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Abstract

We consider a triple of N-functions (M, H,J) that satisfy the A'-condition, p = |z|* dz
and suppose that an additive variant of interpolation inequality holds

M(Vul) p(dz) < C ( [ H(u o)+ [ Juv@)uwu(dx)) ,

R”

whereu € R C Wlicl (R™), R is an arbitrary set invariant with respect to external and internal
dilations. We show that the above inequality implies its certain nonlinear variant involving
the expressions [g. H(|u|) p(dz) and [p. J( (|V®u|) p(dx). Various generalizations of this
inequality to the more general class of N-functions, measures and to higher order derivatives

are also discussed and the examples are presented.

MSC (2000): Primary 26D10, Secondary 46E35.

1 Introduction and statement of results

The purpose of this paper is to study an Orlicz variant of the classical Gagliardo-Nirenberg in-
equality, [13, 30]

1_£ m % m, n
IV®ully < Cllulle " (IV™ull, 3 =01 —- 5+ EL ue Wi'(RY). (1.1)
Gagliardo-Nirenberg inequalities have been studied in a large number of papers, starting with
the celebrated classical paper by Nirenberg [30]. Inequalities of this type can be traced back to
[25], which deals with the case of supremum norms in (1.1), and inequalities obtained earlier by
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Hadamard, Landau and others. It is impossible to give a representative list of relevant references
here, let us recall at least monographs [7, 28, 29].

The case of Orlicz spaces is somewhat difficult because of non-homogeneity of N-functions and
a rather indirect definition of the norm. It is usually impossible to transfer simply the LP-technique
to the Orlicz setting. Therefore the progress here is slower and at the moment there are many
topical unsolved problems. We refer to the papers [3, 4, 5, 6, 20, 21, 22, 23, 24].

The study of Orlicz case is partially motivated by possible applications in linear and nonlinear
PDEs and in calculus of variations, arising from mathematical physics, see e.g. [1, 2, 10, 14, 15, 27,
32].

Let us recall what is presented here. As proved in [22, 23] one still has inequalities like

-k o
||v(k)u||LM < O||u||LM71” ||V(m)U||FM2)

within certain class of Orlicz spaces L™, LM L2 but in some cases we cannot expect such inequal-
ities to hold (see e.g. [24]). Sometimes we may expect only an additive variant of those inequalities
IV ® || < C(||ul| g + [Vl o, ), deduced as a consequence of the additive inequality

M0 uta) <€ ([ anuata + [ MV a@n). 02)

R" R"

see e.g. [24]. On the other hand, there are another inequalities which are expressed in terms of
modulars. For example we show that

([ a9y du); <o [t an) o ([ 709l an)

(1-7%)
W J(IVMul)d " " )d
A 1n fIR (I ul) dp (ln (2 X Jen H (|U| H )) 7
S H([u]) dpa Jan J(IVOu|) dp
where M, H,J are Orlicz functions like M,, = * (In(2 +t))", under certain constraints on the
involved parameters. Some other nonlinear inequalities dealing with N-functions like ¢* (In(1 + t))"

were obtained in [20]. Even within LP-setting but with more general measures one cannot expect
general inequalities of the form (1.1), see e.g. [17].

3=
3=
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Our concern is to study inequalities

Rn

O olvola) de < O [ Jer TV uw(z) de
MV ul)u(z) d scw( et (i

holding for some M, J, H, V. They are extension of (1.1).

We present a tool to deduce such a nonlinear variant of multiplicative inequality from simpler
additive inequality (1.2) directly, or from its more precise variant

) | H(ulo )

_k
M(|V®u|)du < C ( H(81|u|)d,u—|—/ J(82|V(m)u|)d,u> where 51 makim =1 g > 0.
Rn Rn n

It seems that this is the first approach to study systematically nonlinear variants of interpolation
inequalities involving modulars.



We suppose that the N-functions M; and M, satisfy the A'-condition (see Definition 2.1).
Examples of admissible N-functions can be found among logarithmic Zygmund-type functions. In
particular our analysis is supported by inequalities holding in such spaces, they seem to be of
particular interest, see, e.g. [9, 11, 16, 18, 19].

