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ARCHIMEDEAN ATOMIC LATTICE EFFECT ALGEBRAS
IN WHICH ALL SHARP ELEMENTS ARE CENTRAL

7ZDENKA RIECANOVA

We prove that every Archimedean atomic lattice effect algebra the center of which
coincides with the set of all sharp elements is isomorphic to a subdirect product of horizontal
sums of finite chains, and conversely. We show that every such effect algebra can be densely
embedded into a complete effect algebra (its MacNeille completion) and that there exists
an order continuous state on it.

Keywords: lattice effect algebra, sharp and central element, block, state, subdirect decom-
position, MacNeille completion

AMS Subject Classification: 06D35, 03G12, 03G25, 81P10

1. INTRODUCTION

Lattice effect algebras generalize orthomodular lattices (including Boolean algebras)
and MV-algebras [1]. Effect algebras, introduced in 1994 by Foulis and Bennet [3], or
equivalent in some sense, algebraic structure D-poset introduced in 1994 by Kopka
and Chovanec [7] may be carriers of probability measures, where elements of these
structures represent properties, questions or events with fuzziness, uncertainty or
unsharpness. In spite of these facts there are (even finite lattice) effect algebras
admitting no states and no probabilities (see [4] and [12]).

The aim of this paper is to give a full description of all Archimedean atomic
lattice effect algebras in which all sharp elements are central. An important sub-
family of Archimedean effect algebras (studied by us in this paper) is a family of all
Archimedean atomic MV-effect algebras (MV-algebras), or more general family of
all Archimedean atomic distributive effect algebras, detailed description of which has
been given in [15]. Full description of all complete atomic modular effect algebras
has been given in [17].

In fact, an effect algebra with the partial order derived from the effect algebraic
@-operation is a bounded poset. It is well-known that there are effect algebras
(even orthomodular lattices) the effect algebraic @-operation of which cannot be
extended onto their MacNeille completions (completions by cuts, [8]). We show that
each effect algebra from the studied family of Archimedean atomic effect algebras
can be embedded into a complete effect algebra, which is its MacNeille completion.
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As a consequence we obtain the statement about existence of (0)-continuous state
(completely additive probability) on these effect algebras.

2. BASIC DEFINITIONS AND FACTS

A model for an effect algebra is the standard effect algebra of positive selfadjoint
operators dominated by the identity on a Hilbert space. In a general form, an effect
algebra was introduced by Foulis and Bennett [3].

Definition 2.1. A partial algebra (E;®,0,1) is called an effect-algebra if 0, 1 are
two distinct elements and @ is a partially defined binary operation on E which
satisfies the following conditions for any a,b,c € E:

(Ei) bda=a®bif a® b is defined,

(Eil) (a@b)®c=0aa® (b c) if one side is defined,
(Eiii) for every a € P there exists a unique b € P such that a®b =1 (we put ¢’ = b),
(Eiv) if 1 @ a is defined then a = 0.

We often denote the effect algebra (F;®,0,1) briefly by E. Moreover, if we write
a®b=cfora,b,c e FE, then we mean both that a ® b is defined and a ® b = c¢. In
every effect algebra E we can define the partial operation © and the partial order
< by putting

a<b and boa=c iff a®c isdefinedand a®c=0>.

Since a ® ¢ = a ® d implies ¢ = d, the operation © and the relation < are well
defined. If F with the defined partial order is a lattice (a complete lattice) then
(E;®,0,1) is called a lattice effect algebra (a complete effect algebra). If, moreover,
FE is a modular or distributive lattice then E is called modular or distributive effect
algebra

Recall that a set @ C E is called a sub-effect algebra of the effect algebra E if
i) 1eq,
ii) if out of elements a,b,c € E with a ® b = ¢ two are in @, then a,b,c € Q.

Assume that (E7;®1,01,11) and (E2; ®2,02, 15) are effect algebras. An injection
¢ : By — Es is called an embedding if ¢(11) = 12 and for a,b € E; we have a < b’ iff
v(a) < (¢(b))" in which case p(a ®1 b) = ¢(a) B2 ¢(b). We can easily see that then
»(FE1) is a sub-effect algebra of Fy and we say that Ey and ¢(F4) are isomorphic,
or that Fy is up to isomorphism a sub-effect algebra of E5. Clearly, if Fy and FEy
are lattice effect algebras then ¢(FE;) is a sublattice of Fy. We usually identify E;

Recall that a direct product [[{E, | x € H} of effect algebras E,; is a cartesian
product with @, 0, 1 defined “coordinatewise”. An element z € FE is called central
if the intervals [0, z] and [0, 2/] with the inherited @-operation are effect algebras in
their own right and F 2 [0, z] x [0, 2'], see [5]. The set C(F) = {z € F | z is central}
is called a center of E. If C(E) = {0,1} then F is called irreducible.
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Definition 2.2. A subdirect product of a family {E, | k € H} of lattice effect
algebras is a sublattice-effect algebra @ (i. e., @ is simultaneously a sub-effect algebra
and a sublattice) of the direct product [[{E, | & € H} such that each restriction
of the natural projection pr,, to @ is onto Ej,. Moreover, @ is a sub-direct product
decomposition of a lattice effect algebra FE if there exists an isomorphism ¢ : £ — @
(of E onto Q).

