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ASYMPTOTIC RENYI DISTANCES
FOR RANDOM FIELDS:
PROPERTIES AND APPLICATIONS!

MARTIN JANZURA

The approach introduced in Janzura [6] is further developed and the asymptotic Rényi
distances are studied mostly from the point of their monotonicity properties. The results
are applied to the problems of statistical inference.

1. INTRODUCTION

Explicit formulas for the asymptotic Rényi distances, as reasonable measures of
distance between two random processes or fields, can be obtained within the class
of Gibbs random fields (cf. [6]). Their properties in many aspects correspond to the
properties of the non-asymptotic Rényi distances which were defined in [9] as the
extension of the well-known I-divergence (Kullback—Leibler information — see also [7]
and [10]). The crucial problem is given by the existence of phase transitions, which
is an inherent property of random fields and which yields the break of continuity
or smoothness of some fundamental quantities. Therefore the notions have to be
treated carefully and the results cannot be generalized automatically.

In the present paper we deal with the asymptotic Rényi distances of fixed or-
der with varying parameters of the underlying Gibbs random fields. In Section 3
we define several functions of that type and study their properties (as well as the
properties of the inverse/pseudoinverse functions), mostly from the point of view of
monotonicity.

In Section 4 we first prove the appropriate version of the large deviations theorem
with the aid of techniques developed in [6] and the well-known result for the i.i.d.
variables (for an alternative proof see also [4]). The result deals essentially with the
quantities studied before, and it is applied to the problem of asymptotic behaviour
of the error probabilities in testing statistical hypotheses.

Finally, in Section 5 the asymptotic Rényi distances are applied to the problem of
parameter estimation. Following the principle of minimum distance estimation we
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introduce the estimates which minimize the asymptotic Rényi distances between the
empirical and the theoretical distributions to obtain a class of consistent estimators.

The paper is closely tied to the preceding paper [6], but in order to make it
self-contained, the basic definitions and results of [6] are recalled in the following
section.

2. PRELIMINARIES

2.1. Asymptotic Rényi distances

For a pair of probability measures P, Q on a measurable space (£2,.4) the Rényi
distance of order a € R is defined by

R.(P|Q) = (a — 1)*1log/ (jg) dQ fora#1
and AP
Ri(P|Q) = /log@dP,

whenever the expression makes sense. Otherwise we set R, (P|Q) = oo.

Denoting by IV the set of positive integers we suppose there exists a system of
sub-o-algebras {A,, },en satisfying A, / A for n — oo, and a system of constants
{K,}nen with K,, — oo for n — oc.

If the limit

Ra(P|Q) = nh_{%O(Kn)_l Ro(Pp|Qn)

exists, where P, = P/A, and @, = Q/A, are the projections to the c-algebra
A, C A for every n € N, we call it the asymptotic Rényi distance of order a > 0.

For some basic properties of the Rényi distances and the asymptotic Rényi dis-
tances cf. [7]. Let us note that we could also consider a generalized sequence
(directed set, lattice) instead of N.

The above definition obviously depends on the choice of {A;, }nen and { K, }nen
which are supposed fixed. On the other hand, as we shall see later, only some natural
choices give reasonable results.

2.2. Random fields

Let the measurable space (2,.4) be given by the infinite-dimensional product
(X,B)"

where (X, B) is a fixed standard Borel space and T' = Z¢ is the d-dimensional integer
lattice.

For every S C T let us denote by Fg = Prgl(BS ) the sub-o-algebra generated
by the projection function Prg : X7 — X¥° and by Lg the set of all bounded
Fs-measurable functions.
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Let
L=JLs, S={ScT;l|S| < o0},
Ses
be the set of all local (cylinder) bounded measurable functions.

