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ON CONTINUOUS CONVERGENCE
AND EPI-CONVERGENCE OF RANDOM FUNCTIONS

Part I: Theory and Relations

S1via VOGEL'! AND PETR LAcHouT?

Continuous convergence and epi-convergence of sequences of random functions are cru-
cial assumptions if mathematical programming problems are approximated on the basis
of estimates or via sampling. The paper investigates “almost surely” and “in probability”
versions of these convergence notions in more detail. Part I of the paper presents definitions
and theoretical results and Part II is focused on sufficient conditions which apply to many
models for statistical estimation and stochastic optimization.

Keywords: continuous convergence, epi-convergence, stochastic programming, stability
AMS Subject Classification: 90C15, 90C31, 60B10

1. INTRODUCTION

Often a decision maker has to deal with a programming problem which contains
unknown parameters. Then, usually, he will estimate the parameters and solve the
surrogate problem obtained in this way. And he hopes that the solution of the
surrogate problem is a good approximation to the solution of the true problem.
Thus there is a need for conditions ensuring that this hope is justified, conditions
on the form of the true problem and on the behavior of the estimates.

There are many papers dealing with the approximation of mathematical pro-
gramming problems. Especially stability theory of parametric programming and the
theory of epi-convergence yield a lot of helpful results (cf. [1, 4, 16]).

When the surrogate problems are random — as in the case of estimated parameters
— additional considerations are necessary to adopt the deterministic results to the
random setting.

This problem was — for the almost surely case — mainly dealt with in the frame-
work of stochastic programming and Markovian decision processes. Meanwhile a lot
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2The research has been partially supported by the Ministry of Education, Youth and Sports of
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of qualitative and quantitative results are available (cf. [2, 3, 7, 8, 10, 13, 14, 15, 17,
19, 20, 21, 22, 25, 26, 28, 29, 30, 31]).

The methods of investigation are usually adjusted to the special framework. For
instance the approximation of the true probability measure by the empirical measure
based on independent samples or the availability of consistent estimates are often
employed.

But there are also many problems where weakly consistent estimates or dependent
samples are only accessible. Then, mostly, one cannot deal with the a.s. setting, and
one may ask for weaker convergence notions such as (semi)convergence in probability
for optimal values and optimal solution sets.

In [11, 12, 26] special large deviations results are given, which offer the possibility
to derive statements on convergence in probability. General stability statements in
terms of convergence in probability are proved in [27].

The similarity of the results in [27] to the “almost surely” case gave reason to
consider the relations between convergence almost surely and in probability in more
detail. The investigations are done for one-sided forms of epi- and/or continuous
convergence. The results can be combined in several forms to derive statements for
epi-convergence or continuous convergence as well.

When approximating optimization problems with constraints, in general, it is not
necessary to impose convergence of the objective functions on the whole domain.
Therefore we consider convergence restricted to a convergence region X.

We prove equivalent characterizations for so-called lower (or upper) semicontin-
uous approximations and epi-upper approximations almost surely at X which pave
the way for the examination of the connections between convergence almost surely
and in probability. They show immediately that the different notions for convergence
almost surely imply those for convergence in probability. Furthermore, it is clari-
fied to what extent convergence in probability can be characterized by convergence
almost surely of subsequences. Roughly spoken, if lower or upper semicontinuous
approximations are considered on the whole domain and for epi-upper approxima-
tions, convergence in probability is equivalent to the fact that each subsequence
contains a subsequence which converges almost surely in the sense under considera-
tion. However, this is no longer true if semicontinuous convergence is restricted to
a non-trivial subset X.

The connection between epi-convergence of a sequence of functions and the be-
havior of corresponding minimal values and sets of “argmins” is well investigated
and utilized in many papers on stability in stochastic programming. Implications
which may be drawn if half-sided approximations only are assumed are scattered in
the literature (cf. [4, 16, 27]). In order to make the present paper self-contained,
corresponding results are proved independently.

2. DESCRIPTION OF THE CONSIDERED PROBLEM

Let a complete probability space [€2,.A, P] be given and suppose that a random
optimization problem

P min T,w
(fPo) Luin folz,w)
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is approximated by a sequence of surrogate problems
(P,) min  fp(z,w), neN, we,

€l (w)
where T',,| Q — 28" n € Ny := NU {0}, denotes a multifunction with measurable
graph, i.e. Graph I', € A® ¥P, and the function f,| R? x Q@ — R, n € Ny, is
supposed to be (P ® A, X)-measurable. Here 3 denotes the o-field of Borel sets
of R and Y is the o-field of Borel sets of R, i.e. generated by X and {+oc}, {—o0}.
Consequently, P denotes the o-field of Borel sets of RP.

Although our main interest is in deterministic original problems, which are ap-
proximated relying on estimates, we here allow for random original problems in order
to show that the relations between the convergence notions under consideration also
hold for random original problems. Furthermore, random original problems occur if
one deals with stochastic processes.

We usually write the “full” form f,(z,-) instead of f,(x) for random functions
(and f,(z,w) for the realizations), because we sometimes deal with random functions
and deterministic functions simultaneously and hence have to distinguish clearly
between them.

The constraint set I',, may be specified by inequality constraints:

[, (w) ={z € RP| g/ (x,w) < 0,5 € J}, where the functions
g RP x Q — R, n € Ny, j € J have to satisfy the same measurability conditions
as fn, J is a countable index set.

