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SUMMARY

We consider an initial boundary value problem for the equations of a fluid spherical model of
neutron star considered by Lattimer et al. We estimate the asymptotic decay of the solution,
which may serve as a crude estimate of a “thermalization time” for the system.

1 Introduction

In a recent paper, C. Monrozeau et al. [27] analyze the influence of neutron superfluidity on the
cooling time of inner crust matter in neutron stars, in the case of a rapid cooling of the core of the
star. The model used to describe the evolution of temperature [23] in the star follows Lattimer
et al. [23]. It supposes a linear dependence of the specific heat as a function of temperature and
assumes that a mechanical equilibrium is reached, so the problem reduces to the study of large
time asymptotics for a Fast Diffusion Equation satisfied by the temperature.

In a more general setting, it is interesting to consider the complete problem where temperature
is coupled to density and velocity fluctuations through a thermo-mechanical system. The simplest
description of such a model is achieved [21] through the compressible Navier-Stokes system.

Concerning the fully 3D compressible case with heat conductivity the basic references are the
works of Lions [26], Feireisl [11, 12] and Bresch-Desjardins [3], in which global existence of a
weak solution is proved. Concerning asymptotics we can mention results done by Feireisl and his
collaborator on the problem of the long-time behavior of solutions to the complete system with a
time - dependent driving force [13].

However spherical symmetry is considered in the major part of astrophysical literature [4, 5, 14,
21] as a quite reliable approximation (at least when rotation and magnetic aspects are neglected)
and in this quasi-monodimensional situation, global existence and uniqueness of a classical solution
and its large-time behavior have been obtained in some spherically symmetric cases (see [19, 16,
15]). Our purpose is then to prove well-posedness and large time asymptotics for this model
(the compressible Navier-Stokes system for a spherical symmetric flow with specific temperature-
dependent specific heat and thermal conductivity) leading to a simple estimate of a “cooling time”,
in the spirit of Lattimer et al. [23].

The general formulation of the system reads [15]
ρt + (ρv)r +

2ρv
r

= 0,

ρ(vt + vvr) =
(
−p+ µ

(
vr +

2v
r

))
r

− 4νr
v

r
+ ρF (r, t),

ρ(et + ver) = qr +
2q
r
− p

(
vr +

2v
r

)
+ µ

(
vr +

2v
r

)2

− 8νvvr

r
− 4νv2

r2
,

(1)

in the domain Q := ω ×R+ with ω := (R0, R1), where R0 is the radius of the internal rigid core
of the star and R1 is the exterior boundary, for the density ρ(r, t), the velocity v(r, t) and the
temperature θ(r, t).

The state functions of our model are recovered by using standard thermodynamical arguments
[33] from the expression of the specific heat at constant volume cV = c0V + A

β−1
θ

η1−β . The pressure

1

Preprint, Institute of Mathematics, AS CR, Prague. 2008-11-20 IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic



is then p(η, θ) = A
2

θ2

η2−β , the internal energy e(η, θ) = c0V θ + A
2(β−1)

θ2

η1−β , where c0V > 0, A > 0
and β > 2, the specific entropy is s(η, θ) := c0V log θ+ A

β−1
θ

η1−β and the heat flux q is given by the
Fourier law q(η, θ) := κ(η, θ)θr, with the following constraints on the thermal conductivity

κ(1 + θq) 6 κ(η, θ) 6 κ(1 + θq), (2)

|κη(η, θ)|+ |κηη(η, θ)| 6 K1 (1 + θq), (3)

|κθ(η, θ)| 6 K2 (1 + θq−1), (4)

for any θ > 0, with positive constants κ, κ, K1, K2 and q > 4. As a simple model, we suppose
in the following that the first viscosity coefficient µ is a positive constant and that the second
viscosity coefficient ν is zero.

In the original model of [23], the following choice is made: c0V = 0 and κ(η, θ) = Am

θmηα for
Am > 0, with the two possibilities (m,α) = (1, 1) or (m,α) = (0, 2/3), corresponding to q = 0 and
q = 1 in (2), (3) and (4). Unfortunately, our results do not cover this situation, but a precise study
of the “purely thermal” Lattimer’s model considering these values is actually possible and will be
the object of a future work [9].

The viscosity of the medium is considered here as a simple regularization, and we consider the
simplest model µ = Cte > 0 and ν = 0. Finally F (r, t) is a given external field force (gravitation).

Writing the system in lagrangian (mass) coordinates (x, t), with

r(x, t) := r0(x) +
∫ t

0

v(x, s) ds, (5)

where r0(x) :=
[
R3

0 + 3
∫ x

0
η0(y) dy

]1/3
for x ∈ Ω, we get

ηt = (r2v)x,

vt = r2
(
−p+

µ

η
(r2v)x

)
x

+ f,

et = qx +
(
−p+

µ

η
(r2v)x

)
(r2v)x,

rt = v,

(6)

in the fixed domain Q := Ω ×R+ with Ω := (0,M), where the specific volume η (with η := 1
ρ ),

the velocity v, the temperature θ and the radius r depend on the lagrangian mass coordinates.
The lagrangian heat flux is now q(η, θ) = κ(η, θ) r4

η θx, and the external field-force is given
by the Newton’s law f(x) := −GM0

r2 , where G and M0 are positive constants (we neglect the
selfgravitation of the gas), and we denote the stress σ by

σ(η, θ) := −p(η, θ) +
µ

η
(r2v)x.

We consider the boundary conditions{
v|x=0,M = 0,

q|x=0 = 0, θ|x=M = θΓ,
(7)

for t > 0, with θΓ > 0, and initial conditions

η|t=0 = η0(x), v|t=0 = v0(x), r|t=0 = r0(x), θ|t=0 = θ0(x) on Ω. (8)

We study weak solutions for the above problem with properties η ∈ L∞(QT ), ηt ∈ L∞([0, T ], L2(Ω)),
√
ρ (r2v)x ∈ L∞([0, T ], L2(Ω)),

v ∈ L∞([0, T ], L4(Ω)), vt ∈ L∞([0, T ], L2(Ω)), σx ∈ L∞([0, T ], L2(Ω)),
θ ∈ L∞([0, T ], L2(Ω)),

√
ρ θx ∈ L∞([0, T ], L2(Ω)).

(9)

and
r ∈ C(QT ) and for all t ∈ [0, T ], x→ r(x, t) is strictly increasing on Ω, (10)
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where QT := Ω× (0, T ).
We also assume the following conditions on the data:

η0 > 0 on Ω, η0 ∈ L1(Ω),
v0 ∈ L2(Ω),

√
ρ0 v0

x ∈ L2(Ω),
θ0 ∈ L2(Ω), infΩ θ0 > 0.

(11)

We look for a weak solution (η, v, θ) such that

η(x, t) = η0(x) +
∫ t

0

(
r2v
)
x

(x, s) ds, (12)

for a.e. x ∈ Ω and any t > 0, and such that for any test function φ ∈ L2([0, T ],H1(Ω)) with
φt ∈ L1([0, T ], L2(Ω)) such that φ(·, T ) = 0∫

QT

[
φtv +

(
r2φx +

2ηφ
r

)
p− µφxr

4

η
vx − 2µ

φηv

r2
+ fφ

]
dx dt =

∫
Ω

φ(0, x) v0(x) dx, (13)

and ∫
QT

[
φte+

κr4θx

η
φx − r2vσφx − r2vσxφ

]
dx dt =

∫
Ω

φ(0, x) θ0(x) dx. (14)

Then our first result is the following

Theorem 1 Suppose that the initial data satisfy (11) and that T is an arbitrary positive number.
Then the problem (6)(7)(8) possesses at least one global weak solution satisfying (9) and (10)

together with properties (12), (13) and (14). Moreover, the solution is unique.

For that purpose, we first prove a classical existence result in the Hölder category. We denote by
Cα(Ω) the Banach space of real-valued functions on Ω which are uniformly Hölder continuous with
exponent α ∈ (0, 1), and Cα,α/2(QT ) the Banach space of real-valued functions on QT := Ω×(0, T )
which are uniformly Hölder continuous with exponent α in x and α/2 in t. The norms of Cα(Ω)
(resp. Cα,α/2(QT )) will be denoted by ‖ · ‖α (resp. ||| · |||α).

Theorem 2 Suppose that the initial data satisfy(
η0, η0

x, v
0, v0

x, v
0
xx, θ

0, θ0x, θ
0
xx

)
∈ (Cα(Ω))8 ,

for some α ∈ (0, 1). Suppose also that η0(x) > 0 and θ0(x) > 0 on Ω, and that the compatibility
conditions

θ0x(0) = 0, θ0(M) = θΓ; v0(0) = v0(M) = 0,

hold. Then, there exists a unique solution (η(x, t), v(x, t), θ(x, t)) with η(x, t) > 0 and θ(x, t) > 0
to the initial-boundary value problem (6)(7)(8) on Q = Ω× R+ such that for any T > 0

(η, ηx, ηt, ηxt, v, vx, vt, vxx, θ, θx, θt, θxx) ∈ (Cα(QT ))12 ,

and
(ηtt, vxt, θxt) ∈

(
L2(QT )

)3
.

Then Theorem 1 will be obtained from Theorem 2 through a regularization process.
Finally we prove

Theorem 3 Suppose that the initial data satisfy (11).
Let (ηS , vS , θS) be the asymptotic state defined in Proposition 1 (see below). Then the solution

of the problem (6)(7)(8) follows the following large time behavior: there exist positive constants
Tas, C and λ such that for t > Tas

‖η − ηS‖L2(Ω) + ‖v − vS‖L2(Ω) + ‖θ − θS‖L2(Ω) 6 Ce−λt. (15)
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Remark 1 After the previous result, we get a natural (rough) estimate of the cooling time Tc as
the inverse of the constant λ in (15), which is of qualitative nature as it depends on the initial data
and the physical constants of the problem. A major improvement would be to get a more precise
behaviour of the type θ − θS − Ce−λct → 0, with a constant λc independent of the initial data. As
stressed previously, at least in the purely thermal Lattimer model, it is possible to prove such an
estimate [9].

