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Q,-SPACES ON BOUNDED SYMMETRIC DOMAINS

JONATHAN ARAZY AND MIROSLAV ENGLIS

ABSTRACT. We generalize the theory of Qp spaces, introduced on the unit disc
in 1995 by Aulaskari, Xiao and Zhao, to bounded symmetric domains in C¢,
as well as to analogous Moebius-invariant function spaces and Bloch spaces
defined using higher order derivatives; the latter generalization contains new
results even in the original context of the unit disc.

1. INTRODUCTION

Let D be the unit disc in the complex plane C. For —oco < p < 00, a holomorphic
function f is said to belong to the space @, if

_ 2\ p
1 ()2 1_‘u‘ d
1) swp [ 1P P(1= [{=2] ) d <

the square root of the last quantity being, by definition, the (semi)norm in Q.

Here dz denotes the Lebesgue area measure. Since any Moebius map ¢ (i.e. biholo-

morphic self-map of D) is of the form ¢(z) = elx;j, with |e] = 1 and z € D,
— Tz

the quantity (1) can be rewritten as

> /D PP (1 [6(2)) dz

¢p€Aut(D

- /D Alf(2) (1= [6()P)P d

peAut(D)
= sup /(5|f|2)(2) (1= l¢(=)P)P dpu(2)
peAut(D) JD
— swp [ Alfoo(:) (1 [L) du(e)
peAut(D) JD
~ 2 dz . .
where A = (1 — \z|2)zaz82 and du(z) = [(SEBE are the Aut(D)-invariant

Laplacian and the Aut(D)-invariant measure on D, respectively, and Aut(D) stands
for the group of all Moebius maps. (Note that we are using the normalization
A = 90 for the Euclidean Laplacian, which differs from the usual one by a factor
of 4.) From the last formula it is apparent that f € @, implies fo ¢ € @, and f
and f o ¢ have the same norm in Q,, for all ¢ € Aut(D). That is, the space @, is
Moebius invariant.
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2 J. ARAZY AND M. ENGLIS

The spaces @, were introduced in 1995 by Aulaskari, Xiao and Zhao [AXZ], who
showed that

p>1 == Qp = B, the Bloch space,
p=1 = Qp = BMOA,

(2) 0<p1<p2<1 = Qp, & Qpa;
p=20 == Qp =D, the Dirichlet space,
p<0 = Q, = {constants}.

Thus the @, spaces provide a whole range of Mobius-invariant function spaces on
D lying strictly between the Dirichlet space on the one hand, and BMOA and the
Bloch space

B = {f holomorphic on D : sup(1 — |z|*)|f'(2)| < oo}
z€D

on the other hand.
The @Q, spaces subsequently attracted a lot of attention; see e.g. the book by

Xiao [Xi] and the references therein. They were generalized to the unit ball B ¢ C?
in 1998 by Ouyang, Yang and Zhao [OYZ]:

(3)  [eQBY) = suw Alf o ¢ (1= |2 dpu(z) < o0,
peAut(B?) /B4

where A and dy denote the Aut(B%)-invariant Laplacian and the Aut(B?)-invariant

measure on B?, respectively, Aut(B?) being the group of all biholomorphic self-

maps of B? Again, these spaces are Aut(B?)-invariant, and it was proved in
[OYZ] that

p>1 = Qp = B(B?), the Bloch space,
p=1 = Qp = BMOA(BY),
@ df;l<p1 <p2<1 — Qpr & Qps»
p < % = Q, = {constants}.

Note that, in contrast to the disc, for d > 1 the Dirichlet space does not turn up
as one of the (),’s, though in all other cases the situation is the same as for D.

Other generalizations include @), spaces on smoothly bounded strictly pseudo-
convex domains [AC] or the F(p, q, s) spaces of Réttyd and Zhao [Ra], [Zh]. In this
paper, we will consider a generalization in another direction. Note that the defini-
tions (1) and (3) involve the invariant Laplacian A, the invariant measure dy, and
the quantity 1 — ||z]|?, whose power (1 —||z[|2)~9~! is at the same time the density
of du with respect to dz as well as — up to a constant factor — the Bergman
kernel K(z,z) of BY. Our generalization concerns the context where all of these
ingredients still prevail — namely, the bounded symmetric domains.

Recall that a bounded domain Q € C? is called symmetric if for any x € Q there
exists s; € Aut(€2) such that s, os, = id and z is an isolated fixed-point of s,. One
calls s, the geodesic symmetry at x. A bounded symmetric domain is irreducible if
it is not biholomorphic to a Cartesian product of another two nontrivial bounded
symmetric domains. Any such domain can be realized as (i.e. is biholomorphic to)
one which is circular with respect to the origin and convex. Its Bergman kernel
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K (z,y) is then of the form const - h(x,y) P, where p is a positive integer, called the
genus of Q, and h(x,y) is an irreducible polynomial, holomorphic in  and g, such
that h(0,0) = 1. The measure du(z) = h(z,z) P dz = const - K(z,z)dz on ) is
invariant under biholomorphic self-maps, i.e. du(p(z)) = du(z) for all ¢ € Aut(Q),
the group of all biholomorphic self-maps of Q (called Moebius transformations).
Finally, a (linear) differential operator L on {2 is called invariant if

L(fo¢)=(Lf)o¢

for any f € C*(Q) and any ¢ € Aut(Q).
Assume that L is an invariant differential operator such that

(5) LIf>>0 for any f holomorphic on Q

and let —0co < ¥ < co. Then we define the (L-)Bloch space

(6) By, := {f holomorphic on Q : sup L|f|* < oo},
Q

and the @, r-space

(7) Q.1 := {f holomorphic on Q: sup / L|f o ¢|*h” du < oo},

peAut(Q) Jo
the square roots of the indicated suprema being, by definition, the semi-norms in
Br, and Q,,r. Clearly, both By and @, are Moebius invariant. Note that since
0 < h(z,2z) <1Vz € Q, we have

Q., C Q,, continuously if v; < vs.

For the unit disc and the unit ball, one has h(z,2) = 1 — ||z||?, and taking for L
the invariant Laplacian, (6) and (7) reduce to the definitions of the ordinary Bloch
space and @), spaces, respectively (the latter with v = pd).

Our goal in this paper is to provide counterparts, for general irreducible bounded
symmetric domains, of the characterizations (2) and (4). In more detail, our results
are the following.

First of all, we characterize the invariant differential operators L satisfying (5).
It turns out that there exists a basis Ay, of the vector space of all invariant differ-
ential operators such that L = )  ImAm satisfies (5) if and only if [, > 0 Vm.
Here m runs through the set of all signatures, i.e. tuples mq,...,m, of integers
such that m; > mo > -+ > m, > 0, r being the rank of €. It follows that

(8) BL = m Bm and QV,L = ﬂ Quﬁmv

m: Iy, >0 m: Iy, >0

with the norm in By, equivalent to maxm. 1,,>0 || - || 8., and similarly for @, r; here,
for the sake of brevity, we have introduced the shorthand By, @, m for Ba,, and
Qu,A,,- This reduces the study of By, and @, to By and Q) m, respectively.

For m = (1,0, ...,0), the operator A, reduces to the ordinary invariant Lapla-
cian A, and By, coincides with the Bloch space introduced by Timoney [Ti].
For 2 a domain of tube type with s := % an integer and m = (s,..., s), the Bloch
space By was studied by the first author [A2] in connection with Hankel operators
on the top quotient of the composition series. (See Section 2 below the various
definitions.)
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Our first main result is then that for v > p — 1, we have a full analogue of the
first lines in (2) and (4), namely,

(9) Qvm = Bm, with equivalent norms.

Further, the Bloch space By, depends only on the height g(m) of the signature m, i.e.
Bm = Bn if ¢(m) = ¢(n) (with equivalent norms);

here

j—1

Loy

where a is the characteristic multiplicity of Q. (See again Section 2 below for the
various definitions.)

