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FORMAL TRANSLATION DIRECTED BY LR PARSING

BoRrivoJ MELICHAR

The notion of the syntax-directed translation was a highly influential idea in theory of the
formal translation. Models for the description of the formal translations are syntax-directed trans-
lation schemes. The special case of syntax-directed translation schemes are simple syntax-directed
translation schemes, which can be written in the form of translation grammars. It is possible for
an arbitrary translation described by a translation grammar with LL(k) input grammar to create
one-pass translation algorithm by a simple extension of the algorithm of a syntax analysis for LL(k)
grammars. Similar approach for an LR(k) grammar led to the result that it is possible to perform
an one-pass formal translation during LR (k) analysis only in that case when the translation gram-
mar has a postfix property. In this paper the construction of the algorithm is studied, which can,
for a particular class of translation grammars (called LR(k) R-translation grammars), perform one
pass formal translation. The basic idea discussed in this paper is the following: It is possible to
make an extension of the algorithm of the syntax analysis for LR(k) grammars in such a way, that
the output of output symbols can be performed not only as a part of the operation reduction but
also as a part of the operation shift.

1. INTRODUCTION

The notion of the syntax-directed translation introduced by Irons ([5], [6]) was a
highly influential idea in theory of the formal translation. Mathematical models
of the syntax-directed translation have been developed and studied in [1], [2], [4],
[8], [10] and [12]. Models for the description of the formal translations are syntax-
directed translation schemes. The special case of syntax-directed translation schemes
are simple syntax-directed translation schemes, which can be written in the form of
translation grammars.

Parallel to the development of methods of the formal description of the transla-
tion, principles for implementation of algorithms of the syntax-directed translation
were researched. Already in 1968, Lewis and Stearns [8] have shown that it is pos-
sible for an arbitrary translation described by a translation grammar with LL(k)
input grammar to create one-pass translation algorithm by a simple extension of the
algorithm of a syntax analysis for LL(k) grammars.

Similar approach for an LR(k) grammar led to the result that it is possible to
perform an one-pass formal translation during LR(k) analysis only in that case
when the translation grammar has a postfix property, which means that output
symbols are placed only at the ends of the right-hand sides of the grammar rules.
It means that the output of output symbols is made only if the end of the rule
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is discovered. This means, from the point of view of the syntax analyzer, that the
output is performed as a part of the operation reduction of the syntax analyzer. The
restriction of the translation grammar rules mentioned has led to a development
of various transformations of translation grammars into grammars having postfix
property (cf. [8], [9] and [12]) and to a creation of the four pass model of the
formal translator (cf. [1]). Others (cf. [7]) remarked that almost all bottom up
syntax analyzers contain elements of the top down methods, which can be used
in the process of extension of the syntax analyzer to the algorithm of the formal
translation.

In this paper the construction of the algorithm is studied, which can, for a partic-
ular class of translation grammars (called LR(k) R-translation grammars), perform
one pass formal translation. The class of LR(k) R-translation grammars is a superset
of LR(k) postfix translation grammars.

The basic idea discussed in this paper is the following: It is possible to make
an extension of the algorithm of the syntax analysis for LR(k) grammars in such
way that the output of output symbols can be performed not only as a part of the
operation reduction but also as a part of the operation shift.

2. NOTATION

Alphabet is a finite nonempty set of symbols. The set of strings of symbols from the
alphabet A including empty string (e) is denoted by A*. A formal language L over
an alphabet A is a subset of A*, L C A*.

A context-free grammar is a quadruple G = (N, T, P, S), where N is a finite set
of nonterminal symbols, T is a finite set of terminal symbols, TN N = @, S is the
start symbol, P is a finite set of rules of the form A — o, A € N, a € (NUT)*.
The symbol = is used for the derivation relation. For any o, € (NUT)*, o =
if a=mAy, 0=
= Y1v72 and A — 9 € P, where A € N and vp,71,7 € (N UT)*. Symbols
=k =+ =* are used for k-power, transitive, transitive and reflexive closure of
=, respectively. The symbol =, is reserved for the rightmost derivation, e.g.
Y1 Ave =pm Y12 if 9 € T*. The sentential form « is a string which can be
derived from S, S =* a. The sentential form a for S =7, « is called the right
sentential form. The formal language generated by the grammar G = (N, T, P, S) is
the set of strings L(G) = {w : S =* w, w € T*}.