The previous spherical symmetric Navier-Stokes system has been the subject of a great number
of studies in the past (among them [19, 15, 16, 29, 30, 31, 8, 10, 34]) in the barotropic, or the
temperature dependent situations (perfect gas, possibly including radiation). Recently S.Yanagi
proved the stability [35] in the case p(η, θ) = R θ

ηγ (see also [25] and [24] for the same model in the
pure onedimensional case).

In the present work, the nonlinear dependence in temperature of the state functions complicates
the analysis.

The plan of the article is as follows: in section 2 we give a priori estimates sufficient to prove in
section 3 global existence of a unique solution, then we give in section 4 the asymptotic behaviour
of the solution for large time.

2 A priori estimates

In the spirit of [15], we first suppose that the solution is classical in the following sense{
η ∈ C1(QT ), ρ > 0,

v, θ ∈ C1([0, T ], C0(Ω)) ∩ C0([0, T ], C2(Ω)), θ > 0, (16)

and
r > 0 for all t ∈ [0, T ]. (17)

Our first task is to prove the following regularity result

Theorem 4 Suppose that the initial-boundary value problem (6)(7)(8) has a classical solution de-
scribed by Theorem 2. Then the solution (η, v, vx, θ, θx) is bounded in the Hölder space C1/3,1/6(QT )

|||η|||1/3 + |||v|||1/3 + |||vx|||1/3 + |||θ|||1/3 + |||θx|||1/3 6 C(T ),

where C depends on T , the physical data of the problem and the initial data. Moreover

0 < η 6 η 6 η, 0 < θ 6 θ 6 θ.

Let N and T be arbitrary positive numbers. In all the following, we denote by C = C(N) or
K = K(N) various positive non-decreasing functions of N , which may possibly depend on the
physical constants M etc., but not on T .

Lemma 1 Under the following condition on the data∥∥v0
∥∥

L2(Ω)
+
∥∥η0
∥∥

L1(Ω)
+
∥∥θ0∥∥

L1(Ω)
6 N, (18)

1. The mass conservation holds ∫
Ω

η(x, t) dx =
∫

Ω

η0(x) dx. (19)

2. The following energy-entropy inequality holds∫
Ω

[
1
2
v2 +

A

2(β − 1)
ηβ−1 (θ − θΓ)2

]
dx

+
∫ T

0

∫
Ω

(
κ(η, θ)r4

ηθ2
θ2x +

µ

ηθ
[(r2v)x]2

)
dx dt 6 K(N). (20)
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3. The following estimate holds

‖η‖L∞(0,T ;L1(Ω)) + ‖v‖L∞(0,T ;L2(Ω)) +
∥∥∥∥ (θ − θΓ)2

η1−β

∥∥∥∥
L∞(0,T ;L1(Ω))

6 K(N), (21)

Proof:
1. Integrating the first equation (6) gives (19).
2. Multiplying the second equation (6) by v and adding the result to the first and third

equations (6), we get first(
η +

1
2
v2 + e

)
t

=
(
κ
r4

η
θx

)
x

+
(
r2vσ

)
x

+
(
GM0

r

)
t

. (22)

Using now an argument of Jiang [18], we define the function

E(η, θ) = ψ(η, θ)− ψ(1, θΓ)− ψη(1, θΓ)(η − 1)− ψθ(η, θ)(θ − θΓ),

where ψ := e− θs is the Helmholtz free energy. Elementary computations give the relations

ψθ = −s, ψη = −p and ψθθ = −eθ

θ
.

We have (
E +

1
2
v2 − GM0

r

)
t

= et + vvt − θΓst − ψη(1, θΓ) ηt. (23)

Computing the time-derivative of the entropy s(η, θ), we get

st =
(
κ
r4

η
ωx

)
x

+
κr4

ηθ2
θ2x +

µ

ηθ
[(r2v)x]2, (24)

where ω := θ−1 (note that the Gibbs-Duhem inequality st +
(

q
θ

)
x

> 0 is satisfied). Plugging (22)
and (24) into (23), we obtain the identity(

E +
1
2
v2 − GM0

r
+ ψη(1, θΓ) η

)
t

= θΓ

(
κ
r4

η

(
1− θΓ

θ

)
θx

)
x

+
(
r2vσ

)
x

−θΓ
κr4

ηθ2
θ2x − θΓ

µ

ηθ
[(r2v)x]2. (25)

Integrating on Ω, we have

d

dt

∫
Ω

(
E +

1
2
v2 − GM0

r
− p(1, θΓ) η

)
dx+

∫
Ω

(
θΓ
κr4

ηθ2
θ2x + θΓ

µ

ηθ
[(r2v)x]2

)
dx = 0.

Integrating in time and using (19) we find∫
Ω

(
E +

1
2
v2 − GM0

r

)
dx+

∫ T

0

∫
Ω

(
θΓ
κr4

ηθ2
θ2x + θΓ

µ

ηθ
[(r2v)x]2

)
dx dt 6 K(N). (26)

After Taylor’s formula and using the fact that ψηη = −pη, we get

E(η, θ)− ψ(η, θ) + ψ(η, θΓ) + (θ − θΓ)ψθ(η, θ) = (η − 1)2
∫ 1

0

(1− u)ψηη (1 + u(η − 1), θ) du > 0.

The same formula for the second argument reads

ψ(η, θ)− ψ(η, θΓ)− (θ − θΓ)ψθ(η, θ) = −(θ − θΓ)2
∫ 1

0

(1− u)ψθθ (η, 1 + u(θ − θΓ)) ds.
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As ψθθ = −eθ/θ, the right-hand side rewrites

(θ − θΓ)2
∫ 1

0

(1− s)ψθθ (1 + s(θ − θΓ)) ds = c0V [(1 + θ − θΓ) log (1 + θ − θΓ)− (θ − θΓ)]

+
A

2(β − 1)
ηβ−1 (θ − θΓ)2,

where the right-hand-side is not negative. Then plugging into (26), we obtain∫
Ω

(
A

2(β − 1)
ηβ−1 (θ − θΓ)2 +

1
2
v2 − GM0

r

)
dx

+
∫ T

0

∫
Ω

(
θΓ
κr4

ηθ2
θ2x + θΓ

µ

ηθ
[(r2v)x]2

)
dx dt 6 K(N).

Then (20) follows, by using (19) and R0 6 r 6 R1.
3. The estimate (21) follows directly from (19) and (20) �

In order to get an absolute lower bound of the specific volume, it is simpler to go back to
the Eulerian formulation (1), following the strategy of [10]. Let us introduce the static (eulerian)
problem (vS(r) ≡ 0) {

pr(ρS , θS) = ρFS(r),
1
r2
(
r2κ(ρS , θS)θr

)
r

= 0,
(27)

in Ω, with FS(r) = −GM0
r2 , the mass constraint∫

Ω

r2ρS(r) dr = M =
∫

Ω

r2ρ0(r) dr, (28)

and the boundary condition
(θS)r(R0) = 0, θS(R1) = θΓ. (29)

Proposition 1 The problem (27)(29)(28) has a unique solution (ρS(r), θS(r)) given by
θS(r) = θΓ for r ∈ Ω,

ρS(r) =
[
(β − 1)2GM0

(β − 2)Aθ2Γ

(
1
r
− 1
r0

)] 1
1−β

for r ∈ Ω,
(30)

where the constant r0 depends only on the data, provided that

KF∞ < M < KF1, (31)

where K,F∞, F1 are positive constants given below.

Proof: One computes easily the static solution by integrating the system of ordinary differential
equations (27). As ρS(r) > 0 on (R0, R1), the constant r0 is greater than R1. It is implicitly
defined by the mass constraint (28)

M = KF (r0), (32)

where K :=
[

(β−1)2GM0
(β−2)Aθ2

Γ

] 1
1−β

and F (x) :=
∫ R1

R0

(
1
r −

1
x

) 1
1−β r2dr. One checks that x → F (x)

is monotone decreasing on (R1,∞) and that F1 := limx→R1 F (x) =
∫ R1

R0

(
1
r −

1
R1

) 1
1−β

r2dr and

F∞ := limx→∞ F (x) =
∫ R1

R0

(
1
r

) 1
1−β r2dr then equation (32) has a unique solution r0 = F−1

(
M
K

)
,

under condition (31) �

Lemma 2 The following bound holds for 2α 6 q∫ T

0

max
Ω

(θα(·, t)− θα
Γ)2 dt 6 C, (33)
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Proof: ¿From the identity θα − θα
Γ = α

∫M

x
θα−1θy dy, we get

|θα − θα
Γ | 6 α

(∫
Ω

κ
r4

ηθ2
θ2xdx

)1/2(∫
Ω

ηθ2

κr4
θ2α−2 dx

)1/2

+ v2.

Using (2)(19) and (20), taking the square and integrating on (0, T ) we get (33) �
Now we have the classical representation formula of the specific volume (see [1])

Lemma 3 The following formula holds

ηβ−2 =
exp

(
β−2

µ

∫ t

0
Φ(x, s) ds

)
(η0)2−β + A(2−β)

µ

∫ t

0
θ2 exp

(
− 2−β

µ

∫ s

0
Φ(x, σ) dσ

)
ds

, (34)

where Φ(x, t) = d
dt

∫ x

0
v
r2 dy +

∫ x

0

(
2v2

r3 + GM0
r4

)
dy + σ(0, t) and σ(x, t) ≡ σ(η(x, t), θ(x, t)).

Proof: Integrating the momentum equation on [0, x] we find

σ(x, t) ≡ −p+ µ
ηt

η
= Φ(x, t).

Multiplying by β−2
µ ηβ−2, we get

(
ηβ−2

)
t
= −β − 2

µ
[Φ(x, t) + p] ηβ−2.