Note that (9) and (10) give new results even in the original context of the unit
disc D: for instance, for any k > 1, the Bloch space seminorm is equivalent to the
square root of

. Jj—
(10) ¢(m) = card{yj : a € Z and m; > 5

sup AF|f 0 ¢, |*(0) = sup [(f 0 ¢.)™ (0)[,
zeD zeD

where ¢, (z) = {*=. Similarly for the unit ball.
For v < p—1, the situation turns out to be more subtle. The spaces @, m always

contain the set

N := {f holomorphic on Q : Ay|f|* = 0}.

(Again, as with Byy,, this set in fact depends not on m but only on the height g(m).)
We say that Q, m is trivial if Qym = Nm. This is always the case if v < 0. It may
happen that @, m is trivial even for all v < p — 1: for instance, this is the case for
m = (1,0,...,0) — that is, when A, is just the invariant Laplacian — for any
irreducible bounded symmetric domain € of rank > 1 (i.e. not biholomorphic to
the ball B); this is in sharp contrast with (2) and (4). On the other hand, it may
happen that @}, m is nontrivial for all ¥ > 0: this is the case, for instance, for tube
type domains Q and m = (s,...,s), if s = d/r is an integer.
In general, there exists an integer or half-integer py, such that

Qum is nontrivial < v >0andv>p—1— pny.

We have p(,...0) = 0 for any Q, ppy = 2 for @ = D and m = (1), pm = 1 for
Q=B%d>1,and m = (1), P(1,0,...,0) = 0 for © not biholomorphic to B¢, and
P(s,...,s) = p for Q@ a tube type domain with s = g
the exact value of py, is, unfortunately, unknown.

The paper is organized as follows. In Section 2 we review various prerequisites
on bounded symmetric domains. In Section 3 we establish several auxiliary results,
including the characterization of invariant differential operators satisfying (5) and
the proof of (8). The main results are established in Section 4. The last Section 5
contains some concluding remarks, open problems, and an additional material on
certain Pieri-type coefficients.

A preliminary version of this paper, containing only a selection of the results and
with the more difficult parts of their proofs omitted, appeared in the proceedings
of the 13th ICFIDCAA conference [E]; the second author thanks the organizers for
the invitation.

an integer. For general €2 and m,
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2. BOUNDED SYMMETRIC DOMAINS

Throughout the rest of this paper, 2 will be an irreducible bounded symmetric
domain in C? in its Harish-Chandra realization (i.e. a Cartan domain). As usual we
denote by G = Aut(f2) the group of all biholomorphic self-maps of 2, and by K the
stabilizer in G of the origin 0 € Q). Then K consists precisely of the unitary maps
on C? that preserve €2, and € is isomorphic to the coset space G/K. We further
denote by r,a,b and p the rank, the characteristic multiplicities and the genus of €2,
respectively, so that
d r(r—1)

zTa—i—rb—}—r.

p=(r—1a+b+2,

If b= 0, Q is said to be of tube type.
Irreducible bounded symmetric domains were completely classified by E. Cartan.
There are four infinite series of such domains plus two exceptional domains in C'6
and C?7. For future reference, we include a table with brief descriptions of these

domains and with the corresponding values of r,a, b, p and d.

Domain Description

Lon Z e C™ " || Z|lgrnsem < 1 n>m>1
r=m,a=2,b=n—m,p=n+m,d=mn

I, zZel,, Z =2 n>?2
rzn,azl,sz,pzn—Fl,dz%n(n—i—l)

111, Z € lym, Z=-2¢ m>5
r=[2],a=4,b=2(m—2r),p=2m—2,d=im(m—1)

1V, ZeCYY 71 Z| < 1,1+ |21 Z]? -22*Z >0 n>5
r=2,a=n—-2,b=0,p=d=n

1% ZeOo™ |z| <1
r:27a:6,b:4,p:127d:16

VI Zec0¥3 7=z 7] <1

r=3,a=8b=0,p=18,d =27

The unit balls B¢ = I, 4 are the only bounded symmetric domains of rank 1, and
the only bounded symmetric domains with smooth boundary.

For x € Q, ¢, will denote the (unique) geodesic symmetry which interchanges x
and the origin, i.e.

(11) ¢g 0 P = 1d, ¢z(0) =, d)a:(x) =0,

and ¢, has only an isolated fixed-point. (In fact, ¢, has only one fixed point, namely
the geodesic mid-point between 0 and x.) We will also use the transvections

V2 (2) 1= ba(—2)

which map the origin into x. Note that from the definition of K it is immediate
that any ¢ € G is of the form ¢ = ¢,k = ~,.k', where k,k' € K and z € Q.
(In fact x = ¢(0).)

It is known that the ambient space C¢ =: Z possesses a structure of Jordan-
Banach x-triple system (or JB*-triple for short) for which € is the open unit ball.
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That is, there exists a Jordan triple product
{}:ZXxZxZ—2Z, x,y,z — {z,y, 2},
(linear and symmetric in x, z and anti-linear in y) such that
O={ze€Z:|{zz2 } <1}
Moreover, if one uses the notation, for z,y € Z,
D(z,y) ={z,y,"}: Z— Z,
Qx)=A{z,,a}: Z— Z,

then for every x € Q, D(x,z) is Hermitian and has nonnegative spectrum, and
iD(x,x) is a triple derivation. The linear operator

(12) B(z,y) =1 —2D(z,y) + Q(x)Q(y)
on Z is called the Bergman operator.

Two vectors x,y € Z are said to be orthogonal (in the Jordan-theoretic sense)
if D(x,y) = 0, and a vector v € Z is called a tripotent if {v,v,v} = v. Any maximal
set ey, ..., e, of pairwise orthogonal nonzero tripotents is called a Jordan frame;
its cardinality r is independent of the frame and equal to the rank of €. For any
tripotent v, the ambient space admits the Peirce decomposition

Z = Zo(v) ® Z1/2(v) ® Z1(v)

into the orthogonal components
Z;ijo(v) :=={z € Z: D(v,v)z = %Z}.

(The orthogonality is only with respect to the inner product in C¢, not in the triple-
product (Jordan-theoretic) sense.) For any Jordan frame ey, ..., e,, we similarly
have the joint Peirce decomposition

(13) Z= P 2z
0<i<j<r
with

. Oir + 95

(14) Zij ={2€Z:D(ex,ex)z = Vk=1,...,7}.

In terms of the Jordan triple data, the geodesic symmetries and transvections (11)
are given by

$2(2) = x — B(z,2)"*B(z,2) (2 - Q(2)a)
(15) =z — B(x,z)"?(I — D(z,2)) "2,
Ya(z )—$+ B(z,2)"*B(z,—2) "' (z + Q(2)x)
=+ B(x,z)"?(I + D(z,z))" 2.
Given any Jordan frame eq,...,e, — which we choose and fix once and for all
from now on — any z € Z has a polar decomposition
(16) z=k(tiex + -+ +trey)

with k € K and t; >ty > --- > t,. > 0; the numbers t1,...,t,, called the singular
numbers of z, are determined uniquely, but k& need not be (it is if all the t; are
distinct). Further, z € Q if and only if ¢; < 1, z € 9Q if and only if t; = 1, and 2
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belongs to the Shilov boundary 9.8 of € if and only if t; = --- = t,. = 1; that is,
if and only if z = ke, where e = e + - - - + e, is a maximal tripotent.

