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DISCRETIZATION PROBLEMS ON GENERALIZED
ENTROPIES AND R-DIVERGENCES!

L. PArpO, D. MoORALES, K. FERENTINOS AND K. ZOGRAFOS

In many practical applications, data about an unknown continuous distribution arise
in a grouped form. For these cases, estimation of population entropies and divergences
must be done by means of their sample discretized estimates. In this paper, the problem of
loss of information due to the discretization of the data is studied for (h, ¢)-entropies and
Rg—divergences. Quadratic convergence theorems are given and asymptotic distributions
are obtained.

1. INTRODUCTION

Let (X, Bx, Ps)geco be a statistical space, where © is an open subset of RM. We shall
assume that there exists a generalized probability density fo(z) for the distribution
Py with respect to a o-finite measure p. In this context Csiszar [4], Burbea and Rao
[2] considered the ¢-entropy associated with fp(x) in the following way

o) = | o) dn(e) (¢ concave). (1)
Special choices of ¢, such as ¢ (t) = — tlogt, ¢o(t) = t — 12, ¢3(t) = t —13,
Ga(t) = 12004203 —t%, ¢5(t) = —log [~ z'e "dx, ¢6(t) = (1—a) ' (t*~1), a #

#1, a >0, ¢r(t) = (1 + A Hlog(l +A) — A7H1 + At) log(1 + At), A > 0, etc.,
give rise to Shannon’s entropy, quadratic entropy, cubic entropy, genetic entropy,
gamma entropy, entropy of degree «, hypoentropy, etc. But in the literature of
Information Theory there exist other information measures, for instance, Rényi’s
entropy, Arimoto’s entropy, Sharma and Mittal’s entropies, etc., which cannot be
obtained from (1) by specially choosing ¢. For this reason Salicrd, Menéndez, Pardo
and Morales [7] proposed the (h, ¢)-entropy given by

Hg(fo) = h (Hy(f5)) (2)

where either ¢ : [0,00) — R is concave and h : (—o0,00] — (—00,00] increasing
and concave or ¢ : [0,00) — R is convex and h : (—00,00] — (—00, 00| decreasing
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and concave. Note also that in the remaining cases, i.e., h increasing and convex
and ¢ convex or h decreasing and convex and ¢ concave, H (Z( fo) plays the role
of a certainty function. In what follows, we assume that H, g( fo) is an entropy
function. In the particular but very important case where the family {Py : 0 € 0}
is discrete, the entropies H, g (fo) defined in this manner have been considered by
many authors; e.g., Vajda and Vaek [9], where arbitrary Schur-concave entropies
H(fs) have been studied, and other references there in. In SalicrL et al. [7], the
asymptotic distributions of estimates of (h, ¢)-entropies under simple and stratified
random sampling from multinomial populations were obtained.

Based on the following concavity property of the (h, ¢)-entropy

Hg <f91 ;f@z) > Hg(fﬁl) ;H(;L(sz)’

Morales, Pardo, Salicrid and Menéndez [6] defined the Rg—divergence between the
generalized probability densities fo, and fp, as follows

R(fors fo,) = h </X¢ (W) du(a:)) -

([ stmnane) <1 ( [ ot an) .

where 91 = (011, [N 791]\4) and 02 = (921, ey GQM) When h(ﬁC) =T, we have the
J-divergence given by Burbea and Rao [2] and if h(x) = (1—5)_133% and ¢(x) =
we have the R-divergence defined by Taneja [8].

In practice the values of a continuous random variable X cannot be measured
exactly. Also, frequently continuous data are only available in a grouped form. This
means that, in the case of univariate continuous data, the sample space is partitioned
into disjoint intervals, each yielding a discrete value for X. More precisely, all values
of X such that ke — 5§ < X < ke + 5 are coded ke, k= 0,41,£2,..., where e > 0 is
the quantum of measurement. If X’ is an open subset of R, p is the Lebesgue measure
on X and By is the corresponding Borel o-field on X, then the true distribution of
the discretized random variable is

ket+se
pr(e,0) = / fo(z)dz, k=0,£1,4+2,...
ke—ie

Ghurye and Johnson [5] have proved that under certain regularity conditions the
discretized Kullback-Leibler divergence