They might find use in proving apriori estimates in the regularity theory for nonlinear PDEs.

2 Notation and preliminaries

Notation. By C{°(R") we denote as standard smooth compactly supported functions defined
on R". The symbol W™P(R") and W,""’(R") denotes Sobolev spaces. By R™! we denote the

loc
inverse function to the given function R when it is well defined. If M is an N-function, then

M*(t) := sup,~o(tT—M/(7)) is the complementary N-function (see [26]). Having two functions M, R

we will write M ~ R if there exist constants C;,Cy > 0 such that C;M(\) < R(A\) < CoM (). In
the same way we will also compare functions for arguments near zero and near infinity respectively.

Definition 2.1. We say that the function ® : [0, 00) — [0, 00) satisfies the A’-condition (® € A")
if there exists the constant C' > 0 such that for every A\;, Ao > 0 we have

DA Ae) < CB(A)D(Ny). (2.1)

We refer e.g. to [26] for details about this family of Orlicz spaces. Let us note that the A'-

condition is stronger than the usual As-condition, which asserts that there exists the constant
C > 0 such that ®(2)\) < CP(N), for every A > 0 (we write & € A).

We have the following easy observation.

Fact 2.1. Let M, := {®:[0,00) — [0,00) : ® € A'}. The family M is invariant with respect
to multiplications and compositions.

Using Fact 2.1 it is easy to generate elements of M /. The typical examples among N-functions
can be found among Zygmund type logarithmic functions. This is illustrated on the following
example. For the proof of part 2 and 3 see [21], similar arguments as to get (4.5).

Example 2.1. The following N -functions are elements of M /;

1. d(N) =N, 1 < p < 0,

2. Myo(A) =XPIn2+ )% 1<p<oo,a>0

8. My, (A) =M(In(1+ X)), 1 <p<oo,a>0

4. PN) =My 0,0 Mpyap0---0 My, 0, (N), @1,...,00, >0, p;,>1 fori=1,... k.

We consider triples of N functions (M, H, J) and the measures 1 which are absolutely continuous
with respect to the Lebesgue measure and satisfy an additive variant of interpolation inequality

M(IVuDu(dx)SC( H(Ju]) pu(de) + J<\v<2>ur>u<dx>), (2.2

Rn Rn R™

or its stronger variant, namely, the one parameter family of inequalities
1
Mvahuie) <€ ([ # (Gl ) utdo)+ [ S69u@n). @3
]Rn n n
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This should be satisfied with a constant C' > 0 independent on u and (in second case) arbitrary
s > 0. In both cases we assume that u belongs to some set R C VVZ2 1(R")

If (2.2) holds with the triple (M, H, J), the measure p and set R, we will say that this objects
support (2.2). Analogous concept will be used for (2.3) and in some other places.

3 Homogeneous measure and modeling inequality

Our goal here is to present the most representative technique illustrating our issue. It will be
successively developed in next sections.

Our first result reads as follows.
Proposition 3.1. Suppose that N-functions (M, H,J), the measure pu(dx) = |z|"dz and set R

support an additive inequality (2.2). Assume that set R is invariant with respect to internal and

external dilations, i.e. for every t,s € R and u € R the mapping wu s(x) = tu(sx) also belongs to
R.

Moreover, assume that functions H and J satisfy the A'-condition. Then for every u € R,
u Z 0, we have

M(|Vul) p(dz) < 200 (fR}n s ul) dgl)f”)). [ H(lu]) p(de), (3.1)

R"

where ¥(\) = H o R7Y()\), R(\) = Ij((i\;, C' is the same constant as in (2.2).
A

Proof.
We apply (2.2) to the function u,(z) = Lu(sz) and compute directly that

M (|Vuy(@)]) p(da) = s~ [ M([Vu(y)]) u(dy),

Rn R

H(us(0)]) pldr) = 5~ [ H fuly)]) pldy),

[ 09l i) = 5= [ IS9P utu) uldy)

Therefore (2.2) implies

[ (v o) <o ([ (o) wtan) + [ 9Pl utan) )

holding for every u € R, s > 0, with the constant independent on v and s. Using the A’-condition
(2.1) we obtain the one parameter family of inequalities:

M(Vu(@)) plde) < C (H (1) [ Hluta)) i) + 3(5) |

S

n

J<|v<2>u<x>|>u<dx>) ,

R

holding with C' independent of u and s. In other terms
1
a< H (—) b+ J(s)c, (3.2)
s
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where
o= / M(|Vu(@)]) pdz), b=C [ H(ju(x)]) u(dz), c=C / JIV®@u(2)]) pdr).  (3.3)

Let us choose sq such that H(%)b = J(so)c, i.e. according to our notation R(%) = 7, equivalently
L = R71(¢) (note that R~ is well defined).

S0 b
Inequality (3.2) implies
a < 2H (i)b—zﬂoRl (9) b,
So b

which is exactly what we have claimed. 0

Remark 3.1. Inequality (3.1) looks stronger than (2.2) at first glance. Indeed, if

Jen J(IV@u, (2)]) p(dz) — 0 as n — oo, for some {u,} C Cg°(R™), while [, H(|u,(z)|) u(dz)
remains to be bounded and bounded away from 0, we observe from (3.1) that [ M (|Vu(z)]) pu(dx)
converges to 0. This is not readily seen from (2.2).

Remark 3.2. Proposition 3.1 shows that inequality (2.2) implies (3.1). Let us show that inequality
(3.1) implies (2.2). Hence those inequalities are equivalent, possibly with different constants.

To prove the implication “(3.1) = (2.2)”, we use the notation (3.3) and observe that inequality
(3.1) reads:

@ <2HoR! (g) b=2H (%) b, (3.4)
0

where we put R7'(§) = % From the very definition of R we have H (%)b = J(sp)c. Moreover,

1 1

H (—) b<H (—) b+ J(s)c, for every s > 0.
S0 S

Indeed, for s > sy we have J(s)c > J(sg)c = H(%)b, while for s < sy we have % < 1, therefore

H(%)b < H(1)b. Therefore (3.4) implies

a < 2inf {H (1) b+ J(s)c, s> o} <C(b+c), C=2max(H(1),J(1)).

S

This implies (2.2).

4 Inequalities with Lebesgue measure

4.1 More general inequalities

We will now discuss inequalities which can be proved when one considers the Lebesgue measure.
It turns that in such a case one obtains more general inequalities, taking into account the choice
of admissible Orlicz spaces.

Before we formulate the result, let us introduce the following auxiliary function M, : (0, 00) —
(0,00) :



IAM'(A) = M(\)|++vVn—1M(\) (M) N Vn—1M(\)
A2 AP A2 ’

and a notation of a suitable compatibility. Note that if M satisfies As-condition, then M, ~
M()\)/A? as in such a case M'(\) ~ M(X)/\.

Definition 4.1. A couple of continuous functions ¥y, ¥y : R™ x [0,00) x [0,00) — [0, 00) will be
called compatible if Wy(x, A, Ao)Wa(x, A1, A2) = A Ay for every x € R™, A, Ay > 0.

M,(\)= (4.1)

Remark 4.1. As typical examples of a compatible couple we consider ¥y (z, A, Ag) = sw(z) A\ A9
and Wy(x, A\, \p) = s w(z) AT\, with parameters (61,65) € [0,1]>\ {(0,0),(1,1)}, s >
0, and an arbitrary measurable function w > 0 a.e. The simplest case is Wy(z, A, A2) = Ay,
Uy (z, A1, A2) = Ag.

The following result is a special case of Theorem 3.1 in [22].

Theorem 4.1. Let M be an N-function and suppose that M (X)/X is bounded in some neighborhood
of 0, M,, is given by (4.1), and that H,J : [0,00) — [0,00) are continuous functions satisfying
inequality

Va,y,2>0 M, (x)yz < M(x)+ H(y) + J(2). (4.2)

Let (U1, Wy) be a couple of continuous compatible functions. Then for an arbitrary u € C§*(R™),

/M(|Vu(x)|)dx
(4.3)
< [ B fula)| V@) do+ [ IVE W u(o)], [9u(z))) do
Remark 4.2. In [22] the authors considered inequality (4.3) with ¥; and W, independent of x.
The proof given there works in the general case as well without changes.