Since the Jordan triple product is invariant under K (i.e. {kz, ky, kz} = k{z,y, z}
Vk € K), it is immediate from (14) that under the decomposition (13), the Bergman
operator B(z,z) with z as in (16) is given by

(17) B(Z,Z) Zi; — (1 - t?)(l - t?)llzij

(where to :=0).
There exists a unique polynomial h(z,y) on C? x C?, holomorphic in 2 and
anti-holomorphic in y, which is K-invariant, in the sense that

h(kz, ky) = h(z,y) vk € K,

and satisfies
r

h(z,z) = H(l - t?) for z as in (16).

j=1

It is known that h(x,y) is irreducible, of degree r in x as well as in 7, and h(x,0) =
h(0,z) = 1 Vx € CY; also, h(z,y)? = det B(x,y). Further, the measure

(18) h(z,2)""Pdz

is finite if and only if ¥ > p—1, and the corresponding weighted Bergman kernel —
i.e. the reproducing kernel of the space of all holomorphic functions on {2 square-
integrable with respect to (18) — is equal to

(19) Ky(z,y) = coh(z,y)™"

for some constant ¢,. In particular, for v = p, the ordinary (i.e. unweighted)
Bergman kernel of €2 is equal to

1
K = h P,
(z,y) vol(9) (z,y)
Finally, the measure
du(z) = —F ol Q) K (2, 2)d
1wz _h(z,z)l’_vo z,2)dz

is the unique (up to constant multiples) G-invariant measure on 2.
In the polar coordinates (16), the measures (18) assume the form

[ 1.2y autz) =
20 . , )
¢ i€ —2ywor 2b+1 2 2
[ 0w o -y [Tem TT - avae

1<i<j<r

where dt = dt; ... dt,, dk is the normalized Haar measure on the (compact)
group K, and c is a constant whose exact value will not be needed and which
we will therefore omit in the sequel. (Alternatively, choosing ¢ = 1 amounts to a
special choice of the invariant measure f.)

For the sake of brevity, we will often abbreviate h(z, z) just to h(z) (or even to h)
if there is no danger of confusion.
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Let P denote the vector space of all (holomorphic) polynomials on C?. We endow
P with the Fock (or Fischer) inner product

(f,g)p:=m"1 f(z)@e“z‘2 dz
(21) /Cd

where
g*(2) == g(2).
This makes P into a pre-Hilbert space, and the action
frfok, ke K,

is a unitary representation of K on P. It is a deep result of W. Schmid [Sch] that
this representation has a multiplicity-free decomposition into irreducibles

P=EP Pm

where m ranges over all signatures, i.e. r-tuples m = (my,ma,...,m,) € Z" sat-
isfying mq > mo > --- > m, > 0. Polynomials in Py, are homogeneous of degree
lm| := myi 4my +-- -4 m,; in particular, Py are the constants and P(;) the linear

polynomials. Any holomorphic function thus has a decomposition f = 3 fm,
fm € Pm, which refines the usual homogeneous expansion.

Since the spaces Py, are finite dimensional, they automatically possess a repro-
ducing kernel: there exist polynomials Ku(z,y) on C? x C? holomorphic in z
and 7, such that for each f € Py, and y € C4, f(y) = (f, Km (-, y))r. In terms of
any orthonormal basis {1; };l‘:“l of P, where dyy, := dim Pp,, K, is given by

dm
(22 Kom(o,5) = > 05()05(9)

From the definition of the spaces Py, it also follows that the kernels Ky, (z,y) are
K-invariant.

It is a consequence of Schur’s lemma from representation theory that for any
K-invariant inner product (-,-) on P, Py, and Py, are orthogonal if m # n, while
on each P, (-,-) is proportional to (-,-)p. In particular, for the inner product

(b= [ F@TEMG duls) (0> p=1)
(with ¢, as in (19)) we have, for any fy € Pm and gn € Ph,

_ <fm7 gn>F
(23) (o gy = 0L

(cf. [FK1]), where (V) is the generalized Pochhammer symbol

) 1= Oy (7= ) - (= %a)mr;
here
W =v(w+1)...(v+k—1) (: F(F”(;r)k) ify;éo,—l,—Q,...,)

is the ordinary Pochhammer symbol.
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A consequence of the relation (23) is the Faraut-Koranyi formula

(24) ha,y) ™" =Y (VmKm(r,y)
relating the reproducing kernels K, from (19) and Ky, from (22).
For a signature m, consider the function

v = (V)m, veC.

Let g(m) (the height of the signature m) be the multiplicity of zero of this function
at v =0:

g(m) := card{j : m; > J a €Z}.

Denote by ¢ the maximum possible value of ¢(m); that is,

r a even,

7= [T—gl] a odd.

For -1 </ <gq, let
Me={f= me holomorphic : fi = 0 if ¢(m) > ¢}.

Thus, in particular,
o M_iCMyC My C---CM,g,
(25) M_y ={0}, Mgy = {constants}, M, = {all holomorphic functions}.

The sequence (25) is known as the composition series of Q. It is a deep result of
Orsted (in the special case of Q = I,,;,,) and Faraut and Koranyi (in general) that

(26) each M, is G-invariant

and that for any G-invariant space E of holomorphic functions on ) on which the
action f — f ok of K is strongly continuous,

(27) E\Mefl#@ = PNnM;CE.
In other words, if E is not wholly contained in M,_;, then E contains every Pp,
with ¢(m) = £.

Standard references for the material in this section are [A1], [Lo], [FK1], [FK2],
or [Up].

3. INVARIANT DIFFERENTIAL OPERATORS AND SOME CONVOLUTIONS

Recall that we have called a (linear) differential operator L on Q invariant if
L(fod)=(Lf)od Vo € G = Aut(9).

It is well known that on the unit disc, invariant differential operators are precisely
the polynomials of the invariant Laplacian A = (1—z|?)2A; the same is true for B<.
For a general Cartan domain, the situation is more complicated: namely, there exist
r commuting algebraically independent differential operators Ay, ..., A,, where r
is the rank, which can be chosen to have orders 2,4, ..., 2r, respectively, such that
the algebra of all invariant differential operators consists precisely of all polynomials
in Ay,...,A,. In particular, the monomials AT'...A”" form a linear basis of all
invariant differential operators. However, often it is much more convenient to use
another basis, the construction of which we now describe.
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For any invariant differential operator L, let Ly be the (non-invariant) constant-
coefficient linear differential operator obtained upon freezing the coefficients of L
at the origin; that is, Lf(0) =: Lo f(0). From the invariance of L it follows that

keG, k0=0 = Lo(fok)=(Lof)ok
(i.e. Lo is K-invariant) and

(28) Lf(z) = Lo(f © ¢.)(0).

Conversely, if L is a K-invariant constant-coefficient differential operator, then the
recipe (28) clearly defines an invariant differential operator L on 2. Thus there is a
one-to-one correspondence between invariant linear differential operators on €2 and
K-invariant linear constant-coefficient differential operators on C¢.

Further, any constant-coefficient linear differential operator Ly can be written
in the form Ly = p(d,d) for some polynomial p on C? x C?. It is not difficult to
see that such operator is K-invariant if and only if the polynomial p is K-invariant,
in the sense that p(z,7) = p(kz, ky) for all 2,5 € C? and k € K. Combining this
with the observation in the preceding paragraph, we thus see that the recipe

p(@.9) = Ly, Lyf(x) :=p(d,0)(f 0 ¢2)(0) = p(,d)(f 072)(0)
sets up a one-to-one correspondence between invariant differential operators on 2
and K-invariant sesqui-holomorphic polynomials on C?% x C?,

Example 1. Since K consists of unitary maps, the simplest K-invariant polynomial
(apart from the constants) is p(z,7) = (x,y). Then p(9,9) = Z‘;:l 0;0; = A
and the corresponding invariant differential operator is

Lf(z) = A(f © ¢2)(0).
This operator is called the invariant Laplacian on €2; it coincides with the Laplace-
Beltrami operator with respect to the Bergman metric on 2. Note that for f
holomorphic,

d
(20) 2l = 2| 2SO o o g0y 2

is the norm-squared of what we might call the invariant holomorphic gradient of f.

We have seen in the preceding section that for each signature m, the reproducing
kernel Ky, (x,y) of the Peter-Weyl space Pp, is a K-invariant polynomial on C?x C<.
By the discussion above, Ky, therefore defines an invariant differential operator

(30) Amf(m) = Km(a7 8)(f © ¢z)(0)

Proposition 2. The polynomials Km(x,y) form a basis of the space of all K-
invariant sesqui-holomorphic polynomials on C* x C%. Consequently, the operators
Am form a basis for the space of all invariant differential operators on Q.

