 and x3 are the components of the angular velocity with respect to
the principal axes of inertia, Jy, Jy and J3 the moments of inertia with respect to
the principal axes of inertia vy, = ‘]3;1']2, 72 =2 1;2'] 3 and y3 = ‘72%3]1 Assume that
the angular velocity a1 is measured. The observation problem is the estimation of
the angular velocities x2 and x3.

Now, we apply the Algorithm presented in Section 3, to check if there exists a

transformation for the above system.

Step 1. Determination of a;.
Applying the proposed algorithm, the I/O differential equation (5), for ¢ = 1 and
k1 = 3 is given by

@)y
Y 4 dyays12y

i . Yy
y® = Pi(y,9,y?) =

=F+ R+ K F+ K Fy
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where Fy» = Fy = 0. On the other hand, the I/O differential equation of the affine
system is given by

91(13) = yél) (hlnal —In dlag ln.al) + y((f) (1n.a1 +In dlaz) — (ln“al —In dlag ln'al)gpl
- m@ + ¢, — (W) $1 — al(W+M)wz + @1 p3 + a1asps
= F34 + Foq + K1 F14 + K2 Fp,

where

Fyy = ¥3, . .
Fio = —(Inaiaz +nai)ps + %2 + aips,

Fyy = —(Ina; —Inajas Inay)er —Inajpr + @, — (lna1a2> b1,

Fs, = yt(ll) (lnual - lndlag ln.al) + yz(12)

(1n.a1 +In allag) .

From equation (8), the one-form w; is given by

1
wp = —dy.
Y
Now, for k = 2, the one-form ws is given by
1
Wy = *dy.
Yy

It is easy to see that the one-form w; verify the conditions (14).

Now, computing one-form wi,, we have

2,(3) 1 1
0%y, dy:{Qa 0ga1+80ga1a2}dy.

Wlg = —
' 0 y((zl) 8y((12) Ya 0Ya

In the same way, woq = wi1,. Then, in order to determine the a;’s, it is necessary
to solve the following equation

dloga;  Ologajaz | 1
{2 ay oy }

"

Notice that the function a; depends on y, then the proposed algorithm can be ex-
tended to a large class of nonlinear systems where a; ; depends on v and y. However,
for this class of systems the algorithm gives several solutions for a given system. For
example, setting the arbitrary choice

1
al = —.
1 CL%
It follows that a solution is of the form
1
ar =Y, az = —&

y?
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Step 2. Determination of ;.
Consider I/0 differential equation Py and F3, then

y @y

Py=Py—F3=Py—

= 47273y

Computing the one-form w; from equation (12), we obtain w; = 0.
_ 1 8@1 ®1 8a1
=—<T=dy—— | —=—)d
R { oy i \ay )Y

=d<%>:0
a1

Since, a; # 0, then, this implies that ¢ = 0.
Next, to determine s, using equation for r = 2, we have

Po=P —F =P

since F5 = 0, then
1 0P,

——dy = dyoy3y°dy
aias 0y

_ 1 [ O0p2 2 [ Oas
- %2y, #2(002)
w2 ag{ayy as \ Oy 4
=d (SDQ> = dyp7y3y°dy.
as

Solving the above equation, we obtain

Wy =

then, we have

P2 = 273y°.
Now, for r = 3, and from (13)
P3 = ajazps.
Since P3 = 0, it follows that ¢3 = 0.
After computation, the change of coordinates obtained is

_ 71%2Z3
Z1

21 = T1, z2

_ 2,.2 3 2,..2,..2 4
Z3 = M172T1%5 + N1Y3TIT2 + Y1 XT3 + Y237

Then, the transformed system Y.mne in the new coordinates is given by

21 0 Yy 0 21 0
Ho|=[00 5 zo |+ 7ysy? . (27)
Z3 0 0 O 23 0
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An observer backstepping for the above system can be design as follows.

?1 0y O % 0 P1(2)

=00 = ) 2 | e || @) | (a-2) @)
: 00 0 23 0 V3(2)

3

where the observer gains are given by

P1(2) = yba 3
R b

Pa(2) = ;’22

V3(2) = yba1

where Kl =Y, K2: ia g1 :07 92:07 93:07 and

b2,1 =

b31 =1+ ca(cr — 1) — (e1 — 1)1 — %(1/’1)

d
bso=y(c2+c1)+ di;

d
by1 =c1 — Y1 +cz(bz1 — yo) — (b1 — y2)Y1 + a(b&l — yi2)

—(b3,2 — Y1) + %(5372 — Y1)

bao =1y + c3(bs 2 — yin) + ybsa

b —cl—kib +il
3 =ttt ()

Example 2. Multi-Input Multi-Output.

