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Free boundary problem for the equations of
spherically symmetric motion of
compressible gas with density-dependent viscosity

SUMMARY

We consider a free boundary problem for the equations of spherically
symmetric motion of a isentropic gas with a density-dependent viscosity
win) = un~>, where 1 and X are positive constants. We prove that the
problem admits a weak solution provided that 0 < A < 1 /4.
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1 Introduction

We consider the following model of compressible Navier-Stokes system for a
spherical symmetric flow in lagrangian (mass) coordinates

N = (T2U)007

v =1 (—p+ ’;w%)z) f(ra),

et = Ty + (—p + g(r%)l) (r?v) 4,

re =,

in the domain Q := Q x R with Q := (0, M), where the specific volume 7
(with n:= %), the velocity v, the temperature 6 and the radius » depend on the
lagrangian mass coordinates (z,t), with

r(x,t) = ro(z) +/0 v(z,s) ds, (2)




where
1/3

ro(x) := [Rg + 3/0' n°(y) dy} , for z € Q.

The stress ¢ is given by

a(n,0) := —p(n,0) + ) (r*v)e.

In order to simplify the exposition, we assume in all the following that the bulk
viscosity coefficient v is zero.
We take the perfect gas law p := RTQ for the pressure and e := cy 0 for the

internal energy and 7 is the heat flux 7 (n, 0) := K("’TWQ

We consider a free boundary problem for (1): the motion is supposed to take
place in a domain  surrounding a fixed ball (modelling an inert hard core) with
radius Ry := ro(0), and the external surface of ) is free.

So we consider the boundary conditions

xT-

v|1::0 = 07 7T|z:0 = 07

—p(n,0) + u:])(?”%)x =0, 7|,_p =0,
=M

for ¢ > 0, and initial conditions

Nl = 770(55)7 V] = Uo(x)a Tlimo = To(x)a Olo = 90(55) on . (4)
The mass force f has the form

My + jox
2

f(ra ZC) =-G )
with G > 0, My > 0, and jo = 0 or 1. The case jo = 1 corresponds to a
selfgravitating fluid, the simpler case j, = 0 supposes that selfgravitation is
neglected and only the newtonian attraction by an effective central mass M is
taken into account.

The viscosity coefficient u(n) supposed to be continuous on R, is such that

p € LS (RT) and satisfy the classical thermodynamic requirement

0 < p(s) for s >0, (5)
together with the conditions
d a
SO <0, w96 > and timy [ dg— o foranyaz0. @)

where the positive constant \ satifies

0<A<1/4



The thermal conductivity satisfies the inequalities
w(1409) < k(n,0) <R +67 forg>1. (7)
We study weak solutions for the above problem with properties
n€L®(Qr), m € L¥(0,T],L3(Q)), /p (r*v)s € L¥([0,T], L*(Q)),
v € L>®([0,T], L*(Q)), v € L=([0,T], L3()), o, € L>([0,T], L*(Q2)),

0 € Lo([0,T], L)), +/p 0a € L=([0,T], L*(2)).
(8)

and
r € C(Q) and for all t € [0,T],z — r(z,t) is strictly increasing on ©,  (9)

where Qr :=Q x (0, 7).
We also assume the following conditions on the data:

n° >0onQ, n° e LYQ),

Vo € L2(Q)7 V pO 'Ug € L2(Q)v (10)
0° € L2(Q), infq6° > 0.

In the last decades, significant progress on the compressible Navier-Stokes sys-
tem or Navier-Stokes-Fourier system with positive constant viscosity coefficients
has been achieved by many authors. In one dimension, it is well known that
global solutions exist for large initial data and are time-

asymptotically stable. In dimension greater than one, Matsumura and Nishida
proved the existence of global smooth solutions and obtained the decay rates of
solutions for sufficiently small initial data (see [21, 22, 23]). For large initial data
the global existence and large-time behavior of solutions to the Navier-Stokes-
Fourier system have also been obtained in the spherically symmetric case (see
[11, 10, 9]). Concerning the global existence for general large initial data in
general domains the first fundamental work in the case of isentropic fluids was
done by P.L. Lions [24] and then extended by Feireisl [6]. Completely new the-
ory for the full Navier-Stokes-Fourier system was studied by Feireisl [7]. Taking
into account some physical considerations, Liu, Xin and Yang [15] introduced
modified compressible Navier-Stokes equations with density dependent viscos-
ity coefficients for isentropic fluids. For one-dimensional compressible Navier-
Stokes equations, or in the spherically symmetric case there exists a very abun-
dant literature [13, 14, 15, 18, 25, 26, 27]. For multi-dimensional case we can
finally mention works by Bresch and Desjardin [2, 3], the article of Mellet and
Vasseur [16] and the work by Feireisl [8].