Proof. Any polynomial p(x,%) on C? x C? is uniquely determined by its restriction
to Q x Q and, hence (by holomorphy), by its restriction to the Shilov boundary
0.0 x 9.0 of Q x Q; that is, by its values p(kye, koe) where e is a fixed maximal
tripotent and ki,ky € K. By K-invariance, p(kie, koe) = p(kglkle,é), so p is
actually uniquely determined by its values p(ke, €) for k € K. Now f(x) := p(z,€) is
a holomorphic polynomial on C¢, and f(lx) = p(lz,e) = p(lz,le) = p(x,€) = f(x)
for any [ € K which fixes e; that is, letting L stand for the stabilizer of e in K,
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f(x) is L-invariant. If f =3  fm is the Peter-Weyl decomposition of f, it follows
that each fy, is also L-invariant. However, it is known [FK1, Theorem 2.1] that
the only L-invariant polynomial in Pp,, up to constant multiples, is K, (-, e). Thus
[ = ntmKm(-,e) for some constants ¢y, € C, which implies (tracing back the
arguments from the beginning of this proof) that p(z,7) = > cmKm(z,y).

The uniqueness of the ¢y, is obvious. O

The following result makes it clear why the basis Ay, is very appropriate for our
applications to the Q,-spaces.

Proposition 3. An invariant differential operator
L= lmAm
m

satisfies L|f|? > 0 for all holomorphic f if and only if
Im >0 Vm.

Proof. From (22) and (30) we see that for any f holomorphic,
AmlfI*(x) = D [5(0)(f 0 62)(0)* > 0.
J

Thus Iy, > 0 Vm implies L|f|? > 0.
On the other hand, if f =) fa then

Aw|f12(0) = Y [5(0) f(0)”

i
= (W, £ el
i
= |fal? = [ fml %

Thus if Iy, < 0 for some m, then L|fm|?(0) < 0 for any nonzero fm € Pm. O
Recall that for any L as in the last proposition and v € R, we have defined the
L-Bloch space and the @, 1-space, respectively, by
Br = {f holomorphic on Q : sup L|f|* < oo},
Q

Q.1 = {f holomorphic on Q: sup / L|f o ¢|? h” du < oo},
PpEAUL(Q) JQ

the square roots of the indicated suprema being, by definition, the semi-norms in
these Moebius invariant spaces. We have also agreed to denote, for brevity, B, and
Qo1 simply by Bm and Qum if L = Ap,.

Corollary 4. For any L as in the preceding proposition and v € R,
BL - ﬂ Bm7 QV,L - m Qu,m;
m: Iy, >0 m: [, >0

with the norm in By, equivalent to maxm: i >0 || - |8, and similarly for Q. L.

m’

Proof. Immediate from the fact that there can be only finitely many m for which
lm # 0, and the fact that

If1I%, = S‘;}’Z ln A | f]?
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satisfies, on the one hand,
£, = lm sgpAmlf\2 = lml| 1%,
for each m, hence also
113, = ( min b ) (| mex (1%, )
and on the other hand
I1f11%, < (Zlm) sup OsgloAmlf\2
m

m: [y, >

= (2tm) (e 1)
Similarly for @, r. O

The next proposition will be useful on several occasions later on. Note that the
integral there is nothing but the value at ¢ € G of the convolution h”xh" of the two
functions h?, k¥ on G (upon lifting them from Q = G/K to G); thus the proposition
gives a characterization of the pairs p, v for which h? x ¥ is bounded.

Proposition 5. For p,v € R, the supremum

(31) sup / h(6(2))° h(z)" dp(z)

PeG
is finite if and only if
v>0,p>0, andp+v>p—1.

Proof. For ¢ = id, the integral becomes

/ B(2)P+ du(2),
Q

which we know from Section 2 to be finite if and only if v + p > p — 1. Thus the
supremum is certainly infinite if v 4+ p <p — 1.

Next, assume that v +p > p — 1 and, say, p < 0. Then v > p — 1, so that
dpy, (2) := h(z)” du(z) is a finite measure. Let e be a maximal tripotent and 0 <
t < 1. It was shown in [AE, Section 4] that as t /' 1, y.(z) — e for any z € ,
and, hence, h(7(2))? — +oo. For each N > 0, denote temporarily fx(¢,2) :=
min{N, h(y(2))?}. Then fn(t,z) — N Vz € Q ast 1, so by the Lebesgue
Dominated Convergence Theorem

[ vt () = N o,
Since [, h(Vee(2))? dpw(2) > [, fn(t, 2) dp(2) for any N, it follows that

Jim A h(yte(2))” dpn (2) = +oc.
Thus the supremum (31) is infinite in this case as well.

Owing to the invariance of the measure du, the integral in (31) remains un-
changed if ¢ is replaced by ¢~! and p and v are interchanged. It follows that the
supremum is infinite also if v +p > p—1 and v < 0.

Thus it only remains to show that (31) is finite if v > 0, p > 0 and p+v > p—1.
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However, then by the Holder inequality
/Q h(6(2))° h(=)" du(z)
< ([ mon au@) ™ ([ e an)

v

= ([ w2 au@) ™ ([ neran) ™

= :u’eru(Q) < o9,

completing the proof. O

Remark 6. An alternative way of proving that (31) is infinite if p+ v > p — 1 but,
say, v < 0 is by noting that

/Q h(@(2))” h(2)" du(z) = ¢, ()2 F1(p, p; p + v, 1),

where z = ¢~ 1(0) and o) is the Faraut-Koranyi-Yan hypergeometric function
(cf. Section 4 of [FK1]). It is known that o Fy (av, 3;7; @, 7) & h(z)Y~* P if a+—v >
T;Qla; since p—v>p—1> T§1a7 we thus see that the last integral is = h(x)” and,

consequently, unbounded on €.

We conclude this section by describing the simplest Bloch and @, -spaces.
Proposition 7. Let L = I, the identity operator. Then
B = H*(Q), the space of bounded analytic functions,

while
H>, ifv>p—1,
QV,I = .
{0}, ifv<p-1
Proof. Recall that
B; = {f holomorphic on Q : sup |f|* < oo},
Q

Qu,1 = {f holomorphic on 2 : sup/ |f 0 ¢|? WY dp < oo}
seG Ja

The assertion concerning B; is thus trivial. For @, , we know by the Orsted-
Faraut-Koranyi theorem (27) that whenever @, ; does not reduce to {0}, then it
contains the function constant one. On the other hand, by the last proposition
(with p=0),1€Q,ifand only if v > p — 1. O
Example 8. For L = A1 ,..0) = &, the invariant Laplacian on 2, we have by (29)
B, = {f holomorphic on € : sup ||0(f o ¢)(0)| < oo},
PG

and @, 1, consists of all holomorphic functions f on Q for which
sup [ 007 0 6)(:) | )" duz) < .
PeG JQ

The space By, is the Bloch space studied by Timoney [Ti]. We will see in Theorem 18
below that unless {2 is (biholomorphic to) the unit disc D or the unit ball B¢, Q,, .
coincides with By, for v > p—1, and reduces to the constant functions for v < p—1.
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Example 9. Let 2 be a tube type domain for which s := % is an integer, and
let L = A, where m = (s,...,8) =: (s"). It is known that in this case the space

P(sr) is one-dimensional and consists of multiples of N(z)*, where N, the Jordan
determinant polynomial (also called the Koecher norm), is a polynomial of degree r;
the kernel Ky, is given by (8)mKm(z,y) = N(z)°N(y)®; and for any f holomorphic,
N(9)*(f 0 ¢2)(0) = (—1)h(x)* N(9)* f (). Hence,

Al I =WPIN ()" fP?

and
B(sr = {f holomorphic on © : k| N (9)*f|* is bounded}.

This is the so-called top quotient Bloch space studied by the first author in con-
nection with generalized Hankel operators [A2]. (The terminology comes from the
fact that the associated Bloch seminorm vanishes on M,_1, so that B really
“lives” on the top quotient M,/ M,_1 of the composition series.) It is the maximal
Aut(9)-invariant space of holomorphic functions on €.

Further, for v = 0 we have, by the invariance of du,

Qo,(s7) = {f holomorphic on Q : / IN(9) f(2)|>dz < oo},
Q

which is, by definition, the generalized Dirichlet space of . Tt is the unique Aut(2)-
invariant Hilbert space of holomorphic functions on £ (modulo M,_1).

