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Shape sensitivity analysis of the Neumann
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1 Introduction, formulation of the problem
and main theorems

Shape optimization for the Neumann problem of the Laplace equation is
important for application and also from the numerical point of view. Math-
ematical analysis of such problem in the half space is not available. In this
paper we prove the shape differentiability of solutions in appropriate weighted
Sobolev spaces which describe the behavior of solutions at infinity. We will
consider two different perturbations of domain to get the existence of weak
Gateaux material derivative and in the second case the existence of Fréchet
material derivatives.
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Firstly we give the description of the problem and introduce the appro-
priate functions spaces.
We consider the shape sensitivity analysis of the following model problem

—Au=f in Q, Z—Z:g on I, (1.1)

where Q = RY and I = RV-L.
The same analysis can be performed in an unbounded domain §2.
We consider the mapping T} : RY — R¥ associated with the velocity field

V(t, ) which is compactly supported with respect to the spatial variable x.
The mapping is given by the system of differential equations

d
—a(t) = V(ta(t)), 2(0) = X, (1.2)

with the solution denoted by x(t) = z(t, X),t € (—4,6), X € RV,
The variable domain €, = T;(Q2) is defined in the usual way,

Q= {r e RNz = 2(t, X), X € Q}.

In order to define the Fréchet derivatives, we also consider transformations
of the following type

He =71 + &0, (1.3)
where 0 is a smooth vector field defined on RY such that
0 € WhHe(RN RY), (1.4)

with =0 < & < §. This type of parametrization of domains is studied, e.g.
by Murat - Simon [12] and Pironneau [11].

By the first approach the so - called Gateaux shape derivatives are ob-
tained. The second approach leads directly to the Fréchet derivatives of
shape functionals. The both approaches are equivalent, see Delfour - Zolesio
[10].

1.1 Gateaux derivatives of solutions

We use the transformations 7; in order to define the perturbed domains (2;.
Therefore, we consider the Neumann problem in €2;, which is called (perturbed
problem)

—Aut = ft n Qt7 % = g on Ft. (15)
8nt



We would like to introduce some compatibility conditions but we cannot
require that f;, g; satisfy compatibility condition

fi do = / g do, (1.6)
o) 09

since this condition doesn’t have meaning for arbitrary data. To avoid this
difficulty we suppose that for given elements f and g there are the extensions
which is denoted by f and g such that the extended functions are defined on
the sets Qy, T'y, Vt € [0, €), €0 > 0, respectively. Then we define

1
= - — dz,
ft f Q, ’Qt’ Q, f
1
= - — do.
gt g r, ‘Ft‘ th

Remark 1.1 :
Let us point out that by such definitions of f; and g; we have the nontrivial
shape derivatives f" # 0 and ¢’ # 0 in general and also that by our definition

ft dr =0
Q

/ gi do = 0,
Iy

hence (1.6) holds for such f; and g;.

The transported solution to the fixed domain is denoted by u! = u, o T} ,
ft= fioT;, g¢ = g, oT; and the transported solution satisfies the following
equation along with the boundary conditions

—% div (A()Vul) = f£ inQ

1.
Vu-nt = ¢ onT, (1.7)
where
A(t) = det(DT,)* DT, ' DT, (1.8)
n' = DT, 'n',
v = det(DTy).



Remark 1.2 : By n; we denote the external normal on I'; and g—zit = Vu; -
n; = g;. The transport of the gradient is Vu, o Ty = *DT{1 -V(ugoTy) =
*DT; ! - V!, moreover

(VUt'nt)OTt:gtOTt,

(Vut o Tt) : (nt © Tt) = 9t7
(*Dﬂfl . vut) Ny o T;‘/ — gt’
(vut)T . Djvtfl . nt — gt.

Now, the derivative of the latter equality leads to the relation
Vi-n+Vu-(=DV)-n+Vu-I-n=y,

where 1, n, ¢ denote material derivatives.