1.1 Formulation of the problem and main result

DEFINITION 1.1. We call (n,v,0) a weak solution of (1) if it satisfies

n(z,t) = n°(z) + /Ot (7“211,0 + 22”) (2,5) ds, (11)

for a.e. x € Q and any t > 0, and if, for any test function ¢ € L*([0,T], H'(2))
with ¢y € L*([0,T], L*(2)) such that ¢(-,T) = 0, one has

/ [¢tv + <T2¢m + 277¢> p— /Mz);rzlvz - QMM + gbf} dx dt
Q

r 72

= / $(0,z) v°(x) dz, (12)
Q

and

4
/ [(ﬁte + w0 by — 200G, — 7“21}0'1¢:| dx dt
Q

Ui
_ / 6(0,2) 0°(z) da. (13)
Q
Then our main result is the following

Theorem 1. Suppose that the initial data satisfy (10) and that T is an arbitrary
positive number.

Then the problem (1)(3)(4) possesses a global weak solution satisfying (8)
and (9) together with properties (11), (12) and (13).

Moreover one has the uniqueness result

Theorem 2. Suppose that the initial data satisfy (10) and that T is an arbitrary
positive number.

Then the problem (1)(3)(4) possesses a global unique weak solution satisfying
(8) and (9) together with properties (11), (12) and (13).

2 Proof of the existence

In the spirit of [9], we first suppose that the solution is classical in the following
sense

ne Cl(QT)7 p > 07

v,0 € C1([0,T],C°(2)) N C°([0, T], C%(12)).

and
r>0 foraltel0,T], r(Mt)<oo. (15)



Let us introduce the primitive function

F(r,z):=-G <1 - 71,) (Mo + jox),

To

and the auxiliary function ®(s) = s —logs — 1 for s > 0.

Let N be an arbitrary positive number, and let K = K(N), K; = K;(N),
1= 0,1, ..., be positive non-decreasing functions of N which may possibly depend
on the physical constants of the problem G, My, M etc.

Lemma 1. Under the following condition on the data
||vOHL2(Q) + ||770HL1(Q) + ||00HL1(Q) SN, (16)

1. The following energy equality holds

1v2+e—F(r7m) do = 1(110)2+eo—F(ro,x) de.  (17)
ol2 o2

2. The following entropy inequality holds

AT/Q <H(:}7’902)T4 99254-#752) [(TZU)xP) dx dt <K(N)+R/Qndx. (18)

3. The following estimate holds

vl Loo (0,7:22(2)) + 101 oo (0,751 (2)) < K (V). (19)

Proof. 1. Multiplying the second equation (1) by v, adding the result to the

. . . . . . dF
third equation (1), integrating by part using (3), (4) and the relations % = f
and 1, = v, one gets the energy identity (17).

2. Computing the time-derivative s; of the entropy s := ¢y logf + Rlogn,

and using (17), we get
d Lo K, O)rt o um) o o 2
ad - _F _ - AL kNP2
i /., (21) +e (r,x) s) dz /Q ( 2 0, + p [(r*v).])* ) dz,

which implies (18).
3. The estimate (19) follows from (17) O

Lemma 2. Under the previous condition on the data, there exists a positive
constant n depending on T and N such that

n<n(z,t) for(t ) € Qr. (20)



Proof. From the second relation (1)

d My M 92 f
(M)tfp(n,(?)*@/z ﬁdyf/ T dyt

with M (& fE wls) ds, where 19 = infg n°.
Integratmg between 0 and t > 0 we get

M(n) — M) = fpw/@ //Mm)@%
// f /wM:z)Qdy.