Let P denote the set of all probability measures on (X, B)7, which will be called
the random fields, and Pg C P the subset of all shift-invariant (stationary) random
fields,

PcPe if P=Pof; ' foreveryteT,

where 0; is the shift defined by [0;(x)]s = 2444 for every t, s € T, x € XT. The set
P will be equipped with the topology of “local convergence” which is the coarsest
topology on P making all maps

PH/fdP, fecL,

continuous. By || - || we denote the usual supremum norm.
For the sake of simplicity we consider the system of cubes
{Vn}nENa
where

Viw={teT;|til <nforeveryi=1,...,d} foreveryn e N.

Thus, A, = Fy, and P, = Py, is the restriction of P € P to the o-algebra Fy;,.
We set Ky, = |V,| = (2n + 1)? for every n.
Further, let us denote by w a fixed reference probability measure on (X, B).

Proposition 2.1. For every P € Pg
Ri(Plw”) = lim |V,|7" Ri(Py, |wi)

exists and equals

sup |Vo| ™! R (Py, wy;,)-
neN

Moreover,
Ri(-|w")
is affine and lower semicontinuous on Pg, and its level sets
{Ri(Jw") <}, e>0,
are compact and sequentially compact.

Proof. Cf. Propositions 15.12, 15.16, 15.14 and 4.15 in [3]. ]

We could also understand the measure Py, on the o-algebra BY». Then we could

write w"» instead of w%’} Sometimes we shall not distinguish between these two
cases.
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2.3. Gibbs random fields

Let f € £ and P € Pg. Suppose there exist a constant c¢”(f) and a sequence
0(Vi, P, f) — 0 for n — oo such that

¥ Zfoat

“v, tev,

We write P € G(f) and call P to be the (stationary) Gibbs random field with
respect to the potential f € £. Let us summarize the main properties.

V|7t +cP(H <6V, P f) as. [wT].

Proposition 2.2. The constant ¢ (f) does not depend on P since
Cp(f) =c(f) = nlggo \Vn|710(Vn, f)
where

c(Vn, f) = log/exp { Z fo Ht} dw?  for every n € N.

tev,
The limit exists for every f € £, and the function

c:L— R,

quoted as the pressure, is convex, continuous, and satisfies |c(f)| < || f]|-

Proof. Cf. Proposition 4.1 and 5.2 in [6]. O

Proposition 2.3. Forevery f € L the set G(f) of (stationary) Gibbs random fields
is a non-void compact face (extremal subset) in Pg. In particular, it is equivalently
given as

Glf) = {P € Po: Ra(PlwT) = /fdP—c(f)},

while for a general @) € Pg we have

Ri(@Qu") = [ £dQ - e(h).

Proof. Cf. Proposition 4.1, Corollary 6.7 and Theorem 7.1 in [6]. O

If G(f°) = G(f*') we shall write f ~ f! and call the potentials equivalent. Some
characterization conditions can be found in Theorem 8.4 in [6]. Moreover, potentials
19, f1 € L are equivalent iff there is a constant c satisfying

— 0 for n — oo.

Vol 75D (= o+

teVy,

€ss Sup(,7)

From the above condition it also follows that f° ~ fiff [(f°— f')dP +c¢=0 for
every P € Pg.
Let us fix fO, f! € £. For every real a € R we denote f* = a f! + (1 —a) f°.
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Proposition 2.4. Let P° € G(f°), P! € G(f!). Then
_elf) —e(f)

Ro(PP?) = o) — o) - LIZAD or a2,
and
Ra(PUIP) = o) — () + [(' = 1) aP".
Proof. Cf. Theorem 8.1 in [6]. O

Let us fix f € L. For V € § and arbitrary A, B C T let us denote

e {Siey £} do?
Jexp{¥ ey fobi}dw?