Remark 4.3. In other words we deduce that under the assumptions of Theorem 4.1 the triple
(M, H,J), the Lebesgue measure and set R = C§°(R™) support (4.3), for any compatible couple
(qlla \I/2>

Remark 4.4. Replacing (¥, U5) by (%\Ill, sWs) one obtains the following inequality

/M(wuy) iz < C (/H (é\lll(x, ul, yv@)u\)) d + / T(sWa(, [u], [V2ul)) d:c> A

where s > 0 can be an arbitrary given parameter. The constant C' > 0 is such that H(v/2)\) <
CH(X), J(v/2)\) < CJ(N) for every A > 0.

The variant of Proposition 3.1 (considering Lebesgue measure) reads as follows.

Proposition 4.1. Suppose that N-function M is such that M (\)/X is bounded next to 0, M, is
given by (4.1) and assume that N-functions H,J satisfy (4.2) and the A’-condition. Let (¥, U5)
be a couple of compatible functions. Then for every u € C§°(R™), u # 0 we have

M(|Vu(z)|) dx < 2CT (J[Rn C(liz

6
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C isa

where wy = Wy (z,|ul, [V®u|), wy = Ua(z, |ul, [VPu|), ¥(\) = Ho R7Y(N), R(A\) =
constant satisfying H(v/2)\) < CH(X) and J(vV2\) < CJ(N).

J(%

Proof. We start with inequality (4.4) and repeat the same arguments as in the proof of
Proposition 3.1. The difference is that now we deal with WU, (z, |u|,|V®u|) instead of |u| and
Wy (z, |u|, [VPu|) instead of |V Pul. O

Various methods for construction of triples (M, H, J) supporting (4.2) are discussed in [22].

4.2 The case of logarithmic functions
Set M,; = t* (In(2 +t))', and consider M(\) = M, o()), H(A) = M, 3(\), J(A) = M,()), where

2 1 1 2a0
2_1.1 _:é+g

: ., p>2,q,7r>1, o f,7>0. (4.5)
g p T qg P

It is proved in [21], Theorem 1.1 that the triple (H, M, J), the measure p = dx, and R = C5°(R")
support (2.2).
Direct computation (see (4.10) in [21]) gives

y (In(2+ A1)\ 7
o~ ()

and (see (4.12) in [21])
W(A) ~ AT (In(2 4+ A7) 77 (In(2 + X))o

Therefore

\p(g)-bNb#c# . (m <2+€>)1 : (m <2+g)>”%.

This leads to the following multiplicative inequality obtained in [21] (in the slightly more general
version).

Theorem 4.2 ([21], Theorem 4.2). Suppose that p,q,r,c, 3,7 are given real numbers satisfying
(4.5). Let (¥, WUy) be the pair of compatible functions,
wi(z) = Ci(z, [u(@)], [VOu(2)]), wa(w) = Va(w, [u(z)], [VPu(@)]), u € C*(R™).

Then there ezists a constant C' = C(p,r,3,7v) > 0 such that:

(fmions)' <o famnirs) (f e
¥ 8
_ (ln (2 N [ M, 5( wl(x))dx)) v (ln ( f]\/[M wg(m))dx>) p‘
[ M, (ws(x)) dzx [ M, g(wy () dz
Remark 4.5. In the case a = = v = 0 the above statement reduces to the classical Gagliardo-
Nirenberg inequality.




5 Higher order derivatives and more general measures

Our next goal is to generalize inequalities like

Dul) dx

M(|Vu])dr < 20 <fR}n BT} da ) RHH(M)de

]Rn

with a suitable choice of functions M, J, H and W, to the more general ones having the form

fRn (Ju])w(x) dx

holding for some M, J, H,V,, ;, depending on m,k € N. Note that we take V™y and V*
instead of V@ u and Vu, respectively, and we replace the Lebesgue measure by a weighted measure
i = w(x)dz. The measure needs to be sufficiently regular, see Remark 5.1 below.