By f. we denote the modified objective functions

- {fn(x, w) ifzrely(w),

folz, w) = (1)

400 otherwise.

Having graph of I';, measurable, the function fn is (X ® A, ¥)-measurable. Ob-
viously, f, can be regarded as a modified objective function. Therefore, in the
following, we shall introduce continuous convergence, epi-convergence and a concept
of approximations (almost surely, in probability or in the deterministic sense) for
the functions f,, n € N.

3. ALMOST SURE CONVERGENCE OF RANDOM FUNCTIONS

Let us start with deterministic functions.

Definition 3.1. Let {h,, n € Ny} be a family of deterministic functions
hn|RP — R. By EL.hy,(x0) we denote the epi-limes inferior of (hy,)nen at xg € RP
and by EL*h,(x¢) the epi-limes superior:

EL.hp(x9) = sup liminf inf h,(z), (2)
VEN (zo) "t zeV
EL"hp(x) = sup limsup inf h,(x). (3)

VEN (zo) n—+oo  TEV
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(We denote by N (zo) the neighborhood system of z.)

These two limits can be equivalently described using convergent sequences.

Lemma 3.1. Let {h,, n € Ng} be a family of deterministic functions h,,| R? — R.
Then

lﬁg}r{g hn(yn) > ELyhy,(x0) for each sequence z,, — z¢ and (4)
there is a sequence &,, — xg such that ngli%(f; hn(Zy) = EL hy(x0),

limiup hn(xy) > EL*hy(x) for each sequence x,, — x¢ and (5)
there is a sequence Z,, — xg such that limiup hn(Zyn) = EL*hy,(x0).

The epi-limes inferior and the epi-limes superior of a sequence of functions provide
us with a powerful tool for the problem ([P,) investigation. Let us define notions
convenient for our task. The notation was chosen because of the close relationship
to the lower semicontinuity of a function of two variables, see [10], [16].

Definition 3.2. A sequence (h,)nen satisfying the inequality
EL*hn(.’L'O) > h()(.’L‘o) (6)
at a point zg will be called a lower semicontinuous approximation to hg at xg, we

shall abbreviate this property by h,, {—1}> hg.

Zo

Definition 3.3. A sequence (h;)nen will be called an upper semicontinuous ap-

proximation to hg at xo | hn ﬁ ho ) if (6) is satisfied for {—h,, n € Np}.
Zo

Definition 3.4. A sequence (hy,)nen fulfilling the relation

EL*hn(.Z‘o) S ho(xo), (7)
(hn)nen is called an epi-upper approximation to hg at xg <hn %Ii% h0>.
Zo
Definition 3.5. A sequence (hy,)nen With Ay, {—1}> ho and h,, {—u}> hg is contin-
xo Zo
uously convergent to hg at zg <hn ﬁ) h0>, and a sequence satisfying (6) and (7)
Zo

is epi-convergent to hg at xg <hn =, ho) .

{z0}

The above definitions are formulated for single points, only. Using a natural idea
we can extend them for subsets of RP.
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Definition 3.6. For X subset of RP, we define

By ——hy = Vo€ X : hy—— ho, (8)
X {z0}

hp —hy <= Yzo€ X : h, —— hy, (9)
X {z0}

hn%ho —  VryeX: hn‘s{p—i':>ho, (10)
To

ho -2 hy = Vag € X i hp —2s by, (11)
X {zo}

h, — ho <~ VageX: h,—— hg. (12)
X {zo}

The lower semicontinuous approximation is connected with continuity of a func-
tion.

Definition 3.7. Let X C RP. A function h| R? — R is called

lower semicontinuous (l.s.c.) at X < Vzp€ X : EL.h(x0) > h(xo)
(or equivalently h —;{» h);

upper semicontinuous (u.s.c.) at X <= —hisls.c. at X;

continuous at X being both l.s.c. and u.s.c. at X

(or equivalently h -~ h);

lower semicontinuous (l.s.c.) on X — Vxg € X

sup liminf inf h(x) > h(z);
VN0 ) 2 M)

upper semicontinuous (u.s.c.) on X < —hisls.c. on X;

continuous on X being both l.s.c. and wu.s.c. on X.

The above defined approximations are closely related to stability of optimal value
and optimal solutions of an optimization problem. They provide a deeper analysis
of the stability problem than epi-convergence itself.

Definition 3.8. For a deterministic function h| R? — R we denote

o (h) = inf h(x) (13)
and for each o € R we define
levelo(h) ={z € R?: (z) < a} and V(hja)= m clo (levels(h)). (14)

>a
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Definition 3.9. For a couple of non-empty sets A, B C RP we consider distance
between a point a € A and the set B given by

d, (a,B) = blélg dy (a,b) (15)
and the excess from the set A to the set B defined by

excess(A, B) = sup d, (a, B), (16)
a€A

where d, denotes the Euclidean distance in RP.
For convenience, we set excess(f), B) =excess((), ) =0, excess(A, §) =+o0.

If the functions depend on random element the setup of approximations can be
naturally combined with the almost sure validity.

Definition 3.10. Let {f,, n € Ng} be a family of functions f,| R? x 2 — R. Then
the sequence (fy)nen is said to be

i) a lower semicontinuous approximation almost surely to fo at X
(notation f, %Lfo) if P{w s (e, w) %f0(~, w)} =1,

ii) an upper semicontinuous approximation almost surely to fo at X

u-a.s.

(notation f, — fo) if = fn % —fo,

iii) continuously convergent almost surely to fo at X
I-a.s. u-a.s.