Using Cauchy-Schwarz inequality and (17)

M) > — /M d—//M%dyds— // Mdyds

0
7/ id |dy> —K(N,T).
xT r

As & — M(€) is increasing and maps (0,79) on (—o0,0), (20) is proved O

Lemma 3. Under the previous condition on the data, there exists a positive
constant K depending on T and N such that

/ ' Ma,t) de < K(N,T) fort e (0,T). (21)
Q

Proof. From the second relation (1)

then

d [" Mo —
dt/n (&) dfzp(n,ﬁ)n*n/ vtrz / dy

x

M 2 M
2v f d v
—R9+7]/I (73+7ﬂ2) dy_n%/x ﬁdy’
or, integrating on Qr
d [
— d¢ dx d
/Tﬁ/;@>§xs

=R 9dxds+/ / ( )dydwds / n— / —dydacds
T T d

(22)



Integrating by parts in the last term gives

// ds/ —dydxds-/ / —dydm—/ / dydm
/Ot/Q(’"m””/x —dyd;z:dsf/ /Mdyda:/ /M dy dr

7/ /v2 dx ds.
0 Jo
Plugging into (22), we get

d [7 v f
/—/ w() dédxds =R Gda:ds—l—/ / <—+ )dydxds
Tdt n QT T
/ / —dydx—i—//v dx ds.

T
3
second contribution in the right-hand side

/T /M(Jrf)dydxds // (:2+f2>dydxds.

Then

d [ f
/QTdt/ (§)d§dmd8—R Hd;vds—i— // r—R3) (_+72) dy dx ds
M 0 ¢
+/7}0/ —5 dy d$+/ /v2 dz ds. (23)
o Jo 10 0 Ja

We bound the right-hand side by

As the formula r, = 5 rewrites n = ( ) , we can integrate by parts the
x

R 0 dx ds+= // (20® —rv+rf) dods+= // (20® + Rolv| + Ro|f) da ds
Qr

M UO t
+/77°/ —Qdydwr//v?dxds.
o Jo 10 0o Ja

Using (17), this quantity is bounded from above by

¢
Kl(N,T)fl/ /(rvfrf) dx ds
3Jo Jo
I 2 I My + j
:Kl(N,T)—f// L dxds—f//GMda:ds
3 0 [e) 2 t 3 0 0 T



RQ
S Ey(N,T) + M= = Ks(N, 7). (24)

Now from (6) we get the lower bound

n

(&) d > o / €2 de > - K (N, T). (25)
n

n n
Finally, plugging (24) and (25) into (23), we obtain (21) O

Lemma 4. Under the previous condition on the data, there exists a positive
constant 0 depending on T and N such that

0 < 6(x,t) for(t,x) € Qr. (26)

Proof. Multiplying the third relation (1) by #~2 one gets

“(6), 205 6).) 5 o) <

Then, after lemma 2 and property (6)

1 Wk (1 R?
o (a),< (5 6))

Using the maximum principle, this implies that
1 1 R?
max - < K(N,T) = max o 7T
Qr 0 60 vt A
which gives (26) O
Now defining the positive function

My(t) := mgx@(x, t) forany 0<t<T,

one get also an integrated (density-dependent) upper bound for 6.
Lemma 5. Under the previous condition on the data, there exists a positive

constant K depending on T and N such that

M@gKWﬂNHmWM@ﬁ)ﬁM<T (27)

Proof. As the mean value of ¥(x,t) := 0(z,t) — 77 [, 0(y,t) dy on Q is zero
there exists a y(t) in  such that ¥(y) := ¥(y(t),t) = 0.

Then we have .

ba) <K + / =
Yy

6%n 1 krt
—— 0% dx dx dr+ K | Ond
/ +2 Qm“‘* / 02y T / e

After lemma 1 and 3, we get (27) O



Lemma 6. Under the previous condition on the data, there exists a positive
constant 77 depending on T and N such that

7= n(x,t) for (t,z) € Qr. (28)

Proof. From the second relation (1) one gets

Ut f
2 g TP = M.

Then 2

v v
(Ma=5), =P 25— 5

Multiplying by M, — .z and integrating on Qr, we get

1d v\ 2 v 2 f v

el - < - - _ L _

2dt Jq (M‘T r2) dx\/pr (./\/l,; r2) dm_’—/g (2r5 7"2) (Mw r2) dr
= Ay + As.