o B Pi(e,01)
Is (f917f92) - Zk:pk(5791)10g pk(5702)

differ by O(g?) from (converges quadratically to) the theoretical Kullback—Leibler

divergence
IKL(f017f02 / f01 IOg ;ZIE ;d
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Through this result they were able to estimate the loss of information due to the
discretization of the data. Zografos, Ferentinos and Papaioannou [10] have estab-
lished that the discretized versions of the Csiszar and Rényi divergence measures
as well as the discretized version of the Fisher information matrix converge under
certain regularity conditions quadratically to their corresponding theoretical values.
Furthermore the same result holds for the Vajda, Kagan and Matusita divergences
as well as for the affinity between two distributions.

It is well known that (h, ¢)-entropies of absolutely continuous distributions cannot
be approximated by the (h, ¢)-entropies of the corresponding discrete distributions;

HE(f) = h (Z ¢<pk<s,9>>>
k

does not converge to H g( fo) as ¢ — 0. Furthermore, there are many classical
examples where H(;L(fg) < oo and EH(’;(fg) — 00 as € — 0; e.g., Shannon differ-
ential entropy Hy(fg) for ¢(z) = —zlogz, cf. Chap. 9 in Cover and Thomas [3].
Due to these problems, .H g( fo) is not a good candidate to be used in measuring
the discretized information. Thus for these mentioned cases, some questions arise
when the observed values of the random variable are actually discrete. How do we
measure the data information? How do we measure the amount of information lost
by discretization of the data? How do we estimate theoretical (h, ¢)-entropies? This
paper is motived by the desire to give an answer to these questions on the basis of
the (h, ¢)-entropy measures.

From now we assume that X C R is open and all the positive functions fy(z),
6 € ©, are continuous on X. In this case it suffices to consider ¢ : (0,00) — R in
our basic definitions (1) and (2). Let Z. = {k € Z/ke € X}, where Z is the set
of integer numbers and X = S(fy) = {z € R/ fo(x) > 0}. We propose to estimate
H g( fo) by the following expression

HE, 4 (fo) =h <g S o (pk(i,a)» 7 3)

k€Z,
which is motived by the fact that
pi(e, 0
Hi(fo) =€ Z (€)>
k€Z.

is an approximate Riemann sum associated with the Riemann integral

/X o(f(x)) de.

This discretization is based on the one proposed by Csiszar [4] for ¢-entropies.
Csiszar proved that under some general conditions Hy(fs) can be approximated
by its corresponding discretization. He proved that for every o > Hy(fp) there
exists € > 0 such that Hy(fo) < Hg(fp) < .
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Remark 1.1. Ghurye and Johnson [5] and Zografos, Ferentinos and Papaioannou
[10] measured the discretized information by means of the divergence between the
discretized distributions. For the measures which they studied, this is equal to
approximate Riemann sums associated with the corresponding divergences between
the absolutely continuous distributions; e.g., for the Kullback-Leibler information,
IXY(fa,, fo,), the divergence between the discretized distributions is IXLU(fy,, fo,)-
However, as fy, (ke) = @ and fp, (ke) = @, the corresponding Riemann sum
associated to IY(fy, | fa,) is

f91 (k&)
f92 (ké‘) ’

IKL,E(fGUf@z) =€ Z f91(k5) log

k€Z.

which is approximately equal to IXY(f,, fo,). This is not the case when we deal
with ¢-entropies or (h, ¢)-entropies.
Discrete approximations to the Rg—divergence are defined as follows

e € f91 + f92 1. 1.
Ry o) (fors fo.) = H{p, ) <2 - gH(h,qs)(fal) - §H(h,¢)(f62)' (4)

In this paper we deal with a new problem; i.e., we examine the rate of conver-
gence of HE, o (fo) and Rf, 4 (fo,, fo2). We establish that these discretized versions
converge under certain regularity conditions quadratically to their corresponding
theoretical values; i.e., to H, g( fo) and Rg( fo., fo,) respectively. Finally by using
asymptotic distributions, the problem of estimating theoretical entropies and diver-
gences through discretized data is also studied.