We remark that the definitions (6) and (7) of By and @, 1, are special cases of
a more general construction of Moebius invariant spaces, which goes as follows.
Let X be any Banach space of holomorphic functions on 2 with the property that
fe X and ¢ € Aut(Q) imply fo¢ € X. We define M(X) to be the space of all
f € X for which [|f|ar(x) = suPgeaut() If © ¢llx < oo. Then M(X) is Aut(Q)-
invariant. Of course, one can replace here “Banach space” with “semi-Banach
space” (i.e. complete semi-normed space). This construction is very basic and
generalizes the spaces defined by (6) and (7). Notice that if X is already Aut(Q)-
invariant then M (X) = X. Finally, the composition f +— f o ¢ can be replaced by
the weighted action f — (det ¢')"/P(fo¢), with some fixed real parameter v, which
leads to weighted analogues of all the above Moebius-invariant spaces (in particular,
to “weighted” analogues of Bloch and @, spaces). The authors hope to return to
this topic in future.

4. MAIN RESULTS
Recall that we have defined, for a signature m and a real number v,

Bm = {f holomorphic on © : sup Ay, |f]? < 0o},
Q

Qu.m = {f holomorphic on Q : sup/ Aml|fo¢* " du < oo},
$eG Ja

the square roots of the indicated quantities being the seminorms in these spaces.
Lemma 10. The involution
(32) f= 1 f*(z) = (2)7

maps each P into itself.
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Proof. Since Py, is spanned by K (-, y), y € C%, the image P}, of Py, under (32) is
spanned by K (-, 7)*, y € C%. Thus it is enough to show that K (-, 7)* = Km(-,y)
— that is, that Kin(7,7) = Km(z,y) for all z,y. As both sides are holomorphic
in z and 7, and any such function is uniquely determined by its restriction to
the diagonal z = y [BM, Proposition 11.4.7], it is in turn enough to show that
Km(Z,2) = Km(z,2) Vz € CL However, an examination of the list of Cartan’s
domains in the table in Section 2 reveals that they are all preserved by complex
conjugation; hence, so are the stabilizer subgroup K and the Jordan triple product
{,-,-}. It follows that €,...,€, is a Jordan frame whenever ey, ..., e, is, and that
z=k(tie1+--+t.€.) if 2 = k(tie; +- - -+t.e,.). Since K acts transitively on the set
of all Jordan frames, there must exist k' € K such that k'ke; = ke; Vj, i.e. k'zZ = 2.
By K-invariance, this implies that K, (Z,2) = Km(k'zZ,k'2) = Km(z, 2). O

Proposition 11. If ¢ < g(m), then the Q, m-seminorm vanishes on M,; thus M,
is contained in Q,.m n a trivial way.
The same 1is true also for the Bloch space B,.

Proof. Choose an orthonormal basis {1; }?’:“1 for Pm. Then, by (22),
Amlf[*(2) = Km(8,0)]f 0 6:1(0)
=i (@)4;0)|f 0 6:*(0)
J

(33) - lej(f))(f0¢>z)(0)l2
- Z|<fo¢z,w;>Fl2.

Since, by Lemma 10, {1} is also a basis for P, this equals || Pm(f © @)%, where
Py, denotes the projection g =" gn — gm 0nto Pm.

Thus fe My = fo¢. € My = Pu(fod.) =0 = Amlf|2:o =
f€Bmand f € Qum- O

Remark 12. In Section 1 we used the notation
N := {f holomorphic on Q : Ay, |f|> =0}

for the subspace of By, on which the m-Bloch seminorm vanishes. It follows from
the last proof that, in fact,

N = Mi(m)-1-
We will see in a moment (cf. Corollary 15) that the Bloch spaces By, also depend
only on the “height” ¢(m) of m.

Proposition 13. If v > p —1, then By, C Qum continuously.

Proof. Since the measure du, := h” du is finite for v > p — 1, we have, for any

¢$eq,
/Q (Aumlf12) 0 & B dpt < 1) [ Aunl £l

= 1y (Q) [ f13,,-

Taking supremum over all ¢ € G yields the assertion. (]
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Theorem 14. If g(m) < ¢(n), then Q,m C Bn continuously.
Proof. By the K-invariance of Ay, and h, the integral

/ Am(f7) b du
Q

is a positive-definite K-invariant bilinear form in f,g € P. As noted in Section 2,
it is a consequence of Schur’s lemma from representation theory that any such
bilinear functional must be of the form

Zcmk (fi, 9x) Fs
k

for some coefficients ¢y > 0. Suppose we can show that
(34) Cmn > 0.
Since Ap|f]2(0) = | Pafll% = || full%, by (33), it will follow that
1 v
e R

Replacing f by f o ¢, this becomes

1
Balfa) € == [ Amlf o 0uf? 0 dp

Taking suprema over all z € ) gives the assertion.

It remains to prove (34). But by the properties of the composition series,

Cmn =0 <= /Am\fn|2h”d,u=0 Vfn € Pn
Q

= An|fal?(z) =0 V2Vfy

= [|Pm(facd)|F =0 VzVfa by (33)
< Pm(fnod¢.)=0 VzVfy

> PuMymy =0 by (27)

< q(m) > q(n).

Corollary 15. If v > p—1, then Qum = Bm, with equivalent norms.
If ¢(m) < q(n), then By C By continuously.
If g(m) = q(n), then Bm = Bn, with equivalent norms.
If g(m) = q(n) and v > p — 1, then Qum = Qun, with equivalent norms.

The last corollary exhausts the case v > p — 1 completely. Let us now turn to
v<p-1.

In the sequel, similarly as we did with h(z, z), we will often abbreviate Ky, (z, 2)
just to K (2) (or even to Kp,).

Lemma 16. For any signature m, there exist constants a > 0 and ¢ > 0 such that
AmKm > ch® on Q.

Proof. For m = (0,...,0) this is trivial, so assume |m| > 0. Then

(35) AmKm(r) = Km(0:,0.) Km(92(2), ¢2(2)) |.=0
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is an expression of the form

Z CaBay...iy...1...j1... (8(155Km)(x’x) Haak ((bw)ik (O)Haﬁl (¢w)jz(o)7

a,p, k l
Q1yeeeyllyeesy
Biyeesdiseee

with some constants ¢ (independent of z), and with the summation extending
over multiindices a, 3, a1,...,01,... satisfying |a;|,|5;| > 0 Vj. (Here (¢);(2)
stands for the j-th coordinate of ¢,(z), j = 1,...,d.) From (15) one can see that

(36) ¢,(2) = =Bz, 2)*B(z,2) ",
B being the Bergman operator (12). Using the formula
(X—l)/ —_ _X—lX/X—l

for the derivative of any invertible-operator-valued function X (z)~!, it follows by
iteration that for any multiindex ~, |y| > 1, and any j = 1,...,d,

(37) 07(¢2);(0) = B(x,2)"*pjy (),

for some polynomial p;, of (the coordinates of) x.

Since both Ay, and K, are K-invariant, so is the function Ay, K, ; thus it is
enough to evaluate it only for z = t1e1 +- - - +t,.e,- for some Jordan frame ey, ..., e,
and t1,...,t. € [0,1]. By (17), the quantity (37) — and, hence, also (35) — will
then be an expression of the form

a polynomial in ¢q,...,t, and y/1 — 12 ... /1 —t2.

Making the substitution t; =1 — TjQ, 7; €10,1], j =1,...,r, this becomes

(a polynomial in 7y,...,7. and \/2 — 72,...,\/2 —72) = G(71,..., 7).

However, this is clearly a holomorphic function of 71,. .., 7, on the polydisc {|7;| <
V2 Vj}. Let Vi, k = 0,1,2,..., be the set of all points in this polydisc where
G(7) has a zero of order at least k (i.e. vanishes together with all its partial deriva-
tives of orders < k). Then there exists a k for which V, N D" = ): otherwise
the decreasing chain of compact subsets {V; N ﬁr}kzo would have a nonempty
intersection, i.e. there would exist a point in D" where G vanishes together with
its partial derivatives of all orders; as G is holomorphic this would mean that G
vanishes identically, contradicting the fact that G = ApKy, > 0 for 7 € (0,1)".