R

(mu x
M (VP u))w(z) de < 200, (fRn (VT uDw(w)d ) - H(|u])w(z) dz, (5.1)

Contrary to the approach using Lebesgue measure now we cannot deduce inequalities like
(5.1), where u and V(™4 are substituted by more general expressions like W (z, |u|, |V™ul),
Wy (z, |u|, [V™ul) as in Proposition 4.1.

Our first result in this direction reads as follows.

Proposition 5.1. Suppose that N-functions (M, H,J), the measure p = w(z)dx and set R C
VVlZZ’l(R") support inequalities

M(|V®u))du < C ( H(s1|u|)du +/ J (52| V™)) d,u> : (5.2)

n

R™ Rn

_k
holding for every sy, ss > 0 such that si msg/m = 1, with some general constant C' independent of
u, 81, 82. Moreover, assume that functions H and J satisfy the A'-condition. Then for every u € R,
u # 0, we have

(Ve

M(V®ul) ) < 200, (LTI v, (53)
Rn Jen H(|u]) p(da) e

where Y, ;(A\) = H o R;:k()\), Ry k(N = —HA)_the constant C' is the same as in (5.2).

J(A_(’VV'LI;IC )) )

Proof. Inequality (5.2) and the A'-condition imply

a= [ M(V®ul)du < H(s)b+ J(s~F
Rn
b=C [ H(u)dp, c=C [ J(V™u|)pu(dz).

R7 R7

Ne:=1I(s)+I1(s), s>0,

Choosing s = s such that I(s) = I1(s), i.e. so = R, (§), we get a < 2W,, x(£)b, which is the same
as (5.3). O

To proceed further we recall some useful definitions.

8



Definition 5.1 (the class Wg,[8]). Suppose that @ : [0,00) — [0,00) is an N-function. We say that
a weight w : R™ — [0, 00) belongs to the class Wy if and only if for all cubes S C R™ and all A > 0

O(N)u(S)
¢ | —L——~ <o
/s (CMSW(Q?) w(x)dr < P(N)u(S) < +oo,
with the constant ¢ > 0 independent of S, where pu(A) = [, w(x)dx

In the particular case of ®(A) = AP, p > 1, the class Wy coincides with the class of A,-weights,
see e.g. [31].

The following result was obtained in [23], Theorem 4.3.

Theorem 5.1. Suppose that M : [0,00) — [0,00) and F : [0,00) — [0,00) are two N-functions.
Let p(dx) = w(zx) dz, where w is a nonnegative weight on R™. For k,m € Z,, 0 < k < m, define

H(\) = M(F(\'™m)), J(A) = M(F*(Aw)).

When the functions H,J are N-functions, H*, J* € As, and w E WH N Wy, then for every u €

CIM(R™), and arbitrary positive numbers s1, sy such that 1 = 31 52 , one has
MOTWudp < [ HsiBalul)d | IsaBal 9] dp
RTL RTL R?’L

with some constants By and By independent of u and sy, So.

Taking into account Theorem 5.1 and Proposition 5.1 we obtain the following result.

Theorem 5.2. Let the assumptions of Theorem 5.1 be satisfied and additionally let H,J € A,
Then for every u € C§*(R™),

J(|V"™ul) p(dx)
M(|V®Pu)) p(dz) < C,, Jor /(0 | H(|u)) p(de),
[ M9l ) < O (B SR [
where W, 1 (\) = H o R;:k()\), Ry k(A = — M and the constant C is independent of u.

JACTE )

If H* or J* does not satisfy the As-condition we use another approach.

We recall the following definitions.

Definition 5.2. We say that a weight function w : R™ — [0, 00) belongs to the Aj-class (w € Ay),
if there exists a constant C' > 0 such that for every cube S C R™ we have

5] / y)dy < Cessinf,csw(x).

Definition 5.3. We say that a weight function w : R™ — [0,00) belongs to the A, _-class (w € A.)
if there exists a constant C' > 0 such that for every cube S C R™ we have

Sl / y)dy > Cesssup,qw(z).



The following theorem holds true.

Theorem 5.3 ([23], Theorem 4.4). Let k,m € Zy, 0 < k < m and p(dr) = w(zx)dx, where
w € Ay N AL,. Suppose that M : [0, +00) — [0, +00) is an increasing function of class C*((0,00))
such that M(0) = (M)'.(0) =0, and that F : [0, +00) — [0,+00) is an N-function of class C*. Set

k

H(\) = M(F(\'"m)), J(X) = M(F*(An)).