A derivation tree may be viewed as a graphical representation for a derivation.
Each interior node of it is labeled by some nonterminal symbol A and the children
of the node are labeled, from left to right, by the symbols in the right hand side of
the rule by which this A was replaced in the derivation. The leaves of the derivation
tree are labeled by empty strings or terminal symbols and, if read from left to right,
they constitute a string derived by the grammar. The derivation tree will be treated
as an expression of the syntactic structure of the derived string.
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By T*F we shall denote the set T = {x : 2 € T*, |2| < k, k > 0}, where
the length of string z € T* is denoted by |z|. We define the sets FIRSTy () for
a € (NUT)* and FOLLOW(A) for A € N, as follows.

FIRSTi(a) ={z € T* : a =* zf and || = k, or « =* x and |z| < k},
FOLLOWL(A) = ={z € T*: S =, aAf and z € FIRST.(5)}.

3. TRANSLATION GRAMMARS

A formal translation Z is a relation Z € A x B, where A and B are sets of strings.
A and B are sets of input and output strings, respectively.

A context-free translation grammar is a context-free grammar, in which the set
of the terminal symbols is divided into two disjoint subsets, the set of input symbols
and the set of output symbols.

Definition 1. A context-free translation grammar is a 5-tuple TG = (N, T, D, R, S),
where

N is the set of nonterminal symbols,

T is the set of input symbols,

D is the set of output symbols,

R is the set of rules of the form A — «, where A € N, a € (NUT U D)*,

S is the starting symbol.

The input homomorphism and the output homomorphism A7 from (N U

TUD)* to (NUTUD)* are defined in the following way:

TG
hi

W% a) =

a foraeTUN a foraeT
< hoTG<a>=<

e foraeD e forae DUN

The derivation in the translation grammar T'G is denoted by = and called the
translation derivation. The formal translation defined by the translation grammar
TG is the set Z(TG) = {(hT%(w), hT%(w)) : S =* w, w € (T U D)*}.

The input grammar of the translation grammar T'G is the context-free grammar
G =
= (N,T,R;,S), where R; = {A — hT%(a): A — a € R}.

Note. The upper index T'G is omitted if no confusion arises.

4. R-TRANSLATION GRAMMARS

As stated above, it is possible to extend the LR parser to perform an output of
a symbol as a part of the operation reduce. The basic idea described below is a
possibility to extend the LR parser in order to perform the output of symbols as
a part of the operation shift as well. Let us consider a simple case when a rule of
the translation grammar has the form A — axa@, where x is the string of output
symbols, a is the input symbol, «a, (3 are strings of input, output and nonterminal
symbols.

In such a case, it is possible to add the string x to the output string during the
shift of the symbol a.
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Definition 2. A translation grammar T'G is called R-translation grammar if the
strings of output symbols appear at the ends of the right-hand sides of the rules
and/or immediately in front of input symbols.

5. LR(k) R-TRANSLATION GRAMMARS

Now we can demonstrate that an extended LR parser can perform the translation,
if it is possible for every shift operation to determine unambiguously the string of
output symbols, which may be added to the output string.

Definition 3. A translation LR(k) item for the translation grammar

TG = (N,T,D, R, S) is the object of the form [A — «.,z,w] where A — af is
a rule of the input grammar for the translation grammar TG, x € D*, w € T**,
k> 0.

For k = 0 an LR(0) translation item will be written in the form [A — a. 3, z].

The following algorithm constructs the collection of sets of the translation LR(k)
items for given translation grammar T'G.

Algorithm 1. Construction of the collection of sets of LR(k) translation items.
Input: R-translation grammar TG = (N,T,D, R, S), k > 0.