Integrating on [0, t]

ηβ−2 exp
(

2− β

µ

∫ t

0

p ds

)
= (η0)β−2 exp

(
−2− β

µ

∫ t

0

[Φ(x, s)] ds
)
. (35)

Multiplying by Aθ2 and integrating on [0, t] gives

exp
(

2− β

µ

∫ t

0

p ds

)
= 1 +

A(2− β)
µ

(η0)β−2

∫ t

0

θ2 exp
(
−2− β

µ

∫ s

0

Φ(x, τ) dτ
)
ds.

Plugging this into (35) gives (34) �

Proposition 2 Under the previous condition on the data, there exists positive constants η and η
depending only on N such that

0 < η 6 η(x, t) 6 η for (t, x) ∈ QT . (36)

Proof: After an idea of [35], from the formula giving Φ we get

ησ(0, t) = −η d

dt

∫ x

0

v

r2
dy − η

∫ x

0

(
2v2

r3
+
GM0

r4

)
dy −Aηβ−1θ2 + µηt

= −
(
η

∫ x

0

v

r2
dy

)
t

−
(
r2v

∫ x

0

v

r2
dy

)
x

− η

∫ x

0

(
2v2

r3
+
GM0

r4

)
dy −Aηβ−1θ2 + µηt.

Integrating on Ω× [0, t] we get

1
3
(R3

1 −R3
0)
∫ t

0

σ(0, s) ds =
∫

Ω

η0

(∫ x

0

v0

r02 dy

)
dx−

∫
Ω

η

(∫ x

0

v

r2
dy

)
dx

−
∫

Qt

(
v2 +Aηβ−1θ2 + η

∫ x

0

(
2v2

r3
+
GM0

r4

)
dy

)
dx ds.
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Finally we end with the formula∫ t

0

Φ(x, s) ds = Ψ1(x, t) + Ψ2(x, t),

with

Ψ1(x, t) =
∫ x

0

v0

r02 dy −
∫ x

0

v

r2
dy − 3

R3
1 −R3

0

[∫
Ω

η0

(∫ x

0

v0

r02 dy

)
dx−

∫
Ω

η

(∫ x

0

v

r2
dy

)
dx

]
,

and

Ψ2(x, t) =
∫ t

0

[
−
∫ x

0

(
2v2

r3
+
GM0

r4

)
dy

+
3

R3
1 −R3

0

∫
Ω

(
v2 +Aηβ−1θ2 + η

∫ x

0

(
2v2

r3
+
GM0

r4

)
dy

)
dx

]
ds.

Clearly, after the energy bound (19), one has for some C1 ≡ C1(N) > 0 and C2 ≡ C2(N) > 0

C−1
1 6 Ψ1(x, t) 6 C1 for any (x, t) ∈ QT , (37)

and
Ψ2(x, t) 6 C2 for any (x, t) ∈ QT , (38)

Moreover for 0 6 s 6 t < T and some C3 ≡ C2(N) > 0

C−1
3 (t− s)

∫
Ω

θ2ηβ−1 dx 6 Ψ2(x, t)−Ψ2(x, s) 6 C3(t− s)
(
1 + ‖η‖2β−2

∞
)
. (39)

Plugging (37), (38) and (39) into (34) gives

‖η‖2−β
∞

=
∥∥∥∥e 2−β

µ Ψ1(x,t)

{
(η0)β−2 e

2−β
µ Ψ2(x,t) +

A(2− β)
µ

∫ t

0

θ2e−
2−β

µ Ψ1(x,s)e
2−β

µ [Ψ2(x,t)−Ψ2(x,s)] ds

}∥∥∥∥
∞

6 C4

(
1 +

∫ t

0

‖θ2(·, s)‖∞ e−
2−β

µ C2(t−s)(1+‖η‖2−2β
∞ ) ds

)
. (40)

Observing that
‖θ2(·, s)‖∞ 6 ‖θ2(·, s)− θΓ‖2

∞ + 2θΓ‖θ2(·, s)− θΓ‖∞ + θ2Γ,

and that the identity θ(·, s)− θΓ =
(
θ1/2(·, s)− θ

1/2
Γ

)2

+ 2θ1/2
Γ

(
θ1/2(·, s)− θ

1/2
Γ

)
implies that

‖θ(·, s)− θΓ‖∞ 6 2‖θ1/2(·, s)− θ
1/2
Γ ‖2

∞ + θΓ,

after the Cauchy-Schwarz inequality, and using Lemma 2, we have

‖θ2(·, s)‖∞ 6 C + F (t),

where F ∈ L1(0,∞). Plugging this estimate into (40) implies the upper bound η 6 η.
Using a similar approach to get a lower bound, we see after (39) that

‖η‖β−2
∞ 6 C6

(∫ t

0

θ2e
2−β

µ [Ψ2(x,t)−Ψ2(x,s)] ds

)−1

6 C6

(∫ t

0

(1−G(s)) e−
β
µ C−1

3 (t−s)
R
Ω θ2ηβ−1dx ds

)−1

,

where G ∈ L1(0,∞).
Using the upper bound for F ∈ L1(0,∞) η, we find

‖η‖−β
∞ 6 C6

(∫ t

0

(1−G(s)) e−C−1
7 (t−s) ds

)−1

6 C8,

which gives a lower bound for η and ends the proof �
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Lemma 4 The following uniform bound holds∫ T

0

max
Ω

v2(·, t) dt 6 C, (41)

Proof: From the energy estimate, we have

|v(x, t)| 6 1
r2

∫
Ω

|(r2v)x| dx 6 C

(∫
Ω

µ

ηθ
[(r2v)x]2 dx

)1/2(∫
Ω

ηθ

µ
dx

)1/2

.

Observing that the last integral is bounded by
(∫

Ω
θ2 dx

)1/2, taking the square and using (20), we
get (41) �

Proposition 3 The following bounds hold

‖ηx‖L∞(0,T,L2(Ω)) 6 K(N), (42)

‖θηx‖L2(QT ) 6 K(N), (43)

Proof: ¿From the momentum equation, we have[ v
r2
− µ(log η)x

]
t
= −px −

2v2

r3
+
f

r2
.

Multiplying by v
r2 − µ(log η)x and integrating on Ω, one gets

d

dt

∫
Ω

1
2

[ v
r2
− µ(log η)x

]2
dx =

∫
Ω

(
−pθθx − pηηx −

2v2

r3
+
f

r2

)( v
r2
− µ(log η)x

)
dx.

Integrating by parts and using Proposition 2

d

dt

∫
Ω

1
2

[ v
r2
− µ(log η)x

]2
dx+

∫
Ω

µ
A(2− β)
2η4−β

θ2η2
x dx

= −
∫

Ω

Aθ

η2−β
θx

v

r2
dx+

∫
Ω

µA
θ

η3−β

θxηx

η
dx

−
∫

Ω

A(2− β)
2η3−β

θ2
v

r2
ηx dx+

∫
Ω

fv

r4
dx−

∫
Ω

µ
fηx

r2η
dx−

∫
Ω

2v3

r5
dx+

∫
Ω

2µv2

ηr3
ηx dx =:

7∑
k=1

Jk.

We first observe that the second integral in the left-hand side rewrites∫
Ω

µ
A(2− β)
2η4−β

(θ − θΓ)2 η2
x dx+ 2θΓ

∫
Ω

µ
A(2− β)
2η4−β

(θ − θΓ) η2
x dx+ θ2Γ

∫
Ω

µ
A(2− β)
2η4−β

η2
x dx,

so we get the inequality

d

dt

∫
Ω

1
2

[ v
r2
− µ(log η)x

]2
dx+

1
2
θ2Γ

∫
Ω

η2
x dx 6

8∑
k=1

Jk, (44)

with J8 = C
∫
Ω

(θ − θΓ)2 η2
x dx.

Now, after (20), Proposition 2 and (2)

V (t) :=
∫

Ω

κr4

ηθ2
θ2x dx ∈ L1(0,∞) and W (t) :=

∫
Ω

µ

ηθ
v2

x dx ∈ L1(0,∞).
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Let us now estimate all of the contributions of the right-hand side.

|J1| 6 C

∫
Ω

θ|θxv| dx 6 CV (t) + C

∫
Ω

θ4

κ
v2 dx.

But as q > 2 we get

|J1| 6 CV (t) + C

∫
Ω

θ2v2 dx 6 CV (t) + C

∫
Ω

(θ − θΓ)2 v2 dx+ C

∫
Ω

v2 dx

6 CV (t) + CW (t).

|J2| 6
∫

Ω

θ|θxηx| dx 6
ε

2

∫
Ω

θ2η2
x dx+ CεV (t).

|J3| 6
∫

Ω

θ2|ηxv| dx 6
ε

2

∫
Ω

θ2η2
x dx+ Cε

∫
Ω

θ2v2 dx 6
ε

2

∫
Ω

θ2η2
x dx+ CεV (t).

J4 =
GM0

3

(∫
Ω

dx

r3

)
t

.

|J5| 6 C

∫
Ω

|ηx| dx 6 C +
ε

2

∫
Ω

η2
x dx.

|J6| 6
∫

Ω

2|v|3

r5
dx 6 Cmax

Ω
|v| 6 CW (t).

|J7| 6
∫

Ω

2µv2

ηr3
|ηx| dx 6

∫
Ω

v2|ηx| dx 6 Cmax
Ω

v2

(
1 +

∫
Ω

η2
x dx

)
6 CW (t)

(
1 +

∫
Ω

η2
x dx

)
.

|J8| 6 CV (t)
∫

Ω

η2
x dx.

Collecting all of these estimates and taking ε small enough, we obtain

dU

dt
+ U 6 C,

where U(t) :=
∫
Ω

1
2

[
v
r2 − µ(log η)x

]2
dx, which implies that U(t) 6 C and then after (19)∫

Ω
η2

x dx 6 C and
∫

QT
θ2η2

x dx dt 6 C, which ends the proof �

Proposition 4 The following bounds hold for w := r2v

‖wx‖L∞(0,T,L2(Ω) 6 K(N), (45)

‖w‖L∞(QT ) 6 K(N), (46)

‖wxx‖L2(QT ) 6 K(N). (47)

Proof: ¿From the momentum equation, we have

wt = r4
(
−p+

µ

η
wx

)
x

+ r2f + 2rv2.