It implies that
9i
= Vu-DV-n—Vu-i+g. (1.9)
on

The material derivative @ of the solutions to (1.7) satisfies the following
boundary value problem

Au = f+ divVf+ div (A(0)Vu) in Q

o1

g = g—Vu-nonl (1.10)

Our first aim is to prove the existence of material derivative of weak type
for the general transformation 7;:

Main Theorem 1.
If f € WPR2) and g € W./2%(R2) then the material derivative i €
Wll’Q(Rf) is given by a unique solution to problem (1.10).

1.2 Fréchet derivatives of solutions

We are also interested in Fréchet differentiability of solutions to (1.1) with
respect to perturbed domain. To this end we investigate the transformation
H¢ in order to define the perturbed domains .. We consider the problem
(1.1), its variational formulation is the following:

Find u € W,?(Q) such that -



Vw € Wy (Q) /Vu-dex = / fwdzr—(g,w) , (1.11)
Q Q

Wy 22w ()
see Section 2 for the definition of spaces W)l’z(Q).
We describe the properties of transformation H, defined by (1.3) for the
vector field 0 .
Let ©y be the space of vector fields from C*(RY, RY) and we denote ||.||x
the usual norm for £ > 1 and N = 2,3. We denote

Dy, := {0 € O, 10| < 1}.

For § € D, the mapping Z + 6 is a C* - diffeomorphism, where Z is the
identity mapping.

Let ¢ be a vector field in ©. For simplicity we denote its norm in Oy as
£0| = |£]|0||cx v gy For the transformation He = I 4 {0 we denote €2 =
He(S2). For [€| small enough, He is an diffeomorphism. As a consequence,
there exists a solution ug € VVO1 ’2(95) of variational equation

Vo € W) ) Ve - Vodz :/Q fe v da. (1.12)
3 13

After the transformation to the fixed domain, where u¢ = ue 0o He € Wy (Q)
we get the following variational formulation satisfying

Yw € W, *(Q), /

<DH5)71VU£'(DH5)71V7J} qe dov = / fow qedr , (1.13)
Q Q

where f¢ = fe o Hg, q¢ is the Jacobian of the transformation He, D'H is the
Jacobian matrix:

DHe =1+ ¢D0 (1.14)
qe = det DHe = 1+ ¢ div 6 + ¢V detDé. (1.15)
As in [14] the Taylor expansion for u¢ leads to

ut = u+ Eut(0) + u(€0), (1.16)



where

[u* =l < clélloll,
(1.17)
@) w120y = Ut —u—ul(O)[lwy ) < cl€?[10]1°.

Let J and E are functionals associated to the equations (1.5) we can define
1
JO) = B(&) = —5 [ I Vugldy. (1.18)
$
We can prove that E(¢) has the following expansion
E(§) = E(0) + £E'(0)(0) + E(£0), (1.19)
with the estimate .
[E(©)] < clglPllo]®. (1.20)

Formula (1.17) shows the Fréchet differentiability of the first order for solu-
tions and (1.19) for the energy functional.

Main Theorem 2.

Iff e WPRY), g€ W11/2’2(]RN_1) then the material derivative i € W, *(RY)
is given by a unique solution to problem (1.10), which is same as before, but
the strong convergence in the energy space.

Remark 1.3 : Comparison of notations from 1.1 and 1.2.

A(t) = det (DT,)*DT; ' DT, Y,
A(€) = g (DHe)H(DHE),
DHe = I+¢&D9,

DFf = (I1+¢D6O) =1+ ¢D6",

g = det (DH?) = det (DHy),
g¢' = det [(DH{)™].
A'(0) = lim AW = AQ) _ g, V(0)I —*DV(0) — DV(0)

We can also write

A€) — A0
LA~ AD)
=0 [¢]

So it is clear that the both approaches result in the same formula for the
first order shape sensitivity analysis.

= div 01 —*D6 — Da.



2 Notation and Mathematical Preliminaries

We introduce a class of weighted spaces for the Neumann boundary value
problem and give some preliminary lemmas.

