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KALMAN FILTER SENSITIVITY WITH RESPECT
TO PARAMETRIC NOISES UNCERTAINTY

NIKOLA MADJAROV AND LUDMILA MIHAYLOVA

The influence of the noises uncertainty on the Kalman filter performance is characterized
by sensitivity functions. Relationships for computing these functions are derived and used
both for synthesizing a Kalman filter with reduced sensitivity (KFRS) and a self-tuning
Kalman filter (SKF). The results are illustrated by examples.

1. INTRODUCTION

The influence of the noises uncertainty on the Kalman filter behaviour is widely
discussed in literature [7, 8, 12, 13, 14, 15, 17, 20, 22, 24, 25, 26, 31]. Considerable
research has been performed, for example, on the estimation of errors bounds under
modeling uncertainty [24, 31], the indirect sensitivity functions that characterize
the effect of each parameter variation on the error variance [5, 6], the direct sensi-
tivity functions defined by the state vector derivative with respect to the varying
parameter [13, 14], etc. The sensitivity functions can be used both as a quantitative
characteristics of the filter sensitivity and in a generalized performance index for
synthesizing a robust filter. The degradation of the filter performance depending on
the data uncertainty is, obviously, closely related to the investigation of the Riccati
equation sensitivity to the data uncertainty [1, 4, 10].

Different ideas for synthesizing a robust Kalman filter are suggested in [2, 11,
16, 21, 34]. Methods for synthesizing discrete Kalman filters, robust with respect
to data outliers are proposed [2, 11]. The problem of continuous robust Kalman
filter design is considered for linear systems with parameter uncertainty in both the
state and measurement matrices [34]. The covariance of the filter estimation error
is guaranteed to be within certain bounds for all admissible uncertainties. Stratton
and Stengel [30] develop a robust filter for predictive wind shear detection with
application in aircrafts.

Another group of methods for synthesizing robust Kalman filters is related to
presetting the unknown variables within the domains of their possible values. The
operations over the unknown values are reduced to operations over the respective
domains [23].

An alternative to the approach for synthesizing robust filters is the approach for
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synthesizing adaptive filters. The estimation of the state vector in the presence
of an a priori uncertainty can be done by means of different adaptive algorithms
[7, 20]. The numerical characteristics of the filter innovation process are studied and
minimized in most of the algorithms and “whitening” of the innovations is made. The
various adaptive filtering methods for unknown noise statistics are divided into four
categories [19]: Baysian, maximum likelihood, correlation and covariance matching.
Indirect methods for tuning are used in a number of papers [3, 7, 20].

In the present paper the influence of the inaccurate noise covariances on the Kal-
man filter performance is characterized by means of sensitivity functions. A Kalman
filter with reduced sensitivity is synthesized through augmentation of the estimation
error vector by the sensitivity functions. It is shown that the KFRS possesses robust
properties in a wide range of variations of the noise covariances. A self-tuning Kal-
man filter is described using sensitivity functions and the stochastic approximation
method. The filter gain is tuned directly. The obtained results are illustrated by
examples.

2. PROBLEM STATEMENT
The state vector zp € R™ of a linear discrete-time system
Tpy1 = Fop + Guy, (1)
is estimated on the observation of the output y, € R"
yr = Cop + wy, (2)

where the system noise vy € R™ and the measurement noise wy € R" are mutually
uncorrelated white noises, with covariances V,, and V,,, respectively. Sources of
parameter variations in the models (1), (2) are the noise covariances.

The inaccurate values of the covariances that are the data available for the Kal-
man filter synthesis will be denoted by V, and V. Single-input, single-output
(SISO) stationary systems are considered because the generalization for multi-input,
multi-output (MIMO) and nonstationary systems constitutes no major difficulty.
The normalization vy = v/V,v? and wy, = v/V,w? is used where v) and w} are single
covariance white noises (V0 = V0 = 1). The discrete-time stochastic observer is a
linear filter, having the form [9]

Tpy1 = Fap 4+ Kpq1 (Yo — CFay) , (3)

where Zj is the estimate of the state xp. The estimation error e, = xp — Iy is
described by the linear equation

1" (4)