Multiplying by −wxx and integrating by parts on Ω, we get

d

dt

∫
Ω

1
2
w2

x dx+
∫

Ω

µr4

η
w2

xx dx =
∫

Ω

µr4

η2
ηxwxwxx dx− 2

∫
Ω

rv2wxx dx+
∫

Ω

2Ar4

η2−β
θθxwxx dx

−
∫

Ω

βAr4

η3−β
θ2ηxwxx dx−

∫
Ω

r2fwxx dx =:
5∑

k=1

Hk.
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We estimate the right-hand side as follows

|H1| 6 C

∫
Ω

|ηxwxwxx| dx 6
1
2
ε

∫
Ω

w2
xx dx+

1
2ε

∫
Ω

η2
xw

2
x dx

6
1
2
ε

∫
Ω

w2
xx dx+

1
2ε

(
max

Ω
w2

x max
[0,T ]

∫
Ω

η2
x dx

)
6

1
2
ε

∫
Ω

w2
xx dx+

C

2ε
max

Ω
w2

x dx

6
1
2
ε

∫
Ω

w2
xx dx+

C

2ε

(
ε2

C

∫
Ω

w2
xx dx+

C

ε2

∫
Ω

w2
x dx

)
6 ε

∫
Ω

w2
xx dx+ C

∫
Ω

w2
x dx.

|H2| 6 C

∫
Ω

v2|wxx| dx 6 ε

∫
Ω

w2
xx dx+ Cmax

Ω
v2.

|H3| 6 C

∫
Ω

θ|θxwxx| dx 6 ε

∫
Ω

w2
xx dx+ C

∫
Ω

θ2θ2x dx.

|H4| 6 C

∫
Ω

θ2|ηxwxx| dx 6 ε

∫
Ω

w2
xx dx+ C

∫
Ω

θ2η2
x dx.

|H5| 6 C

∫
Ω

|wxx| dx 6 ε

∫
Ω

w2
xx dx+ C.

Using these estimates, we get the inequality

d

dt

∫
Ω

w2
x dx+

∫
Ω

w2
xx dx 6 C

(
1 +

∫
Ω

(w2
x + θ2θ2x) dx+ max

Ω
(θ − θΓ)2 + max

Ω
v2

)
. (48)

Now, multiplying the momentum equation by v and and integrating by parts on Ω, we get

d

dt

∫
Ω

(
1
2
v2 − GM0

r

)
dx+

∫
Ω

µ

η
[(r2v)x]2 dx = −

∫
Ω

pxr
2v dx

=
∫

Ω

βAθ2

η3−β
ηxr

2v dx−
∫

Ω

2Aθ
η2−β

θxr
2v dx.

Then

d

dt

∫
Ω

(
1
2
v2 − GM0

r

)
dx+

∫
Ω

w2
x dx 6 ε

∫
Ω

θ4η2
x dx+ C

∫
Ω

θ2θ2x dx+ Cmax
Ω

v2. (49)

Multiplying (48) by ε and adding to (49) gives

d

dt

∫
Ω

(
1
2
v2 − GM0

r
+ εw2

x

)
dx+

∫
Ω

(
1
2
v2 − GM0

r
+ εw2

x

)
dx

6 C

(
1 +

∫
Ω

θ2θ2x dx+ max
Ω

(θ − θΓ)2 + max
Ω

v2 + C

∫
Ω

θ4η2
x dx

)
.

It is now routine to show that the right-hand side is bounded by C(1 +G(t)), where G ∈ L1(0,∞)
provided that q > 4, which gives the bounds (45) and (47).

Estimate (46) then follows from (45), which ends the proof �

Remark 2 After (36) Lemma 2 is improved: for any 2α−1 6 q,
∫ T

0
maxΩ (θα(·, t)− θα

Γ)2 dt 6 C.
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Now, following [18], let us define the positive quantities

Y (t) := max
06s6t

∫
Ω

(1 + θq)2 θ2x dx and X(t) :=
∫

Qt

(1 + θ)(1 + θq) θ2s dx ds.

Lemma 5 The following inequality holds

X(t) + Y (t) 6 C, for any t ∈ [0, T ]. (50)

Proof: We follow the main steps of [18] (see the proof of Theorem 1.1). We first observe that

(
θq+2 − θq+2

Γ

)
6 C

(∫
Ω

(1 + θq)2θ2x dx
)1/2(∫

Ω

θ2q+2

(1 + θq)2
dx

)1/2

6 C
(
1 + Y 1/2

)
,

then

max
Qt

θ 6 C
(
1 + Y 1/2

) 1
2q+4

. (51)

Now, from the energy equation, we have

eθ θt + θpθ wx −
µ

η
w2

x =
(
κr4

η
θx

)
x

= 4rκr4θx + r4
(
κ

η
θx

)
x

.

Defining K(η, θ) :=
∫ θ

1
κ(η,s)

η ds, multiplying the previous equation by Kt, dividing by r4 and
integrating by parts on Ω, we get∫

Ω

(
eθ

r4
θt +

θpθ

r4
wx −

µ

r4η
w2

x −
4κθx

r3

)
Kt dx+

∫
Ω

κ

η
θx Ktx dx = 0.

Computing Kt = Kηwx+ κ
η θt and Kxt =

(
κ
η θx

)
t
+Kηwxx+Kηηwxηx+

(
κ
η

)
η
ηxθt, and observing

that |Kη|+ |Kηη| 6 C(1 + θ)(1 + θq), we can estimate all the contributions in the sum∫
Ω

(
eθ

r4
θt +

θpθ

r4
wx −

µ

r4η
w2

x −
4κθx

r3

)(
Kηwx +

κ

η
θt

)
dx

+
∫

Ω

κ

η
θx

((
κ

η
θx

)
t

+Kηwxx +Kηηwxηx +
(
κ

η

)
η

ηxθt

)
dx = 0.

Rearranging the first term in the second integral and integrating on [0, t], we get∫
Ω

1
2
κ2

η2
θ2x dx−

[∫
Ω

1
2
κ2

η2
θ2x dx

]
t=0

+
∫

Qt

κ

η

eθ

r4
θ2s dx ds

= −
∫

Qt

eθ

r4
Kηθswx dx ds−

∫
Qt

4κKη

r3
θxwx dx ds−

∫
Qt

4κ2

r3η
θxθs dx ds

−
∫

Qt

(
θpθ wx −

µ

η
w2

x

)
Kη

r4
wx dx ds−

∫
Qt

(
θpθ wx −

µ

η
w2

x

)
κ

r4η
θs dx ds

−
∫

Qt

κ

η
Kηηθxwxηx dx ds−

∫
Qt

κ

η

(
κ

η

)
η

θxηxθs dx ds−
∫

Qt

κ

η
Kηθxwxx dx ds =:

8∑
k=1

Ik, (52)

where we notice that ∫
Qt

κ

η

eθ

r4
θ2t dx ds > c0X(t),

12



with c0 = min
{
c0V , Aκ

R4
1η1−β

}
. We estimate the various integrals of the right-hand side as follows,

using Cauchy-Schwarz inequality together with Propositions 3 and 4.

|I1| 6 C

∫
Qt

(1 + θ)(1 + θq) |θswx| dx ds 6 εX(t) + Cmax
Qt

(1 + θq+1)
∫ t

0

max
Ω

w2
x dx

6 εX(t) + Cmax
Qt

(1 + θq+1),

using the identity w2
x(x, t) 6 C

∫
Ω
w2

xx dx and Proposition 4.

|I2| 6 C

∫
Qt

(1 + θq)2 |θxwx| dx ds

6 Cmax
Qt

(1 + θ2q)
∫

Qt

(θ2x + w2
x) dx ds 6 Cmax

Qt

(1 + θ2q),

by using Proposition 4.

|I3| 6 C

∫
Qt

(1 + θq)2 |θxθt| dx ds 6 εX(t) + Cmax
Qt

(1 + θ2q+1)
∫

Qt

1 + θq

θ2
θ2x dx ds

6 Cmax
Qt

(1 + θ2q+1),

after (20) and Proposition 4.

|I4| 6 C

∫
Qt

(1 + θq)
(
θ2|wx|+ w2

x

)
|wx| dx ds

6 Cmax
Qt

(1 + θq+2)
∫ t

0

max
Ω

w2
x dx ds+ Cmax

Qt

(1 + θq)
∫ t

0

max
Ω

w2
x

∫
Ω

|wx| dx ds

6 Cmax
Qt

(1 + θq+2)
∫ t

0

max
Ω

w2
x dx ds+ Cmax

Qt

(1 + θq+2)
∫ t

0

max
Ω

w2
x

∫
Ω

w2
x dx ds

6 Cmax
Qt

(1 + θq+2),

after Proposition 4.

|I5| 6 C

∫
Qt

(1 + θq)
(
θ2|wx|+ w2

x

)
|θt| dx ds

6 εX(t) + C

∫
Qt

(1 + θq)
(
θ4w2

x + 2θ2|wx|3 + w4
x

)
dx ds

6 εX(t) + Cmax
Qt

θ4(1 + θq)
∫

Qt

w2
x dx ds+ Cmax

Qt

θ2(1 + θq)
∫

Qt

|wx|3 dx ds

+Cmax
Qt

(1 + θq)
∫

Qt

w4
x dx ds 6 Cmax

Qt

(1 + θq+4),

after Proposition 4.

|I6| 6 C

∫
Qt

(1+θq)2|θxwxηx| dx ds 6 C

(∫
Qt

(1 + θq)2θ2x dx ds
)1/2(∫

Qt

(1 + θq)2w2
xη

2
x dx ds

)1/2

6 CY (t)+Cmax
Qt

(1+θ
2q+1

2 )
(

max
[0,T ]

∫
Ω

η2
x dx

)1/2(∫ t

0

max
Ω

w2
x ds

)1/2

6 CY (t)+Cmax
Qt

(1+θ
2q+1

2 ),

after (19) and Propositions 3 and 4.

|I7| 6
∫

Ω

κ

η

∣∣∣∣∣
(
κ

η

)
η

θxηxθt

∣∣∣∣∣ dx 6 εX(t) + C

∫
Qt

(
κr4

η
θx

)2

(1 + θ2q−1) η2
x dx ds

13



6 εX(t) + Cmax
Qt

(1 + θ4q−2) + Cmax
Qt

(1 + θ2q−1)
∫ t

0

∣∣∣∣κr4η θx

∣∣∣∣ ∣∣∣∣[κr4η θx

]
x

∣∣∣∣ dx ds
6 εX(t) + Cmax

Qt

(1 + θ2q+1).

|I8| 6 C

∫
Ω

κ

η
Kη|θxwxx| dx 6 C

∫
Qt

(1 + θq)2θ2x dx ds+ C

∫
Qt

(1 + θq)2w2
xx dx ds

6 CY (t) + Cmax
Qt

(1 + θ2q),

after Proposition 4.
Plugging all of these estimates into (52) and taking ε small enough, we get

X + Y 6 C(1 + max
Qt

θ2q+1).