(notation f, % fo) if (fn - fo) A (fn — fo),

iv) an epi-upper approximation almost surely to fy at X
epi-u-a.s. fo) lfP{(U . fn(’ (U) %fo(-, w)} = 17

(notation f,

v) epi-convergent almost surely to fo at X

. epi-a.s. . I-a.s. epi-u-a.s.
(notation f, pTUto) if (fn — fo) A (fn pT> fo)-

The set X plays the role of the “convergence region”, because, in general, we do
not need (especially continuous) convergence on the whole R? (cf.[27]); Theorem 3.6
is showing that. Epi-convergence almost surely as dealt with by [23, 24] corresponds
to our definition with X = RP.

The following propositions gather up equivalent characterizations of the lower
semicontinuous approximation a.s. and of the epi-upper approximation a.s. They
will be latter employed to introduce the setup of approximations in probability.
Partly Propositions are inspired by the results in [23]. The mentioned characteriza-
tions are valid for closed convergence regions, only. Therefore, we make the following
agreement.
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Agreement. In the sequel, the set X is always assumed to be a closed subset
of RP.

Let Epi f,,(-,w) denote the epi-graph of f,(-,w). Under our measurability condi-
tions the multifunction Epi f,, has a measurable graph.

We denote the set of all compact subsets of R? by CP and the a-neighborhood of
X by UpX := {z € R?| ylél)f( d(z,y) < a}. By U,X we denote the closure of U, X.

The lower semicontinuous approximation a.s. and the epi-upper approximation

a.s. possess an helpful equivalent description which enables their extension ‘in prob-
ability’ sense. For that purpose we establish two auxiliary sets.

Definition 3.11. For a couple of functions f, g| R? x  — R we abbreviate

Die(f,9, Xiw) i= (cloEpi f(-w)N[T X xR]) \ U (Epig(-w)N[X xR]),  (17)
He(f, 9, Xsw) == (cloEpig(-,w) N[X x R]) \ UEpi f(,w). (18)

Briefly, the set D;.(f, g, X;w) contains each cluster point of the epi-graph of f
with argument in U 1 X, but with distance at least ¢ from the epi-graph of g restricted
to X. The set H.(f, g, X;w) contains each cluster point of the epi-graph of g with
argument in X, but with distance at least € from the epi-graph of f.

To avoid any misunderstanding, let us note that “limsup”, “liminf” and “lim”
for sets are used in the sense of Kuratowski. The limits in the set-theoretical sense
will be denoted by “Limsup”, “Liminf” and “Lim”.

Theorem 3.1. Let fy(-,w) be l.s.c. on X for almost all w. Then

I-a.s.
(fn aT> fO) (19)
Vag € X V(Tp)nen with x,, — xo
<= (P {w: hminf fou(@n, w) > fo(zo,w (20)
limsup (Epi fn(-,w) N[U1 X x R])
REN Plw: "2iZ (21)
C (Epi fo(-w) N [X x R])
limsup (cloEpi f,,(-,w) N [U X xR]) C
s [Plw: o= =1, (22)

C (Epifo(-,w) N [X xR])

& [ve>0 vKeCP!: lim P U {w:Dac(fm fo, Xsw)NEK #0} 3 =0
l—+oo m>n
s>1

Proof. The equivalence between (19) and (20) follows by (4), (6) and (8).
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Assuming X to be a closed set we obtain

Epi EL.fn(-, w)N[X xR] = limsup Epi f,(-, w)N [U%X x R]

n—+oc
l— oo

= limsup cloEpi f,(:, w)N [U%X x R] VweQ

and, consequently, (20) < (21) & (22).
To prove the equivalence of (22) and (23) we make use of the corollary 4.11(b)
and Theorem 4.10(b’) in [18]. These two relations are giving a chain of equivalences

limsup G,y C Gy | & (Vs >0: lir+rl (G \ U.Gy) = @)

n—+4oo

I too l—+o0

o (V5€Q+Vx€Qp+1VrEQ+: IngIeVn>neVi>ly : (G \ UEG())QUT{I'}ZQ))

provided G,,;, Go are closed subsets of RP*1. The symbols QP! and Q, denote
the rational numbers of RP*! and R, respectively.

The sets cloEpi f,,(-, w) N [U% X x R] are closed by definition and the set
Epi fo(.,w) N[X x R] is closed a.s. since fp is l.s.c. on the closed set X.

Thus, we have

(22) &
pl.. Ve € Qp Vz € QP! Vr € Q4 : Ing(w) Flo(w) _1
< w: Vn > no(w) Vil > lo(ﬁd) : Dl,e(fname;w) QUT‘{'r} =0 B
CJee Q) Tz et Ire Q4 : Vno(w) Vip(w) _
< (P {w " 3In > n?)_(w) Al > lp(w) : Dl:(fm;o,X;w)Oﬂ Uz} #0 } - O)

A P{} U U U ﬂ U {w: Dl,s(fnufO7X;w)mUr{x}7éw}:0 .

e€Q4 zeQrtl reQy no,lpEN "g'lno
=30

The multifunction w — Dy (fn, fo, X;w) is possessing measurable graphs since
the functions f, and fy are measurable. According to Proposition 8.4.4. in [6], the
set {w: Dye(fn, fo, X;w) NU,{x} # 0} belongs to A because we assume a complete
probability space. Therefore, we can prolong the chain of equivalences.