0,0
ert1 = Ae + B [v), wiyy
where

A= (I = KO F, B =|(I = Kia1€) GV/Vo, =K1/ Va
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I is the identity matrix, nj_ , = [v),w) ;]  is a generalized white vector noise
with single covariance. The variance D, j, of the error ey, is the Lyapunov equation
solution

Deps1 = (I = Kp10) Qi (I — K1 C) + Ky 1 Vi Ky 1, (5)

where
Qrw = FD.,F" + GV, G,

K41 is the Kalman filter gain. If the gain K}, is determined from the condition

otr De’kJrl

—0, 6
0Ky i1 ©)

where tr denotes the trace of the matrix, the following relationship holds
-1
Kj1 = QCT (CQCT +V,,) . (7)

When the initial noise covariances are inaccurate, i.e. V, and V,,, the filter coef-
ficient K41 is determined from the “algorithmic” error variance D j

Depr = ([ - Kp1C)Qp (I = K11 C) + K1V Ky, 8)

where _ _ _
Q, = FD.,F' +GV,G7,

1

Kys1 = Q07 (CQ.CT+V,) . (9)

The algorithmic variance differs from the actual variance De’k that is the solution
to the equation

Dejr1 = (I = Kp1C) Qp (I — Fk—&-lc)T +Fk+1vwff+1, (10)

Qr = FD.,FT + GV,GT.

The Kalman filter sensitivity with respect to variations in the covariances V,, and
Vi is estimated by means of the direct sensitivity functions

., Oe
w  Oe
S = # (12)

The following stochastic equations are obtained after the differentiation of (4) with
respect to V,, and V,,

B T
Shy1 = Asp + ENGA [vp, 0], (13)
w w B T
Spr1 = Asp + —— [07w2+1] (14)

2v/ Vi



310 N. MADJAROV AND L. MIHAYLOVA

The variances of s} and s}’ are solutions to the Lyapunov equations

GGT
Dt = (1= Ken) (FDLFT + S0 ) (= Kine) . (19
v
Kpi KL
Ui = (I = KienC) FDUFT (1 = Kin O + =255 (16)
w

Example 1. The influence of the inaccurate initial information upon the Kalman
filter performance is illustrated by a simple example for the steady-state mode of the
filter (Dgy1 = Dy = D and Kj41 = K). The system is described by the equations

Tyl = Tp+ v, Vo = 2
Y = Tk + Wk, Vw = 4.

It is obtained from (5) and (7)

D. = 0.5V, <\/1 + 4V, Vit — 1) =2,
-1
K=2 (1 +14/1 +4un;1) =0.5.

For an inaccurately known noise covariance V,,, from (8) and (9) it follows that

—1
D. =142V, 1, K:2(1+\/1+2Vu,> .

The actual error variance D, is determined from (10) and (9) (for V, and V)

D, = (67" — 4R +2) [K (2- 7)) . K2(1+\/1+2Vw>

-1
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Fig. 1.

The variance DY of the sensitivity function s* is computed from (16)

—1
DY = <4Vw\/1 +2Vw) .

The graphics of the corresponding variances depending on V', are shown in Figure 1.
For V,, = Vi, = 4 all the error variances coincide, i.e. D, = De = D,. Considerable
deviation of the algorithmic error variance from the actual D, is observed for an
inaccurate noise covariance V,,, as expected (an effect of the inner filter divergence).

As V,, increases, the variance DY of the sensitivity function s decreases which
conforms to the theory.

3. SYNTHESIS OF A KALMAN FILTER WITH REDUCED SENSITIVITY

A standard approach for synthesizing systems with reduced sensitivity is to include
the sensitivity functions in the performance index. The generalized Kalman filter
error is further used

€k

= asi | (1)

Bsy,
where a and (§ are weighting coefficients as it is assumed that all components of
the vectors s} and s}’ are taken with some weights. The quantities referring to the
synthesis of the KFRS will be denoted by an asterisk. Putting together (4), (13) and
(14), yields that the generalized error (1) satisfies the equation