After (51), we end with the inequality X + Y 6 C
(
1 + Y

2q+1
2q+4

)
, which implies (50) and ends the

proof �

Corollary 1 For any T > 0

max
[0,T ]

∫
Ω

θ2x dx 6 K, (53)

and
max

Ω
θ2x ∈ L1(0, T ). (54)

Proof:
1. From Lemma 5, we see that X(t) 6 C, for any t 6 T . Inequality (53) follows directly.
2. The estimate (54) is a direct consequence of Lemma 5 �

Proposition 5 1. There exist two positive constants θ and θ depending only on N , such that

0 < θ 6 θ(x, t) 6 θ for (x, t) ∈ QT . (55)

2.
‖ηx‖L2(Qt) 6 K(N). (56)

Proof:

1. We have ∣∣∣∣log
(
e

eΓ

)∣∣∣∣ 6 C

∫
Ω

|ex|
e

dx 6 C

∫
Ω

eθ

e
|θx| dx+ C

∫
Ω

eη

e
|ηx| dx

6 C

∫
Ω

|θx|
e

dx+ C

∫
Ω

(|ηx|+ |θx|) dx,

where eΓ := e(η(M, t), θΓ), observing that e(η, θΓ) 6 e(η(M, t), θΓ) 6 e(η, θΓ).

As the last integral is bounded after Proposition 3 and Corollary 1, we get∣∣∣∣log
(
e

eΓ

)∣∣∣∣ 6 C + C

(∫
Ω

θ2x dx

)1/2(∫
Ω

dx

e2

)1/2

. (57)

To check that the last integral is bounded, we multiply the last equation (6) by −e−3, and
integrate by parts, ending with

d

dt

∫
Ω

1
2
dx

e2
+
∫

Ω

µ

ηe3
w2

x dx+
∫

Ω

κr4eθ

ηe4
θ2x dx = −

∫
Ω

κr4eη

ηe4
θxηx dx+

∫
Ω

p

e3
wx dx =: J1+J2.
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Let us estimate the right-hand side. We get

|J1| 6 ε

∫
Ω

κr4eη

ηe4
θ2x dx+ Cε

∫
Ω

η2
x dx,

where the last integral is in L1(0, T ), and

|J2| =
∫

Ω

[
1

e3(η, θ)
− 1
e3(η, θΓ)

]
p(η, θ)wx dx+

∫
Ω

[
1

e3(η, θΓ)
− 1
e3(ηM , θΓ)

]
p(η, θ)wx dx

+
∫

Ω

[p(η, θ)− p(η, θΓ]
wx

e3(ηM , θΓ)
dx+

∫
Ω

[p(η, θΓ)− p(ηM , θΓ)]
wx

e3(ηM , θΓ)
dx

+
∫

Ω

p(ηM , θΓ)
e3(ηM , θΓ)

wx dx =:
5∑

j=1

Kj ,

where the last integral K5 is zero due to boundary conditions. Bounding all of these terms,
using Taylor formula and Cauchy-Schwarz inequality, we get

|K1| 6 ε

∫
Ω

µ

ηe3
w2

x dx+ Cε

∫
Ω

(θ − θΓ)2 dx.

|K2| 6 ε

∫
Ω

µ

ηe3
w2

x dx+ Cε

∫
Ω

(η − ηM )2 dx.

|K3| 6 ε

∫
Ω

µ

ηe3
w2

x dx+ Cε

∫
Ω

(θ − θΓ)2 dx.

|K4| 6 ε

∫
Ω

µ

ηe3
w2

x dx+ Cε

∫
Ω

(η − ηM )2 dx.

Finally

|J2| 6 ε

∫
Ω

µ

ηe3
w2

x dx+ F (t),

where F ∈ L1(0, T ).

We obtain the inequality
d

dt

∫
Ω

dx

e2
6 G(t),

where G ∈ L1(0, T ). Then we conclude, using Gronwall’s Lemma, which implies finally,
together with Corollary 1, that the left hand side of (57) is finite. Inequality (55) then
follows.

2. After (55) and Proposition 3, one gets (56) �

Proposition 6 The following bounds hold

max
[0,T ]

‖wt‖L2(Ω) 6 C(T ), ‖wxt‖L2(QT ) 6 C(T ), (58)

max
[0,T ]

‖θt‖L2(Ω) 6 C(T ), ‖θxt‖L2(QT ) 6 C(T ), (59)

max
[0,T ]

‖wxx‖L2(Ω) 6 C(T ), max
[0,T ]

‖θxx‖L2(Ω) 6 C(T ). (60)

Proof:
1. The first equation (6) rewrites

wt = r4
(
−p+

µ

η
wx

)
x

+
2w2

r3
−GM0.

15



We derivate formally this equation with respect to t (this can be made rigorous by taking finite
difference and passing to the limit (see [1])), multiply by wt and integrate by parts in x

d

dt

(∫
Ω

1
2
w2

t dx

)
+
∫

Ω

r4
µ

η
w2

xt dx = −
∫

Ω

4µ
r2

wwtwx dx−
∫

Ω

4µr
η

w2
xwt dx

−
∫

Ω

4µr
η

wwxwtx dx+
∫

Ω

4µr
η

wtw
2
x dx−

∫
Ω

4µrwtwtx dx+
∫

Ω

µr4

η2
w2

xwtx dx

+
∫

Ω

4
r3

ww2
t dx−

∫
Ω

6
r6

w3wt dx+
∫

Ω

4pη
r2

wwt dx+
∫

Ω

4prwwtx dx+
∫

Ω

4prwtwx dx

+
∫

Ω

4rηpηwxwt dx+
∫

Ω

4rηpθθtwt dx+
∫

Ω

r4pηwxwxt dx+
∫

Ω

r4pθθtwxt dx =:
15∑

j=1

Dj .

Let us estimate all of these terms.

|D1| 6 C

∫
Ω

|wwtwx| dx 6 C

∫
Ω

w2w2
t dx+ C

∫
Ω

w2
x dx 6 Cmax

Ω
w2

∫
Ω

w2
t dx+ C

∫
Ω

w2
xx dx.

|D2| 6 C

∫
Ω

|wwtwxηx| dx 6 C

∫
Ω

w2
xw

2
t dx+ C

∫
Ω

w2
x dx 6 Cmax

Ω
v2

x

∫
Ω

w2
t dx+ C

∫
Ω

w2
xx dx.

|D3| 6 C

∫
Ω

|wwxwxt| dx 6 ε

∫
Ω

r4
µ

η
w2

xt dx+ Cmax
Ω

w2

∫
Ω

w2
xx dx.

|D4| 6 C

∫
Ω

|wtw
2
x| dx 6 C

∫
Ω

w2
xw

2
t dx+ C

∫
Ω

w2
x dx 6 Cmax

Ω
v2

x

∫
Ω

w2
t dx+ C

∫
Ω

w2
xx dx.

|D5| 6 C

∫
Ω

|wtwtx| dx 6 ε

∫
Ω

r4
µ

η
w2

xt dx+ C

∫
Ω

w2
t dx.

|D6| 6 C

∫
Ω

w2
x|wtx| dx 6 ε

∫
Ω

r4
µ

η
w2

xt dx+ C

∫
Ω

w4
x dx

6 ε

∫
Ω

r4
µ

η
w2

xt dx+ C

∫
Ω

w2
xx dx.

|D7| 6 C

∫
Ω

|w2
tw| dx 6 C

∫
Ω

w2
t dx.

|D8| 6 C

∫
Ω

|wtw
3| dx 6 C + C

∫
Ω

w2
t dx.

|D9| 6 C

∫
Ω

|wtw| dx 6 C + C

∫
Ω

w2
t dx.

|D10| 6 C

∫
Ω

|wwtx| dx 6 ε

∫
Ω

r4
µ

η
w2

xt dx+ C

∫
Ω

w2 dx.

|D11| 6 C

∫
Ω

|wxwt| dx 6 C + C

∫
Ω

w2
t dx.

|D12| 6 C

∫
Ω

|wtwx| dx 6 C + C

∫
Ω

w2
t dx.

|D13| 6 C

∫
Ω

|wtθt| dx 6 C

∫
Ω

θ2t dx+ C

∫
Ω

w2
t dx.

|D14| 6 C

∫
Ω

pθ|wxtwx| dx 6 ε

∫
Ω

r4
µ

η
w2

xt dx+ C

∫
Ω

w2
xx dx.

|D15| 6 C

∫
Ω

pθ|wxtθt| dx 6 ε

∫
Ω

r4
µ

η
w2

xt dx+ C

∫
Ω

θ2t dx.
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So finally, choosing ε small enough

d

dt

(∫
Ω

1
2
w2

t dx

)
+

1
2

∫
Ω

r4
µ

η
w2

xt dx 6 C + C

∫
Ω

w2
t dx+ C

∫
Ω

(
w2

xx + θ2t
)
dx. (61)

As the last integral in the right-hand side is in L1(0, T ) after Lemma 5 and Proposition 4, we get
the inequalities (58).