For A C B we have a (conditional) density, and the corresponding measure will be
denoted as Q7 (V; A|B). In the particular case A = (), B = T we have

log g/ (V;0|T) = fob,—c(V, f).

teV

¢’ (V; A|B)

We denote A— B={a—b;a€ A, be B} for A, BCT.
For every n, £, k € N with n > ¢ we denote

Vint.k)= | Vi
seVy
where V°_, =V,_,+ (2n+ 1) s for every s € V.
Note that V(n,£,0) = V,—¢, V(n,0,k) = Vorninik, and |V (n, £, k)| = |Vi—e -
Vil-
For S € § we denote £(S) = 2ma§(||s|| + 1 with ||s]| = 2;1:1 |s;|. Let us also
se

recall that diam(S) = max l|s1 — s2]| < €(S).
51,82

3. MONOTONICITY PROPERTIES OF THE ASYMPTOTIC RENYI
DISTANCES

Let f9, f1 € £ be a pair of non-equivalent potentials, let again P° € G(f°), P! €
G(f'). Moreover, for an arbitrary fixed potential g € £ we denote g* = g+b(f*— f°),
and suppose some fixed Qg € G(g°) for every b € R.

For every @) € Pg (whenever the expressions make sense) introduce the following
functions

HQ) = /(fl—fo)dQ
I;(Q) Ra(Q|PO) *Ra(Q‘Pl)
Q) = Ra(PlQ) - Ra(P'Q)
Q) = Ra(QIQY)

2Q = Ra(QQ)
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(In the notation J¢, i = 1,2 we omit the dependence on the fixed g. If necessary we
shall write J%9.) In particular we denote

Hy(b) = H(Qy)
I (b)) = I/(Q%) fori=1,2
Ji ) = JUQY) fori=1,2.

We shall see that all the above defined functions obey important monotonicity
properties. The proofs are mostly based on the following straightforward but crucial
inequality.

Lemma 3.1. For arbitrary f, g € £ and @ € G(g) it holds

e(f) — clg) > / (f - 9)dQ.

Proof. For every P € G(f) we obviously have

0 RAQIP) = ()~ clg) - [ (7~ 9)dQ. o
Proposition 3.2.
i) Hgy(b) is increasing.
ii) I, ,(b) and I? /(D) are increasing if a > 0 and decreasing if a < 0.
iii) J, ,(b) and JZ ,(b) are decreasing on the negative half-line and increasing on

the positive half-line for a > 0, and vice-versa for a < 0.

Proof. i) For every b°, b' € R, b° # b', we have
(b —bY) [H, (%) — Hy(0")] = Ra(Qy Q) ) + Ra(@}) 1Q5)) > 0.
ii) For a =1 we observe
I g(0%) = I 4 (b) = Hy(b%) — Hy(b)).

With the aid of Lemma 3.1, for a > 1 we have

D00~ 10 = o[ +ale” ~ ) — el +alg” ~ 1))

—elf"+alg” = ) + (/! +alg" 1)
a(® —bt)
a—1

Y

[Hugi(1—a) 1 (ab" +a—1) — Hygy(1-a) 1 (ab®)] >0
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if 0 <b? —b! < aT_l Similarly, for a < 1 we obtain

1 /10 1 71 a(b' —b°) 0 1
Iy g(07) =I5 4(b7) > 14 [Hagt(1—ay 1 (ab’ +a—1) = Hyg(1-a) s (ab")]
1—
> 0 ifa<Oand 0< b’ —0! < — a
; 0_41_1—a
orifae (0,1) and 0 < b’ —b" < .
a

For I7 ,, a # 1, we can use the relation

2 __4a 1

Ia,g(b) - 1—a Il—a,g(b)v

while for a = 1 we have simply

I§ o (0°) = 1T, (0) = (" = b') [H (1) — H, (0)].

iii) Again with the aid of Lemma 3.1 we have for a > 1

—L @ —b") [Hy(ab') — Hy(1)] > 0

TE00) = 2, 0) =

if b! < b° < ab' or ab! < B° < bl.
for a = 1 we have directly

JL,00) = J1,(0") > b (Hy(b°) — Hg(b")) >0 if b' (b° —b') > 0.