Output: Collection P of sets of LR(k) translation items for the translation grammar

TG.
Method:

Step 1. Construct an augmented grammar
TG = (NU{S'},T,D,RU{S" — S}, 5).
Step 2. Construct the initial set of LR(k) translation items in the following
way:
(a) #:={[9" — +S,e,e]}.
(b) If [A — «Bp,e,u] € #, B€ N and B — v € R, then
# = #U{[B — «hi(7),y,v] : y € D* is the longest prefix of v
containing output symbols only, v € FIRSTy (h;(8)u)}.
(¢) Repeat the step (b) while new items can be inserted into the set #.
(d) P := {#}, # is the initial set.
Step 3. If the set M; of LR(k) translation items has been constructed, con-
struct for each symbol X € (N UT), which is in some LR(k) item in
M; just behind the dot, a new set of LR(k) translation items X, where
j=max(k)+ 1 for Xy € Porj=1for X ¢ P, in the following way:
(a) X; ={[4A — aXB,y,u] : [A — a.Xf,z,u] € M;, y € D* is the
string of output symbols from the right hand side of the translation
grammar rule corresponding to the rule A — aX [ between symbol
X and string 3.},
(b) If [A - o« Bf,e,u] € X;, B€ N and B — 7y € R,
then X; := X; U{[B — «hi(7),y,v], y € D* is the longest prefix of
~ containing only output symbols, v € FIRST (h;(8)u)}.
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(c) Repeat the step (b) while new items can be inserted into the set X;.

(d) P:=PU{X,}.
Step 4. Repeat Step 3 for all sets M;, while new sets can be added into the
collection P.

This algorithm constructs the collection of sets of LR(k) translation items for
a given translation grammar. This collection differs from the collection of sets of
LR(k) items for the input grammar. Each of its items contains a string of output
symbols.

There is a string of output symbols y in the item with the dot at the end of the
right hand side of the rule. The string y is a string of output symbols from the end
of the rule in question. Such a situation means that the operation reduce will be
performed during the translation and the string y will be added to the output string.

There is also a string x of output symbols in the item with the dot just in front of
an input symbol. In this case the string x is the string of output symbols from the rule
in question placed in front of the input symbol behind the dot. This means that for
the rule of the translation grammar of the form A — axaf the constructed item for
some u € T** is [A — h;(a) « ah;(B),z,u] where x € D*, a € T, o, 3 € (NUT UD)*
and « does not end with the output symbol.

The existence of such an item in some set of LR(k) translation items means that
the operation shift will be performed during the translation and the string x will be
added to the output string. In order to select the output string x unambiguously,
there must not be, in the same set of LR(k) translation items, two different items
with different output strings, with the same input symbol behind the dot, and with
the same lookahead strings from FIRSTy (ah;(8)u).

Definition 4. We say that in the collection P of LR(k) translation items there is
a translation conflict, if in some set of P two items are of the form

[A — aeaf, x,u]
[B - 7'b§ay7v]
for z # y and FIRSTy (afBu)NFIRSTy (bdv) # (.

Definition 5. An R-translation grammar T'G is called an LR(k) R-translation
grammar, if the input grammar of TG is an LR(k) grammar and there is no trans-
lation conflict in any set of LR(k) translation items of the collection P for T'G.

6. ALGORITHM OF THE FORMAL TRANSLATION

For the LR(k) R-translation grammar translation can be performed using the algo-

rithm, which is obtained by the following modification of the LR parser.

Step 1. During the operation reduce, add the string of output symbols to output
string from the LR(k) item corresponding to the reduce operation performed.

Step 2. During the operation shift, add the string of output symbols to output string
from the LR(k) item corresponding to the shift operation performed.
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Strings of output symbols can be inserted into the corresponding items of the
action table of the LR parser. The resulting table will be called the translation
table.

Algorithm 2. Construction of the translation table for a LR(k) R-translation gram-
mar.

Input: LR(k) R-translation grammar TG = (N, T, D, R,S) and a collection P of
sets of LR(k) translation items for LR(k) R-translation grammar T'G.

Output: Translation table p for the translation grammar T'G.

Method: Translation table has rows denoted by the sets of items from P, columns
are denoted by the elements of the set T*F.

Step 1. p(M;,u) = shift(x), if [A — «a«f,x,v] € M;, 8 € T(NUT)*,
u € FIRSTy(fv), z € D*,

Step 2. p(M;,u) = reduce j(x), if j > 1 and
[A— hi(a)e,z,u]l € M;, A— «is jth rule in R,
weT* e D,

Step 3. p(M;,e) = accept, if [S" — S.,e,e] € M,

Step 4. p(M;,u) = error in all other cases.

Note. The goto table may be constructed in the same way as the one for the LR
parser (see [3]).

Algorithm 3. Formal translation for LR(k) R-translation grammar.