_ Ie. _
Now V;; N D" = () means that lim,_,, ”|(7)|||k = 400 Vo € D". Consider o of the
T—0
form oy =--- =0, =0 and opy41,...,0, € (0,1). Then as 7 — o, we eventually
have || < 1 for j = m+ 1,...,r while |rj] < |7 — o] for j = 1,...,m; thus
|7 —o|™ > | ...7|. Since |7y ...7,| < h'/? for 7,..., 7, €[0,1], it follows that

Rk/2m < |7 — o|/F and
G . G
Wi < ol

as 7 — 0. As m > 1, this implies that

— 400

W_)+OO as [0,1]" 37 — 0.
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It follows that the (continuous) function G/h*/? = Ay Km/h*/? on Q is positive
on 2 and tends to +o0o at 9. Thus it must be bounded from below by some ¢ > 0.
Taking o = k/2, the claim follows. O

Theorem 17. Ifv <0, then Qum = Mgm)—1-
Proof. From the Qrsted-Faraut-Koranyi theorem (27) we know that
Mq(m),1 CQum = PN ./\/lq(m) C Qum
- Pm C Qy,m

— sup [ A/ (hoo,) du<oo V€ P
x Q

Since Km(2,2) = >_; [¢; (2)|? for any basis {1/;} of Pm, we can continue by

= sup/ AmKm - (ho¢g)” du < oo
z Jo

(where we again write just Ky, for Km(z,2)). By Lemma 16, we can in turn
continue by

= sup/ h (ho¢g)” du < oo.
z Ja
By Proposition 5, this is only possible if v > 0. (I

Recall that the only Cartan domain of rank 1 is the unit ball B¢, d > 1. Thus
the following theorem means that the situation for r > 1 differs radically from the
one for r = 1, when @, is nontrivial also for p — 2 < v < p — 1 (for the disc, even
forp—2<v<p-1)in view of (2) and (4).

Theorem 18. Forr > 1 and m = (1,0,...,0) =: (1), that is,
JE€EQun Sup/ Alf o d)? h¥ dp < oo,
PG JQ

we have
0 _ J By, the Timoney Bloch space, ifv>p—1,
w1 = {constants}, ifv<p-1.

Proof. The constants are always contained in @, 1), by Theorem 11. As in the
preceding proof, we have

{constants} C Q, 1) = Zlelg A Aq)yKy (ho¢)”du < oo,

that is,
(3%) sup [ (A1) (ho )" dy < oc.
seG Ja
Since the coordinate functions 21, ..., zq are a basis of P(1), we have by (29)
d d
Al 1P ) =D (Al ) @) = D 10k(¢a);(0)]
j=1 Jk=1

However, by (36), Ox(¢.);(0) is precisely the (j, k)-entry of the matrix —B(z,z)/2.
Thus _
(Al 1%) (@) = 1Bz, 2)?|1%s
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is the square of the Hilbert-Schmidt norm of the operator B(z,z)'? on C?. If x
has the polar decomposition (16), then we know from (17) that B(z,z)Y/? is a
diagonal operator with respect to the Peirce decomposition (13), with eigenvalues
(1—tH)12(1 - t§)1/2 on each Z;;. Since

for1<i<j<m,

fori=0<j<r,

for1<i=j<r,

fori=75=0,

dim Zij =

S = S Qe

it follows that

1Bz, ) s =a Y, A=At +b Y (1*t?)+i(1*t?)2

(3 ) 1<i<j<r 1<5<r
L= F(tl,. ..,t,-).

Now taking ¢ = id in (38), we get by (20)

/ A1) b dy = / 1B(2, 2)2 136 h(2)” du(2)
Q

_/[Ol]rF(th..., )H(l—ﬂuth%H H |tf—t?|adt1...dtT

j=1 1<i<j<r

2/2r 4/27" (2r—2)/2r
/ / . / Flts,. . ty):
ty=1-1/2r Jta=1/2r Jt3=3/2r r=(2r—3)/2r

1o () e () ()

Since F(t) > 1—t3 > 1— Z (here the hypothesis that r > 1 was used!) on the last
domain of integration, we can continue the estimate with
1
> C, (1—t)" " Pdt;.
1—1/2r
But the last integral is finite only for v > p — 1. Since we know that @, 1) = By
for such v, by Corollary 15, this completes the proof. O

Note that the proof shows that for ¥ < p — 1, not only the supremum (38) is
infinite, but in fact the integral occurring there is infinite for ¢ = id and, hence, for
any ¢ € G (since (h o ¢)/h is bounded and bounded away from zero on  for any
fixed ¢).

The methods of proofs of the last two theorems can be adapted a little to yield
the following result.

Theorem 19. Let
AmK,
(40) pmzsup{pZO: o

Then this supremum is attained (i.e. is a maximum) and finite, pm is always an
integer or a half-integer, and Q, m is nontrivial (i.e. does not reduce to Mgm)—1)
if and only if

is bounded on Q}

v>0 and v>p—1—pm.
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Proof. We have already seen in the proofs of Theorems 17 and 18 that
Mym)y-1 € Qum = sup/ AmKm (ho @) du < .
$eG Ja

Conversely, if the last supremum is finite, then — since AmKm =3 _; Am|tp;|? for
any orthonormal basis 1; of P, — we have

sup [ Amfusf? (ho0) du<oe Vi
PeG JQ
ie. ¥j € Qum Vj, whence Py C Qum; 50 Qum 2 Mgm)—1. We thus see that
(41) Qu,m is nontrivial <= sup/ AmEKm (ho¢)” du < co.
$eG Ja

Next, we have seen in the proof of Lemma 16 that

(AmKm)(k(tiey + -+ trer)) = Fty, ..., t),
where F is a polynomial in #y,...,¢, and /1 —t3,...,{/1—t2, 0 < t; < 1;
and that, hence,

F(tl,...,tr):G(le--aﬂ")a thI—TjQ7

where G is a polynomial in 7,...,7, and \/2 R \/2 —72,0<7; <1, and,
consequently, extends to a holomorphic function in the polydisc (v2D)" = {|r;| <
V2 Vj}. Let

G(r) = Z JaT"
o multiindex

be the Taylor expansion of G around the origin. Let k& > 0 be the greatest integer
such that

go = 0 whenever max{ay,...,a,} <k.
Then

where
H(T) = ca™,  Ca'= Gat(khk)s
«

is still holomorphic in (v/2D)", and there exists o such that o = 0 for some j

and ¢, = 0. Since F' is symmetric in t1,...,%,, and thus G and H are symmetric
in 71,...,7,, we may assume that j = 1. Thus copqa,..a, # 0 for some as,..., ay;
consequently,
(oo}
« -
H(0,72,...,7) = E COag...op Ty 2 oo - T

ag,...,a=0
does not vanish identically, and therefore assumes nonzero values in any neigh-
bourhood of the origin in R"~!. It follows that H(7)/(7y ... 7,)¢ is unbounded in
any neighbourhood of the origin for any e > 0. Consequently, G(7)/(r; ...7.)* is
bounded on (0,1)", but G(7)/(71...7.)**¢ is not bounded there for any e > 0.
Since

h(k(trer + -+ + trey)) = H 7—]'2(2 - sz) = (7 .. .7})27
j=1
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it follows that (AmKm)/h* is bounded for p = k/2, but not for any p > k/2. Thus
the first part of the theorem follows, with py = k/2; moreover, we see that the

function
F(t17"'7t7‘)

is continuous on [0,1]" and positive at some point ¢ with ¢; = 1. By continuity,
there must exist ¢ € [0, 1]” such that

E(t) > 20, t1 =1, tg,...,t, € [26,1 — 28], and |t; — t;| > 20 Vj # k,

= E(tl,...7tr)

for some § > 0. Let U be a cubical neighbourhood of this point in [0, 1]" so small
that

E(t) >0, t1 € [1—68,1], ta,...,t, €[6,1 6], and |t; — tx]| > 6 Vj # k,

for all t € Y. We may assume that § < %, so that § < 1 — 4. Proceeding as in the
proof of Theorem 18, we then have

T T

/ AmKem h¥ dp = Fiy [Ta=eyr [ I -1t dh ... dt,
Q [0,1]" j=1 j=1 1<i<j<r
T T
— E(t) H(1 — {3)Ptem H 2+ H |t7 — 3| dty ... dt,
[0,1]" j=1 j=1 1<i<j<r

> /
1z
r(r—1)

> / §-(1— tl)vfp+pm5(vfp+pm)(r71) L 5o+1)r (202) "7 dty ... dt,
u

1
> 05/ (1 —tq)" PP dty.
1—e¢
The last integral is finite only for v — p + pm > —1, ie. v > p — 1 — pm. Thus,
by (41), Qum is trivial if v < p —1 — py,.