Let RY = {(«/,zx) € RY; xx > 0} be the upper half-space of RY (N > 2)
and denote by I' = {(2/,0); 2" € R¥~'} its boundary.

We denote by LP(RY) the Lebesgue space, by WP*(RY) the Sobolev
space. The Sobolev spaces with radial weight have been introduced and
studied by many authors : Hanouzet [6], Kudrjacev [21], Kufner [19], Kufner
and Opic [20]. The Sobolev spaces with logarithmic weight were studied
by Lizorkin [15], Leroux [16], Giroire [17], Girault [18], Amrouche and his
collaborators [1], [2], [8], Boulmezaoud [4],[5], etc.

Let Q be an open set of RY and let us consider the basic weight
plr)=(W1+7r2 lgp=In (2+7%).

with r = (ZZN:1 x?)l/2 being the distance to the origin. Given an integer
m € N and a real number o € R, we define the weighted space

As usual, D(RY) denotes the space of indefinitely differentiable functions
with compact supports and D' (RY) denotes its dual space, called the space
of distributions. For any nonnegative integers N and m , real numbers p > 1,

a and 8 and setting

k=k(m,N,p,a) = —1 if Yrad¢{l,.. . ,ml,

k=Fk(m,N,p,a) = m—%—a if ;+a€{1,...,m},

we define the following space:

WIH(Q) = {u e DI(Q); 0< N <k, p* M (igp)~ DA € L2(9);
EY1< N <m, 0o (1gp)? Du € 1)),
(2.1)
In the case § = 0, we simply denote the above space by W"?({2). Note that
W7 () is a reflexive Banach space equipped with its natural norm:

[ullwmr @)y = | 2Zo<ipi<k 1>~ (1gp) P~ DA,
B ()

a—m+|A| B\, ||P 1/p (2.2)
+Zk+1g\,\|gm”p (1gp)” D UHLP(Q)] :



We also define the semi-norm:
1/p
ulwemgon = (3 107180 Dulley) (2.3
[A|l=m

and for any integer ¢, we denote by F, the space of polynomials in NV variables
of the degree smaller than or equal to ¢, with the convention that P, is
reduced to {0} for negative ¢q. The weights in definition (2.1) are chosen so
that the corresponding space satisfies two properties:

D(RY) is dense in WIPRY), (2.4)
and the Poincaré-type inequality holds in W'} (RY).

Theorem 2.1. Let o and 3 be two real numbers and m > 1 an integer not
satisfying simultaneously

%+@€{1,...,m} and (f—1)p=—1 (2.5)

Then the semi-norm | - |W§f}3p(Rf) defines on W, (RY)/Py a norm which
is equivalent to the quotient norm, with ¢ = inf (¢,m — 1), where q is the
highest degree of the polynomials contained in WP (Rf ).

Proof. see [1].

Now, we define the space

¢ m, — ey
WP RY) = DERY) e

and the dual space of W;n F(RY) is denoted by W_" ;p[;(Rf ), where p’ is the
conjugate of p, i.e. % + ﬁ =1
Theorem 2.2. Under the assumptions of Theorem 1.1, the semi-norm (2.3)
is a norm on W (RY) which is equivalent to the full norm (2.2).
Proof. see [1].

In the sequel, for any integer ¢ > 0, we shall use the following polynomial
spaces:

P, (respectively PqA) is the space of polynomials (respectively harmonic poly-
nomials) of degree > ¢,

73; is the subspace of the polynomials in P, depending only on the N —1
first variables 2’ = (xy, ..., zn, ),



2.1 The spaces of traces

In order to define the traces of functions of W' (RY), we introduce for any
o € ]0, 1] the space:

WyP(RY) = {u € D'(RY); wu € LP(RY),

fRNxRN %dﬁd(y)lm < oo}, (27)
where
w=p if % £ 0,
w=p(lgp)V7 if Y=o,
and ey, ..., ey is a canonical basic of RY. WJP(RY) is a reflexive Banach

space equipped with its natural norm:

u(x) —u(y) P 1/p
Ny / %dl’dy) . (28)
Lr(R RNXRN [T — Y|

If u is a function defined on RY, we denote its traces on I' = RV~ by:

€ RV yu(z') = u(2,0),...,yu(x) = gjju (2',0). In the same way

as in [3], we can prove the following trace lemma:

lullwgony = (||

Lemma 2.3. For any integer m > 1 and real number «, the mapping
7: DRY) — [[}5 DRN)
U= (YU« -+ ) Ym—1)
can be extended by continuity to a linear and continuous mapping, still de-
noted by v, from WP(RY) onto H;n:_ol W;nijiip(RN*l). Moreover
Ker v = W;”p(Rf)
Proof: see [3].

3 Neumann problem in the half space

In the section we recall the known results for the problem Neumann problem
in the half space see [2].

- g on RV, (3.1)

~Au=fin RY, i
TN



Theorem 3.1. Let N

let f € Wlo’p(]Rﬂf) satisfying the compatibility condition
/fdx: 0, ifp >N
Q

then problem (3.1) with g = 0 has a unique solution u € Wf’p(Rf)/Pﬁ_N/p].

Remark 3.1 Let us note that W*(RY) ¢ W, "*(RY) iff % # 1. In the
case % = 1 the previous result holds provided f € W, "*(RY) n WP(RY)

without compatibility conditions and problem (3.1) has a unique solution in
27
WP (RY)/Pa-nyp)-

Theorem 3.2. Let 5 # 1, f € WYP(RY), g € Wy /PP(T). We suppose the

following condition holds:

/Qf = <g7 1>W(;1/p’p(F)XWOI/p'p/(F) pr/ > N7 (33)

then problem (3.1) has a unique problem v € Wol’p(Rf))/P[l_g].
Moreoverif g € Wol_l/p’p(F) then there exists a unique solutionv € WP (RY).

Remark 3.2
In case p' = N Remark 3.1 holds with g € W, "/?#(I).

3.1 Mapping 7T;

We consider the general case of constructing the transformation T;. Let D
be a domain in RY with the boundary 0D piecewise C’kifor a given integer
k > 0. Let T; be a one - to - one mapping from D onto D such that

T, and T;! belong to C*(D;RY) (%)

and )
t—Tya), t — T;* € C([0,2)), Vo € D (+3)

10



thus (¢,2) — Ti(z) € C([0,€); C*(D;RY)) = C(0,&; C*(D;RY)). For any
X € D and t > 0 the point x(t) = T;(X) moves along the trajectory z(.)
with the velocity

d 0
152 Olley = 1|5, Te(X) g (3.5)
Vit,) = (5T 0 T () (3:6)
It is obvious that V' (¢, z) takes the form
V(t.0) = (5T) o T (@) 37)

ot
From (3.5) and (3.6) the vector field V(t), defined as V(t)(z) = V(t,z),

satisfies the relation )

V € C(0,e;C*(D;RM)). (3.7)
If V' is a vector field such that (3.7) holds, then the transformation 7; depend-
ing on V', and such that conditions (3.5) and (3.6) are satisfied, is defined
by (1.2).

Theorem 3.3. Let D be a bounded domain in RY with the piecewise smooth
boundary 0D , and V € C(0,e;C*(D,RY)) be a given vector field which
satisfies

V(t,z)-n(x) =0 for a.e. z € 0D, (3.8)

and

if n = n(x) is not defined as a singular point x € 0D we set V (t,z) = 0.
(3.9)
Then there exists an interval I, 0 € I, and the one - to - one transformation
T,(V) : RY — RN such that Ty(V) maps D onto D. Furthermore Ty(V)
satisfies conditions (3.2),(3.3),(1.2). In particular the vector field V' can be
written in the form
V=0T,(V)oT,(V) ™"

On the other hand, if T, is a transformation of D, T, satisfies (3.2),(3.3)
and V' 1s defined by the formula

V= 81?7—;5 0 7—;5_17

then (3.10) holds for V. Furthermore V € C(0,&; C*(D,RY)) and the trans-
formation T,(X) = x(t,X) is defined as the local solution to the system of
ordinary differential equations (1.2), that T, = T,(V').