2. The second equation (6) rewrites

wxx =
η

r6µ
wt −

2w2

r5
+
GM0η

µr6
− 1
η
ηxwx +

η

µ
pθθx +

η

µ
pηηx.

Taking the square and integrating on Ω, we get∫
Ω

w2
xx dx 6 C + C

∫
Ω

(
w2

t + θ2x + w2
x + η2

x + w4
)
dx,

which, after the previous estimates, gives the first estimate (60).
3. Rewriting the third equation (6) as

eθθt = qx − θpθwx +
µ

η
w2

x,

and derivating this equation with respect to t (this can be made rigorous as previously), and
multiply by eθθt∫

Ω

(
1
2
e2θθ

2
t

)
t

dx =
∫

Ω

eθθtqxt dx−
∫

Ω

(θpθwx)teθθt dx+
∫

Ω

(
µ

η
w2

x)teθθt dx = A1 +A2 +A3,

where
A1 = −

∫
Ω

(eθηηxθt + eθθθxθt + eθθtx)

×
(
κη
r4

η
wxθx + κθ

r4

η
θtθx +

4rκ
η
wθx −

κr4

η2
wxθx +

κr4

η
θxt

)
dx,

A2 = −
∫

Ω

(
pθeθwxθ

2
t + θpθηw

2
x + θpθθθtwx + θpθwxt

)
eθθtdx,

A3 =
∫

Ω

(
− µ

η2
eθw

3
xθt +

2µ
η
eθwxwxtθt

)
dx.

Integrating on (0, t) for 0 6 t 6 T , we find that, for two positive constant α and β

αmax
[0,T ]

∫
Ω

θ2t dx+ β

∫
QT

θ2txdx dt 6
∫

Ω

(
1
2
e2θθ

2
t

)
t

(x, 0) dx+
20∑

k=1

Ek, (62)

where the Ek are the various contributions corresponding to the integrands in A1, A2, A3.
Let us estimate all of these terms, using previous bounds and Cauchy-Schwarz.

|E1| 6 C

∫
QT

|ηxθtwxθx| dx dt 6 C

∫
QT

η2
xw

2
xdx dt+ C

∫
QT

θ2t θ
2
xdx dt

6 C

∫ T

0

max
Ω

θ2t

∫
Ω

θ2xdx dt+ max
QT

w2
x

∫
QT

η2
xdx dt

6 C

(
1 +

∫ T

0

max
Ω

θ2t dt

)
6 C + C

∫
QT

|θtθxt| dx dt 6 C + C

(∫
QT

θ2xtdx dt

)1/2

.

|E2| 6 C

∫
QT

|ηxθ
2
t θx| dx dt 6 C

∫ T

0

max
Ω

θ2t

(
1
2

∫
Ω

θ2xdx+
1
2

∫
Ω

η2
xdx

)
dt

17



6 C

∫ T

0

max
Ω

θ2t dt 6 C

(∫
QT

θ2xtdx dt

)1/2

.

|E3| 6 C

∫
QT

|ηxθtwθx| dx dt 6 C

∫
QT

η2
xw

2dx dt+ C

∫
QT

θ2t θ
2
xdx dt

6 C

∫ T

0

max
Ω

θ2t

∫
Ω

θ2xdx dt+ max
QT

w2

∫
QT

η2
xdx dt

6 C

(
1 +

∫ T

0

max
Ω

θ2t dt

)
6 C + C

∫
QT

|θtθxt| dx dt 6 C + C

(∫
QT

θ2xtdx dt

)1/2

.

|E4| 6 C

∫
QT

|ηxθtwxθx| dx dt 6 C|E1|.

|E5| 6 C

∫
QT

|ηxθtθxt| dx dt 6 ε

∫
QT

θ2xtdx dt+ Cε

∫
QT

θ2t η
2
xdx dt

6 ε

∫
QT

θ2xtw
2
xdx dt+ Cε

∫ T

0

max
Ω

θ2t dt 6 ε

∫
QT

θ2xtw
2
xdx dt+ Cε

(∫
QT

θ2xtdx dt

)1/2

.

|E6| 6 C

∫
QT

|wxθtθ
2
x| dx dt 6 C

∫ T

0

max
Ω

θ2t dt+ Cmax
QT

w2
x

∫
QT

θ2xdx dt

6 C + C

(∫
QT

θ2xtdx dt

)1/2

.

|E7| 6 C

∫
QT

|θ2t θ2x| dx dt 6 C

∫ T

0

max
Ω

θ2t dt 6 C + C

(∫
QT

θ2xtdx dt

)1/2

.

|E8| 6 C

∫
QT

|wθtθ
2
x| dx dt 6 C

∫ T

0

max
Ω

θ2t dt+ Cmax
QT

w2

∫
QT

θ2xdx dt

6 C + C

(∫
QT

θ2xtdx dt

)1/2

.

|E9| 6 C

∫
QT

|wxθtθ
2
x| dx dt 6 C|E6|.

|E10| 6 C

∫
QT

|ηxθtθxt| dx dt 6 C|E5|.

|E11| 6 C

∫
QT

|θxwxθxt| dx dt 6 ε

∫
QT

θ2xtdx dt+ Cε

∫
QT

w2
xθ

2
xdx dt

6 ε

∫
QT

θ2xtw
2
xdx dt+ Cε.

|E12| 6 C

∫
QT

|ηxθtθxt| dx dt 6 C|E10|.

|E13| 6 C

∫
QT

|θxwxθxt| dx dt 6 C|E11|.

|E14| 6 C

∫
QT

|θxwxθxt| dx dt 6 C|E11|.

|E15| 6 C

∫
QT

|wxθ
2
t | dx dt 6 C

(∫
QT

θ2xtdx dt

)1/2

.

|E16| 6 C

∫
QT

|w2
xθt| dx dt 6 C

∫
QT

w4
x dx dt+ C

∫
QT

θ2t dx dt

18



6 C + C

(∫
QT

θ2xtdx dt

)1/2

.

|E17| 6 C

∫
QT

|wxθ
2
t | dx dt 6 C

∫
QT

θ2t dx dt 6 C

(∫
QT

θ2xtdx dt

)1/2

.

|E18| 6 C

∫
QT

|θtθxt| dx 6 ε

∫
QT

θ2xtdx dt+ Cε

∫
QT

θ2t dx dt

6 ε

∫
QT

θ2xtw
2
xdx dt+ Cε

(∫
QT

θ2xtdx dt

)1/2

.

|E19| 6 C

∫
QT

|w3
xθt| dx 6 C

∫
QT

w6
x dx dt+ C

∫
QT

θ2t dx dt 6 C + C

(∫
QT

θ2xtdx dt

)1/2

.

|E20| 6 C

∫
QT

|wxθtθxt| dx dt 6 C

∫
QT

|θtθxt| dx dt 6 C|E18|.

Finally, plugging all these estimate into (62) for ε small enough, we get

αmax
[0,T ]

∫
Ω

θ2t dx+
1
2
β

∫
QT

θ2txdx dt 6 C + C

(∫
QT

θ2xtdx dt

)1/2

,

which implies estimates (59).
4. The third equation (6) rewrites

θxx = +
4η
r3

θx −
µ

κr4
w2

x +
η

κr4
(eθθt + eηwx) +

1
η
ηxθx.

Taking the square and integrating on Ω, we get∫
Ω

θ2xx dx 6 C

∫
Ω

(
θ4x + θ2x + [w4

x + θ2t + η2
xθ

2
x

)
dx.

Using Corollary 1, together with Proposition 4 and the first bound (60), we can bound the right-
hand side, which provide us with the last estimate (60) �

Lemma 6 The following uniform bounds hold

max
QT

w2
x 6 C(T ), max

QT

θ2x 6 C(T ), max
QT

η2
x 6 C(T ) (63)

Proof: The first two inequalities follow after (60). To get the last one, we derive formula (3) with
respect to x and use the first two inequalities together with Propositions 2 and 5 �

Proof of Theorem 4
1. We have first

|η(x, t)− η(x, t′)| 6 |t− t′|1/2

(∫ T

0

w2
x dt

)1/2

6 C|t− t′|1/2.

After Proposition 4

|η(x, t)− η(x′, t)| 6 C|x− x′|1/2

(
1 +

∫
Ω

η2
x dx

)
6 C|x− x′|1/2,

so we find that η ∈ C1/2,1/4(QT ).
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2. From Proposition 6 we have also

|θ(x, t)− θ(x, t′)| 6 |t− t′|1/2

(∫ T

0

θ2t dt

)1/2

6 C|t− t′|1/2

(∫ T

0

∫
Ω

θ2xt dx dt

)1/2

6 C|t− t′|1/2.

After Propositions 4 and 6

|θ(x, t)− θ(x′, t)| 6 C|x− x′|1/2

(
T ·max

[0,T ]

∫
Ω

θ2t dx+
∫ T

0

∫
Ω

θ2xt dx

)
6 C|x− x′|1/2,

so we find that θ ∈ C1/2,1/4(QT ).
As we have also after Propositions 6

|θx(x, t)− θx(x′, t)| 6 |x− x′|1/2

(∫
Ω

θ2xx dt

)1/2

6 |x− x′|1/2,

we deduce as in [20], using an interpolation argument of [22], that θx ∈ C1/3,1/6(QT ).
The same arguments holding verbatim for w and wx, we have that w,wx ∈ C1/3,1/6(QT ), which

ends the proof of Theorem 4 �

3 Existence and uniqueness of solutions

In this section we prove existence of classical solution by means of the classical Leray-Schauder
fixed point theorem in the same spirit as in [20, 7], then using a limiting process we will get weak
solutions as in [15].