From Theorem 17, we also already know that (), m is trivial for v < 0. Thus it
remains to prove that the supremum in (41) is finite if ¥ > 0 and v > p — 1 — ppy.

However, from the boundedness of (Ap, K)/h?™ it follows that Ay, Ky, < ChPm
for some 0 < C < 00, so for any ¢ € G

[ ki) (h06)" du= € [ 10m (o o) dn
Q Q

But by Proposition 5, the supremum of the right-hand side over all ¢ € G is finite
if v >0 and v+ pm > p — 1. The proof is complete. O

As in the preceding theorem, we even see that for v < p — 1 — py,, not only the
supremum in (41) is infinite, but in fact the integral there is infinite for any ¢ € G.

We finish this section by a result which characterizes the Bloch spaces By, as
maximal spaces of holomorphic functions on each given quotient M,/ M, of the
composition series. It generalizes the analogous characterizations for the ordinary
Bloch space By of Timoney and for the top quotient Bloch space By on tube-
type domains.

Theorem 20. Let X be any semi-Banach space of holomorphic functions on
such that
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1. X is Moebius invariant, i.e. f € X and ¢ € G imply foop € X and
1fedllx =flx:

2. if o is any finite Borel measure on the stabilizer subgroup K then the oper-
ator of convolution with o,

Cof(z) = /K F(k ) do(k),

s bounded on X.
Let further m be any signature such that
(42) feX and|fllx >0 for some f € Pp,.
Then X C Bm continuously.

Proof. From the hypothesis 2. and the representation
(13) Panf () = [ 06722 xon()
K

where x, is the character of K associated with m, it follows that the canonical
projection Py, onto Py, is bounded on X. From (42), we further have || Pm||x—x >
0 and, by the property (27) of the composition series, Mym)NP C X; in particular,
Pm C X. Finally, as Py, is finite-dimensional,
omllfllx < [IfllF < Bmlfllx  VfEPm
for some constants ay, and Gp,. Let f € X and ¢ € G. Then
[Pm(fod)llx _ [[Pm(fo9)llr
I£llx = 11 o dllx = =5 > 2 .
|| m||X~>X 5m|| m||X~>X

Taking supremum over all ¢ € G and recalling that ||Pm(f o ¢)||% = Am|f[?(6(0)),
we obtain
/1] B

P .
17X = g Pl
This means that X C By, continuously. O

Note that Py, C By, for any m. In fact, even
(44) H>(Q) C Bm continuously

for any m; this can be seen as follows. From the representation (43), we obtain for
any z € () and f holomorphic on 2

Puf () =] [ 16720

<11 [ Dt ar) "
=l

(where || - ||o stands for the supremum norm on ). Thus || Pm f|loc < || fllee. Also,
since Py is finite-dimensional, the Fock norm is equivalent to the L?()-norm
on Pp,. Thus for any ¢ € G,

| Pas(f 0 )% = / Pn(f 0 )(2)[2 dz < vol(©) [ Pn(f © D)%
< vol(Q) |1 0 6|2 = vol() | f|%.
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Taking supremum over all ¢ € G and recalling that || Py (f 0 ¢)[|% = Am|f]?(¢(0)),
it follows that

1£ 1150 < vOUDY2 ([ f loc
proving (44).

Thus By, is maximal among the spaces of holomorphic functions that contain
Pm and whose seminorm does not vanish identically on Py,. Since, by the property
(27) of the composition series, Pm C {f € X : [|f|lx = 0} implies P, C {f €
X : |Ifllx = 0} whenever ¢(m) = ¢(n), it follows that By C B, and, hence,
by symmetry, By, = B, with equivalent norms, whenever ¢(m) = ¢(n). This
gives another proof of Theorem 14 as well as of the second and the third parts of
Corollary 15.

5. CONCLUDING REMARKS

Theorem 19 reduces the question of nontriviality of @), m to the determination
of the number pn,, i.e. to a question concerning the boundary behaviour of the
function Ay K. Unfortunately, in general we do not have a complete answer to
the latter question either.

For m = (0,...,0) =: (0), one has trivially A&y =1 and p(y = 0, in agree-
ment with Proposition 7; we will thus assume that |m| > 0 from now on.

On the unit disc D, the operator A,,, being a polynomial in the invariant Lapla-
cian A = (1 —|z[2)2A, always contains the factor (1 — |z|2)2, and thus pp, > 2 Vm.
Since p — 1 =1 in this case, the spaces @, m(D) are thus nontrivial if and only if
v>0. Forv>1, Q,m = B(D), the Bloch space, by Corollary 15. For 0 < v <1,
the spaces Q),,m are the familiar spaces from (2) if m = (1), but we do not know
anything about them for any other nonzero m.

Conjecture 21. For any m # (0) and any 0 < v < 1, the spaces Q,m are
independent of m, i.e. Qum = Q, (1) with equivalent norms.

For the unit ball B¢, d > 1, Ay, are still polynomials in the invariant Lapla-
cian A, but now A = (1—||z||2)(A—RR), where R stands for the radial derivative,
contains only the factor (1 — ||z]|?) instead of (1 — |2|?)?; thus pm > 1. Computa-
tions seem to indicate that pp, =1 for all m, so that @, m is nontrivial — i.e. does
not reduce to the constants — if and only if v > p —2 =d — 1. For m = (1), this
recovers the familiar spaces from (4); for other nonzero m, again nothing is known.

Conjecture 22. For any m # (0), the space Q,m(B?), d > 1, is nontrivial if and
only if v > d — 1, and then coincides with QV’(l)(Bd), with equivalent norms.

For domains of higher rank, it is immediate from (39) that p(;y = 0; and from
Example 9 that
A(ST)K(ST) = hP|N(8)SNS|2 = (S)?Sr)hp

so that p(,-) = p for 2 a tube type domain with % =: s an integer.

Using computer, we were also able to compute p,, for a few signatures m for
the Cartan domains 2 = I55 and €2 = I»3, that is, for the unit balls of all 2 x 2 and
2 x 3 complex matrices, respectively; the results are summarized in the table below,
which gives the values of pn, and the corresponding ranges of v for which Q. m
is nontrivial. Note that in this case r = 2, a = 2, and b = 0 and 1, respectively,
so that p = 4 for I and p =5 for Io3.
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m Q:IQQ Q:IQQ,

0,0) | pm=0, v>p—1|pm=0, v>p—1
(1,0) | pm =0, v>p—1|pm=0, v>p—1
(1,L1) | pm=0, v>p—1|pm=0, v>p—1
(2,0) | pm =0, v>p—1|pm=0, v>p-—1
(2,) | pm =0, v>p—1|pm=0, v>p-—1
(2,2) | pm =4, v=>0 Pm=2, v>p—3
(370) Pm=0, v>p—1

(3,1) | pm =0, v>p—1

(3,2) | pm=4, v=>0

3,3) | pm =4, v=>0

It is not completely clear from the table what p,, might be in general, except
for the case of tube type domains.

Conjecture 23. Let Q) be a tube type domain with % an integer. Then pm = 0 if
q(m) < q, and pm = p if q(m) = q. Consequently, forv < p—1, Qu m is nontrivial
if and only if ¢(m) = q and v > 0.

Note that even for the non-tube type domain I3, the table suggests that only
the top quotient of the composition series, i.e. the signatures with ¢(m) = ¢, are of
interest.