Input: The translation table p and the goto table g for the translation grammar
TG =
= (N,T,D,R,S), input string z € T*, k > 0.

Output: Output string y in case that for € L(G;), (z,y) € Z(TG), otherwise
error signalisation.

Method: The symbol # is an initial symbol in the pushdown store. Repeat Steps 1,
2 and 3 until accept or error appears. Symbol Y is on the top of the pushdown
store.

Step 1. Fix the string of first & symbols from the unused part of the input string

and denote it by u.
Step 2. (a) If p(X,u) = shift(x), read one input symbol, add the string = to the

output string and go to Step 3.

(b) If p(X,u) = reduce i(x), pop from the pushdown store the same
number of symbols as is the number of input and nonterminal symbols
at the right-hand side of the ith rule ()4 — « and add string = to
the output string. Go to Step 3.

(¢) If p(X,u) = accept, finish the translation; then the output string is
the translation of the input string, provided that the input string is
read completely, otherwise finish the translation by an error signali-
sation.
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(d) If p(X,u) = error, finish the translation by an error signalisation.
Step 3. If W is a symbol which may be pushed to the pushdown store (the read
symbol in 2(a) or the left hand side of the rule used for the reduction in
2(b)) and Y is the symbol at the top of the pushdown store, then:
(a) If g(Y,W) = M, then push M at the top of the pushdown store and
repeat the algorithm from the step 1.
(b) If g(Y, W) = error, finish the translation by an error signalisation.

The configuration of the algorithm is the triple (o, z,y), where
« is the content of the pushdown store,
x is the unused part of the input string,
y is the part of the output string already created.
The initial configuration is a triple (#,z,e), the accepting configuration is a triple
(#M;,e,y), where M; is the symbol at the top of the pushdown store, and it holds
for M; that p(M;,e) = accept.

Example. Let us have translation grammar
TG = ({A, B}, {a,b},{x,y}, R, A), where R contains the rules:
(1) A — aAy (2) A— B
(3) B — zbB (4) B—z
This grammar describes the translation Z(TG) = {(a’b?, 27 1y?) 14,5 > 0}. Let
us construct the collection of sets of LR(1) translation items for the grammar TG.

- {l
A = |l
ar = A{[
B, = {[A—B., e e}
by = |l
A, = |l
By {l
The following table is the translation and goto table. Symbols S and A stand for

operations shift and accept, respectively. The reduction by the rule number () is
denoted by R;.

a b e Al B la|b
# S S(.T) R4 x) A1 B1 aq bl
Ay A
a1 S S(.T) R4 (.CE) Ag B1 aq b1
B R,
b1 S(l‘) R4 (.I) B2 b1
Ay Ri(y)

By R
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Algorithm 3 performs the translation of the input string aab in the following way:

(#, aab, e) (#ay, ab, €)
(#a1 ay, b, e)
(#ayay by, e, )
(#a1 al b1 BQ, e, ZEI)
(#a1 a1 By, e,r)
(#a1 a1 As, e,xx)
E#al Ay, e, xry)

'_
'_
'_
l,
l,
'_
'_
F (#A1, e, TTYY)

Main theorem. Algorithm 3 of the formal translation for LR(k) R-translation
grammar TG creates, for each input string « € L(G;), where G; is the input grammar
of translation grammar TG, an output string y such that (x,y) € Z(TG).

Proof. Algorithm 3 is an extension of an LR parser, which means that it
constructs the reverse of the rightmost derivation of the input string « and, if this
derivation does not exist, it produces an error signalisation. Therefore we have to
prove the fact, that for an input string € L(G;) the output string y is produced
such that (z,y) € Z(TG).

The proof will be made by the induction on the length of the rightmost derivation
of the input string.
First the following claim has to be proved:

(%) If for some A € N a derivation A =" w exists in TG such that z = h;(w),
y = ho(w), then Algorithm 3 performs the sequence of moves (a, x, 3) F* (a4’, e, By)
for some string « of pushdown symbols, 3 € D*, where A’ is the pushdown symbol
corresponding to A.