Consider the following multivariable system:

T uer?

To TiT3e” 2 — y2e~ T2
1‘3 = uxry

Ty u?ws + ury

j;’5 I’%S&l

Y1 =21, Y2 =124

It is easy to verify that the system is observable with indices of observability given
by k1 = 3 and ke = 2. Moreover, the I/O differential equations (5) of this system
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are

yf’) = ayf) + ln(uyl)yf) +Inugy — In(uyy)Inug; — In(uyy)u® +ud + u?y?
s = 2;(2/2 —uyr) + ulyiys + iy + ug .

Next, the I/O differential equations associated to the equivalent state affine system
are

yfz = ygg (111 a171 — 1na171a172 1I1(1171) + yfz (111 0,171 + lIl alvlalvg)

—(Ina;1 —Inaiarz nan)er —nang +¢@,, — (111@1,1@1,2) D1,1

—ari(lnai a2+ nar1)pr 2+ 1P12 +a1,101,2013

and

2 . . .
yéi =1Indg (g2 — p2,1) + az1022 + P21

Now, we apply the algorithm

Step 1. Computation of a; ;.
For i = 1, the I/O differential equation P3 is given by
3
Py =yy”

= %yf) + ln(uyl)ygm + Myl — In(uy;) myl — In(uyy )u® + ud + u?y?.

For k = 1, it follows that the number of output that verify condition (7) is given
di =1.

Now, computing the one-form w}, which is derived from (8), we obtain
1 2
wi = —dy; + = du.
Y1 u
It is clear that dwi = 0. Then, this implies that dw! A du = 0 and dw} A dyz = 0.
Next, for £k = 2, and following the same procedure as above, we compute the
one-form w3, which is given by
1 1
w% = —dy; + —du.
Y1 U
Then, checking the condition of the theorem, it follows that
dw% Adu =0, dwAdys =0 and dw% =0.

Given that the conditions of the theorem are verified, now we identify the unknown
functions a; ; from the I/O differential equation P}, := yﬁz
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Now, computing the one-form from the I/O differential equation PJ;, we obtain

1_ 1,21% ; ,
wy =— | —F——=)dy1 + — + —= | du.
! ot <a1,2(ua Y) . ou \ ar; a2

The above equation allows to compute the functions a;,; and a; ».

Finally, after straightforward computation, we obtain
a1 =uand a2 =Y.

Now, for i = 2, the corresponding one-form obtained from P? = ygm is given by

(2)

2,a°

Similarly, the one-form obtained from the I1/O differential equation PZ, := y
given by
0 (asq
2
= — — | du.
“1 8u <CLQ,1> Y

Comparing both one-forms, we can deduce that a solution is

a2,1 = u2.

Step 2. Computation of ¢; ;.

Now, the components of the vector ¢; = col( ;1 ... @ik, ) for each subsystem
are determined.

For i =1 and r = 1, we have that
P=r - H
=— (ln(uy1)> (myl) - (ln(uyl)) ud + ud + uPyl
Computing the one-form @1, it is easy to verify that @i = 0 , and this implies

the function ¢; 1 = 0.
Now, for ¢ =1 and r = 2,it follows that

Py =P/ - F) =P}

since F} = 0. Hence, the one-form w3 is given by

1 3
i = <u> dy; + v*du.
a11a1,2 \Y1

Comparing with following the I/O differential equation

3901 2 34,01 2 Oay 2 3611,2
Z ou a1 2 Z 8yj ou du

al2
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This implies that ¢ 2 = u?.

The last iteration for this output leads to
uYy1p1,3 = P31 = P21 — Fl1 = uyf

Repeating the same procedure for i = 2, it follows that
P} = F§ — F§ = 2 (~uy) +u’yiyz + iy +uih
and the one-form @7 is given by
1 1
w% = —dy; + —du.
u Y1
By comparison with the I/O differential equation, we obtain that

PY2,1 = UY1.
Second iteration yields
az1¢22 = P} = u’yiys.
Finally, we obtain (g2 = y3yo.