Further, for a € (0,1) we obtain

a

Jag(0°) = Ja,(01) > (b = b") [Hy(ab®) — Hy(b")] >0

1—a
if ab® > bt > ° or ab? < bt < BY,

and, finally, for @ < 0 it holds

a
1—a
if0>0">0b'or 0 <’ <.

Tag(07) = Jo (0

%

(b" = b°) [Hy(ab®) — Hy(b°)] >0

For J?

40 @7 1, we can again use the relation

a
Js,g(b) = 1—a Jll—a,g(b)a

while for ¢ = 1 we have

TR g(00) = J7(b1) = (0% = ') [Hy(b") — Hy(0)] >0
if (0% —0b")-b' > 0. m
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Let us recall that the above studied functions are defined through arbitrary fixed
Qg € G(g®) for every b € IR. On the other hand only the functions

Hy, I{ , = const + Hy, and J117g(b)zconst—l—b-Hg(b)—c(gb)

actually depend on the particular choice of QZ' All the other functions are in fact
continuous transforms of the potential g°, and therefore there are continuous func-
tions of b, strictly monotonous on the open real line (half-line). Thus, we may
directly define the inverse mappings

(Iog)~ =Uag) ' :R—R
fori=1,a#0,1;andi=2, a #0
(Jog)” =(J.y) " :RT — R (resp. R~ — R)
fori=1,a#0,1;and i =2, a #0.
For the remaining functions let us define
H;y(y) = b if H(Q)g = for some Qg € G(g%)
(Hg)~(v) = b if Q) =~ forsome Qf e G(g")

and
(Jll,g)i(’y) =b if Jll(Qg) =~ for some Qg e G(g")

Theorem 3.3. All the functions H,, (I% )", (Ji,)” for i = 1,2, a # 0, are
well-defined on open intervals, continuous and monotonous.

Proof. As it is indicated above, with the except of H ', (I1,4), (J1,4)”, the
proof is straightforward.

Let us prove the claim for H, .

The proof for I} ,(b) = const + Hy(b) and J} ,(b) = bHgy(b) — c(g”) + const is
analogical.

With the aid of Proposition 3.2, for

v E <gg£Hg(b), Sup Hg(b))

there exists b, such that
Hy(b) <~ forevery b<b,

and
Hy(b) >~ for every b > b,.

Therefore, by Proposition 7.2 in [6] there exist

bL — (by)_ with lmQ) = Q> € G(g™)

n
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and

n

b2 — (b)y with limQy = QF € Ggh).
If HQY) > H(Q; ), we set

Qy=vQ; +(1-v)QF € Glg™)
H(QT)—

H(QT)-H(Q) ) )
Further, let 40 = H(Qg ), Qg € G(g"), and € > 0. We set

with v = to obtain H(Q,) = 7, and consequently H_ (y) = b,.

. (0]
0= min |H(Q)—H(Qf7 )] > 0.
QEG(g*°~=)UG(g*°+e)

Thus, for |y —~°| < & we obtain |H, () — H; (7°)| < & by monotonicity of Hy. O

From the above results we can conclude that the phase transitions (i.e. |G(g%)| >
1) cause only technical but not essential problems. We must only deal in fact with
“multifunctions” like

Hy:b—{H(Q); Q € G(¢")}

in Proposition 3.2, and the inverse transforms in Theorem 3.3 may not be strictly
monotonous.
The result for Jig can be for a > 1 even strengthened in the following sense.

Proposition 3.4. Suppose 1°, ' € R, a € R,anda =1+ (a —1) 2—?. If Z—S > 1
then

bO
J2,00) > my J2 ("),

Proof. We may directly verify

0 B0 1
Ra(QIQY) - B Ra(QlI})
bO
Al

0

b
- 1) Rl(le|Q2) >0 whenever ks 1. O

= RiQ}1Q)) + (

Corollary 3.5. Leta>1landb>1. Thena=1+ (a—1)b>1 and
JaQ,g(b) > ing(l) — oo for b — 0.