A horizontal sum of finite chains Cy = {0, a,2a,...,1 = nga} and Cy = {0,b, 2b,
.., 1 = nyb} is a lattice effect algebra F = C; U Cy with identified elements 0
and 1 and such that C; N Ce = {0,1} and ka and ¢b for k # n, and ¢ # n; are
noncomparable, i.e., ka V ¢b =1 and ka A ¢b = 0. In the same manner we define a
horizontal sum of any family of finite chains.

We say that a finite system F' = (ax)}_; of not necessarily different elements of
an effect algebra (E;®,0,1) is ®-orthogonal if a1 ® as @ - - - @ a,, (written @) _; ak
or P F) exists in £. Here we define a; @as @ -+ ®ap, = (a1 @ a2 @ - Dan_1)Da,
supposing that @Z;ll aj exists and @Z;ll ar < al,. An arbitrary system G =
(ax)wen of not necessarily different elements of E is called @-orthogonal if € K
exists for every finite K C G. We say that for a @-orthogonal system G = (ax)xen
the element @ G exists iff \V/{ K|K C G, K is finite} exists in F and then we put
PG =V{PK|K C G, K is finite} (we write G; C G iff there is H; C H such
that G1 = (ay)kem, ). We refer the reader to [11].

An effect algebra (E; @, 0, 1) is called Archimedean if for no nonzero element e € E
the elements ne = e® e--- @ e exist for all n € N. An Archimedean effect algebra is

n-times
called separable if every @-orthogonal system of elements of E is at most countable.
We can show that every complete effect algebra is Archimedean [10].

For an element z of an effect algebra E we write ord(z) = oo if nx exists for every
n € N. We write ord(z) = n, € N if n, is the greatest positive integer such that
ngx exists in E. Clearly, in an Archimedean effect algebra n, < oo for every z € E.

Recall that elements z and y of a lattice effect algebra are called compatible
(written a = b) if eVy=a2® (yo© (rAy)). Forx € E and Y C FE we write x < Y
iff x > y for all y € Y. If every two elements of E are compatible then FE is called
an MV -effect algebra.

An element a of an effect algebra E is called an atom if 0 < b < a implies b = 0
and F is called atomic if for every x € E, x # 0 there is an atom a € F with a < x.
Clearly every finite effect algebra is atomic.

For more details we refer the reader to [2] and the references given therein. We
review only a few properties.

Statements of the following Lemma are well-known and follows from the facts
that in every lattice effect algebra E for z,y € E we have

r@y=@Vvy ey iff =<y,

moreover
(zVz)dy=(z@y) V(ydz) iff z,2<y.
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Lemma 2.3. Let E be an Archimedean atomic lattice effect algebra. Then for
any atoms a,b € E, a # b:

(i)a—bifa <V iff a®db=aVbexists iff ka ® b = ka V £b exists for all
kEe{l,....,na}, L€ {1,...,np} (see [14]).

(ii) nga < mpb = a ¥ b.
(iii) ka <1b, k # ng, | # np implies a = b and k =1 (see [14]).

Lemma 2.4.

i) [6] If E is a lattice and Y C F with VY existing in E then z < Y =
2ANNVY)=V{zAy|lyeY}and z & VY.

ii) If E is an Archimedean lattice effect algebra and x € E then x € S(F) iff
y<1r=nyy <z

3. BLOCKS, SHARP AND CENTRAL ELEMENTS

In [9] it has been shown that every maximal subset M of pairwise compatible el-
ements of a lattice effect algebra E is a sub-effect algebra and a sublattice of E,
called a block of E. Moreover, E is a union of its blocks. Clearly, blocks of E are
MV-effect algebras.

In every lattice effect algebra E the set S(E) = {z € E | z A2’ = 0} is an
orthomodular lattice (see [6]) and B(E) = {x € E | x < E} is an MV-effect algebra
such that S(FE) and B(F) are sub-lattices and sub-effect algebras of E. Moreover,
we have shown that z € C(F) iff x = (z A 2) V (z A Z) for all x € E which gives
C(E) = B(E)N S(E) for every lattice effect algebra E. Further, S(F), B(E) and
C(FE) are closed with respect to all existing infima and suprema in F [11]. In general,
C(F) =1{0,1} does not imply C(S(E)) ={0,1}.