Let us estimate all of the contributions in the right-hand size

o= (s ) ) o

R/Qen) Mz(MF%) dHR/Q‘)i(Mm—T%) dz == Ay + Ao,

n( n
One gets
Ay =-R 7/\4261 +R/%vadx
o n(n) o r*nu(n)
R 0
—— | —— M2 dx —l—KmaX ,
2 Jo nu(n) n(n)
and 0 M 0,
A12=R/ T Qe v R | 2 da
ol 77
R 0 R 2 0 0 022
<= [ —— dot+— [ 292 = = 62 —doto
2 Jo nu(n) M; +21122 92 % / 62 * / ﬁnrﬁ

Using the bounds (7) assumed for £ and lemma 2 we get
A <R/ o M2 dz + K maxn® + K max(z,t)
12 7 [ —— M ,t).
4 Jo nu(n) Q Q

In the same manner, we have

v\ 2 v f 2
A2<2/Q(Mw—r—2) da:+2/9<2r3—r2> da.



In order to bound the last term, we observe that

x 1 (% urt 1 [*pttA
(r?v)? g/o 2r% v (r*v),| dy < 5/0 702[(r2v)x}2dy+ 5/0 " dy.

So

v 1 /“"4 2172 2 a1 ‘
—gKi/QTv [(7%0)] dy—i—ngxn 3 ; n dy,

4
ur
/974—6 dx < / 2 (K/Qnv2[(r2v)x]2dy+ngxn’\) dx

prt
< K/ E0?(r™),)dy + K max .
QN Q

and then

As clearly fQ f; dr < K, we obtain by using Cauchy-Schwarz inequality and
lemma 2 that

v\ 2 N
AgéZ/{)(Mmfrj) derK(lergxn ).

Finally, we have

1d
2 dt

v

2 A2 N
Q(Mx*rj) dI<2/Q(Mm*72) dIJrK(lergxn )Jergx@.

After lemma 5 one obtains the differential inequality

Y Y+K(1+maxn)
dt
o\ 2

with Y (t) := 3 [, (My — %) d.

Integratmg on (0, t) we obtain finally the estimate
/ Midr < K(1+ mgxnk) for any t € [0,T].
Q

Now we use the argument of [13]

1/2 213 1/2
M, t) < K+ K (/ Midx) </ 2dx>
Q o 1*(n)

1/2
<K+K</ nzdx) mgxn’\/ggK—l—ngxnl/H)‘,
Q
and we end with the inequality

' M, t) < K + ngx nt/2 A, (29)

10



As, for any 0 < A < 1/4, we have 1 — A < 1/2 4 ), inequality (29) implies
(28) O

Following now the strategy of the paper [9], we first prove the existence of a
strong solution. Then we will prove the existence of a weak solution.

Let us multiply the equation (1)y by r? (—p + %(r%)w) and integrate on
xr

Q, rewriting the term r2v; as

1
rlv, = ((rl/zv)t)r3/2 — 57‘02.
We get then

Jy {@ 202 (<p+ 8020).) Yo == 3 6%0)ue (—p+ LG20), ) do
+3 Jor0?)a (=p+ £(%0), ) de.

It implies that
- fol(r%)m (—p+ %(rzv)m) de = —%% fol (81,(7“21;)% —p>2 d
=) ((8) 020 =) Yo =<3 I3 (%)t =) o

w0 {02002t ) (5 + ) (P00 = B — 00520 ) e
Then

s 05 (00 =) et 3 [ (opt 670 [ e

+ fol { ((72”)1’

SI=

- fol {f(r, @)r® <—p + %(Tzv)x)z }dz + %fol {(Tv2)x (‘p + %(T%})ac) }dx
(ot ) [t £ 513 ]
_ fol {7“11)2( —p+ %(TQU)I> }da).

(31)
Let us estimate the terms of the right hand side. One gets first

s (crr b)) Jae

1/2

< (fol f(r,z)Qd:r) (fo1 {TZ (7‘73+ %(7’2”)1)@]2“) 1/2'

11



Now the second contribution reads

’ fol 3 fol(TUQ)m (*p + H(r%)m) d:z:‘ <

(32)
< (U 1o dz) " () 1020, — pi2da) 72
The third one leads to
— L fy o (ot B020)) dal = | [y [00), (—p+ Br%0). ) |dal
33
S (fo1 ‘(mz)w\gdiﬂ)l/z (fol ‘—p+ ‘;(r2v)$‘2dx>l/2, &
Then
2 { (070022 =) (1020l (£ + 1) + B2 ) Y
12

9 1/2
< el 1, N) supg iy (1) {fol [(20), — | dm] o 120, d]

<t V) (1070 a) " () 0700, o] ) P (o).