Proof. The statement follows straightforward from the preceding proposition
with the aid of Theorem 8.3 in [6]. O



516 M. JANZURA

4. APPLICATION TO TESTING STATISTICAL HYPOTHESES

Suppose f°, f1, g, h € L with non-equivalent f°, f!. Let us fix some P° € G(fY),
Pl € G(f1). For the sake of simplicity we may assume

21 g heLs with €(S) =
We shall study the asymptotic behaviour of the error probability
Qy(Cw.))

of the test given by the critical region

d
Clw,) = { > v } , v, € R for every n € N,

for testing the simple statistical hypothesis
0.9 _N0
against the alternative
H':Q=@Q) cG(h).

The main result is contained in the following theorem.

Theorem 4.1. Let |V, | 1y, — 20 = I%(ng) with some ng € G(g“o), a® > 0.
Then

Tim |V, " og Q)(Clyw,)) = =71 (Q5 ) < 0.

Proof. We may write for every a > 0

1

dpPL \*
Vil 08 @Y(Claw,)) = Val 0509 (1 < (e %) )

n

IN

dPL \*“
—IVnI‘lvwla+|Vn|‘1log/(dP§:> dQ?
— =00+ ¢(g*) — ¢(g°) — ale(f) — (%))

Ri (Q'1Q5) — 7H@Q8)

directly from definitions. Taking minimum over a > 0, we obtain —Ji(Q4") as the
upper bound, and —J} (Qg°) < 0 since f°, f! are non-equivalent. The lower bound
is much more complicated and will be proved with the aid of the following sequence
of results. O
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Lemma 4.2.
i) Suppose V(n,0,k,,) C V;, C V(n,0, k,, +1). Then it holds

1
{dPVm>eWm'}D Z (f' = 1) o0 b >,

Py
m teV(n,l,km)

where

T = W + Vil {c(fl) —(f*) + 6(Vin, P, 1) + 8(Vin, P, 1)
_M) L _ ¢0 }
+(1 i) LAIRIE

i) For Q7 , = Qe Q%5 with Q%5 = Q9(V;5; 0]V,s_,) it holds

d[Qg]V(mO,k)
A[Q v (n.0.k)

Vo
> exp {-wal 1 {alal (1 2=20) - ovin0.0. @3 )}

Proof. i) The assertion follows from the definition of Gibbs random fields and
an obvious bound.

ii) Again by definition we have

log[dQ0)vnow = Y. g6 — [Val Vil [c(g) + 6(V(n,0,k), Q) 9)]
teV(n,0,k)

and

10g[dQY Jvmosw = . 900 — Vilce(Va,9) = > logq? (V33 Vii_|T),
teV(n,0,k) seVy

where the latter term can be bounded with the aid of Lemma 6.2ii) in [6] by
Vil [Val 2llgll (1 = [Va] 7 [Vio2el)) -
Since by Proposition 5.2 in [6] we have
le(g) = 1Val ™" (Vo 9)| < 2llgll (1= [Val ™" [Vael)

we obtain the result by combining the bounds. O

Proposition 4.3. For every n > 2/ it holds

liminf |V,,,| ! log Qg (Clyw,,)) > m>irol(S?(a)),
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whenever the minimum is attained, where

Si(a) = |Vn\_110g/exp a Z (fl_fo)ogt d~i72

teVn ¢
—a {7’ +e(f) = e(f*) + A= Va7 Ve D 1P = £O11}
~4llgll (1 = [Va| ™" [Va—ae).