2. QUADRATIC CONVERGENCE OF Hg-ENTROPIES AND Rg-DIVERf
GENCES

In this section we are going to establish that under suitable conditions Hf, , (fo)
and Rf, 4 (fo,, fo,) differ by O(e?) from HJ(fo) and R}(fo,, fo,) respectively as
e —0;i.e.,
Hg(f@)_H(Eh’(;s)(fG) d Rg(felvf(%)_R?h@)(feuf@z)
g2 o g2

have a finite limite as € — 0. Theorem 2.1 establishes the quadratic convergence to
the (h, ¢)-entropies and its corollary the quadratic convergence to the Rg—divergences.
If we write f € C?(A) to denote that the real valued function f has a continuous ith
derivative on the set A, then we obtain the following result.

Theorem 2.1. Under the assumptions listed below as regularity conditions, we
have

i Hf;(fe) 7H(€h7¢)(f0)
11m 5
e—0 £

- Lw ( / ¢>(fe(rc))dx> [ ot fiaras )

Regularity conditions:
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i) [y lo(fo(z))]dz < oo,

(i)
(ii) fo € C?(X), ¢ € C%((0,00)) and h € C1(R).
(iii) ¢"(fo(x)) fi(x)? and ¢'(fa(x)) f} (x) are Riemann integrable on X.
(iv) If ve ks Zep, wep € [(k—3) &, (k+3) €], then

(a) lime > ¢"(fo(zek)) (f5(2ek)? f)( ¢ (fo(z)) (fo(x))? dz

e—0 kEZ.

(b) lime 35 ¢'(fo(ver) fo(wep) = [ &' 7(x))? da.

kEZ:

Proof. A Taylor’s expansion of h (E S (W)) around the point

k€Z,
) )) dz yields

HY (fo) = Hp o (fo) = I ( /X ¢(f9(x))dx> ( /X o fo(a) do—

SR

kez.
pk(5a0)> o d
+o <Z¢( =)~ [ athte) )
Therefore
[ o Nde— Y e (pk(69))
lim Ha o)~ <h olfe)_ ( | othata dx) lim . |

First, we calculate the difference
ke-l—%a
/ O(fole) da—)_ eo (pk ) = (/ ¢(fo(x)) dx —eo <p;€(5,9)>> :
kEZ. kez. \/ke—3ze 5

Observe that if fkkEEJr; ¢(fo(x))dz = F(ke + a) — F (ke — a), then

[ V)

Flke+a) = F(ke)+o(fo(ke)a+ ¢ (falke)) folke) = +

2
+{0" (folzen)) o (2e)’ +¢<fe<z5k)}g3
So, by taking a = £, we obtain
[ enanar = otfabn =+ oy (6" Uoeea)) S e+
2 (o)) £ 0} ©)
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€

o (2E2) = otsathen + (2L pore)) o)

9

A Taylor’s expansion of ¢ (M> around the point fy(ke) yields

with r a point belonging to the interval determined by the points fy(ke) and py (g, 0)/e.
In fact, since fp(x) is continuous in all [(k—1)e, (k+ 3)e], € > 0, k € Z. we
can easily see that there exists a point w.j € [(k— %), (k+ 3)e], such that
r= f9 (wa,k)~

Taking ¢(z) =z in (6), for v € [(k— )&, (k+ 3) ], we have

3
Pi(e,0) = & folke) + S f5 (ve).

Then §
é (pk(e,9)> = ¢(fo(ke)) + ;—4]['5/(1/5,]9) &' (fo(wer))-

3

Therefore, we obtain

ke %5
‘/k + ¢(f0(x)) de — ¢ (pk(i‘:,e)) e = % {¢I/(f0(zk,5) fé(zk,s)2+

e—te €
+¢' (fo(zre) [ (2h,e) = fo (Ver) &' (folwe r))}
and finally
HY(fo) — H, 4(fo)
tig —2 O e ([ st an) [ o (Gato) e a

Remark 2.1. The regularity conditions for this theorem are essentially the same
as those of Ghurye and Johnson [5], except that the convexity of fy on the tails of
S(fp) is not required. Conditions (i)— (iii) are fairly easy to check. For condition
(iv), Lemmas 1, 2 and 3 of [5] are applicable. The requirement that the functions f;
and f5 used in these lemmas should be positive valued at the tails of their domains
of definition may be relaxed to the requirement that it should not change sign at
these tails as has been shown by Zografos, Ferentinos and Papaioannou [1].