(34)
o 22 ((r20). 2 — p) da| = | f3 2 [ma + (=p+ £0%0) ) (20)a] (20)a% = p) |
= |y [ ((=220,) + (—p+ E(20), ) (20),) | ((20). — p) de]

= [ {55 (0200t =) | =200 Jao b 3 {5 (o 5020) 20 fa
<(J"J!i%(v%)zz—p)jdx)l (f ety o) 4
1 Jy {1Ee], ((20) — p) (222, )|+

2

(fol[(r%)m]?dx)lﬂf;RT( —p+ 4 ( )) dzx.

12



\fo {122], ((2v),2 - p) (22072, )

b= Jy B (20,5 - p) (H2222,)| =

1 w(n,0)r*
o st ((20)ats = p) (<5700)

<

(i 1 N) supoocr (120022 = p) 1y SO, ) 2} 2.
(36)
Then after some computation we find the following inequality
1d ', <N 2 >2
- r | =(r‘v), —p| < K. 37
s | (Ge (37

Secondly, multiplying (1)2 by v and adding with (1)s we get
(e+ 502 = 72 (=p + £ (r?0)2)ev + f(r,2)o + (=p + 5 (1%0),) (rPv),. (38)
Multiplying by (e + %vQ) and integrating with respect to x we get the following

34 fo e+ 20v?)2de = [[ r?(-p+ L E(r?v)s)a(e + 10v?)dz
(39)
—|—f0 (e + 3v?)dz + fo + 2(r?v)s) (r*v)z(e + 2v?)dz.

Now, adding together inequality (37) and estimating (39) we obtain

1 1 2 1 1 1
Ld (”(r%)m —p> w14 (e + 0v*)?de < K(u, 7, N).  (40)
0

2dt 7 2dt 2 =
It implies that

t rl
/ / vide < K, (41)

o Jo

and L

sup / r4(ﬁ)2[(r21))m}2dx < K. (42)

0<t<EJ0 n

3 Proof of the existence of a strong solution

Theorem 3. Let the conditions on the data
vg, 0y € C’2+”([0, 1)), no € C’1+”([0, 1), f € C’Q([rv,oo[) with 0 < v < 1,

inf no(z )>001nf 0o(z) > 0,

0<z<1 <zl

and the following extra condition of compatibility

0
Vola=0 =0, [ — an + 77770(7“ v0)z] =0,

13



be satisfied.
The system of equations (1) together with conditions (3)-(7), where r is
defined in (2) then for t € (0,00), has a solution v,n,0 such that

v,0 € C*TITE((0,1) x (0,1)), pe CTTITE((0,1) x (0,1)).

Proof. Since

1d
2dt

(%
r2

Q(/\/lgc— )Qdacé?/ﬂ(Mw—%)de+K(1+mgxn>‘)+ngX9

and together with (39)-(41) it follows that

(1?v) 22 € L?((0,1) x (0,7)).

Now, multiplying (1)3 by (%(%) and integrating with respect to x, we get
x

0, € L>=(0,1), L*(0,1)), 6., € L*((0,1), x(0,7)), 0; € L*((0,1) x (0,7)).

Then differentiating (1), with respect to  we obtain from the previous infor-
mation that

Nat € LQ((O’ 1) X (Oaa)

It follows that
n e CY2([0,1] x [0,7)).

We differentiate (1)o with respect to t and multiply by v; we get

;;O%mfdxz:él{Pﬂ<—p+iﬂ#%%>vat+(f@¢wﬁw}dm

From this we will get
vy € L0, L*((0,1)), and (r?v;). € L*(Q).
Then it implies
v € L2(]0,1[x]0,7]), and u € CY2([0,1] x [0,]).
Again differentiating with respect to t (1)3 and multiplying by 6; we get
4 1(0,)2dz = [ | —p+ L(r?v), ) (r*v).| Oidx
2 dt Jo t 0 x p n x x . t )
which implies
0; € L>=(0,%; L*(0,1)), and 726,; € L*(]0,1[x]0,]),
and

0 e CY2([0,1] x [0,7]).

14



Then we obtain
ne € CY2(0,1) x (0,1)),

and it implies that
re CY2(0,1) x (0,1)).