Proof. Let us denote

an’ez Z (fl—fo)oetefvs.

teVye_,

Then with the aid and notation of Lemma 4.2 we observe

Vil "M 10g Q9(C(,,.)) = [Vinl ™ 108[Q% Jv (o) | D Fit =90
SEVim

~[Vau 7 { IVl Vi, [ {4llgll (1 = [Va = [Vaim2el) + 6(Vin, Q5. 9} } -

Since under the product measure

[QfL’AV(n,O,km) = ®56Vkm Qi:;

the variables {F/"*}.cv; ., are independent, we obtain the result with the aid of the
well-known Cramér large deviations theorem for i.i.d. random variables (cf. e.g.
Section 2.2 in [2]). O

Lemma 4.4. It holds

Sp(a) — Ri(Q% Q%) + Ri(Q21Q0)
< (1 - |Vn|_1 |an2f|) (10H9H + 2|a| Hfl - fOH) = &M(a)'

Proof. By definition we have

S7(a) — Ri(Q¥ Q%) + Ry (G 1QY)
= —4llgll (1= Vo] ™" Vamael) — a(l = Vo~ Vaee) 111 = £

+ | Vi 1og / expla 3 (F1— 1900, $d020 - c(g?) + clg)

teVn_
Since by Lemma 6.1 and Lemma 6.2ii) in [6] we have

1og ¢% (Ve 0|Veu—r) — log ¢ (Ve—ssoyr)| < 20191l (V| — [Viu—2e]),
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the latter term above can be bounded by

2]l (1 = [Val ™! Vaeael) + [[Val 7 e(Vaeg, 9%) = e(Va—e, 9)] = e(g) + c(g)]
< 2llgll (1 = [Val ™! [Vezel) + [Val 7 Vol 2llg® | + 2llgll) (1 = [Vame| ™ [Vime])

by Proposition 5.2 in [6].
Thus, putting all the terms together and simplifying with the aid of the obvious
inequality |Vi,—2¢| < [Vi—¢| < |V,| we obtain the final bound. O

Proposition 4.5. Let a, € argmin,- (S} (a). Then

anﬂao as n — oQ.

Proof. Let us denote

0 0
S(a) = Ri(Q5 1Q3) — R1(Q5 |Qy)),
and observe )
Ri(QF Q) = Jigao(a —a®).
Therefore, by Proposition 3.4 and Corollary 3.5, we have

_ 0
o a‘csg for |a—a">e>0

S(a) — S(a®) = Jfgao (a—a°) >
where
o 2 2
d. = min (Jl,ga" (e), J1,ga°( 5)) > 0.

Then we obtain
S?(ao) < S(ao) + Sn,e(ao)

while for |a — a°] > & we have

la — a®| 6.

S¢(a) > S(a) — Ene(a) > S(a®) + —— —&nila),
Let us observe
0 la —a’|

Enp(a) < Enp(a’) + —— & (o).

Therefore suppose n to be large enough to satisfy
2571,2(@0) + Enile) < e

Then it holds

Sy(a) > Sp(a®) for |a—a’| >¢
and, consequently, |a, — a®| < & which proves the claim. O

Remark 4.6. The above result can be also deduced from the convex property of
every function Sy and the pointwise convergence proved in Lemma 4.4.
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Corollary 4.7. It holds

lim min{Sy(a)} = m>iB1 S(a) = —Jll(ng).

n—oo a>0

Proof. Directly by Lemma 4.4 and Proposition 4.5.
Remark 4.8. Let us suppose (with the notation of Theorem 4.1)
70 < Ill(Qg) for every a >0, Q7 € G(g9").
Thus we have by Theorem 4.1
0 > liminf V.|~ log Qg(C(yv,,)) > —J1(Q5)

for every a > 0, Q3 € G(g?).
By Proposition 7.2 in [6] we have a sequence

a# -0 and QF e G(g™) with JHQF) — JHQO) =

for some Q° € G(g°).
Thus for such 7" we obtain the zero rate.

M. JANZURA

0

d

Now we can formulate the main result of the asymptotic behaviour of the error

probabilities.