Remark 2.2. Let A be the right hand side expression of (5), which is negative
because of the conditions assumed on h and ¢, i.e., (increasing, concave) or (de-
creasing, convex). It is immediate to obtain A for several discretized versions of
entropy measures. For instance, if we consider h(z) = z and ¢(z) = —zlogx, we
have the discretized version of Shannon’s entropy and in this case —A is given by

1 [ (‘”"gaf(m))%(x)dx: =5 ((81()%*’;;()@)2) ,

which is Fisher’s information number for fy(z).

In the following table we present some examples:
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Distribution Family I —A

Gamma Family (o > 2, A > 0) | A\Z/(48(a — 2))

Normal Family (u € R, ¢ >0) | (4802)~1

Beta Family (o > 2, 8> 2) ((a+B8-1(a+B8-2)(a+8—4))/(48(ax — 2) (B — 2))

Note that for the Normal family, —A is proportional to the inverse of the vari-
ance. In the remaining cases —A is approximately proportional to the inverse of the
variance.

In a similar way to the previous theorem, if we suppose that the supports of the
generalized density functions fp, and fp, are such that S(fs,) = S(fe,) = X C R
is an open set, then we obtain that the rate of convergence of the discrete approxi-
mation to the Rg—divergence is quadratic.

Corollary 2.1. Under a straightforward extension of the regularity conditions
given in Theorem 2.1, to fg,, fp, and fo, + fo,, we have
Rg(fbl? f92) - R‘(gh¢)(f917f92)

A* = lim 5 =
e—0 IS

_ il{h'(/xqb(fel(x);f%(x)) da:>~

[ o (Juted i) (fél(x)—gfé(x))z o

‘%h' ( /X ¢<fel<w>>dw) /X ¢ (fo, (2)) fo, (2)* da—

—%h’ ( /X ¢(f02(x))dx> /X ¢ (fo,(x)) fég(x)2dx}.

Remark 2.3. If we consider h(z) = z and ¢(x) = —zlogz, i.e., for the Informa-
tion Radius, then we obtain that A* is given by

418{%1 <<alogafil(X))2_ (8logf91()gr+ m(x»)) .

5, ((alogéfZQ(X))Q ) (alogfel()g)x-i- fMX»))}

3. ON ESTIMATING THEORETICAL ENTROPIES AND DIVERGENCES
THROUGH DISCRETIZED DATA. NONPARAMETRIC APPROACH.

In the previous discretization scheme, the amount of information lost due to dis-
cretization or grouping of the data is given by

D(e) = HY(f) = Hf, 5 (f) or B(e) = Ry(f1, f2) = Ry 4)(f1, f2)

for the case of entropies or R-divergences respectively. If f and f; or fs are unknown
but grouped data are available from them, which is the case of many practical appli-
cations, then we can use statistical methods to estimate H(Z(f) and/or Rg(fl, fa2).
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We consider two possibilities depending whether X is bounded or not. Let us first
suppose that X' = (a,b), where ke — 5 <a<ke+5and (k+ K —-1)e—5<b<
(k+ K —1)e + § for some k € Z. and some K € N; i.e., we have K classes with
probabilities

ketie b
ne = [ A o= | folw) da
a (k+K—-1)e—1e
and jet+ie
pj(s):/ ) fo(x)dzx, j=2,...,K—1. (7)
je—3e

To estimate H g( f) on the basis of a discretized random sample of size n from f,
we define the discretized sample estimate as follows:

H{ g (P Z‘?(pj )

where P = (p1(¢), ..., pr(e))t and p;(e) is the relative frequence associated to the
probability p;(e). Let us also define

H{, 4)(P) = HG, 4 (f Z¢<pj ) :

where P = (p1(e),...,pk(€))". R
The following theorem gives the asymptotic distribution of H, ;) (P).