In this section we give a full description of all Archimedean atomic lattice effect
algebras with C'(E) = S(E). Recall that for an effect algebra E and p € C(FE) the
interval [0, p] is an effect algebra with inherited @-operation and the unit p. In this
case, for every z € [0, p] we have x @ (' Ap) = p.

Theorem 3.1. Let E be an Archimedean atomic lattice effect algebra. The fol-
lowing conditions are equivalent:

i) C(E)=S(E).
ii) F is isomorphic to a subdirect product of horizontal sums of finite chains.
In this case C(E) = S(F) is atomic and every block of E is atomic.

(ili) C(F) is atomic and for every atom p of C(E) the interval [0, p] is a horizontal
sum of finite chains.

) Since S(F) = C(E) C B(E) =({M C E | M block of E}, we

Proof. (i) = (i
C M for every block M of E.

see that S(E)
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Let a # b be any two atoms of FE. Assume that nyb < nga. Let M, is a block of
E such that a € M,. Then {a,nyb,nea} C M, because {nyb,n.a} C S(E) C M,.
Since npb < nga = a®---@a (n-times), we obtain by Riesz-Decomposition-Property
that a < npb. It follows by Lemma 2.3 that ni,a < npb, a contradiction. This
proves that S(F) is atomic and {nqa | @ € FE atom of E} is the set of all atoms of
S(F) = C(FE). Note, only, that in [14] it has been shown that x € S(FE) iff there
is a set {a, | K € H} of atoms of E such that x = @{ng, ax | kK € H}. Now, by
[16, Theorem 3.1], E is isomorphic to a subdirect product of [[{[0,p] | p € E an
atom of S(F)}. Further, p € S(F) is an atom of S(E) iff there exists an atom a
of E with nga = p. Let A, = {a, € E | a, atom of E with n,_a, = p}. Then
the interval [0, p] in E is a horizontal sum of chains {0, a,,...,n,, a; = p}, because
for any a,, # an, with ng, as, = ng,, as, we have ka,, = lay, iff k = n,,  and
¢ = ng,, (see [14]) and ax, ¥ ax, by Lemma 2.3. Moreover, by Lemma 2.3, for
atom b of E with b < p we have nyb < p and hence nyb = p because p is an atom of
S(E).

(ii) = (i) Assume now that E is isomorphic to a subdirect product @ of [[{E |
k € H}, where E, are horizontal sums of finite chains. It follows that C(E,) =
S(E.) ={04,1.}, k € H. By [16, Theorem 3.3] we obtain that S(E) = ¢~ Y[[{S(E.) |
k € H}) and C(E) = o Y [[{C(E,) | k € H}), where ¢ : E — [[{E. | k € H} is
the embedding. We see that C(E) = S(FE) is an atomic Boolean algebra. Further,
for every k € H, blocks of E, are finite chains, hence they are atomic. Moreover, by
[16, Theorem 3.3] M C FE is a block of E iff there are blocks M,, C E,;, k € H such

that M = o1 (H{M,i | k€ H}) This proves that all blocks of E are atomic.
ili) < (ii) This follows by [16, Theorem 3.1]. O

Note that every Archimedean MV-effect algebra F satisfies conditions from The-
orem 3.1. In this case E = B(FE) and for every atom p of C(E) the interval [0, p| is
a finite chain. On the other hand, if the interval [0, p] is a horizontal sum of at least
two finite chains then C([0,p]) = S([0,p]) = B([0,p]) = {0,p}. It follows that E is
a Boolean algebra iff C(E) = S(F) = B(F) = E. Further, we obtain the following

Corollary of Theorem 3.1: If E is an Archimedean atomic lattice effect algebra
then the following conditions are equivalent:

i) C(E) = S(E) = B(E) # E.

ii) FE is isomorphic to a subdirect product of horizontal sums of finite chains and
at least one factor of this product is a horizontal sum of at least two chains.

It is well known that every poset (P; <) has the MacNeille completion (completion
by cuts). By [18] the MacNeille completion of a poset P is any complete lattice P
into which the poset P can be supremum and infimum densely embedded, i.e., for
cach z € P there are Q, M C P such that z = Vo(M)=Ap(@), where p : P — P
is the embedding. We usually identify P with ¢(P).