Then the transformed system is of the form

21’1 O u 0 2171 0
Zi2 =1 0 0 wn z12 |+ | u?
21,3 0 0 O 21,3 uy1

221 0 u? 22,1 uy1

7 = ’ + 2

299 0 0 %22 Y1Y2
Y1 = 21,1, Y2 = 22.1-

The state coordinate transformation is

T
z11 =1, Z212=€7, 213=1T3

221 = T4, 222 = Ts.

The observer for the system (29) is given by

21,1 0 u 0 211 0 Y1,1(%1)
212 = 0 0 21,2 + u? + 1/)1,2(21)
R 0 0 0 21,3 uy1 ¥1,3(21)
21,3

N> >

22,1 (0 w? 29,1 uy1 a1 (
5 _(0 0>(22,2>+(yfy2>+<@/}272(

2

(z11—2%11)
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where the observer gains are given by

2 bzll 3 ~ bzll 2 R bzli 1
P1,1(%1) = uy71’ Y1,2(21) = 7727 P13(%1) = UT/l
. b3a(%) R HES
P2,1(22) = 3’22 , o Poa(f) = %

and for the first subsystem, we obtain

1 _ 1 _ 2 _ .
Ki=u, Ky =uy, 911 =0, g12 = u®, g1,3 = uyi;

by, = cia
1 d
bg1=1+cia(c1n— Y1) — (c10 —Y11)¢11 — &(1111,1)

du
by, = —
2 =ulcrz o)+

d
by =c11— 11+ cis(bsy —ur2) — (bs1 — uhr o)ty + a(b&l —uy 2)
893 d
— (b3 — wth1 1)1 2 + upg =+ g7 (03,2 — ubr)

bio =u+c3(byo — uthy 1)+ ubj

d
bi,?, = c13uyr + ylbég + T (ugn) .

And for the second subsystem, we have
Ki=u®, ga1=uyi, g22=yiy2

2
by, =c2.

s

d
b3, =1+ coo(ca1 —¥21) — (ca0 — Y2,1)1h21 — &(1#271)

du?

b2, =u? —_—
3,2 = U (02724—62,1)—1- i

6. CONCLUSIONS

537

The observer synthesis for nonlinear systems has been considered in this paper.
Based on their equivalence to state affine systems, necessary and sufficient conditions
have been given to characterize a class of nonlinear systems which can be transformed
into a multivariable state affine form up to input-output injection. For this class of
systems a backstepping observer approach has been presented in order to design
an observer. Several examples have been given in order to illustrate the proposed

methodology.
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APPENDIX A
Let K the field of meromorphic functions of a € R and b € IR”.

wE Span,c(a)b){dal, ...,day,dby,...,db,}.
Definition Al. A one-form w is closed if dw = 0.

Definition A2. A one-form w is exact if there exists a function ¥ (a,b) such that
w = da.

Proposition A3. Any exact one-form is closed.

Lemma de Poincaré A4. Let w be a closed one-form of the form
w € Spany(, pyidai,. .., day,db,...,db,} .

Then w is locally exact if and only if dw = 0.

Theorem A5. Given w one-form, there exist a function + such that Span,{w} =
Spany-{dy} if and only if
dwAw=0.

Theorem A6 (Frobenius Theorem). LetV
V = Spang{wy,...,wn}
be a subspace of £. V is closed if and only if

dw Awi A... ANwy, foranyi=1,...,n.

APPENDIX B

Proof of Theorem 1.
Necessity:.

Assume that there exists a state transformation z = T'(x) transforming system %

into system Xamine. Thus, the I/O differential equation of the system X, Pi = yl(ki)

is equal to P}, := ygfi);

i i ky—1
Pio=Fp(ai1,. . ain—1) + 10" (@it oy QGigy—1, 0015+ Pk, )-
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Notice that the first term of the right hand does not depends on ; 1, ..., ¥ x,, and
can be written as