Theorem 3.1. If h € CY(R) and ® € C*((0,00)), then

n'/2 (Hf, ) (P) = H, ) (P) == N(0,0%),
where K K 2
0% = wapi(&?) - (Z wipi(5)>
and i=1 i=1

we T e () ¢ ()

Proof. We consider the Taylor expansion of Hf, (P) around the point P
K 9HE .\(P
5 h,¢ .
Hiy(P) = Hy ) (P) + 30— 5= (i(0) = pile)) + P
i=1 ¢

As n'/?R, L, 0, applying the Central Limit Theorem, we conclude that
n—oo

€ » € L
n'/? H(h,m(P)*H(h,qa)(P)} — N(0,W'SpW),

n—oo
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where ¥ p = diag(P) — P P* and W = (wy,...,wk)". O
Now we consider the loss due to estimating the theoretical (h, ¢)- entropy through

discretized data; i.e., D(¢) = Hg(f) - H(Eh7¢)(15) - D(e) is still an unknown quantity,
but we know that

D) = D) = (HL(f) = Hiy ) (P)) = (HE(F) = Hf (D)) =

= H{,4)(P) = H{j, 4)(P),

whose asymptotic distribution is given in Theorem 3.1. So, a (1 — ) 100 % large
sample confidence interval for D(e) — D(e), is

o o
_Za/va Za/zm )

where ¢ is obtained by replacing pg(¢) by pr(e) in Theorem 3.1. Finally, if & is
“small”, then D(e) ~ D(e) and as D(e) ~ 2A is also “small”, so is D(e).

Now we treat the case where X" is an open and not bounded interval of R. For any
¢ > 0, let us define the open interval (a,b) = XN (—c,c), where ke — § < a < ke + 5
and (k+ K —1)e — 5 <b< (k+ K —1)c + § for some k € Z. and some K € N;
i.e., we have K classes whose probabilities p;(¢), ¢ = 2,..., K — 1, are given in (7)
and the remaining probabilities are

“+o0

ks—&-%s
() = / fow)de and pr(e) = / fole) da.

—o (k+K—-1)e—1e

Let us also define K 5 (c)
76 P —_ pi 8
HEf ) (P) = b Z¢( 19)
j=

where P = (p1(e),...,px(e))" is the relative frequence vector associated to the
probability vector P = (pi(g),...,px(€))’. So Theorem 3.1 can be applied to obtain

the asymptotic distribution of n'/2 (H(E;f@ (P) — Hi' (P))

Now we consider the loss due to estimating the theoretical (h, ¢)-entropy through
truncated discretized data; i.e., D¢(g) = H(’;(f)fH(g,’f(b) (P).D<(e) is still an unknown
quantity, but we know that

D(e) = D(e) = HG;', (P) = Hi g (P).

If we now suppose that for a sufficiently small > 0, there exist a ¢ > 0 such that

H(E;chb) (P) — H(Eh7¢)(P)’ < 7, then a (1 — a) 100 % large sample confidence interval

for D(e) — DC(E), is R .
G o
<_77 - Za/2n1/27 n+ Za/2n1/2> )

where & is obtained by replacing py(e) by pr(e) in Theorem 3.1. Finally, if 6 and n
are “small”, then D(g) ~ D¢(¢) and as D(g) ~ £?A is also “small”, so is D°(g).
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To estimate Rg(fl,fg)7 we consider two possibilities when X; = Ay = (a,b) :
(1) f1 unknown, (2) f; and fo unknown. If (a,b) is partitioned in K disjoint
intervals, let us define according to (7) p;(¢) and ¢;(¢), i« = 1,..., K, to be the
corresponding probabilities under f; and f; respectively. Let us consider the prob-
ability vectors P = (p1(e),...,pk(€))" and Q = (q1(€),...,qk(¢))" and the relative
frequency vectors P = (py(e),...,px(e))" and Q = (G1(¢),...,qx(g))" when inde-
pendent discretized random samples of sizes n and m are observed from f; and fs
respectively. Let us also define th’@(P7 Q)= ]*2?h’¢)(]‘17 f2) and

. P+Q 1 L1
;,qb(P»Q) = H(Eh,¢) (2 ) - §H(€h,¢)(P) - §H(6h,¢)(Q)

when f; is unknown, and

. P+Q\ 1 s i
Z,¢(P»Q) = H(Eh,dy) ( 9 ) - §H(Eh,¢)(P) - §H(Eh,¢>)(Q)

when both f; and fo are unknown. In an analogous way to the case of H g( f), one
obtains the following theorem.