Assume further that fol Rv(;’) dv < oo for Re€ {M,H,J} and define

fz(A):/OlMdv, Re{M, H,J}. (5.4)

V2

Then there exist constants C;, K > 0 such that for every uw € C{"(R™) and for every positive

1—-k E
numbers sy, so such that 1 =s; ™sJ*,

ﬁ(sl\ubdu—l—/n

R7 R™

M(CIVPu|)dp < K ( J(59]V™u)) dﬂ)

As direct consequence of Theorem 5.3 and Proposition 5.1 we obtain the following theorem.

Theorem 5.4. Let the assumptions of Theorem 5.3 be satisfied and additionally fI, JeAN. Then
for every u € CJ*(R™),

— . v(m ~
NVl () < O, (fR )ty )> [l pla),
Rn fR" (|u]) p(dx) R"
where U, ,(\) = Ho R;&k()\); Ry k(M) = % the constant C' is independent on u.

Remark 5.1. It follows that for every weight function w of class Wg and for every N-function
®, the measure p = w dz necessarily satisfies doubling property: u(B(x,2r)) < Cp( (x,7)), with
constant C' independent on 7. The same property holds for w € A; and for w € A, see [31]. In
particular every such a measure is rather regular.

[oop)

More comments concerning admissible weights and functions can be found in [23], Section 5.
For example when the N-function R in (5.4) is strictly monotone and R* € Ay, then functions R
and R are equivalent (see Proposition 5.1 in [23], the statement (6)).

5.1 Logarithmic case revisited
As in Subsection 4.2 we deal with M,,; = t* (In(2 + t))" and consider
M) = Mya(A), HA) = My (A),  J(A) = My (). (5:5)

We have the following result.

10



Theorem 5.5. Let k,m € Zy be giwven and such that 0 < k < m. Suppose that the parameters
p,q,r and «, 3,7 satisfy the conditions

1 EN1 k1 k k
_:(1__)_+__7 g:<]-__)é—+__z7 p7Qar>]—7 6%57720
q m;,p mr q m/) p mr
and let p(dr) = w(x)dx be a weighted measure with weight belonging to the class

Wi, s "Wy, . Then for every function u € Cg*(R") we have

|
7
3=
Q
3
N
Q
<
3
s
N———
3=
3=

( . M(IV““)ul)du); < O( 5 H(|u|)du)’l’
i (2 de LUVl o (2 fRn IUI dp
(o B2t ) o oo gl

with a constant C' independent of .
Proof. Let M, H,J be as in (5.5) and consider F'(\) = M, (\), where we choose s = £

qm—~k’

@

Yk
rm

K= B_TO‘. It is proved in [23], the proof of Theorem 6.1 that for our choice of parameters we have
H ~ M(F(\N"%)) J ~ M(F(Am)).

Theorem 5.1 implies
MOy do < € ([ Hesaus [ gl dn)
R" Rn Rn

with some universal constant C' (dependlng on the As-condition for H and J only), sq,$2 > 0 are

arbitrary parameters such that sl msm = 1. By Proposition 5.1

M(|V®u)) /L<2C‘I’mk(b)b where b= [ H(lu])du, c= [ J(V™u|)du.  (5.6)
R7 R7 R7

Now it suffices to compute V,, .. We have

P ' 1 A1) - (1n(2+)\))ﬁ |
A (D (111()\—(%—1)))7 (In(A=1))” (In(2 4+ A1)

By similar arguments, for A tending to co, we have R, x(\) ~ )\p”(%_l)%. Therefore

(In(2 + X))?
(In(2 + A1)

Ry (A) ~ AP

11



One readily checks that

Rfl

m,k

(In(2 + A~ ))7 P”(?*l)
0~ (Goror) o0

Let us compute U, (). Using (5.7) and (5.5) we get

P 1 8
(In(2 +A71)7\ P00 (In(2 + A~1))7 | 7 0E=D
() ] (1“ (“% A ) ))