€1 = A+ B, (2)
where
(I - Ky 1C)F 0 0
A* == O (I—Kk+1C>F 0 B
0 0 (I — Ky 1C)F

(I = Kit1C)GVVy =K1V Vi

B* = a(I—KkHC)% 0

In its structure (2) is analogous to (4). Therefore the following Lyapunov equation
holds

fha1 = ADL AT + BB (3)

which is analogous to (5) after a respective substitution of the matrices A and B

with the matrices A* and B*. It is shown in Appendix 1 that the KFRS has the

form
Tpr1 = Fip + K (e — CF2y), (4)
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* * * * -1
Ki =QiCT (CQiCT+ V) (5)
Qj. = FD;, F" +GV;G",
2 /62

* = L yro 2
V”_V“+4Vv’ Ve Vw+4Vw (6)

and the variance Dj is the solution to (5), i.e.
* * * * T * *
fe ==K C) (FD: FT+GV,GT) (I-Ki, C) +Ki Vo Kid,. (1)

The actual variance D,’; of the error e is computed from
~ —% ~ T T —% [L— —=T
L= (1=K ©) (FDLFT+GVGT) (1=K C) +K 1 Va Ky (8)

A compromise between the filter accuracy and robustness can be achieved by an
appropriate choosing of the weights @ and 3 (see Appendix 1).

Example 2. The method for synthesizing a KFRS is illustrated for the system in
Example 1. It is known that V,, = 2 and the accurate noise covariance V,, belongs

to the interval [1,10]. The synthesis is performed for two values of V,, : V,, = 1.5
(near to Vinin) and 5 (close to the middle of the interval).

Fig. 2.

When V,, = 1.5 it is computed for:
— a standard Kalman filter that

—1
K=2 (1 +4/1+ 2vw> = 0.6667,
1

D= K’ 2+Vy) - 4K +2] [K 2-F)] "
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— a Kalman filter with reduced sensitivity (ﬂ =2V, =3, ie. VZ, =2V, = 3)

that .
K =2 <1 +4/1+ QVL) = 0.5486,
-1

D = [F*Q 2+ V) — 4K + 2} [?* (2 - F)} :
D? being computed from (8).
When V,, =5 (6 =2V, =10, i.e. VZ) =2V, = 10) the expressions for D,,

[?Z are the same as in the case above, the new filter gains K = 0.4633, K" =0.3583
being replaced in them. For the standard Kalman filter when the initial information
is accurate

K=2(1+VI+2Vy) ', Do= [K2(2+ V) —4K + 2] [K (2 — K)]".
The plots of the variances D., DZ, D, depending on V,, are shown in Figure 2
and Figure 3. It is seen for this example that the KFRS possesses better performance

when V,, is chosen near to Vi, (Figure 2).

Fig. 3.

The generalization of the KFRS synthesis for MIMO systems is performed in the
same way. In this case s}, and s}’ are matrices. The generalized error €}, comprises
the sensitivity functions of every element in the matrices V,, and V,,. If the matrices
are diagonal (for mutually uncorrelated system noises, resp. mutually uncorrelated
measurement noises)

e T
aisy!

67; = O‘mszm 9 (9)
Bisy?

| Besp
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. dens . ; den; . . .
where s = Zyet, i = 1,2,...,m, syt = oty J = L,2,...,r. Tt is shown in
i J

Appendix 1 that V' =V, + 22 V,"L V2 = V,, + Z2V1 where

a1 ... 0 ﬁl ... 0

0 ... am 0o ... B
and the Kalman filter equations (4)—(8) hold. The weighting matrices @ and § can
be computed according to the same conditions as in the scalar case. When any noise

covariance element is accurately known, then the respective element of o or g has
to be set to zero.

Example 3. The KFRS is designed for the MIMO system from inertial navigation
described in [3] for which

0.75 -1.74 —0.3 0 —0.15 0 0 0
0.09 091 —-0.0015 0 —0.008 0 0 0
F= 0 0 0.95 0 0 , G=1] 2464 0 0 ,
0 0 0 0.55 0 0 083% 0
0 0 0 0 0.905 0 0 1.83
100
100 01 |4 0
C = }, Vo=10 10 ,sz{ wn },
01 010 00 1 0 1
where V,,,, is supposed to be in the interval [0.2, 10]. It is assumed that V,,, = 0.4

and _
2V, O
=0 o)

The dependence of tr D., tr D;‘, tr D, on V., is plotted in Figure 4. The same
properties as in Example 2 are observed.
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Fig. 4.
The case is also considered when it is supposed that V,,, € [0.2,3] and V,, is

accurate, i.e.