Theorem 3.2. (a) If h € C}(R) and ® € C'((0,0)), then

€ > < L
”1/2( <h,¢>(P7Q)—R<h,¢>(P,Q)) 5 N(0,02),

n—oo

where
K K 2
=3 i) (z upi@)
i=1 i=1

and

N g:i(gqs(p?(‘g)?tqi(g)) & <pl(€)2‘;%’(5))

(b) If 7= =5 X € (0,1), then

1/2 o
( — > (R?h#’)( ’Q)i f}L,¢)(‘P’Q)> i’ N(O,O’2),

n+m n—oo
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2 2 2 2 K 2 K 2
where 02 = Xoi{ + (1 = X) o3, 05 => ;- 5; qi(e) — (Zi:l S; qi(a)) ,
K
1 q;(€) gi(e)
si = —=i|e LGN} g () 4
’ 2 Jz_; ¢ ( € ¢ 5

and n and m are the sizes of the samples of f; and fo respectively.

Remark 3.1. For the case h(z) = x and ¢(z) = zlogz, i.e., for the Information
Radius, we get
1 i
b= Llog P (€)

and L log
_PiE) o s ==
2 7 pi(e) + qie) 2 T

Now, the loss due to estimating the theoretical Rg—divergence through discretized

data is - N .
Bi(e) = Ry(f1, f2) — th@)(P,Q)
if f1 is unknown, and

By(e) = Ri(f1, f2) — th,@(p,@

if f; and fy are unknown.

Asymptotic distributions of B(g) — By (¢) and B(e) — Ba(e) are given in Theorem
3.2. So, (1 — ) 100 % large sample confidence intervals for B(e) — Bi(e) and B(e) —
Bs(e), are

01 01 o o
_Zoz/Zma ZO{/QW and —Ra/2 ( o 1/2° Za/2 o 1/2
n+m) (n+m)

where 61 and & are obtained by replacing pi(e) and/or qx(e) by pr(e) and gi(e)
respectively in Theorem 3.2. Finally, the case of unbounded support can be treated
as in the entropy case and the same considerations can be given.

4. ON ESTIMATING THEORETICAL ENTROPIES AND DIVERGENCES
THROUGH DISCRETIZED DATA. PARAMETRIC APPROACH

In Section 3, the problem of estimating theoretical entropies and divergences through
discretized data was treated when f and fi or fs could not be included in any
parametric family of distributions. In this section, we again consider a statistical
space (X, Bx, Pp)oco, where X is an open subset of R, © is an open subset of R
and fp and fy, or fp, are the Radon-Nikodym derivatives of Py and Py, or Py, with
respect to the Lebesgue measure in (X, Sx).
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In the previous discretization scheme, where {Pp}gco is a well known family
of probability functions (Gammma, Normal, Beta,...) and only discretized data is
available, it seems more reasonable to estimate Héj(@) = Héf(fg) and R$(91,92) =

Rg(fgl,fgz) better by means of H(';(é) and RZ(él,éz), where 6, 6; and 6, are the
maximum likelihood estimators (M.L.E.) of 6, 61 and 0 respectively based on the

available discretized data, than by means of H(h ¢)( b and thc¢)( b.Q).

In this section we first develop a general notation useful for discussing a variety of
issues that arise in testing and estimation for the multinomial distribution. Let X =
(X1,...,Xk)" be a K-dimentional random vector with the multinomial distribution

x 2 My (n, P), where P = (p1,...,pr) is a vector of cell probabilities and n =
Zfil X;. We let Ak be the set of all possible K-dimensional probability vectors;

i.e., K
AK:{PGRK:pi>O, i=17...,K,Zpi:1}.

The vector of observed proportions P = n~1X is also a point of Ag. There exist
a function g(#) that maps each value of a vector § = (61,...,0,)® into a point in
Ag. When we assume that a given multinomial parametric model is correct, we are
really just assuming that there exist a parameter value 6° in © such that the true
cell probability vector verifies P = ¢(6°). In this section we assume the following
six regularity conditions given by [1]:

1. The point #° is an interior point of ©.

2. pi=gi(0°)>0fori=1,...,K.