= [V A B

xmmAA)z[AHN%Aﬂ-

For A close to 0 we have % (In A1) | therefore for A ~ 0,
1
NN prE-D S N _a
(A(Tﬁfé:éxgg ) o ~ APFOET (I A1) PO A0
n

Therefore B(A) ~ C' for A close to 0.
For \ near oo,
(In(2 + A1) A A— o
~Y e .
(In(2 + X))~? (In A)A

Hence in such a case

B
BQ)an(m%?)}AwmAfwﬂM2+Mﬁ.
Therefore for A close to 0,
A(N) - BO\) ~ (In(2 + A7) 70T
while for A close to oo,

In(2 + A))? s
( n( - L = (111(2 + /\))pw(k%,l) '
(ln(2 + A))P-Fr(%_l)

A(N) - B(\) ~

In both cases
Br(12—1)

QWWMN[ﬂﬁéjq{AQH{BMHNAEW"”(m@+A4»ﬂﬁ?3(m@+A»ﬁmFﬁ.
Therefore

(1) R A Br(—1)

Wmﬁ<§>bNb”*?”%“”%*>On(2+9)>““?”.@n(2+g>)ﬁw%n
C

~y k
g b\ \ % m Bk
:bﬂkkkmn(m<2+—>) ~QM2+9DQ :
c b
This and (5.6) implies the thesis. O

Acknowledgments. The work on the paper started when the second author visited Institute
of Mathematics of the Polish Academy of Science at Warsaw and Institute of Mathematics of the
University of Warsaw in May 2007. Then it continued while the first author visited Institute of
Mathematics of Czech Academy of Sciences in October 2008. The hospitality of all the involved
institutions is greatfully acknowledged.

12



References

[1]

2]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

H.-D. ALBER, Materials with memory. Initial-boundary value problems for constitutive equa-
tions with internal variables, Lecture Notes in Mathematics. 1682. Berlin: Springer, 1998.

J. M. BALL, Convexity conditions and existence theorems in nonlinear elasticity, Arch. Rat.
Mech. Anal., 63 (1977), 337-403.

H.H. BANG, A remark on the Kolmogorov-Stein inequality, J. Math. Anal. Appl. 203 (1996),
861-867.

H.H. BANG and H.M. GIAO, On the Kolmogorov inequality for Lg-norm, App. Anal. 81
(2002), no. 1, 1-11.

H.H. BANG and H. M. LE, On an inequality of Kolmogorov and Stein, Bull. Austral. Math.
Soc. 61 (2000), no. 1, 153-159.

H.H. BANG and M. T. THU, A Landau-Kolmogorov inequality for Orlicz spaces, J. Inequal.
Appl. 7 (2002), no. 5, 663-672.

O.W. BESOV, W.P. ILIN, S.M. NIKOLSKI, Integral Representations of Functions and
Embeddings Theorems, Nauka, Moscow 1975 (in Russian).

S. BLOOM, R. KERMAN, Weighted Orlicz space integral inequalities for the Hardy-
Littlewood maximal operator, Studia Math. 110, no. 2 (1994), 149-167.

C. BENNETT, K. RUDNICK, On Lorentz-Zygmund spaces, Dissertatinones Math. (Rozprawy
Mat.) 175 (1980), 1-72.

A. CIANCHI, Some results in the theory of Orlicz spaces and applications to variational
problems. Nonlinear analysis, function spaces and applications, Vol. 6 (Prague, 1998), Acad.
Sci. Czech Rep., Prague, 1999, pp. 50-92.

D. E. EDMUNDS, H. TRIEBEL, Logarithmic Sobolev spaces and their applications to spectral
theory, Proc. Lond. Math. Soc. (3) 71 (1995), 333-371.

D. E. EDMUNDS, H. TRIEBEL, Function spaces, entropy numbers, differential operators,
Cambridge Tracts in Mathematics 120. Cambridge University Press, Cambridge, 1996.

E. GAGLIARDO, Ulteriori proprieta di alcune classi di funzioni in piu variabili (in Italian),
Ricerche Mat. 8 (1959), 24-51.