. ) dfi dki—1 i
i ki— ) ’
Fk{,<a’i,17"'7ai,n—1) = y; 2 difl -l-yj(l) {dtk]l—F(S
i P i +9; (30)
= ded J,1

where the 5;1() are functions which depend only on functions y® and u®, with
l < j. The functions F,ii_j7 j=1,...,k; — 1, have the following form

i ki— i—j— i
Fi,_; = so§ J)_'_((p;k j—1) (pgk -2 @j)

dfi;
2 pi dt
d fz,j 1
dt? + 6271

(31)
dri=dfi
dtki—J <+ 511 —J:J
for j =1,...,k; — 1; and the function F} = pj,. Then, the I/O differential equation
can be written as

pi k1) f11+ (1) kit i AL
a0 = Y dr Yi diki—1

Where A() = Flgiil(ahl, Ce. 7(11‘7];-,7.’_1, (p,’71, ey (,01'7]%.) ( )5; 15
all monomials with a degree less than k; — 2.
Notice that

and A represents to

dfi, _5f11. af11.
dt Z ouy

ki—1 £
d i1 Ologa; YD) 4 Z dloga; ; y ki1

k-1~ oy ou; L

1=1
Now, let us apply the first step of the algorithm.
For k = 1, the one-form is given by
dj 2 m 2
, : 9?P;, 0?Pi,
wi = ————dy; + 2 duy
1 Zal)a(kq J Za(1a(k71)

7j=1

1 [& Oft 1 " Off g
= - : d + : du
11 9y, v Z uy :

1| =1 1=1

df1 1(u,y).
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Thus, the one-form w! is given by

2 d; ,
, 0 1 0 1 0ff
dwj= Y Z <fl fi, 1>d /\dyj+za (J”l 6;;1>dyq/\dul
1,

Then, the conditions of Theorem 1, for d¥ < p,

dwi/\duzoanddwi/\ddel/\-~-/\dyp:0

are verified directly.

The proof for 2 < k < k; — 1 follows the same lines as for k£ = 1.
Substituting the a,; functions in Fj; in (30), and from equation (31), F} _;
verifies

i a% (kb 7) Za% (ki—

ki—j Auy

Ologa ; ybi=d) 4 alogam (hi— }
¥j { dy Z oy l + (_)ki*J( )

where the functions Oy, _;(-) involves monomials depending on functions y® and
uV, with I < k; — j. _
Applying Step 2 for r = 1, P} is computed as follows
Pi = Py~ Fj, =y — F,

’L

8901 (k —-1) 3901 ( i—1)
aul

ZalOgazl (ki—1) Zalogau T A

j=1

and set K{ = a; 1.
Computing the one-form @] as follows

d; m
1 oP;
w1 = fi Jz:la (ki—1) dy +Z
dl
1 &pld +Z 84,0101 1_7 Qlogazl Zaloga“

a:
2,1 j=1

Thus, @ = d ( 1

>, and it is easy to see that the conditions
a;,1

dwi Adu =0 and dw} Adygeyq A« Ady, =0
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are satisfied. The necessary condition of Theorem 1 is proved for the first iteration.
For proving the iterations r = 2,..., k;, a similar procedure can be followed.

Sufficiency:
Step 1. Determination of a; ;.

Consider the nonlinear system ¥ and suppose that the conditions
dwj, Adu =0, and dwj, Adyge,q A Ady, =0

are satisfied. The one-form w,i given by

Wi =ct 1 O°P, dyj + ZZ ———=dy,

k k
j=16yj(‘)ay 31118()‘9 )
satisfies the above conditions. Then,
wi € Span{dy, ..., dyd?}.

On the other hand, the one-form obtained from the I/O differential equation P,
satisfies the following relation

dul

wka_ckza (k al[e)fk yﬂrzz@
=1

k
= ula( k)

Solving the set of (d¥ — 1) partial differential equations, it is possible to obtain
the a; ; functions. This ends the proof of Step 1.

Step 2. Determination of ; ;.

In order to obtain the functions ¢; ;, we assume the a; ; are known from Step 1,
and for r = 1, replacing the function a; 1, the one-form @j is given by

1 84,01 8(,01 ©®1 8log g, 1 810g Qaq, 1
o= “lq L Q- L
wla ai’l 8 yj —y 8ul b ai,l =1 Z

On the other hand, the one-form @ obtained from the I/O differential equation
of the nonlinear system ¥ and the conditions

dwj, Adu =0 and dwj, A dygeyq A--- Ady, =0

allows to conclude that _
;] € Span{dyy,..., dydé@}.