11



Now, we are interested in the case of unbounded domains D.

Definition 3.4. Let D be a domain in RY whose boundary 0D is piecewise
C*, k> 1. It is supposed that the outward unit normal field n exists a.e. on
0D, i.e. except for singular points ¥ of 0D. The following notation is used

V(D) ={V € D¥RY;RM)|(V,n)gv = 0 on 0D except for the singular points
z of 0D,V (z) = 0 for all singular points Z}.

VE(D) is equipped with the topology induced by D*(RY;RY).

So, if V€ C(0,¢;V¥(D)), then there exists a compact set O in RY such
that the support of V (¢) is included in O for all 0 < ¢t < . So, we have the
following theorem

Theorem 3.5. Let D be a bounded domain in RY with the piecewise smooth
boundary 0D, and V € C(0,¢; V¥(D)) be a vector field. Then there exists
an interval I = [0,0),0 < 6 < ¢ and a one - to - one transformation T;(V)
for each t € I which maps D onto D and satisfies all properties of Theorem
3.3.

3.2 Sobolev spaces and boundary value problems. Trans-
ported and Perturbed Problems.

We already introduced the Sobolev weighted spaces in fixed domain. Now, we
are interested in the definition of Sobolev spaces with corresponding weights
in perturbed domain. The most important property is definition of the traces
and that the theorem of the traces should be satisfied. Since our mapping
is C* we can define the Sobolev spaces with weights on perturbed domain
through the Sobolev spaces on fixed domain.

Definition 3.6. We say that u, € Wy () iff u' = u, 0T, € Wy*(Q), where
the corresponding seminorm is defined by

1/2 1/2
([1vuiar)” = ([ 10T Vulh o) dn)

9%

12



and the corresponding norm is given by

HutHW(}»?(Qt) = {th ||DTt o Tt_l . Vut|’2|7(t)|71 dx+
(3.11)
+ Jo, llue o TP (p o T ) 2y (1)~ e 2

Now, we want to define the traces.

Definition 3.7. We say that g, € Wy/>*(T,) iff g, 0 T, = ¢* € W/**(T),
with the norm defined by

1 |gu(a)) —gt(y’(t)lzdx,d . 9" (=) —gt(y’)de,d o
20 |Suy—Swip T o —yP e
thrtw( tTy tYt I'xT x Y

where w(t) = |det(DT,)*|| DT~ - n|gn, 2, = Tya', vy, = Ty, M(T}) =
det(DT;)*DT ! is the cofactor matrix of the Jacobian matrix DTj.

Remark 3.3 For description of change of variables in boundary integral see
9], page 77.

Then we can give the definition of the dual spaces.

Definition 3.8. We define W, "*(2,) and W0_1/2’2(Ft) by the following way:

W () = (W ()"

and

Wy /22(0y) = (Wy/>*(Ty))™.

Very important is the property of a weak differentiability of 7T; with re-
spect to t. We repeat here the part of the proof from our previous work see
[3].

We denote by D the following set

D ={(z,xn) €RY, xnx > —a}, fixed a >0, a sufficient large.

13



Proposition 3.2. Let N > 3, f € W)*(D) ¢ Wy '*(D). Let V €
C(0,e,D*(RY) be given, k > 1, then the mapping t — f o T, is weakly
differentiable in the space Wy (D).
Proof. Let ¢ € Wi (D) € W*2(D) be given and we denote S, = T},

A =16 o T = () o S,
We have

%/D(foTt_f)(de:%/Df<)‘(t)9005t_90>dx‘

Furthermore

P05, — 0) = AB); (0 5~ 9) + (D) — ),

t t
the right-hand side of this equality converges to
V- V(0)+ XN(0)p

strongly in W2 (D) ast — 0. Moreover, it is evident that X'(0) = — div V/(0).
Since S; is associated with the speed vector field —V;, therefore