VeeQy V2 e QP VreQy :

nlilllw P U {W: ,Ds,a(fmvaaX;w)mUT{x}#w} =0
N

< (23). O

Continuity of the function f; simplifies the statement (23).
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Proposition 3.1. Let fy(-, w) be continuous on X for almost all w. Then
l-a.s.

VK € CP:

TILIE:'{—I»IOIC melg(lﬁK (yell]r;{a:}f (y w) fO(x w>>

l— 400

Plw: =1 (24)

Proof. The formula (24) evidently implies the statement (20). We have to show
the reverse implication, only.

Let w € Q be fixed and such that fo(-,w) is u.s.c. on X and suppose that there are
e > 0, K € C? and sequences (nk)keN, (lk)k€N7 (l’k)keM (yk)kEN with 2, € X N K,
Yr € Ui{xk} and fp, (yk, w) — folzg, w) < —e. W.lo.g. we can assume that

zr — xo € X N K. Since the function fy(-, w) is u.s.c. on X, we receive

liminf f,,, (yg, w) <liminf fo(zg, w) —e < limsup fo(z, w) —e < folzo, w) —¢€
k—-4o00 k—4o00 k— oo

and, therefore, EL, f,(.,w)(zo) < fo(xo,w). O

Proposition 3.2. Let fo(-, w) be continuous at X for almost all w. Then
lI-a.s.

. b . B _
(P {w VK e C liril%fxeyl;)fmz( (fo(z,w) = fo(z,w)) = 0} 1) . (25)

I—+

Proof. We shall show that (20) is equivalent with (25).
i) Let w € Q be fixed and such that fo(-,w) is u.s.c. at X and suppose that there
are € > 0, K € CP and sequences (ng)ken, (lk)ken, (Tk)reny with xy € U% XNK
k
and fp, (zr, w) — fo(zr, w) < —e. W.lo.g. we can assume that z; — zo € X N K.
Since the function fo(-, w) is u.s.c. at X, we receive

liminf f,,, (g, w) < liminf fo(zk, w)—e < limsup fo(ag, w)—e < folxg, w)—e.
k—+o00 k—+o0 k—+40c0

ii) Now, suppose that fo(-, w) is L.s.c. at X for a fixed w € Q and that there are
an xg € X, a sequence (Z,)nen With 2, — xg, and an € > 0 such that

lim inf fn(xnv w) < fO(‘T07 W) — &

n—-+4oo

Because the function fo(-, w) is l.s.c. at X we obtain

liminf (f,(zn, w) — fo(zn, w)) liminf f,(z,, w) + limsup(— fo(z,, w))

n—-+oo n—-+o0o n—-+o00

folzo, w) — e — lim+inf folzn, w) < —c.

IA

IN
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Consequently for K := Uq{z¢}, we receive a:EUl%n)f(ﬂK (fu(z, W) — folz, w)) < —e.

a

It is well-known that continuous convergence is equivalent to uniform convergence
on compact sets if the limit function is continuous [9], Propositions 3.1 and 3.2 reflect
this fact in our setting.

Theorem 3.2. Without any additional assumption

epi-u-a.s. fo) (26)

{ Vmo € X I(zp)neny with z,, — 20 : } )
=1

limsup fp(zn, w) < fo(zo, w)

n—-+oo
n—-+oo

n—-+oo

& ( { liminf Epi fu(-, @) O Epi fo(-,w) N [X x R]} = 1) (28)
(v

{ lim 1nf cloEpi fo(-, w) D cloEpi fo(-,w)N[X x R]} = 1) (29)

& | Ve>0 VKeCPt!: dim P U{w (fns fo, X;w) N K #D} 5 =0
(30)

Proof. The equivalence between (26) and (27) follows by (5), (7) and (10).
The statements (27) and (28) are equivalent because of
Epi EL* fo(, w)N[X x R] = lirnJirnpri fal, W)N[X xR] V, € Q.

Employing the corollary 4.11(a) in [18] and Theorem 4.10(b’) in [18] for G,
arbitrary subsets of RPt! we receive the following chain of equivalences

n—-—4o0o n—+oo

<lim inf G,, D Go) & (lim inf clo G,, D clo GO)
&= (‘v’e >0: liT (clo Gy \ Ueclo G,,) = (D)

& <V€ >0: hIE (clo Gy \ U:G,,) = @)

& VzeQrt VreQyp:dng Vn>ng: (cloGo\U.G,)NU{z} =0).
Consequently, (28) < (29) < (30) follows by considerations similar to those in
the proof of Theorem 3.1. O

Note that the equivalent characterization (27) implies that pointwise convergence
epi-u-a.s. f
0-
{zo}
Under additional assumptions the lower semicontinuous approximation a.s. and

the epi-upper approximation a.s. imply convergences of optimal values and optimal
solutions.

a.s. of (fn)nen to fo at xg is sufficient for f,
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Theorem 3.3. Let {f,, n € Ng} be a family of functions f,| R? x Q — R and
A C RP be such that in£ folz,w) = v (fo(.,w)) for almost all w € .
EaS

If £, epiuas. fo then limsup ¢ (fn(.,w)) < ¢ (fo(.,w)) for almost all w € Q.