1. For n = 1 the derivation has the form A = w and in R there is the rule A —

Y1a1Y20a2 * * Y ArYk+1, where k Z 0) Y1, 925 5 Yk, Yk+1 S D*a ai,a2,  ,0 € T7
hi(w) = aras -+ ag, ho(W) = Y1y2 - - - YrYr+1- In this case the collection P of the sets
of translation LR(k) items contains sets b, a}, a5, - ,a;, and these sets contain the

following items:
[A— earas---ak,y1,u] €b,
[A— ayeas---ag,y2,u] € al,

[A— araz-- ea, Y, u] € al,_q,
[A— araz - age,yps1,u) € aj,

for some lookahead string u € T**.
Algorithm 3 performs for some string of pushdown symbols « the following sequence
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of moves

(aa/haQ cee akaﬂyl)
(aatay, as...ak, By1y2)

(a,alag...ak,,@)

(aayaly...ak e, Byi1ys - .. yk)

(@A e, Byryz - - - YrYr+1)

T T T T T

Therefore the claim (*) is true for n = 1.

2. Suppose that the claim (%) is true for all m < n. The rightmost derivation of
the length n has the form

A = 21,101,121,201,2 * * * 21,5, Q1,i; B122,102,122.2a22 * + 224,025, B2 - - -

ce Bk2k+1,1ak+1,12k+1,2ak+1,2 T Rk 1ig 1 Akt1i 41 U

=" 21,101,121,201,2 * * * 21,4, 01,4, 3122,1CL2,122,2&2,2 ce 22,1'2112,1232 te
o WERE+1,10k+1,18k+1,20k+1,2 * * * Rk+1,ip 41 Ah41,ip41 U

="

=2 21,141,1%21,2041,2 * * * 21,4, a1,i13122,1a2,122,2a2,2 T 224,02 i, W
o WERE+1,10k4+1,12k+1,20k+1,2 ** * Rk+1,ip 41 Ak41,ip41 U

=" 21,101,121,201,2 * * * 21,4, A1 4, W122,102 1222022 * * * 22,2 i, W2 * * *

o WEREH1,1Ak+1,18k+1,20k4+1,2 * * " Rk+1,ip 1 Th4+1,ip4 1V

where v,z;; € D*, a;; € T, x; = hij(w;),y; = ho(wj), i > 0for j =1,2,--- |k +1,
1=1,2,---,i;, k>0.
In this case the collection P of sets of LR(k) translation items contains sets

! Vi ! ! ! ! ! ! ! ! ! !
b, a11,Q12,° 5071 4,,D1,09 1,02 2, " vaz,izaBQa -, By, At 1,10 V41,25 """ > Vot 13444
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and these sets contain the following items:

[A— caria12- a1, Biagiass -+

[A —a1,101,2° " A1,4, 3102,102,2 te
[A—arqa12
[A — a1,1a1,2"
[A — a1,1a1,2 "
[A — a1,101,2"
[A — a1,101,2 "
[A—a1qa12
[A — a1,101,2 "

[A—ar11a12- -

[A — a1,101,2 "

a1, » Brag1a22 - - -
a1, B1eaz a2 -
ai,iy Bla2,1 ed22 """
a1, Brag a2 -
ai,iy 3102,102,2 te
a1, Biras a2 -
a1, Brag a2 - -

a1,4, Brag a2 - --

ai i, 3102,102,2 ce

A2, ® Bg cee
ag i, Ba -
a2, Ba -+
. a271«/2 B2 ..

a2, By -

ag i, By -

for some lookahead string u € T**.

a2,i2B2 ..

ag i, By -

a2, By -
a/27i2 B2 .

az,Ba -

Brag+1,10k41,2 - - -

Braky110k41,2 - -
Brag+1,10k41,2 - - -
Brag+1,10k41,2 - - -

Bragy1,10641,2 - - -

Brag+1,10k41,2 - - -

99

ak+1,’ik+1 ) zl,l? U] S b

/!
ak+17ik+1 y 21,2, u] € al,l

!
ak+1,ik+1 , €, U/:I S a’],il 1)
!
k1,00 22,1, U] € By,

/
ak+1,ik+1a22,27u] €agy,

/
Ak+1,ik115 € u] € ag iy,

!
ak,ip » Brar41,10k41,2 - - ak+1,ik+1,€7u] € ag ;. »