Then, the ¢; ; can be determined as follows. Let z; = col(z;1...2k;) € R*, for
i=1,....,p; and z;1 = y; = h;(x), where h; is the ith component of the output
equation y = h(zx).
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Now, for k =2,...,k;, let be
Zi k1 — Vi ke
Zig = i,k—1 Pik—1 )
A k—1
which represent the k; — 1 first dynamics of 3.
To compute the last dynamic equation Z; j,, we note that

. -
v = zips1 K + P

where .
) . iy dK}
Py = oinKj + Py + Zi,thka
and a; x;, = 0 by construction and Pf =i 1.
Thus the last dynamic equation obtained as follows

. (ki—1) i
Zik—1— Piki—1 _ Yi - Pk,-—l

. 7
Ak —1 Kki—l

Zik; =
Taking the time derivative of the above equation, it follows that
k; i 1 ki—1 ; 2
(yz( ) —Péifl) Ky, 1 — (yz( ) _Plzifl) Ki, 4

4 2
(Kf,-1)
After substitution of the function Plii_17 one finally gets

Rik; =

Ziki = Pik;-
This ends the proof. O
APPENDIX C
Let be
1
Si41 = Z (b1, — Ki—i Ki—ahi—i1) €, + Kiegya (32)
i=1

where s = col (s1,82,...,5,8+1), e = col(e1,ea,...,€141).

Now, writing in terms of the estimation error, we obtain

S = M(bi’j,ﬂ)i)e (33)
M (s j,:) =
1 0 0
ba1 — Ky 0
b3 1 — K19 b3 — K1772/11 0
= by — Katbs by — (K1) 1o 0 (34)
bp1 — Kion_1  bio— K 3K1¢_2 ... K4

bnt11 — Ki—in bipi2 — K oK1 ... bipg — K
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where
T
K,« = H a;
i=0

and ag = 1; the b; ; = b; j(2) are given by,
for i =2

O
bo 4 = —== 35
2,1 =C1+ 921 (35)
for i =3
15) d 0
ba,1 =14 ca(ba1 — 1) + (b21 — 1) (91 — 1/J1> (b2 1— 1) + K 8gj (36)
dK; 0
bso = Kico +arba1 + — + K1 = J2
d (92:2
fori =4
891 d
by = ba1 — 1 +c3(b31 — Kivpa) + (b31 — K112) o P ) + a(bs,l — K1)
0 3
+ (b3,2 — K191) <g2 - 7/12) 893 (37)
21
0 d 0
bao = a1 + c3(bsa—K1v1) + Kbz 1 + (bs, Q*Kﬂ/)l)ﬂ + i (b3,2—K191) + Ko 692
d 0
byz = c3Ko + asbz o + — & (K2) + K2 832

fora<i<n+1

d
bii=bi—o1 — Ki_athi_3+ci—1 (bim11 — Ki—3i—2) + — (bi—11 — Ki—39i—2)

dt
i2
9 0gi-
+ Z (bic1,x — Ki—3i—p—1) (gk - 7/)’“) +Kioa < 3211)
k=1

0g;_
bij=bi—o; —Kij 3K;j 19i_j_o+ Ko ( §;1> +aj_1bi—1,-1
j

d
+cim1 (bim1j — Kioj2Kiotij1) + — (bim1,; — Kij—2Kj_1tbi—j—1)

dt

i—2 8gk

+ > (bicrk — Kiog 2K 1t 1) 921
k=i

d
bii—o=Ki_g+ci—1(bi—1,i—2 — Ki—_syn) + X (bi—1,i—2 — Ki—311)

0g;_ 0g;—
+ai—sbi—1,i—3 + (bi—1,i—2 — K;—391) (8Z z> + K o (az ;)
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0g;_ d
bii—1 = Ki_oci—1 + ai—2bi—1,i—2 + Ki_o < J 1)

—Ki_o.
aZi_l + dt 2

When [ = n , where n is the dimension of the system, it is easy to see that

n

Ofn
Sptl = Z <bn+1,i = Ky i K 1n—iv1 + K1 ( J )> e;. (38)

07
i=1 v

In order to determine the gains of the observer we make the last above equation
equal to zero, i.e.

Ofn
azi

bpg1,i — Kn—iKi—1n_iy1 + Kn_1 < > =0, fori=1,...,n.

Then, it follows that

anrl,i anl (afn

K, ;K1 + Ky_iKi—1 \ 0%

Yn—iy1 = >, fori=1,...,n;

or equivalently

b7z+1 n—j+1 Kn—l < afn ) .
P J + , forj=1,...,n. 39
¥ K, jKj1 Ky jKj_1 \Oz—ju1 J (39)
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