n—-+4oo

Proof. Let w €  such that ingfo(x,w) = (fo(.,w)) and § > ¢ (fo(.,w)).
€
Then there is & € A such that fy(Z,w) < J. Hence,

sup limsup inf f,(z,w) < fo(2,w) < 4§ since f, epi-u-as. fo.
VeN (2) n—+oo EV
Consequently, limsup ¢ (fn(.,w)) < ¢ (fo(.,w)). -

n—-4oo

Theorem 3.4. Let {f,, n € Ny} be a family of functions f,,| R? x Q — R.
Let a compact K € CP be such that

liminf inf f,(z,w) > ¢ (fo(.,w)) for almost all w €

n—-+oo z¢ K

If f, ldT’ fo then for almost all w € € we have

liminf o (fn(.,w)) > ¢ (fo(.,w)).

n—-+oo

Proof. Let w € Q such that liminf, .. infyax fr(z,w) > ¢ (fo(.,w)).
Assume 0 < ¢ (fo(.,w)).
Then for each x € K, we have a neighborhood V,, € N'(z) such that

. l-a.s.
limnt inf fo(y,) > 0 since fu 5 fo

Of course, |J,cx Vo O K. We assume K to be a compact and, therefore, there is a

finite subset I C K such that (J ., V. D K.
Thus,
liminf inf f,(y,w) > minliminf inf f,(y, 5
wminl el o) 2 i limint e (o) >
and, hence,
1 f = liminfmin ¢ inf inf
lim inf ¢ (fn (., w)) ;gg;omm{m fn(y,w),yngfn(yw)}

S e .
> minliminf inf f,(y,w ),légirg;g;f{fn(y,w) >0

n—+oo ye K

Consequently, liminf ¢ (f, () > ¢ (fol-)) 0
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Theorem 3.5. Let {f,, n € Ng} be a family of functions f,| R? x Q — R and

an| 2 = R, n € Ny, limsupa,, < ag a.s.
n—-+o0o

Let a compact K € CP be such that

lim inf mf fo(z,w) > ¢ (fo(.,w)) for almost all w € Q

n—-+o0o r

If fn % fo then for almost all w € ) we have

liminf ¢ (fn(.,w)) > ¢ (fo(.,w))

n—-+4oo

and if lim inf 1nf fn(z,w) > ap(w) then

n—-+o0o x

lim excess(¥ (fu(.,w); an(W))¥ (fo(,w); ao(w))) =0

n—

while ¥ (f,,(.,w); an(w)) C K is a compact for all n € N large enough.

Proof. The relation between optimal values follows from Theorem 3.4.

We have to consider the level sets, only.

Let w € Q such that liminf,, . infrgx fr(z,w) > ap(w) > ¢ (fo(.,w)).

Assume ¢ € R fulfilling lim inf,,_, 4 o infgx fn(z,w) > do > ap(w).

Then there is ng € N such that inf gx fr(z,w) > do for each n > ng.

Hence levels(f,(.,w),d) C K for each § € (ap(w),do), n > no.

Consequently for each n > ng, ¥ (f,(.,w); an(w)) C K and is a compact being a
closed set by definition.

According to our agreement that excess(f), B) = excess((),#) = 0, we need only
treat the case a,(w) > @ (fu(,w)) Vo eN, ie U (f,(,w);an(w ) [D.
Let x, € ¥ (fn(.,w); an(w)) be such that

dp (2, ¥ (fo(-,w); ao(w))) > excess(¥ (fu (-, w); an(W))¥ (fol, w); an(w))) =27

For n > ng, x, belongs in the compact K. Therefore, there is a convergent subse-
quence lim z,, =2.

k——+oo

By the definition there are y,, € RP such that

lim d, (yn,xs) =0 and limsup fr(yn,w) < ag(w).
n—-+00 RIS
Therefore? Oéo(u)) 2 %m_il_nf fmc (ynkvw) > fo(i“,w) since fn —>1_2S' fo.
—T 00
Thus, we conclude lim excessV (f,(.,w); an (W) (fo(.,w); ap(w)) = 0. O

n—-+oo
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Theorem 3.6. Let {f,, n € Ny} be a family of functions f, |R? x Q — R,
an |RP x Q@ — R for n € Ny and A C RP be such that «,, > ¢ (f,) a.s. for each
n € Ny, limsup o, < ag a.s. and [, fo(z) = ¢ (fo(.,w)) for almost all w € Q.

n—-+oo

Let a compact K € CP be such that

limJirnf 1;1If( falz,w) > @ (fo(,,w)) for almost all w € €, (31)
Jo =S5 fo and f, <P fy. (32)

Then for almost all w € Q2 we have

liminf o (fn(.,w)) = ¢ (fo(.,w))

n—-+4oo

and if Eg_il_lg fng fn(z,w) > ap(w) then

lim excess(¥ (fn(.,w); an(w))¥ (fol.,w); ap(w))) =0

n—-+o0o

while U (f,,(.,w); an(w)) C K is a compact for all n € N large enough. *
Proof. The statement is a direct combination of Theorems 3.3 and 3.6. O

Let us note that Theorems 3.3, 3.4, 3.5 and 3.6 extend Proposition 7.30 and The-
orem 7.33 in [18]; for more general setting see Theorem 5.3.6 in [5].

4. CONVERGENCE IN PROBABILITY OF RANDOM FUNCTIONS

Now we shall consider one-sided approximations “in probability”. To avoid any
misunderstanding, let us repeat the note that “limsup”, “liminf” and “lim” for sets
are used in the sense of Kuratowski and the limits in the set-theoretical sense are
denoted by “Limsup”, “Liminf” and “Lim”.