Theorem 4.9. For every

e (g 7@ in, 11@)

1 , mi
QeG(9) QeG(h)

there exist . . . .
Qy €G(g™), Qp €G(HY), a®>0>1"

such that . .
VW =IHQY) = IH(Q}),

and for every |V, |17, — 4" it holds
Jim [V, og QF (Clyw,)) = =/1(Q5 ) < 0

and
im V| og QF (Clav,,)) = =71 "(@1) < 0.

Proof. It is sufficient to prove the existence of ng and QZU with the above

properties. Then the rest of the proof follows from Theorem 4.1.
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For every f € L let us denote

+ = max I} - = min I} .
() = max 1Q) 17(H = min 1@

Thus, we have to prove that the interval (I*(g), I~ (h)) belongs to the definition
range of both
(Iig)” and (Ij,)".

Due to the monotonicity and continuity of the above functions, proved in Theo-
rem 3.3, and since

IH(Qg) — (@) = H(Qg) — H(Q}),

it is sufficient to prove

lim [H(Q%) — H(Q})] >0 for fixed b

a— 00

and
lim [H(Q}) — H(Q})] >0 for fixed a.

b——o0
For a — b > 0 we observe

(Q21Q%) + Ri(Q5]Q%)
a—2b

J(g—h)(dQ§ — dQ})
a—>b

R
0<— — H(Q%) — H(Q}) +

where the latter term vanishes as either a — oo and b — —oc.

Remark 4.10. From the above proof it is clear that the definition ranges of (I, 9"
and (Illﬁh)_ coincide for every g, h € £. This common range Z depends only on the
potentials £°, f1.

The validity of the above theorem can be extended to every v € Z, but at least
one of the rates would be zero.

Remark 4.11. By the famous Neyman—Pearson lemma it is well-known that the
optimal tests are based on the likelihood ratios, i.e. in our case we should set f© =g
and f! = h. Then it can be proved that at least one of the rates is strictly better
to compare with the general “unfitted” testing procedure stated at the beginning of
this section (cf. e.g. [5]).

5. APPLICATION TO PARAMETER ESTIMATION

Suppose that g1,...,9x € L is a fixed collection of mutually non-equivalent poten-
tials, and denote
I'=Lin(g1,...,9K)-

Further let us consider some f € £. We shall interpret I' as a parameter class and f
as the “empirical” potential, based on some given data (we shall discuss the proper
meaning later — cf. Remark 5.3).
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Let us choose some P € G(f), and Q9 € G(g) for every g € I'. Then, for fixed
a > 0, we may define the “estimate” g/ simply as the projection

gl € argmingep Raq(P71Q9)
whenever it exists.

Theorem 5.1. i) If a > 1 then the estimate g/ exists for every f € L.
If || fn — f|| — 0 as n — oo then

gl — gf| — 0.

ii) The estimate g/ exists for every f € £ and Pf € G(f). If || f, — f| — 0 as
n — oo then
min |lg{* —g{|| — 0
giEMS

where .
M = {argmin Ri(PT1Q9); PT e G(f)}.

If f €T then M7 = {f}.

iii) If @ € (0, 1) then the estimate g/ exists for every f from some open neighbor-
hood OT" of T" in L. If || f,, — f|| — 0 as n — oo with f € OT" then

gl — gl — 0.