1 00
Vw=1]0 10 , V= { (1) (1) } .
00 Vvss
It is assumed that V,., = 0.3. A KFRS is synthesized for different matrices a:
0 0 O 0 0 O 0 0 0
a) a=[0 0 0 |, b) a=]0 0 0 |, ¢ a=|[0 0 0
0 0 05 0 0 15 0 0 3

The plots for these a are shown in Figures 5,6, 7 respectively. The KFRS in the
case b) Figure 6 is more accurate than the filter in the case a) Figure 5 but for

shorter interval.

Fig. 5.
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Fig. 6.

Fig. 7.

4. A SELF-TUNING KALMAN FILTER

The Kalman filter gain Kj cannot be analytically computed for unknown noise
covariances. It is possible to organize a procedure for direct filter gain self-tuning
by the stochastic approximation method [32]

Kp=Kp1—wVJ [ (Ki—1)], k=1,2,..., (1)

where v;, is a step,
vk =yp — OF ) (2)
is the innovation process of the filter, J [Vk (Fk_l)] = %ngk is the performance

index that has to be minimized,

— 10 UTZ/},C
VvJ I:l/k (Kk;_l):l = 28(](]1_1)

— the stochastic gradient. It is assumed that 7, satisfies the conditions ensuring
convergence of the recursive algorithm (1) [32], e.g. v = I/k. Tt is also assumed
that the system (1)—(2) is completely controllable and completely observable.

For MIMO systems the algorithm for self-tuning has the following form

&g = Fip_1 + Ky, (3)

V) =~ [(T% (FOF)) Nepoa + Togr (T (FTCT0))], - (4)
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f}c :fk,1 —’kaJ [Vk (kal)], (5)
where v, = é and
O0p—1
Nz o1 = — =E" " (Ixvp_q), 6
) o o (L% vg—1) (6)
ozl
Top1=——t = (Ixvi_|)E"X" 7
k=1 8Kk_1 ( Vi 1) nxr ()

are direct sensitivity functions, (A * B)-Kronecker product of the matrices A and B,
E}% and E; X -permutation matrices [33]. It is supposed that the initial conditions
Zo, Ni 0, Ts,0 are preset. The relationships (6) and (7) for computing Nz y—1 and
T x—1 are obtained after differentiation of the filter equation (3) with respect to the
gain Ki_1.

The stochastic approximation convergence is slow and can be considerably im-
proved by well selected initial conditions.

For SISO first order systems the equations (4)—(7) have the following form

Nip—1 =Tz -1 =Vp_1,
vJ (Vk) = 7CFN:57]€_1I/]€ = 7OFV]€_1I/]€.

Example 4. The algorithm for self-tuning (3)—(7) is verified for the system (1)—
(2) with F =04, G =1,C =1,V, =1, V, = 0.1. The accurate value of the
covariance V,, = 1 is unknown in advance. The work of the algorithm is evaluated
by comparing the optimal values K = 0.52, D, = 0.52 with the values of K and D.
at each step of the self-tuning.

The initial conditions are assumed to be 9 = Nz 0 = T30 = 0. The plots F(kz)
and ﬁe(/ﬂ) are shown in Figures 8 and 9. The initial filter gain K is computed on
the basis of the inaccurate noise covariance V,,. It is possible to find an initial gain
through some of the existing algorithms [29] and thus to improve the convergence
of the proposed algorithm.
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Fig. 8.

5. CONCLUSIONS

The influence of the inaccurate noise covariances on the Kalman filter performance
is characterized by the direct sensitivity functions. They can be used directly, as
stochastic processes, or indirectly by their variances. A Kalman filter with reduced
sensitivity to parametric noises uncertainty is synthesized through augmentation of
the estimation error vector by the sensitivity functions taken with some weights. It is
shown that the KFRS possesses robust properties in a wide range of variation of the
noise covariances. A self-tuning Kalman filter algorithm is presented using sensitivity
functions and based on the stochastic approximation. The results obtained are
illustrated by examples.