If we consider the equation (1)3 as a linear equation in 6, it follows that
10]| g2z 140 < ¢+ cllvg]lco + |zl gavon

where n* = (1/2)(min (v,1/2)) and assuming that the equation (1)s is linear in
v, it follows finally that

[vllgzraveass < e+ cllvallco + [[vall gz,
which implies that
v.0 € CPFR((0,1) % (0,1)).

If v < 1/2 then 2v* = v and we get the required regularity. In the case v > 1/2,
it is necessary to iterate all the previous steps again (see [1])).

4 Proof of Theorem 1

From the previous arguments and a priori estimates, we know that there exists
subsequences (uk, Nk, Ok, 7x) such that

e v — v in LP(0,%,C%(0,1)) strongly and in LP(0,f, H'(0,1)), weakly for
any 1 < p < oo,

e v, — v ae. in (0,1) x (0,7) and in L>=(0,%, L*(0,1)) * weakly,

o (vg)¢ — vy in L2(0,%,L%(0,1)) weakly,

e 0, — 0 in L?(0,¢,C°(0,1)) strongly and in L?(0,%, H'(0,1)) weakly,
e 0, — 0 ae. in (0,1) x (0,) and in L>°(0,#; L?(0,1)),

e 1, — 1 in C°((0,1) x (0,1)),

o (L (r?uy)s — z—’;) converge to A; in L?(0,%, H'(0,1)) weakly,

o HmO () Ay in L2(0,7, L2(0, 1)) weakly,

. %3m(r2uk) — Az in L®(0,t,L?(0,1)) weakly *.

After the definition of r(z,t), one has
t
r(x,t) = ro(x) +/ v(z, t")dt" a. e. (0,1) x (0,1),
0

15



then
re(z,t) — ri(y,t / Nk (s, t)ds) /3
Y

> e(z—y) \/(m,y,t) € (0,1) x (0,z) x (0,7).
Then from the previous computations we get
r(a,t) = r(y,t) > elz —y) \/(z,y,1) € (0,1) x (0,x) x (0,1),
and finally
fery — frin C°((0,1) x (0,1)).
Moreover, it implies that
e 1 — nae. in (0,1)x(0,%) andL*((0,1)x(0,%)) strongly for all s € (1,00),

o A = ( (7’2'0) ) in L2(07t5H1(0a 1))7
° A2 = N(”LTO)?AHI in Lz(o,t_y L2(07 ]-))7

o Az = =(r*v), in L=(0, L*(0,1)).

So we can pass to the limit in the weak formulation of (1) and (1)3, and we
get a weak solution of (1).

5 Proof of Theorem 2

Let n;,v;,0;, i = 1,2 be two solutions of (1), and let us consider the differences:
n=m—"mn2, 0=>0—0and v=v; —va.
The following auxiliary result holds

Proposition 1. )
=l <e [ = md.
Proof. from the definition of r(x,t), we see that
= = () ()
= 2308 — ) = 2r 733 [ (02 — m)ds Cfo ne — 11 )dm,

where
1< <gre=n +€(T2—T1) O

Now, we subtract (1)g for na,va, 02 from (1) for n1,v1,6; in order to get

fol(vg — 1)@ do = —{ fo Iff? (02 —61) + RTQ(’“ "2) + B (r2 — 1)} ppda

n1M2 m

 Jy {2 ((Bua)a — (o)) + (Fon)a{ 22053 — 1) 4 93 (Helmmdtmleamin) Y3, b gy )

+ [y (f2— f1)6 da.
(43)

16



Now we set ¢ = vo — v1 and we obtain

( vy — vl)w)zdx

{fl 1302 (02 — 01)(v2 — v1)adw + fo Rr3 (B22) (va = v1)zd

n1M2

17‘2/’/2
2dtfo vz — 1) dx—i—f 0

+f01(7"1111)z {%(T% —12)(v2 — v1)g + T2{M2(771 772%3;;1(#2 Ml)}} (vg — v1)pda

+ fo {%2 —rH)v1e + ((r3)2v2 — (T%)wvl)} (v2 = v1)oda

Jrfol(f2 — f1)(ve — v1)gdx.