3. The mapping g : © — Ay is totally differentiable at 6°, so that the partial
derivatives of g; with respect to each 0; exists at 6° and g(6) has a linear
approximation at 6° given by

M
agz 6°
0) =00 + 310~ 8) ) o(lo—e"l).
as 6 — 6°.
0
4. The Jacobian matrix (%), whose (i, j) element is agaiéf ), is of full rank; i.e.,
rank M.

5. The inverse mapping ¢! : © — A is continuous at g(6°) = p.

6. The mapping g : © — A is continuous at every point 6 in O.

Birch in [1] gives the asymptotic distribution of the M.L.E. § based on the dis-
cretized data. This is given in the next theorem.

Theorem 4.1. Under conditions 1-6 and assuming that P = g(0°), the asymp-
totic distribution of 8 is given by

n'2(6-0) 5 N(0, (A" 4)7Y),

n—oo
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. - ag(0°
where Ag = diag (g(6°)~%/?) (%).
From Theorem 4.1, we obtain the asymptotic distributions of H h( 9) and R (01, 05).
Theorem 4.2. Under conditions 1-6, if # is the true value of the parameter,

fo € CY(X), h € CY(R), ¢ € C'((0,00)) and '891 fg(x))‘ < ®(z), where @ is
finitely integrable in X', then

L. N,0?),

n—oo

nl/2 [HL(8) — HL(O)]
where 02 = TY (A A)~*T, T = (t1,...,t,n)" and

h
t = OH, </¢f9 dx)/gb af"( )d:v, i=1,..., M.

Proof. We consider the Taylor expansion of H, g(é) around the point 6

H}(0) = H}(0) +T'(0 — 0) + R

Due to the fact that n'/2R,, converges in probability to 0 when n — oo, one gets
the result. O

Now we consider the loss due to estimating the theoretical (h, ¢)-entropies through
discretized data under a parametric model assumption. First we suppose that
X = (a,b), where ke = 5 <a<ke+§Sand (k+ K —-1)e=5 <b< (k+K—-1)e+5
for some k € Z. and some K € N; i.e., we have K classes whose probabilities
pi(e),i=1,..., K, are given in (7). In this case D*(¢) = Hg(@) - Hg(é), where 6 is
the M.L.E. of § based on the multinomial model with P = (p1(¢),...,pk(€))’. As
the asymptotic distribution of D*(e) is given in Theorem 4.2, a (1 — «) 100 % large
sample confidence interval for D*(¢) is

o o
—Za/2m7 Za/zm )

where & is obtained by replacing 6 by 6 in Theorem 4.2.

For the case that X" is an open and not bounded interval of R, we suppose that for
any 1) > 0, there exist a ¢ > 0 such that XN(—c¢,¢) = (a,b) and |CH}?(9)—H,T(9)| <n,

where b
“H'(0) = h ( / ¢(fe(fc))dw> .

So, as in Section 3, a (1 — «) 100 % large sample confidence interval for D}(e) =
H(0) — °H{(0), is R R

g g
77772a/2m7n+2a/2m )

where & is obtained by replacing 6 by 6 in Theorem 4.2.
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To estimate Rg(ﬁl,eg), we consider two possibilities when X; = X = (a,b) :
(1) 6; unknown, (2) 6y and 6y unknown. If (a,b) is partitioned in K disjoint
intervals, let us define according to (7) p;(¢) and ¢;(¢),i = 1,..., K, to be the cor-
responding probabilities under fg, and fs, respectively. Let us consider the prob-
ability vectors P = (p1(e),...,pk (€)' and Q@ = (q1(¢),...,qx(e))" and also the
relative frequency vectors P = (p1(¢),...,px ()" and Q = (¢1(¢),...,dx(¢))" when
independent discretized random samples of sizes n and m are observed from fp, and
fo, respectively. Let us define 6; = (611,...,01n), 02 = (021,...,0201),

e = (o000 ) (%) B = o (o107%) (P52,

~ 5 §1 + 65 1 ~ 1
Rl(01,00)=H) < 5 > -3 »(0r) — §H§§(92),
when #; is unknown, and