[ HroTim pgds = = [ f div (2V Oz = (F-VO) b mpeigoio

as t — 0; this proves the proposition. O

Definition 3.9. Let by € Wy (), ¢ € W2(Q) then we define the fol-

lowing form

(Ths, §0>W61’2(Q)><VV01'2(Q) = (hi,7 " (t)p o 7}_1>W51’2(Qt)xv‘i/(}»2(gt)a (3.12)

where by Thy we mean hy o T;.

14



Remark 3.4 Let b, € W2(€,), then for all o € W2(Q), po T, € W2 ()

and we have

<ht,’}/(t)_1g00Ttil> 012(91: ><W12(Qt fQ ht gOOT ( )d =
thtOTt(X)QD(X)dX <htOT;5, > _12(Q)><W12(Q)

where Thy = h; o T, and h, € W(()) 2(Qt)

Definition 3.10. Let g; € W071/2’2(Ft), Y € W&/Z’Q(F) then we define the
following form

(Tgt,go > W22y w22 = (gt, ( )g00Tt> —1/2 Q(Ft)xwol/Q’z(Ft)‘
Proposition 3.11. (i) Let hy € W, "*(€) then

hy=divF, F=(fi,....fn)

with f; € L*(Q4),i =1, ..., N.
(ii) ht = ()~ div (DT, 'F o T}) and
(iii) In particular if h € Wy '*(D), where Q@ C D,Q; C D then ht €

Wy ¥*(D) and

h — h’t —1,2<D)

Proof. Tt was proved in our previous work see [3]. O]

Proposition 3.12. Let there be given a vector field V € C(0,¢; D*(RY; RY)),
k > 1 and an element f € W2Y(RY). Then

S1f 0T~ f] = V- V(0) strongly in W (R")

ast — 0, where W2Y(RY) and WH1(RY) are classical Sobolev spaces.

Proof. see Proposition 2.37 in Sokolowski, Zolesio, [9] page 71. ]

15



Proposition 3.13. Existence of strong differentiability of H;.
Let f € L*(RY), 6 € C(0,¢; DF(RYN,RY)) be given, then the mapping £0 —

%[f o He — f] is strongly differentiable in the space W—22(R").

Proof. Applying the Proposition 3.12 and Proposition 3.2 we obtain that

lge o He — & — div (680)]| < cl¢[*[16]1%,

for all p € W2(RY).
[

By an application of the transport technique to our problem (1.1) defined
in £; , we get for all ¢ € W(}’Q(Qt)

<Aut, ¢>W61’2(Qt)><17l/01’2(9t) = < div (A(t)Vut ), 1/) o E>W61’2(Q)XW(}’2(Q)'
Let ¢ = ¢ o T, € Wo*(2), then

<Autv @wo Tt_1>W{1’2(Qt)XW&’2(Qt) = < diV (A(t)Vut), 90>W(;1‘2(Q)><W01’2(Q)

provided that
—Aut = ht in Qt

and

— div (A(t)Vu') = y(t)h" in Q.
For problem (PP)
—Aut == ft in Qt

thus

— div (A(t)Vu') = y(t) f" in Q.
Therefore, we will get the perturbed problem

0
—Auy = fy in o =gy on I'y
3nt

and also transported problem
—div (A@)Vu") =~(@#)f" inQ, Vu'-n' =4¢" onT,
where ¢g' = g; o T}.

16



4 Weak material derivatives

4.1 Transported problem(TRP)

We investigate the existence of the transported problem in the fixed domain
Q) satisfying the equations

—5 div (A()Vu') = f'inQ

Vut-nt = g¢g'onT. (4.1)

where

A(t) = det(DT,)* DT, ' DT . (4.2)

Theorem 4.1. Let N > 3, suppose f* € W*(RY) and g* € W071/2’2(F) then
problem (TRP) has a unique solution u' € W,*(RY) satisfying the following
estimate

||Ut||Wol’2(Rf) < C(”ft”Wlo’Q(Rﬁ) + ||gt||W0—1/2,2(F)>.