Definition 4.1. The sequence (f,)nen is said to be

i) a lower semicontinuous approximation in probability to fy at X

(notation f, l_p;:b fo) if
Ve >0 VK € CPH1: lﬂ11+n P{w:Dic(fn, fo, X;w) NK # 0} =0,
l—+oc

ii) an upper semicontinuous approximation in probability to fy at X

(notation f, %rc}b> fo)if (—fn % —fo)s

iii) an epi-upper approximation in probability to fo at X

(notation fy, L}jma>fo) if

Ve >0 VK € CP+L: lirf Plw:H(fn, fo,X;0)NK #£0} =0.
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Continuous convergence or epi-convergence in probability can be defined combin-

ing (i) and (ii) or (i) and (iii), respectively. The condition (23) and hence f, I;;L fo

imply f, % fo as well as (30) and hence f, % fo imply f, _epiru-prob, fo-

The following lemma gives further insight into the relation between the approxi-
mations almost surely and in probability. It offers the possibility to derive stability
assertions ’in probability’ from the a.s. case.

Lemma 4.1. Let fo(-, w) be Ls.c. on X for almost all w. Then

I-a.s. n T) f())

Each subsequence of (f,,)nen contains I-prob
a subsequence (fn, )reny With fi, - fo- = (f

Proof. Suppose that (f,)nen fails to be a lower semicontinuous approximation
in probability to fo on X. Hence there are ¢ > 0, K € CP*! o > 0 and subsequences
(fn)neﬁch (ln)neNh nl_igloo l,, = oo with

nenN

P{w Dln78<fnaf07Xaw)ﬂK7é®}>a VHEN

Consequently, P ¢ Limsup {w : D; c(fn,, fo, X;w)NK # 0} » > «, for each sub-

k— o0
l—+oo

sequence (ng)ren C N and, thus, the sequence ( fn)pen cannot contain a subse-

. I-a.s.
quence (fnk)kEN with fnk % f0~ o

Assuming a bit stronger condition than lower semicontinuous approximation in
probability, we are able to prove the reverse statement.

Lemma 4.2. Let fo(-, w) be Ls.c. on X for almost all w. If there is Iy € N such
that Ve >0 VK € CPT!: lirf P{w: Dy c(fn, fo, X;w) N K # 0} = 0 then

l-a.s.

Each subsequence of (fy,)nen contains
a subsequence (fp, Jreny With fp, — fo- |-

Proof. Consider a subsequence (fy),cxcn Of (fn)nen-
For every k€N we find an 7, € N such that, for each n > n,, neN,

Plws Dy g (fas fo X50) N TR0} £ 0} < .

Let nqy = 77 and ng := max{ng_1 + 1, nx}. Let us denote N = {ni,n9,...}.

For fixed ¢ > 0 and K € CPT!, we obtain

S PA{w : Diy e (fngs o Xiw) N K # 0} < o0,
k=1
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since
(@5 Dige (s for X3w) N K £ 0} € {w Dy g (o fo X50) N TR{0} £ 0

for each k sufficiently large.
That, by the Borel-Cantelli-Lemma, implies

P {Limsup{w : Dige(frps fo, Xiw) N K # 0}} =0.
k—-+o00

Consequently, Ve > 0 VK € CP*!:
0= khm P{ U {w : Dlg,s(fnj7f0aX;w) NnK 75 @}}

—reo sk

= lim P U A{w:Dsc(fm, fo, Xsw) NK # 0}

k*FFOO m2>ng, meN

s>l

> lim P U {W:Ds,a(fmavaX;w)mK#(b}

n—+oo,nEN m>n, meN
l—+oo s>1

That means f,, %i» fo. O
Unfortunately, in general, the reverse to Lemma 4.1 fails.

Example. Let p =1, X = {0} and A4,,,, n,v € N be such random events that
P{A, .} =27" A, NAp, . = 0 whenever v # w, U:ﬁ A, » = Qand the collections

{4, ,,v € N}, n € N are independent. Consider random l.s.c. functions

-1 ift>Lwed,,,

0 otherwise, forn €N.

fo=0 and f,(t,w)= {

Hence taking w € A, ,,, we receive

Epi fn(-, w)N [U%X x R]
1 1 1 1
- <_l’ max{v,l}) X [0, +00) U [max{v,l}’l) X [=1,+00),
U=(Epi fo(-, w) N[X xR]) = U({0} x [0, +00)).

Therefore, for each % <e<land K € C?, K D [-1,1]? we have

+o00
{weQ: Dy (WNK#0} = {o.) €N: Dy (w)yn[-1, 1]? # (Z)} = U Ap o
v=Il+1

Then,
. +oo 1 1
P{weQ: Dy (w)NK #0} < ;127:?m0.
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I-prob
Therefore, f, — fo.

Let fn., k € N be a subsequence of our functions. Then for a fixed [ € N,
% < e < 1, the sets

+oo
{weQ:Dp1WNK#£0}= |J Apw. kEN
v=I[+1

are independent with common positive probability. Hence according to the Borel—-
Cantelli lemma,

P {Limsup {weN: Dy 1elw)NK # [Z)}} =1
k—-4o00

l-a.s.
Therefore, the convergence f,, — fo cannot be true for any subsequence.

Lemma 4.3. Always, we have

(fn B2 fo) (

epi-u-a.s.