J.-P. GOSSEZ, Nonlinear elliptic boundary value problems for equations with rapidly (or
slowly) increasing coefficients, Trans. Am. Math. Soc. 190 (1974), 163-205.

J.-P. GOSSEZ, V. MUSTONEN, Variational inequalities in Orlicz-Sobolev spaces, Nonlinear
Anal. 11(3) (1987), 379-392.

L. GROSS, Logarithmic Sobolev Inequalities and Contractivity Properties of Semigroups, in:
Dirichlet Forms, Varenna 1992, E. Fabes et al. (eds), Lecture Notes in Mathematics 1563,
Springer-Verlag, Berlin-Heidelberg, 1993, pp. 54-88.

13



[17]

[18]

[19]

[20]

[21]

22]

23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

32]

C.E. GUTIERREZ and R.L. WHEEDEN, Sobolev interpolation inequalities with weights,
Trans. Amer. Math. Soc., 323 (1991), no. 1, 263-281.

D. HAROSKE, Some logarithmic function spaces, entropy numbers, applications to the spec-
tral theory, Dissertationes Math. (Rozprawy Mat.) 373 (1998), 1-59.

D. HAROSKE, Envelopes and sharp embeddings of function spaces, Chapman & Hall/CRC
Research Notes in Mathematics, 437. Chapman & Hall/CRC, Boca Raton, FL, 2007.

A. KALAMAJSKA, K. PIETRUSKA-PALUBA, Logarithmic version of interpolation inequal-
ities for derivatives, J. Lond. Math. Soc. (2) 70 (2004), 691-702.

A. KALAMAJSKA, K. PIETRUSKA-PALUBA, Interpolation inequalities for derivatives in
logarythmic Orlicz spaces, Coll. Math., 106(1) (2006), 93-107.

A. KALAMAJSKA, K. PIETRUSKA-PALUBA, Interpolation inequalities for derivatives in
Orlicz spaces, Indiana University Mathematics Journal 55(6) (2006), 1767-1789.

A. KALAMAJSKA, K. PIETRUSKA-PALUBA, Gagliardo—Nirenberg inequalities in weighted
Orlicz spaces, Studia Math. 173(1) (2006), 49-71.

A. KALAMAJSKA, K. PIETRUSKA-PALUBA, Gagliardo-Nirenberg inequalities in weighted
Orlicz spaces equipped with a nonnecessarily doubling measure, Bull. Belg. Math. Soc., 15,
No. 2 (2008), 217-235.

A.N. KOLMOGOROYV, On inequalities between upper bounds of consecutive derivatives of
an arbitrary function defined on an infinite interval (in Russian), Uchen. Zap. MGU, Mat. 30,
(1939), no. 3, 13-16.

M. A. KRASNOSELSKII, Ya.B. RUTICKII, Convex Functions and Orlicz Spaces, P. Noord-
hoff Ltd. Groningen 1961.

Y. MOROMOTO, CH.-J. Xu, Logarithmic Sobolev inequality and semi-linear Dirichlet prob-
lems for infinitely degenerate elliptic operators. Autour de ’analyse microlocale. Astérisque
No. 284 (2003), 245-264.

V.G. MAZ’YA, Sobolev Spaces, Springer-Verlag, Berlin, 1985.

D.S. MITRINOVIC, J.E. PECARIC, and A. M. FINK, Inequalities Involving Functions and
Their Derivatives, Kluwer Acad. Publishers, Dordrecht-Boston-London, 1991.

L. NIRENBERG, On elliptic partial differential equations, Ann. Scuola Norm. Sup. di Pisa,
13 (1959), no. 3, 115-162.

A. TORCHINSKY, Real Variable Methods in Harmonic Analysis, Academic Press, New York
1986.

H. TRIEBEL, The Structure of Functions, Birkhduser, Basel (2001).

14



Agnieszka Kalamajska
Institute of Mathematics
Warsaw University

ul. Banacha 2

02-097 Warszawa, Poland

email: kalamajs@mimuw.edu.pl

Mirostaw Krbec

Institute of Mathematics

Academy of Sciences of the Czech Republic,
Zitnd 25

CZ-115 67 Praha 1, Czech Republic

e-mail: krbecm@math.cas.cz

15