A complete effect algebra (E, é,ﬁ, T) is called a MacNeille completion of an effect
algebra (E; @, 0, 1) if, up to isomorphisms, F is a sub-effect algebra of E and, as poset,
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E is a MacNeille completion of E (see [8]). It is known that there are (even finite)
effect algebras the MacNeille completions of which are not again effect algebras (see
8)).

Recall that a complete effect algebra E is (0)-continuous (order-continuous) if for
every net (T, )ace of elements of E and every y € E we have x,, T ¢ = x4 Ay | TAY.
In this case lattice operations V and A in E are (0)-continuous.

Theorem 3.2. Every Archimedean atomic lattice effect algebra with C(E) = S(E)
has a MacNeille completion isomorphic to a complete effect algebra E = [[{[0,p] C
E | p € E atom of C(E)}. Moreover, FE is an (0)-continuous lattice.

Proof. Clearly, E is complete, since every [0,p] is a horizontal sum of finite
chains and hence it is a complete lattice. Further, F is a sub-direct product (up to
isomorphism) of E and hence E and E have the same set of all atoms (we identify
here F with ¢(FE), where ¢ : E — E is the embedding). Thus F is dense in E, since
for every z € E there are atoms a,, a € &, of E such that z = V{koao | a € E}
(see [14, Theorem 3.1]). This proves that E is a MacNeille completion of E. For
every atom p of C(FE) the interval [0, p] is chain-finite, and therefore (0)-continuous.

~

This proves the (o0)-continuity of E. O

Remark 3.3 Note that if a lattice effect algebra FE is isomorphic to a subdirect
product of the direct product [[{Ex | < € H}, where E, are horizontal sums of
finite chains, then

(i) E is an Archimedean atomic MV-effect algebra iff for every x € H, E,; is a
finite chain,

(ii) E is an Archimedean atomic distributive effect algebra iff for every xk € H, E,,
is either a finite chain or a horizontal sum of two chains {0,,b%, 1, = 2b%},
i=1,2 (see [15]).

(ili) E is an Archimedean atomic modular effect algebra iff for every k € H, E, is
either a finite chain or a horizontal sum of arbitrary many chains {0, b%,1, =
201}, i € T (see [17]).

Remark 3.4 There are Archimedean modular effect algebras for which S(E) #
C(E). For example, the horizontal sum of Boolean algebra {0,a,a’,1 = a @ a'}
and a chain {0,b,1 = 2b}. In this case S(E) = {0,a,a’,1} and C(E) = {0, 1}, since
a 4 b. All complete atomic modular effect algebras are completely described in [17].
On the other hand conditions (i) and (ii) of Remark 3.3 are full characterisations of
all Archimedean atomic MV-effect, respectively all distributive effect algebras, since
they all satisfy C(E) = S(E).

Recall that a map w : E — [0, 1] is called a state on an effect algebra (F;@®,0,1)
fwl)=1landz <y = wlxdy) =w(x)+w(y) for z,y € E. A state w is called
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(0)-continuous if for every net (z,)ace of elements of E such that z, | = (i.e.,
z=Nza | €&} and a1 < as = x4, > 24,) We have w(zy) | 0. The question
about existence of states are important, since there exist (even finite) effect algebras
admitting no states (see [4,12]).

Theorem 3.5. On every Archimedean atomic lattice effect algebra E with C(F) =
S(F) there exists an (0)-continuous state.

Proof. Let the complete effect algebra E be a MacNeille completion of E from
Theorem 3.2. Then C(E) = S(FE) is a complete atomic Boolean algebra with the
set {nqa | a € E atom of E} of all atoms of C(E) and C(F) as well. By “Smearing
Theorem of states” from [13] there exists an (0)-continuous state on E, since E is
(0)-continuous. The restriction w|E is an (0)-continuous state on E. O

Remark 3.6 Finally note that on the effect algebra E in Theorem 3.5 there exists a
faithful (0)-continuous state w on E (i.e., w(z) = 0 = = = 0) iff the set {n,a|a € F
atom of E} is at most countable (clearly every interval [0,n,a] may include an
arbitrary set of atoms of F). In this case if {p1,pa,...} is the set of all atoms of
C(E) and positive real number ¢ are such that >, ¢, = 1 then there exists a
unique (o)-continuous state w on E such that w(py) = ¢; for &k = 1,2,.... This is
because if for an atom a of E we have w(nqa) = ¢ then w(a) = 7=. Moreover, this
state w is subadditive (i.e., w(zVy) < w(z)+w(y) for any z,y € E) iff E is modular
(see [17]).

Theorem 3.7. Let E be an Archimedean atomic effect algebra with C(E) = S(E).
The following conditions are equivalent:

(i) E is separable.

(ii) The set of all atoms of C(FE) is at most countable.

(iii) There exists an (0)-continuous faithful state on F.
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