- 6; + 6 1., - .
Rg(al,QQ)—Hg< ! 2)- M01) — S HE(62),

when both 6, and > are unknown. Let us also define T'= (t1,..., ¢ty ) and
S = (s1,...,80)" with

N = ;{h’</¢fal dw)(/¢ a]e;géff)dm>_
{

/ (fe1 z) + fo, (@ )>dx> (/2(¢,(f91(x)—;f92($)> 8?51(1@ dx>}7

5 o= g h’(/quez dx)(/‘?b (fou( 8{9652(1) x)
() ([ (i ) )

In an analogous way to the case of H 2(9)7 one obtains the following theorem.

and

Theorem 4.3. Let 91 and 52 be the M.L.E. of 6; and 65 based on independent
discretized samples of size n and m respectively. Let us suppose that conditions
1-6 hold, #; and 65 are the true values of the parameter for f; and f; respectively,

fo. € cl( ), i =1,2, h € C'(R), ¢ € C((0,00)) and !33 (fo,(2))| < ()
(/) (M)‘ < ®(x), it =1,2, 5 =1,...,M, where ®(x) is finitely
integrable in X.

(a) If 65 is known, then

and

nl/2 (Rg(él,%) - Rg(91,02)> n%:o N (0, TH(A* A)~ T) .



Discretization Problems on Generalized Entropies and R-Divergences 459

(b) If = X X (0,1), then

n+m

1/2
mn hid & h L
(n+m> (R¢(91792)_5R4’(01’92)) S—
L N (0, \TH(AY A) "I T+ (1 - A) S'(B* B)™1 5).

Remark 4.1. For the case h(x) = x and ¢(x) = xlog z, i.e., for the Information

Radius, we get
16f91($) 2f91(x)
/X 27000 fou (o) + o (@)

and

_/ 13f92(x) 2f92(1‘)

si= | = log

x 2 00y o, () + fo,(2)

Now, the loss due to estimating the theoretical Rg—divergence through discretized

data is .
BT(&‘) = RZ(@L 02) - Rg(@l,ﬁg)

if #; is unknown, and
Bj(e) = Rl(61,05) — R (01,02)

if 1 and 65 are unknown.

Asymptotic distributions of Bj(e) and Bj(e) are given in Theorem 4.3. So,
(1 — ) 100 % large sample confidence intervals for Bj(¢) and B3 (¢) are

g1 g1 d o o
(_ZO(/in/Q? Za/2n1/2> a1 _Za/2<mn)1/27 Za/2<mn)1/2
n+m n+m

where 61 and & are obtained by replacing 6, and/or 65 by 6, and 6, respectively in
Theorem 4.3. Finally, the case of unbounded support can be treated as in the entropy
case and the same considerations can be given. Now, we give some applications to
testing statistical hypotheses.

Remark 4.2. The previous results giving the asymptotic distribution of the Rg-
divergence statistics in random sampling can be used in various settings to construct
confidence intervals and to test statistical hypotheses based on one or more samples.
We give some examples.

(1) To test the hypothesis that the divergence between 6 and 6, a predicted value

of 6 available beforehand to the experimenter, is of a certain magnitude Ry, i.e.,
Hy : Rg(@, 60) = Ro, we can use the statistic

nt/2 (R1(0,600) ~ Ro)

A )

g

7 =
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which has approximately a standard normal distribution under H for sufficiently
large n, and ¢ is obtained from Theorem 4.3 by replacing ¢ by its maximum likelihood
estimator @ in (Tt(A*A)~1T)Y/2,

(2) To test the hypothesis that the divergence between 6; and 6 is of a certain
magnitude Ry, i.e., Hy : Rg(@l, 02) = Ry , we can use the statistic

g [ _mn /2 [ RA(61,62) — Ry
“\n+m & ’

which has approximately a standard normal distribution under H for sufficiently
large n and m , and & is obtained from Theorem 4.3 by replacing A by 2~ and 60,
and 0 by their maximum likelihood estimators 0; and 6 in ATt (A*A) =17+

(1 - N\)SYB'B)~1S.

(Received September 15, 1992.)
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