We recall the classical Leray- Schauder fixed point theorem

Theorem 5 Let B be a banach space and suppose that P : [0, 1] × B → B has the following
properties:

• i) For any fixed λ ∈ [0, 1] the map P (λ, .) : B → B is completely continuous.

• ii) For every bounded subset S ⊂ B the family of maps P (., χ) : [0, 1] → B, χ ∈ S is uniformly
equicontinuous.

• iii) There is a bounded subset S of B such that any fixed point in B of P (λ, .), λ ∈ [0, 1] is
contained in S.

• iv) P (0, .) has precisely one fixed point in B.

Then, P (1, .) has at least one fixed point in B.

In our case B will be Banach space of functions η, v, θ ∈ B on QT with η, v, vx, θ, θx ∈ C1/3,1/6(QT )
with the norm

|‖(η, v, θ)‖|B := |||η|||1/3 + |||v|||1/3 + |||vx|||1/3 + |||θ|||1/3 + |||θx|||1/3.

For λ ∈ [0, 1] we define P (λ, .) as the map which carries {η̃, w̃ ≡ r̃2ṽ, θ̃} ∈ B into {η, w ≡ r2v, θ} ∈ B
by solving the system

ηt = wx,

wt −
µ

η̃
wxx = − µ

η̃2
η̃xw̃x − r̃4p̃η(η̃, θ̃)ηx − r̃4p̃θ(η̃, θ̃)θx + λr̃2f̃ + 2

w̃2

r̃
,

ẽθ(ũ, θ̃)θt −
κ̃(η̃, θ̃)r̃4

η̃
θxx =

(
κ̃(η̃, θ̃)r̃4

η̃

)
η

θ̃xηx +
κ̃θ(η̃, θ̃)

η̃
θ̃2x +

µ

η̃
w̃2

x − θ̃p̃θ(η̃, θ̃)w̃x,

(64)
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where r̃ = r(η̃) = [R3
0 + 3

∫ x

0
η̃(y, t) dy]1/3, together with the boundary conditions{

w|x=0,M = 0,
θx|x=0 = 0, θ|x=M = θΓ,

(65)

for t > 0, and initial conditions η(x, 0) = (1− λ) + λη0(x),
v(x, 0) = λv0(x),

θ(x, 0) = (1− λ)θΓ + λθ0(x).
(66)

We can consider the second and the third equations of (64) as parabolic type and apply the classical
Schauder-Friedmann estimates

‖w‖1/3 + ‖wx‖1/3 6 c{‖η‖1/3 + ‖w̃‖1/3 + ‖θ̃x‖1/3}

‖θx‖1/3 + ‖θ‖1/3 6 c{‖θ̃x‖1/3 + ‖w̃x‖1/3}.
Moreover from first (64), we get

‖η‖1/3 6 ‖wx‖1/3.

It implies that P (λ, .) : B → B is well defined and continuous.
Using a priori estimates from Section 2 it follows that for any {η̃, ṽ, θ̃} from any fixed bounded

subset the family P (., {η̃, ṽ, θ̃}) : [0, 1] → B of mappings is uniformly equicontinuous.
Now, in order to verify (iii), we observe that any fixed point of P will initially satisfy original

problem, therefore η and θ cannot escape from [η, η], [θ, θ] up to time T . This fact follows clearly
from Theorem 4. To check (iv) we see by inspection that the unique fixed point of P (0, .) is given
by η(x, t) = 1, v(x, t) = 0, θ(x, t) = θΓ.

All the previous facts allow us to apply Theorem 5, which imply the existence of classical
solutions of (6)-(8) in Ω× (0, t∗). This ends the proof of Theorem 2.

Let us now consider the existence of a weak solution. From previous results it follows

• vk converge to v in Lp(0, t∗;C0(Ω)) strongly and in Lp(0, t∗;H1(Ω)) weakly for 1 < p <∞,

• vk → v a.e. in Ω× [0, t∗] and in L∞(0, t∗);L4(Ω)) weakly ∗,

• ∂tvk → ∂tv in L2(0, t∗, L2(Ω)) weakly,

• θk converge to θ in L2(0, t∗, C0(Ω)) strongly and in L2(0, t∗,H1(Ω)) weakly ,

• θk → θ a.e. in Ω× [0, t∗] and in L∞(0, t∗;L2(Ω)) weakly,

• rk → r in C0(Ω× (0, t∗)),

• pkr
2
k → A1 in L2(0, t∗;H1(Ω)),

After the definition of r(x, t), one has

r(x, t) = r0(x) +
∫ t

0

v(x, t′)dt′ a. e. Ω× (0, T ∗),

then
rk(x, t)− rk(y, t) = (

∫ x

y

ηk(s, t)ds)1/3

> ε(x− y)
∨

(x, y, t) ∈ Ω× (0, x)× (0, T ∗).

Then from the previous computations we get

r(x, t)− r(y, t) > ε(x− y)
∨

(x, y, t) ∈ Ω× (0, x)× (0, T ∗),

It implies that

ηk → η a.e. in Ω× [0, t∗] and Ls(Ω× [0, t∗]) strongly for all s ∈ [1,∞[.

This implies that
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• 2ηk

rk
pk → A2 strongly in L2(0, t∗, L2(Ω)) ,

• ηkvk

r2
k
→ A3 strongly in L2(0, t∗, L2(Ω)),

• fk → f in C0(Ω× (0, t∗)),

• κkr2
k(θk)x

ηk
→ A4 weakly in L2(0, t∗,H1(Ω)),

• r2kv
2
kσk → A5 in L2(0, t∗,H1(Ω)) weakly ,

• r2kvk(σk)x → A6 in L∞(0, t∗, L2(Ω)) weakly ∗.

Then applying similar technique as in [15] it follows that

• A1 = pr2 in L2(0, t∗);H1(Ω),

• A2 = 2η
r p in L2(0, t∗, L2(Ω)),

• A3 = ηkvk

r2
k

in L2(0, t∗, L2(Ω)),

• A4 = κr2(θ)x

η in L2(0, t∗,H1(Ω)),

• A5 = r2v2σ in L2(0, t∗,H1(Ω)),

• A6 = r2v(σ)x in L∞(0, t∗, L2(Ω)).

Finally, we prove uniqueness for the solution.
Let ηi, vi, θi, i = 1, 2 be two solutions of (5), and let us consider the differences: E = η1 − η2,

T = θ1 − θ2 and V = v1 − v2. The following simple result holds

Lemma 7 The following bounds hold

|rm
2 − rm

1 | 6 c

∫
Ω

|E| dx for any m ∈ Z,

|κ(η1, θ1)− κ(η2, θ2)| 6 C (|T |+ |E|) ,

|ρ1 − ρ2)| 6 C|E|,

|cV (η1, θ1)− cV (η2, θ2)| 6 C (|T |+ |E|) ,

|pθ(η1, θ1)− pθ(η2, θ2)| 6 C (|T |+ |E|) ,

|Ex| 6 C (|T |+ |E|) .

Proof: Using the identity

rm
2 − rm

1 =
m

3
(
r32 − r31

) ∫ 1

0

[
r31 + s(r32 − r31)

]m−3
3 ds,

we have
|rm

2 − rm
1 | 6 Cm

∣∣r32 − r31
∣∣ ,

where Cm = m
3

(
2R3

1 −R3
0

)m−3
3 , if m > 3, and Cm = |m|

3 Rm−3
0 , if m < 3. Then using the definition

of r(x, t), we see that

|rm
2 − rm

1 | 6 3Cm

∫
Ω

|E| dx.

The other inequalities follow in the same way from Taylor’s formula together with Propositions
2 and 5, Lemma 6 and formula (3) �
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¿From the first equation (6) written for η1, w1 and η2, w2 subtracting, multiplying by a test
function χ, integrating by part and putting χ = E we obtain

1
2
d

dt

∫
Ω

E2dx =
∫

Ω

EWx dx 6 ‖E‖2‖Wx‖2.

Using Cauchy Schwarz inequality for ε > 0

d

dt

∫
Ω

E2dx 6 ε‖Wx‖2
2 + Cε

∥∥E‖2
2. (67)

Denoting now by W the difference r22v2 − r21v1, rewritting the second equation (6) for w2 and
w1, subtracting, multiplying by a test function φ, integrating by part and putting φ = W we obtain
the following

1
2
d

dt

∫
Ω

W 2dx+
∫

Ω

µ
r42
η2

W 2
x dx = −

3∑
i=1

Ai,

with

|A1| =

∣∣∣∣∣
∫

Ω

{
r42
A

2
η2−β
1 (θ22 − θ21)

η2−β
2 η2−β

1

+
θ22(η

2−β
1 − η2−β

2 )

η2−β
2 η2−β

1

}
Wx dx

∣∣∣∣∣
6 c‖Wx‖2

(
‖T‖2 + ‖E‖2

)
6 ε‖Wx‖2

2 + Cε

(
‖T‖2

2 + ‖E‖2
2

)
,

where we used Lemma 7 and Cauchy Schwarz inequality for ε > 0.
In the same stroke

|A2| =
∣∣∣∣∫

Ω

r42(r
2
2 − r21)p2Wx dx

∣∣∣∣
6 c‖Wx‖2‖E‖2 6 ε‖Wx‖2

2 + Cε‖E‖2
2,

and

|A3| =
∣∣∣∣∫

Ω

{r4(η2 − η1
η2η1

)(w1)x(w2 − w1)x + (r42 − r41)
µ

η1
w1x(w2 − w1)x} dx

∣∣∣∣
6 c‖E‖2‖Wx‖2 6 ε‖Wx‖2

2 + Cε‖E‖2
2.

So we get finally, taking ε small enough

d

dt

∫
Ω

W 2dx+
∫

Ω

W 2
x dx 6 C

(
‖T‖2

2 + ‖E‖2
2

)
. (68)

Now, dividing the energy equation by eθ, we have

θt = −θpθ

eθ
wx +

qx
eθ

+
µ

ηeθ
w2

x.