Moreover if gt € Wll/2’2(F) then ut € WP*(RY) and the following estimates

ez, < e(IF hwpas) + 1922y )

holds.

Proof. We define the bilinear form
B(u',v") = / A(t)Vu' Vo',
Q

Since 7(0) = 1 then for sufficiently small § we have y(t) > 1/2 for all ¢t €
(—0,0) and the bilinear form B is uniformly elliptic, i.e.

B(u',u) = c||Vu'];

for some positive constant ¢ > 0 which implies the uniform ellipticity of the
form B. Then applying Theorem 3.2 with p = 2 we get the existence of
solution.

0
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4.2 Perturbed problem (PP)

Proposition 4.2. Let f € W2(Q,), g € W/**(T) then

F'—f : ; : ~1,2
— div V f + fweakly in Wy 7(§).

Proof. We have the following equalities and the convergence

1 .

SF = f) = (f = div Vo) =

= % < f — fo) =

_ %<_ div (A(t)Vu) + div Vu, @) + ( div V f, ) =

= %((A(t) — NVu!, V) — %(V(ut —u), Vo) + (div V f,¢)

— (A(0)Vu, V) — (Vit, Vi) + (div Vf,0) = (f,¢) + ( div V[, ).
For f € W*(RY) it follows that f € Wy "*(Q;) and also

fr=
t

For g € W; ’2(F), with ¢ € WO_I/Q’Z(F) it follows that

— f — 0 weakly in W, ().

VI

g —g

o g — 0 weakly in W071/2’2(F).

]

Theorem 4.3. Let N > 3, suppose f; € WP’Q(Qt) and g; € W071/2’2(Ft) then
problem (PP) has a unique solution u; € Wy*(€;) satisfying the following
estimate

lllyg 2 < (1l + lgrllw-rr2aey ).
Moreover if g, € W{/**(T',) then u, € W*(€),).
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Proof:
We have for ¢ €3 ()

<ft,1/1> T2 ( Q) x W2 () = (y(t)fi,v oo Ty >W D2 x WP () —

= <7(t)Aut, ( )(,0 OT > 12(Q )><W1 2(Qt)

< div (A(t)vut’90>W0*1’2(Q)><W5’2(Q) = <ft390>W0*1’2(Q)><W5’2(Q)7

where ¢ =1 oT;. Applying Theorem 4.1 it follows the existence of a unique

solution of (1.1) on the perturbed domain.

4.3 Proof of Main theorem 1

The aim of this section is to show the existence of material derivative as a

weak limit of
ut —u

— € W,?(Q)

Denoting

we obtain the following equation

—Aw! = dv[ tz Iut — A’(O)Vu]+ﬁ;f—f] in Q
g—%: gg —g—Vu-DV-n—Vu-n onl.

The weak formulation of (4.4) is the following
fRN Vw; - Vo =
Sy A=Vt 6 — A(O)VUVe] + [y L5 ] 6 dat

+fp(t

where A'(0) = =DV —*DV 4+ divV 1.
The goal of this section is to prove the following convergence

t__
Wt =Y t 2 i —0ast— 0, weakly in W (RY)

19

Vu - h>¢d0 + fr (%gt + A'(0)g

(4.3)

)o. Vo € Wi (RY)

(4.4)



and
ow' gt —g
ot ¢
To get the assertion it is sufficient to prove the weak convergence of the
following terms

—g—0ast—0, t -0, weakly in WO_1/2’2(RN_1).