Each subsequence of (f,,)nen contains
fo

a subsequence (fp, )ren With fp,

Proof.

epi-u-prob
_—

i) Let f, fo and consider a subsequence (fy.),cxicny Of (fn)nen-

For every k€N we find an 7, € N such that, for n > 7, neN,
Plws Hy (fu fo, X;0) N U0} £ 0} < .
Let ny = 0y and ng := max{ng_1 + 1, Nig}.

For € > 0, K € CP™! we obtain Y P{w: He(fu,, fo, X;w) N K # 0} < oo,
k=1
since {w : He(foys fo, X;w) N K # 0} C {w: Hzik(fnk,fo,X;w)ﬂﬁk{O}#Q)} for

each k sufficiently large. That, by the Borel-Cantelli-Lemma, implies

P{LimSUp{w : Hs(fnk7f07X;w>ﬂK7é®}}

k—4o0

= lim P | J{w : He(fu,, fo. X;w) DK #0} 5 =0,

k
DR P

epi-u-a.s.

which is (30) and, therefore, f,, fo-

ii) Suppose that (f,,)nen fails to be an epi-upper approximation in probability to
fo on X. Hence there are ¢ > 0, K € CP*1 o > 0 and subsequence (f,,) y with

P{w: Hs(fnvaaX;w)nK#®}>Oé VTLGN

neNC
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Consequently,

P{Limsup{w: He(frrs fo, Xsw) N K # (7)}} >«

k—-+oo

for each subsequence (ny)ren C N and, thus, the sequence (f,,)

epi-u-a.s.

neNCN cannot con-

tain a subsequence (f,, Jren With fy, fo. O

Let us close the section with the relation between stability of stochastic optimiza-
tion problem and our concept of approximations in probability. For random variables
with values in the extended real line we define lower and upper approximation in
probability.

Peﬁnition 4.2. Let X,, n € Ny be a sequence of random variables with values in
R. We say that X, is a lower semicontinuous approximation in probability to X
whenever for each £ > 0, § € R

lir_~1_1 P{X, < Xy—¢,Xo€eR} =0, lirf P{X, <6Xo=400}=0, (33)
and is an upper semicontinuous approximation in probability to Xy whenever for
eache > 0,6 e R

lim P{X, > X,—¢,Xo€R} =0, lirJrrl P{X, >6Xo=—-00}=0. (34)

n—-+o0o

. . 1-prob -prob .
We will use the notation X, LXO and X, Bl LN Xo, respectively.

If both approximations take place in the same time we speak on convergence in

probability denoted by X, _prob, Xo.

. u-prob I-prob . .
Evidently, X,, ———— Xy <— —X,, ——— —X. Lower semicontinuous approx-

imation in probability can be equivalently described in several ways.

Lemma 4.4. Let X,,, n € Ny be a sequence of random variables with values in R.
Then the following statements are equivalent

I-prob
X, —  Xo

(
— lirf P{X,<6Xo>0+e}=0 YoecRVe>0 (
< lim P{X,<6,Xy>6}=0 VieR (

(

n—-+oo

<~ lim P{[X,,Xo—¢]NK#0}=0 Ve>0VK eC.

n—-+oo
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Proof.
iii) (35) implies (36) because

P{X,<§,Xo>6+e}=P{X, <5< Xg—¢}

SP{Xn<Xo—%,XoeR}+P{Xn§57X0:+oo},

iv) (36) implies (37) because

P{X,<6,Xo>0}<P{X,<6Xo>0+ec}t+P{0d<Xg<d+e}.

v) Let K € C. Then there is some I € N such that K C [—I¢, I¢]. Hence,
P{[Xn, Xo — ] NK £0} < P{X, < Ie, Xo > —(I — 1)z, X, < Xo — £}

I—-1
<Y P{X, <Ie, X, < Xo—e,ic < Xo < (i+1)e} + P{X, < Ie,Ie < Xo}
i=—1I

I
< Y P{X, <ie,ie < Xo}.
i=—1I

Consequently, (37) implies (38).

vi) For a, 8 € R, @ < 8 we obtain
P{X,<Xo—,XoeR}<P{XpeR—[a,0]} + P{X,, < Xo — ¢, X0 € [a, 0]}

< P{Xo € R—[a, A} + P{[Xn, Xo —e] N[ar —¢, 5] # 0},

and
P{Xn < (5,X0 = +OO} < P{[X,L,Xo] n {(5} 7é @} .

Therefore, (38) implies (35). O

Let us note that we can read “[X,(w),Xo(w) — &] = D, (Xn, Xo, .;w)” and
“[Xo(w), Xp(w) — €] = He(Xn, Xo, -;w) = =Dy o(—Xn, —Xo, - ;w) — 7. Therefore,
we did not introduce any epi-upper approximation in probability for a sequence of
random variables since that notion would coincide with the upper semicontinuous
approximation in probability.

Under additional assumptions the lower semicontinuous approximation in proba-
bility and the epi-upper approximation in probability imply a convergence of optimal
values and optimal solutions.
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Theorem 4.1. Let {f,, n € Ng} be a family of functions f,| R? x Q — R and
AeCr If

[ o=t asand g, g, (39)
TxEA
then N

@ (fn) ——= ¢ (fo). (40)

Proof. Let § € R and € > 0. Then we have the inclusion

(01 @) =542 0 (folow)) < 8} {w YIRCTE so(foc,w))}

C{w : Vz eR? f(z,w) >5+2¢,Fy € A fo(y,w) < d}
CHw + He(fn, fo, Asw) N(A x [576+5])7é®}

Therefore, (39) implies (40) since A X [4,0 + €] is a compact. O

Theorem 4.2. Let {f,, n € Ny} be a family of functions f,| R? x @ — R and
KecCr If

. I-prob I-prob

then A
0 (fn) =0 (fo). (42)

Proof. Let § € R and € > 0. Then we have the inclusion

{w : xlg’(fn(x,w) < 3,0 (fo(,w)) > 5—|—26}

C{w : Jx e K fpolz,w) <6,Vy € K fo(y,w) >0+ 2}
C{w : Dl,s(fn,me;w)ﬁ(Kx [(57(54‘8])7&0} VieN.