Subtracting this equation written for η1, w1, θ1 from the same for η2, w2, θ2, multiplying by a
test function ψ, integrating by part and putting ψ = T we obtain

1
2
d

dt

∫
Ω

T 2dx = −
∫

Ω

[
θ1pθ(η1, θ1)
eθ(η1, θ1)

w1x −
θ2pθ(η2, θ2)
eθ(η2, θ2)

w2x

]
T dx

+
∫

Ω

[
κ(η1, θ1)r41
η1eθ(η1, θ1)

− κ(η2, θ2)r42
η2eθ(η2, θ2)

]
T dx+

∫
Ω

µ

[
w1

2
x

η1eθ(η1, θ1)
− w2

2
x

η2eθ(η2, θ2)

]
T dx := −

3∑
i=1

Bi.

Bounding the Bi, using as previously Lemma 6 and 7 and Cauchy Schwarz inequality for ε > 0,
we get

|B1| 6 ε
(
‖Wx‖2

2 + ‖Tx‖2
2

)
+ Cε

(
‖E‖2

2 + ‖T‖2
2

)
,

|B2| 6 −
∫

Ω

κ(η2, θ2)r42
η2eθ(η2, θ2)

T 2
x dx+ ε

∫
Ω

T 2
x dx+ Cε

(
‖E‖2

2 + ‖T‖2
2

)
,
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and
|B3| 6 ε‖Wx‖2

2 + Cε‖E‖2
2.

We obtain finally

d

dt

∫
Ω

T 2dx+
∫

Ω

T 2
x dx 6 ε

∫
Ω

W 2
x dx+ C

(
‖E‖2

2 + ‖T‖2
2

)
. (69)

Then adding inequalities (67), (68) and (69) and choosing ε small enough, we get

1
2
d

dt

∫
Ω

(
E2 +W 2 + T 2

)
dx 6 C

(
‖E‖2

2 + ‖W‖2
2 + ‖T‖2

2

)
,

which clearly implies uniqueness.

4 Asymptotic behaviour

To prove the result of asymptotic stability of Theorem 3, it is more convenient, following [35], to
go back to the Eulerian formulation.

1. After Proposition 1, the static solution ρS , θS is the unique solution (under condition (31))
of

−(pS)r = ρS
GM0

r2
, θS = θΓ.

So we rewrite the momentum equation in (1) as

ρ(vt + vvr) = −pr + µ
(wr

r2

)
r
+ ρ

(pS)r

ρS
,

where w = r2v. Multiplying by w and integrating on ω = (R0, R1), we get

d

dt

∫
ω

1
2
ρv2r2dr +

∫
ω

µ
w2

r

r2
dr =

∫
ω

pwr dr +
∫

ω

r2ρv
(pS)r

ρS
dr.

Using the second law of thermodynamics θds = de+ pdη and (1), we compute the Eulerian energy
equality

d

dt

∫
ω

ρ

(
1
2
v2 + e− θΓs

)
r2dr + θΓ

∫
ω

κ
θ2r
θ2

dr + θΓ

∫
ω

µ
w2

r

r2θ
dr =

∫
ω

ρv
(pS)r

ρS
r2dr.

Applying the identity d
dt

∫
ω
ρF (r) r2dr =

∫
ω
ρr2vFr(r) dr, with F ≡ pS(ρS , θS), and rearranging

the integrand, we obtain finally

d

dt

∫
ω

[
ρ

{
1
2
v2 + c0V θΓ

(
θ

θΓ
− log

θ

θΓ
− 1
)

+A
(θ − θΓ)2

2(β − 1)η1−β

}

− Aθ2Γ
2(β − 1)

{
ρ2−β + (2− β)ρρ1−β

S

}]
r2dr

+θΓ
∫

ω

κ
θ2r
θ2

dr + θΓ

∫
ω

µ
w2

r

r2θ
dr = 0. (70)

2. The first equation (1) rewrites

ρt +
1
r2

(ρw)r = 0. (71)

Multiplying by r2(ρ1−β − ρ1−β
S ) and integrating by parts on ω, we have

d

dt

∫
ω

r2
(
ρ2−β

2− β
− ρρ1−β

S

)
dr =

∫
ω

ρw(ρ1−β − ρ1−β
S )r dr.
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Rearranging the integral in the right-hand side, we get

1
1− β

d

dt

∫
ω

r2
(
ρ2−β − (2− β)ρρ1−β

S

)
dr +

∫
ω

ρ2−βwr dr

+(2− β)
∫

ω

ρρ−β
S (ρS)rw dr = 0. (72)

3. Multiplying now (71) by ρ1−β
S and integrating by parts on ω, we have after some calculations

1
β − 1

d

dt

∫
ω

r2ρρ1−β
S dr =

∫
ω

ρρ−β
S (ρS)rw dr = 0. (73)

4. Putting a := Aθ2Γ, b := Aθ2Γ(2− β) and adding (70) + a(72) + b(73), we get

d

dt

∫
ω

[
ρ

{
1
2
v2 + c0V θΓ

(
θ

θΓ
− log

θ

θΓ
− 1
)

+A
(θ − θΓ)2

2(β − 1)η1−β

}

+
Aθ2Γ

2(1− β)

{
ρ2−β − (2− β)ρρ1−β

S + (1− β)ρ2−β
S

}]
r2dr + θΓ

∫
ω

κ
θ2r
θ2

dr + θΓ

∫
ω

µ
w2

r

r2θ
dr

+Aθ2Γ

∫
ω

ρ2−βwr dr +Aθ2Γ(2− β)
∫

ω

ρρ−β
S (ρS)rw dr +Aθ2Γ(2− β)2

∫
ω

ρρ−β
S (ρS)rw dr = 0. (74)

This implies the inequality, for a suitable positive constant C

d

dt

∫
ω

[
ρ

{
1
2
v2 + c0V θΓ

(
θ

θΓ
− log

θ

θΓ
− 1
)

+A
(θ − θΓ)2

2(β − 1)η1−β

}

+
Aθ2Γ

2(1− β)

{
ρ2−β − (2− β)ρρ1−β

S + (1− β)ρ2−β
S

}]
r2dr + C

∫
ω

(
w2 + w2

r + θ2r
)
dr 6 0. (75)

5. Multiplying the second equation (1) by −ρ−1
∫ r′

R0
(ρ− ρS) r2dr, we have

−vt

∫ r′

R0

(ρ− ρS) r2dr − vvr

∫ r′

R0

(ρ− ρS) r2dr

= prρ
−1

∫ r′

R0

(ρ− ρS) r2dr − µ
(wr

r2

)
r
ρ−1

∫
ω

(ρ− ρS) r2dr − (pS)r

ρS

∫ r′

R0

(ρ− ρS) r2dr.

Integrating by parts in ω, we obtain after elementary manipulations

− d

dt

∫
ω

v

∫ r′

R0

(ρ− ρS) r2dr dr′ −
∫

ω

ρv2r2dr +
1
2

∫
ω

v2(ρ− ρS) r2dr

= −
∫

ω

µ
wr′

r′2

{
ρr′

ρ2

∫ r′

R0

(ρ− ρS) r2dr +
r′

2

ρ
(ρ− ρS)

}
dr′

+
∫

ω

(
pr′

ρ
− (pS)r′

ρS

)∫ r′

R0

(ρ− ρS) r2dr dr′.

Rearranging the right-hand side leads to

− d

dt

∫
ω

v

∫ r′

R0

(ρ− ρS) r2dr dr′

+
∫

ω

[
−ρv2 +

1
2
v2(ρ− ρS) +

A(β − 2)
2(β − 1)

θ2Γ(ρ1−β − ρ1−β
S )(ρ− ρS)

]
r2dr

=
∫

ω

(
1
2
A(β − 2)ρ−βρr(θ2 − θ2Γ) +

Aθ

η1−β
θr

)(∫ r′

R0

(ρ− ρS) r2dr

)
dr′
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+
∫

ω

µ
wr

r2
(ρ− ρS) r2dr −

∫
ω

µ
wrρr

r2ρ2

∫ r′

R0

(ρ− ρS) r2dr dr′.

Estimating the right-hand side by using Cauchy-Schwarz inequality together with the estimate∫
ω
(θ2 − θΓ)2dr 6 C

∫
ω
θ2r dr, we get the inequality

− d

dt

∫
ω

v

∫ r′

R0

(ρ− ρS) r2dr dr′ +
∫

ω

[
−ρv2 + v2(ρ− ρS) + (ρ− ρS)2

]
r2dr

6 C

∫
ω

(
w2 + w2

r + θ2r
)
dr, (76)

where C is a positive constant.
6. Multiplying now (76) by a positive number ε small enough and adding the result to (75), we

obtain
d

dt

∫
ω

[
ρ

{
1
2
v2 + c0V θΓ

(
θ

θΓ
− log

θ

θΓ
− 1
)

+A
(θ − θΓ)2

2(β − 1)η1−β

}
+

Aθ2Γ
2(β − 1)

{
ρ2−β − (2− β)ρρ1−β

S + (1− β)ρ2−β
S

}
− εv

∫ r

R0

(ρ− ρS) r′2dr′
]
r2dr

+C
∫

ω

(
(ρ− ρS)2 + w2 + w2

r + θ2r
)
dr 6 0. (77)

Integrating this inequality with respect to time and observing that, for a suitable constant C > 0∫
ω

[
ρ

{
1
2
v2 + c0V θΓ

(
θ

θΓ
− log

θ

θΓ
− 1
)

+A
(θ − θΓ)2

2(β − 1)η1−β

}

+
Aθ2Γ

2(β − 1)

{
ρ2−β − (2− β)ρρ1−β

S + (1− β)ρ2−β
S

}
− εv

∫ r

R0

(ρ− ρS) r′2dr′
]
r2dr > CΦ(t),

where
Φ(t) ≡

∫
ω

{
(ρ− ρS)2 + v2 + (θ − θS)2

}
dr,

we ends with the inequality Φ(t) +
∫ t

0
Φ(τ) dτ 6 0 which ends the proof of Theorem 3 �
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