Similarly to the disc and the ball, we also conjecture that

Conjecture 24. For any real v and any Q, Qum = Qu.n (with equivalent norms)
whenever g(m) = g(n).

By Corollary 15, the last conjecture is definitely valid for v > p — 1.
Another conjecture which has emerged from the computations behind the last
table is the following. Recall that we have shown in the proof of Lemma 16 that

AmEm(k Y, tje;) is always a polynomial in ¢; and (/1 — 3, j =1,...,7.
Conjecture 25. Ay, K (k Zj tje;) is actually a polynomial in t1,. .., t,.

Of course, all the above conjectures could probably be solved if we had some
explicit formula for Ay, K. We conclude this paper by a result which, though
short of giving such a formula, at least relates it to another well-known problem.

For any signatures m and n, the product of the invariant differential operators
Am and A, is again an invariant differential operator; by Proposition 2, there must
therefore exist coefficients ¢¥ , (only finitely many of which are nonzero, for each
fixed m and n) such that

k

(We remark that, similarly, there exist 74X, such that

KmKn =) nli
k

The coefficients vX , are known as the Pieri (or branching, or Clebsch-Gordan)
coefficients; however, there seems to be no established name for ¢¥ . Obviously,
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vk = q¥, if k| = |m| + |n|, by comparing the top order terms in (45). Similarly,
¢X . is nonzero only if |k| < |m| + |n]|.)
Theorem 26. For any m and n,

d
46 AmKy, = P = K.
( ) ;(hcm dk k

The series on the right-hand side converges absolutely and uniformly on €.

Here, as before, dy, stands for the dimension of the Peter-Weyl space Py,.

Proof. Arguing as we did (for m = n) in the proof of Lemma 16 shows that for any
fixed Jordan frame eq,...,e,,

AmKn(k(tlel —+ -4 t,«er)) = F(tl, L. ,tr)

where ' is a polynomial in ¢; and /1 — t?7 7 =1,...,7;in particular, F' extends to
a holomorphic function on the polydisc D" C C" and is continuous on its closure,
and the Taylor expansion

Fity= Y fat®
« multiindex

of F converges absolutely and uniformly on D”. It is known that the stabilizer

subgroup K acts transitively on the set of all Jordan frames; since *ey, ..., *e,
and €,(1), .-, €x(r) are also Jordan frames, for any choice of the signs + and for
any permutation o of {1,...,r}, respectively, F' must be invariant under all signed
permutations of the variables t1,...,t.. Consequently, we even have
(47) F(t) =Y faat™

«
and foy(a) = f2a for any permutation o of {1,...,7}. Let Fy,(t) = E|a\:m faat?®
be the 2m-homogeneous part of (47), m = 0,1,2,...; then Fs,, is a homogeneous
symmetric polynomial of ¢7,...,t2 of degree m. On the other hand, it is known
that

Ki(k(tiey + -+ + trey)) = i/ (@3, 1)
where ji is a positive constant and JIEQ/ ) is the Jack symmetric polynomial with
parameter % [MD, Section 10 of Chapter VIJ; furthermore, the Jack polynomials

JS/ a), |k| = m, form a basis of the space of homogeneous polynomials of degree m.
This means that there must exist constants cX = such that

Fop = Z & K.
|k|=m
Feeding this back into (47), we conclude that, indeed,
(48) AmKn =) kK
k

with the series converging absolutely and uniformly on the closure of 2. It remains
to identify the constants cX .
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Let {tx; }?21 and {1/111}?':1 be any orthonormal bases of Py and Py, respectively.
Then by (22) and (21)

A Ky (0) = K1(0,0)Kk(z, 2) | =0
=D [1i(@)ts (0)

= Z|<¢1i»¢f§j>F\2

7,
= Z | Puctoni |7 by Lemma 10

= 5k1 d.

Since, for any smooth function g, Akg(0) depends only on the (|k[, |k|)-homogeneous
part of the Taylor expansion of g, it is legitimate to apply A to the series in (48)
term-by-term. This yields

Al(AmEn)(0) = D con ArEk(0) = chon .
k

On the other hand, by (45),

AAmER(0) = afiy AkKa(0) = gty dn-
k

Thus ¢, = ‘fi—‘l‘ gpr,, completing the proof. O

Note that Conjecture 25 is thus tantamount to the fact that the series in (46)
terminates.

The following assertion is an immediate consequence of the symmetry g, =
gh 1, combined with the property (26) of the composition series, which implies that
AmKyn =0if ¢(n) < g(m) (cf. the proof of Proposition 11).

Proposition 27. ¢ =0 if ¢(n) < ¢(m) or g(n) < g(k).

REFERENCES

[AC] M. Andersson, H. Carlsson: Q, spaces in strictly pseudoconvex domains, J. Anal. Math.
84 (2001), 335-359.

[Al] J. Arazy: A survey of invariant Hilbert spaces of analytic functions on bounded sym-
metric domains, Multivariable operator theory (R.E. Curto, R.G. Douglas, J.D. Pincus,
N. Salinas, eds.), Contemp. Math. 185, AMS, Providence, 1995, pp. 7-65.

[A2] J. Arazy: Boundedness and compactness of generalized Hankel operators on bounded sym-
metric domains, J. Funct. Anal. 137 (1996), 97-151.

[AE] J. Arazy, M. Englis: Iterates and the boundary behaviour of the Berezin transform, Ann.
Inst. Fourier (Grenoble) 51 (2001), 1101-1133.

[AXZ] R. Aulaskari, J. Xiao, R. Zhao: On subspaces and subsets of BMOA and UBC, Analysis
15 (1995), 101-121.

[BM] S. Bochner, W.T. Martin, Several complezx variables, Princeton University Press, Prince-
ton, 1948.

[E] M. Englis: Qp-spaces: generalizations to bounded symmetric domains, Complex Analysis
and its Applications (Y. Wang, S. Wu, H. Wulan and L. Yang, editors), World Scientific,
Singapore, 2006, pp. 53-71.

[FK1] J. Faraut, A. Kordnyi: Function spaces and reproducing kernels on bounded symmetric
domains, J. Funct. Anal. 88 (1990), 64-89.

[FK2] J. Faraut, A. Kordnyi, Analysis on symmetric cones, Clarendon Press, Oxford, 1994.



[Lo]
[MD]
[0YZ]
[Ral
[Sch]
[Ti]
[Up]
Xi)

(Zh]

Qp-SPACES ON BOUNDED SYMMETRIC DOMAINS 27

O. Loos, Bounded symmetric domains and Jordan pairs, University of California, Irvine,
1977.

I.G. MacDonald, Symmetric functions and Hall polynomials (2nd edition), Clarendon
Press, Oxford, 1995.

C. Ouyang, W. Yang, R. Zhao: Mobius invariant Qp spaces associated with the Green’s
function on the unit ball of C™, Pacific J. Math. 182 (1998), 69-99.

J. Rattyd: On some complex function spaces and classes, Ann. Acad. Sci. Fenn. Math.
Diss. 124 (2001), 73 pp.

W. Schmid: Die Randwerte holomorpher Funktionen auf hermitischen Rdumen, Invent.
Math. 9 (1969), 61-80.

R.M. Timoney: Bloch functions in several complex variables I, Bull. London Math. Soc.
12 (1980), 241-267; II, J. reine angew. Math. 319 (1980), 1-22.

H. Upmeier, Toeplitz operators and index theory in several complex variables, Operator
Theory: Advances and Applications 81, Birkhduser Verlag, Basel, 1996.

J. Xiao, Holomorphic @ classes, Lecture Notes in Mathematics 1767, Springer-Verlag,
Berlin, 2001.

R. Zhao: On a general family of function spaces, Ann. Acad. Sci. Fenn. Math. Diss. 105
(1996), 56 pp.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF HAIFA, 31905 HAIFA, ISRAEL
E-mail address: jarazy@math.haifa.ac.il

MATHEMATICS INSTITUTE, ZITNA 25, 11567 PRAHA 1, CzECH REPUBLIC
E-mail address: englis@math.cas.cz