Therefore, (41) implies (42). 0

Theorem 4.3. Let {f,, n € No} be a family of functions f,| R? x Q — R,
an| 2 —= R, n €Ny, limsupa,, < g a.s., and K € CP. If

n——+00
nEIJI:OOP {w : mlél}f( fun(z,w) > max {p (fo(.,w)) ,ao(w)}} =1 (43)
and R
fo =" 1o (44)
then

o (fa) =22 0 (fo) (45)
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and
excess(¥ (fn; an)¥ (fo; o)) prob (46)
while
lirf Pl{w : U (fp(,w);an(w)) C K is a compact} = 1. (47)
Proof.

i) The relation (45) follows from Theorem 4.2 since (43) and (44) imply (41).
ii) Evidently, (43) implies (47).

ili) Let e >0, A< B,e,A,B€R.
Then for all [ € N we obtain

excess(U (fn (., w); an(W)V (fol.,w); ap(w) + 2¢)) > ¢,
Plw: A<ai(w) < B, a,(w) < ap(w) +¢,
< P{w : Die(fn, fo, Kiw) N (K x [A+¢e,B+¢]) #0 }

The assumptions of the theorem are giving

. excess(VU (frn (., w); an (W) (fol.,w); ap(w) + 2 ,
. P{w: oo (ol n()¥ (ol ionfe) +22) > }:0_

n—-+4oo

Since e, A, B can be arbitrary chosen, we are receiving (46). |

Theorem 4.4. Let {f,, n € No} be a family of functions f,| R” x @ — R,
an| 2 =R, n €Ny, limsupa,, < ag a.s., and K, A € CP. If

n—-+o0o

lim P{w : ;gif( fu(z,w) > max {e (fo(.,w)) 7ao(w)}} =1, (48)

n—-+o0o
/ folz,w) = ¢ (fo,w) for almost all w € Q, (49)
TEA
Jo P foand - fr =2 fy (50)
then .
@ (fn) = @ (fo) (51)
and .
excess(U (fn; ) ¥ (fo; ag)) =0 (52)
while
lir_~r_1 P{w : ¥ (fu(,w);an(w)) C K is a compact} = 1. (53)

Proof. The statement is a direct combination of Theorems 4.1 and 4.3. O
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5. POINTWISE CONDITIONS

Verification of the lower semicontinuous approximation or/and the epi-upper ap-
proximation almost surely or in probability could be rather complex at first glance.
Fortunately in applications, we can often employ “pointwise approach” and the re-
sults from [27], section V. Let us repeat them in this special section.

Definition 5.1. Let zg € RP be fixed. By fn%fo we abbreviate the
o

following property:

Ve >0 3U{ze}eC?:P {w sliminf  inf fi(z,w) < fo(xo) — 5} =0 (54)

n—+00 zcU{xo}

p-l-prob
_

and f, fo stands for

3?0}

Ve >0 3U{zo} e C?: lir+n P{w : iﬁg{f }fn(w,w) < fo(zo) — 6} =0. (55)
n—-+oo zeU{xo

The additional letter “p” stands to point at pointwise approach.
Then we have the following relations, cf. Theorem 9 in [27].

Proposition 5.1. Let fy be L.s.c. on X. Then

i) (Va0 € X ¢ fu T2 fo) = (fu 5 o)

{zo}
.. -1-prob I-prob
i) (Voo € X : fn %’fo) = (fn —>pX fo)-
Zo

The conditions (54) and (55) have the advantage to be “pointwise” conditions,

therefore, it will be sufficient to show that (54) and (55) are satisfied at each z¢g € X
I-prob

in order to show that f, % fo and f, — fo, respectively. Note, however,
that for instance the condition

Vage X V(x,) with 2, —» x¢: P {w sliminf f, (zn,w) < fo(xo)} =0 (56)

n—-+oo

. . I-prob . . .
is not sufficient for f,, — fo, even if fy is continuous.

Example 5.1. Let p =1, Q = [0,1], A = Yo 1) the o-field of Borel subsets of
[0,1], X = [0,1], and P the Lebesgue measure on [0, 1]. Suppose that

0 if z=w+ %

1 otherwise.

fo(x) =1 VYaxe[0,1] and f,(z,w) = {
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Then the condition 56 is satisfied, but

P [Bpi fu,) \ UyBpi fo,@)] 10,1 x [0,1] #0} = 12,

hence (f)nen fails to be a lower semicontinuous approximation to fj. O
Often in applications, the epi-upper approximation must be really checked for
a single point, only. For that, we can use a well known relation that pointwise

convergence implies the upper part of epi-convergence. Hence, Proposition 5.2 is
obvious.

Proposition 5.2. If (z,)nen is a sequence with z,, — x¢ then

() (falon) 222 fol@o)) = (2 BP0 ) |

) (Falan) 2 folao) = (o220 gy )
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