Proof. i) Let us fix some ¢° € I'. Then
0
Ra(PT1Q7) <2||f = ¢°|
by Theorem 8.3 in [6].
By Proposition 3.4 and Corollary 3.5 we obtain, providing ||f — g|| > 1,

Ra(P1Q%) > If = gl Ry (PYIQTTT) > |1 — g -6

where

= min R(PQ/") €(0,2)
heTy,||h]|=1

andT'y = Lin(f, g1,...,9K). (Weassume f, g1, ..., gn to be mutually non-equivalent
since otherwise we would have directly f =~ ¢g* for some g* € I', and consequently

92 =9"")
Thus, for every g € T satisfying || f — ¢|| > max (1, 2”%”) = 3 we have
Ra(P1Q?%) > Ru(P11Q”"),

and the minimum is attained in the set

{geTsllg—fIl <B}.
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Thus the existence of the estimate is proved, and the consistency
gn — gl

follows by the uniform convergence

2a n
[Ra(PI" -l = 1

a —

Q%) — Ra(PT]Q%)| <

ii) For a = 1 the existence follows from Corollary 3.5 in the same way as above.
By Proposition 7.2 in [6] we can find a subsequence

n(4) ‘
{P S G(fn(J))}jeN
where _ .

P — PO and Ry(P"D|wT) — Ry(POlw”)

for some PY € G(f).
Let ¢° = argmin,cp R1(P°|Q7). Then for [|g — ¢°| > ¢ it holds

R1(P°|Q?) — R1(P°|Q") > c.|lg — ¢°||

with some c. > 0.
Thus 4 . .
Ri(P"DIQ7) < Ri(P°1Q7) +;

where

;= ‘ [@p = ap)| 4 [Ry(PrO) - R (POl

and, at the same time, for ||g — ¢°|| > € it holds

. 0
R1(P"D|Q9) > Ri(P°|Q7 ) + ccllg — ¢°|| — 6; — v, (g — ¢°),

where 7;(g — ¢°) = | [(g — ¢°) (AP") — dP)|.
Obviously, there exists j. large enough to satisfy

25; +7i(g — ¢°) < cellg—¢°|| for every j > j.,

and, consequently, ||g™?) —¢°|| — 0 as j — oco. Since we can find such a subsequence
{P”(j)}jeN with ¢° € M/ in every subsequence of {P7"},cn, we conclude the
claimed convergence.

If f € T we have obviously f = argmin R (P1|Q9) for every P¥ € G(f), and
therefore M¥ = {f}.

iii) For a € (0,1) we cannot apply Proposition 3.4.
Thus, let us fix some ¢° € I' and denote

0r =

= min
g€r, [lg—g°|>L

Ra(Q71Q)
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for some large L > 0.
Let f € L satisfy ||f — ¢°|| < e, where € < 6, 15%. Then

Ra(P1Q9") < 2| f — ¢°| < 2¢

and ) )
a ac
Ra(P!|Q%) = Ra(Q71Q)| < 1 If = ¢"ll < ;=
Therefore
2 2
Ra(P11Q%) 2 Ra(Q”'1Q) = 1= > 01— 1 > Ra(PIIQ”)
—a —a
if [lg — ¢°[| > L.

Thus the existence is proved and the consistency follows similarly as for ¢ > 1.0

Remark 5.2. It is obvious that whenever the estimate in the preceding theorem
exists it can be also obtained by solving the system of equations

/ging:/gidP“H(l_“)g fori=1,...,K

for Q9 € G(g) and some P +(1=99 ¢ G(af + (1 — a)g). This equations can be
formally used for the numerical solution with the aid of the “stochastic gradient
method” (cf. [12] for details).

Remark 5.3. The empirical potential f could be hardly obtained by any non-
parametric estimate. Thus we shall calculate it as a parametric estimate. We can
realize that for a = 1 the above defined estimate depends on the data only through

the “empirical integrals”
/ gidP!

which can be substituted with the empirical mean

1
/gidpf :Zm Zgioat

teVn

where V,, C Z% is an observation region. Then the potential f can be obtained again
with the stochastic gradient method (see [12]).

Let us emphasize that the empirical potential can be in such a way estimated
from a much large space I'° D I'. Thus the estimate will be usually performed in
two steps. First, we find f € T'° as the a = 1 estimate with the aid of the empirical
means, and the final estimate is given as g/ € T' with arbitrary a > 0.

(Received March 13, 1998.)
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