B eagi1,10041,2 - -

Bragi1,1 005412 -

Brag+1,10k41,2 - - -

/
Qo 1ipsr s Zh41,15 U] € By,

!
~ak+1,ik+1azk+1,27u] € apq1,1>

!
. 'ak+1,ik+1azk+1,ik+1au] € Qpt1ipr—10

!
Brag41,10k41,2 - - - Qo 1,ip s+, Vs U] € ki 1540

Algorithm 3 performs for some string of pushdown symbols « the following se-
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quence of moves:

(o,a1,1a1,2 -+ 1,4, 01021022+ + A2,3, T2+ TGk 1,10k41,2 *** Chtl,igs s )
li
- (Oéam, a1,2 01,4, 2102,10422 A2, T2 " TpQk4+1,10k+1,2 " Ck+41,ip 15 52’1,1)

/ /
= (0401,1611,2, T 01,3, 21021022 71 A25,T2 T Qk4+1,10k+1,2 " " Qk+1,3541 5 52’1,121,2)
[E

F (Oéall,ﬂ,l,g tee a/l,i17961a2,1a2,2 T Q25502 Tk Ok4+1,10k+1,2 « - - Ak4+-1,ip 415 521,121,2 cee Z1,i1)
Fm (00/1710/172 ceayy Blyagiagg G20, T Q1108412 - Qg 1ig g, 32112127 21,1, Y1)
F (aa371a372 eah g, Blag 1, a0 A9,y - Tplhg1, 108112
v Q1441 ﬁZ1,121,2 ce Z1,11y122,1)
" (aall,lall,Z T all,ilBiaé,la/Q,Qv T 02,02 0 TpAk41,10k41,2 "
s Q1441 ﬂ21,121,2 ce Zl,¢1y122,12’2,2)
[E
H (04@/1,161/1,2 ) "a/l,ilBiGIQ,IGIQQ : "a/2,i2?$2 T TkAk+1,10k41,2 "
e Qi s 21,121,200 21,0, Y122,122,2 - - - 2’2,12)
e (aa’/l,la‘/l,2 T all,il ia/z,1a/2,2 T a/Q,iQBé’ C TeOk41,10k4+1,2 "
ce e Okl ig s Bz1,121,2 - 21,5, Y172,122,2 - - - 32,i2y2)
[
e (O‘all,lall,Q ) "all,il 1a/2,1a/2,2 ) "a/z,iQBé : "Bllg»ak+1,1ak+1,2 T
s Ok 1y Bz11212 7 21, Y122,1222 - 22,0, Y2 yk)
F (aall,1a,1,2 T a/l,ilBiaé,la/Q,Q T aé,iQBé T B];a;q;+1717 Ak41,2° "
s Akt 1 g4 Bz1121,2 21,1, Y122,122,2 - - - 22,i,Y2 " - yk2k+1,1)
= (04@/1,1@/1,2 T a/l,ilBiGIQ,IGIQQ T alz,izBé T Bl/ca;c+1,1a;c+1,27 T
.- ~a§c+1,¢k+1 , ﬁZ1,1Z1,2 Cr 21, Y1R2,1222 -4 - R20Y2 yk2k+1,12k+1,2)
[E
F (aall,lall,2 T a/1,i1 ia/271a/2,2 T aé,izBé Tt Bllca;c+1,1a;c+1,2a§c+1,ik+lv6,521,121,2 T
s 21,0 Y1R22,122,2 - - - 22,05 Y2 1 Yk RE4+1,17k+1,2 " Zk+1,ik+1)

!
F (@A’ e, Bz11210 21,0, Y122122,2 - - 22,0502+ * Yk Zh4 1,1 2641,2* ** 2kt Lig 11 V)

Since mj < n, for j =1,2,--- , k the claim (x) is true for all n > 0.

Thus, we have proved the claim (x) for an arbitrary rightmost derivation and it
holds therefore:
For the rightmost derivation S =* w in the translation grammar TG, where x =
hi(w), y = he(w), Algorithm 3 performs the sequence of moves (#, z, e) F* (#5', e, y)
and therefore (x,y) € Z(TG). O
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7. CONCLUSION

A similar approach as for LR(k) R-translation grammars may be used for the def-
inition of SLR(k) and LALR(k) R-translation grammars. The class of LR(k) R-
translation grammars does not contain all translation grammars with the LR(k)
input grammar. E.g. no translation grammar with output symbols in front of
nonterminal symbols belongs to this class.

(Received November 3, 1989.)
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