(44)
Let us consider the various contributions
1 Rr?
[ ] ]1 = 0 %(92 — 91)(’[}2 — Ul)mdl‘,

o Iy = [, Rr3i—2 2 (vg — v1),da,

o [3= f()l (rivi)s {ﬂ(rg—r%)(vg — 1)

2 1 p2(ni—n2)+m (p2—p1)
P N

2
o Ii= [ {Z2(r3 = r})v1 o + ((13)sv2 — (r2)av1) }(v2 — v1)da,

L] 15 = fol(fg - fl)(’UQ — Ul)mdl‘.

I < %Haz — 012]lva — v1l2

vy — V1) zdx,

I < £lln2 — ml2llve — a2

1
Is+ Iy < ¢ [y (n2 — m)dz||(va — v1)all2 + cllme — mll2ll(v2 = v1)all2 (45)
+cllvz — vil2flva — v2)all2+

Jo (n2 = m)ds [|(v2 = v1)e |2
Now subtracting (1)3 for 7z, v2, 02 from (1)3 for ny,v1,6;, we get

(02 — 01)pda = —{fo (5272 9, — 0,),4, }dz

T2

+ fol 91,1:{%(7‘31 —r1)+ 171?72 (K2(772 —1n2) +m(Ky — K1))}z/1zdx}
+ Jy B2 ((r3va), — 2(rfvr)a)t + R(rfvr). (% — B )yda
+y ( 7502)5)% — ((rfvl)z)2)¢dx+f01((r%01)x)2(% _ %)¢ .
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Setting 1 = 05 — 01, we obtain

%di fO 02—91 dx—|—f0 77“2 92—91) dx

—{ Jo 91,95{%(7“3 —r)+ (K2(772 —n2) +mi (K — K1))}(92 — el)mdx}

+ o B2 ((r3v2)s (rFv1)) (B2 — 61) + R(r3v1), (2 — 2)(65 — 61)da
o 2 (((r3v2)a)? = ((300).)?) (B2 = 61)da + [y (r3v1)a)? (2 — 2)(8; — 01)dw
0 72 502) 1V1)z 2 1 o\ 1VLJz) gy T gy J\V2 1)L
(47)

Considering the integrals

1 3 4
o« Ji=fy 0 { B (rd—rt) 4

P

(Koo =) 11 (K2 = K1)) } (62— 61)da,
o o= [y B ((1302), — (F301)0) (02 — 01) + R(01)o( 22 — 22)(6y — 0,) d,
o Jo=fy 22 ((302)0)* = ((FF00)0)?) (02 — 61) da

o Ji= fy(r30)a)? (82 — ) (62— 01) do

we estimate them as follows

C’ / (m2 — 771)613’ [(02 = 01)zll2 + c1llnz — mill2l|(02 — 01)2]|2-
0

Joo= | fy {2252 (v — v1)u (02 — 01) + B2 (ry — 11)va.0 (02 — 1)
+ 8202 (ny — ) (0y — 01) + 2R (0y — vy) (02 — 61)+

272

+ o 2Bamvi (L 1y (g, g))4

72 T2
+ R0 (02 = 00)(02 = 01) + R(r3o),61 (35 — L )(02 — 01)} o]
< 162 — 61]12{C1l (v2 — v1)all2 + Ca fy (n2 — m)%dy + Csllna — m 2

+  Cyllva —v1ll2 + Cs [y In2 — m| dy + Csllnz — mull2} + [162 — 6113

Too= Jod0Rv)2ua(E = 2)(0s = 00) + (r01)2 (2 — i) (02 — 01)} dz

N

Ce{llnz —mll2 + Crllpe — pall2}[02 — 01]]2.
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From equation (1) it follows that

%% f01(772 —m)dr = fol{rg(w —v1)2(N2 — M)

+ o1 (r3 =) (2 —m) + 22 (va — v1) (2 — m)

2v 2
= S2t(nz —m)*tda,

which implies
1 1
%% fo (n2 — 771)2dm < c(fo (e — 7)1)2dx)2+

1
2 = mll2{ll(v2 = v1)all2 + llva = vall2 + fy (12 = m)? da}.

Combining the previous estimates, only remains to be controlled the term J3 in
order to get uniqueness.
In fact, rewriting it as

1/2

1
( [ (e = G (e + <r%v1>z>>2dm) 16 — 642,

we get

1
J3 < [|02—01])2 {Clo||772 —mll2 + Ci1||(va — v1)s]l2 +/ [ne —m| dx + Ciz|lve — U12} .
0

All the previous estimates imply the uniqueness, which ends the proof of The-
orem 2 [
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