Fig. 9.

APPENDIX 1

The variance matrix D?  of the generalized error (1) has the form

Dey aD{;, BDE

es,k

*

k= * a2D;’7k aBDJy |, (A1)
* * B2Dv,

v w vWw 3 v w v w
where Des’k7 De&,€7 D&k are the cross-variances of e and sy, ey and s}/, s}, and s}/

The asterisks replace the respective elements of the symmetric matrix. It is denoted

Dii1 = De g1+ 042D§,k+1 + ﬂzDgka' (A.2)
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Taking into account (3), (5), (15), (16), (A.1) and after transformations, the follow-
ing is obtained
FyDeyF§  aFyDY,  FT  BF,DY  FT ]

trDf ., = tr * Q2FyDY  Ff  aBF DYy ET
* * BRDEFT |

GoVoGY + Ky Vu KL, GoSGY  Kppi K[,
+ * Gof-GF 0 . (A3)

2
* * Ky %K,ﬂrl
where Fy = (I — K;11C) F and Gy = (I — Ki41C)G. On the other hand, from
(A.2), (5), (15), (16) and after transformations, the following is derived
2

2
tr Di,q =tr [FOD;;FOT + Gy (VU + f“/) G + Kyt <Vw + ﬁ;) KkTH} . (A4)

Comparing (A.2), (A.3) and (A.4) yields that
tr DY o =tr Diyy.
Hence, if the KFRS coefficient K7 | is determined from the condition
L{;ﬁf”““ 0, (A.5)
k41
the relation (7) remains valid, if the covariances

o2 2
Vv:Vv—km, Vw:Vw+m (A.6)
are used instead of the covariances V,, and V.
For the MIMO case (9), it is established in the same way that the covariances V'
and V) are formed in the following manner

(12
W e 0 9 0
Vi=V,+ . o + -+ Do 0
0 --- 0 0o --- —4?,;’:” ]
L z
, a2 - 0 Voo 0 ,
:V“LZ : U : ST = Vv+%Vv—1, (A7)
0 a?, 0 ij ]
where
a7 0
o =
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The diagonal matrix property

Vy, - 0 17" V}q 0
0 - V. 0 V:
is taken into account. Analogously
E 52 —1
Vi =V + ZVM , (A.8)
where
61 ... 0
B=11
0 ... B

The inverse matrices V! and V! participate in (A.7) and (A.8) which means
that only inputs and outputs with noises participate in the generalized error (9).

The choosing of the weighting coefficients (matrices) o and 8 is a matter of a
compromise between the KFRS accuracy and robustness. From (4), (13) and (14)
it is seen that the quantities ey, s} and s}’, elements of the generalized error (1),

are solutions to the same type equations, differing from each other by the input
v

variables. If the error e, and the common sensitivity s = { ;’; ] have to be of
k
equal worth in the error (1), the weights o and 3 have to be chosen according to the

condition
0 0
Vg [0 v ﬁ 0
=B k B—
w2+1] 2Vv{ 0 }—’— QVM{wg_H]

a =2V, B=2V,. (A.9)
However, the simultaneous accomplishment of conditions (A.9) results in a propor-
tional augmentation (doubling) of the covariances V,, and V,,, because
2

B

that is satisfied if

* a .
Vi=Vot 5 = 2,
ﬁQ
Vi=V, =2Vy.
w = Vet gy

This does not improve the KFRS accuracy. Really, the Riccati equation solution
D,y for V, =V, and V,, = V,, and the solution De’k when V =2V, and V,; = 2V,
are related to the condition o o

De,k = 2D€,k;
whereas from (7) and (5) it follows that

Ky = Q0T (CQiCT + V) = 2Q1CT (20Q1CT +2Vi,) ' = Kpp,

i.e. the KFRS gain and the standard filter gain coincide. That is why the condition
(A.9) has to be used only as a point of reference for the weights choosing. The same
considerations are valid for MIMO systems.
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