Alt)—1 /
%Vut — A (0)Vu — 0, t — 0, weakly in L*(RY)" (4.5)
and
Alt) -1 _
Lgt — A'(0)g — Vu-DV -n — Vu it — 0 weakly in W, />*(RY-1)
(4.5)".
since for the right hand side we have by our assumptions
S =T 0 with £ — 0 weakly in W (RY 4.6
" — f — 0 with t — 0 weakly in W; *(R]), (4.6)
and
gt -9 . . . —1/2,2 /py N—1 ,
e 0 with ¢ — 0 weakly in W, (R™7). (4.6)

Let ¢ = u' — u be a test function in variational formulation, hence

fRN ut —u)|* — (A(t) — )Vu - V(u! —u)+
+fp (g — g)(u' —u) + (A(t) = Dg(u' —u) = (f* = f,u' —u) + (¢ — g,u" —u).

Since the field V is compactly supported in RY, it follows that
Jay ABIT (' =) < fon [(AG) = DV [V (0 = w)+

1= Sl rallut = ull et
Jo A" — g) (' — ) + (A(D) — gl )+ lg" — glly 220t — ullz <
o) Vull [V (= )2 + 1 = Fllg s = ullyao+

cOlg" — gllyrvmallut = ullyze + (Ot = ullyaallglly ez,
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where ¢(t) we obtain from the estimation of A(?) :
sl = ullyre < cOIVullze +llf* = fllyzr2 + lgllyrrze + cllg’ = glly /22

Since f € Wy 12 and we have shown that f! is strongly continuous with

1/2,2 S
/22 \which implies u' —

respect to t ie. ft — fin Wy "% ¢ — g in W,
u in W (R3).
Since V' is compactly supported it means supp V' C B(R) for some R,

thus the first term in right hand side of (4.7) takes the form

Jo(A(t) = DVu- Ve = [0 (Alt) — )Vu- (Vu' — Vu) <
< cIVull2 V(6" = u)l[yy=r2
and it follows, in view of the properties of the mapping T;(V'), that c(t) — 0,
which implies that (4.5) hold, similarly (4.5)’.

Therefore, we obtain the existence of material derivative u € Wll’Q(Rf ) which
is given by a unique solution to problem (1.10).

5 Fréchet material derivatives

5.1 Transported problem(TRP)

For the convenience of reader we repeat the results in the language of pertur-
bations of identity technique. Let us fix 6 € Oy and let £ € (—4,0), consider
He = I+ £0. We investigate the existence of the transported problem in the
fixed domain () satisfying the equations

—% div (A()Vut) = fCinQ

Vut-n® = g¢*onT. (5-1)

where

A(€) = ¢;DH;'DH, ', (5.2)
ng = Hgl -nt.

Theorem 5.1. Let N > 3, suppose f& € W*(RY) and g € W11/2’2(F) then
problem (TRP) has a unique solution u¢ € W*(RY)and

||U€||Wf*2(Rf) < C(HngWlO’Q(Rﬁ) + HQSHWll/Q’Q(F))'
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Proof. Again we define the bilinear form
B(ut,v*) = / AeVut Vot
Q

is the uniformly elliptic then applying Theorem 3.2 we get the existence of
the solution u¢. O

5.2 Perturbed problem (PP)
Proposition 5.2. Let N >3, f € W*(Q), then for |€] — 0

FS— f

q — div 0f + fstrongly in WO_I’Q(Qg).

Theorem 5.3. Let N > 3, suppose fe € W (Q), g¢ € Wll/2’2(F5) then
problem (PP) has a unique solution ue € W}*(Qg).

Proof. We have for all ¢ €5 (Q)
- -1
<f$7¢>W0*172(Q§)xvi/g*2(95) = <'y(t)f§,q£ ‘o He >W(;1’2(QE)><VV&’2(Q§) -
= (gelug, g '@ 0 He D20y i ? o) =

< le (Agvug,QO>W0—1,2(Q)XWO1,2(Q) = <f£790>W0_1’2(Q)><W01’2(Q)'

Applying Theorem 5.1 we get the existence of solution of perturbed problem.
]

5.3 Proof of the Main theorem 2

The aim of this section is to prove the existence material derivative as a weak
limit of
ut —u

T e Wy2(Q) (5.3)

Denoting
& _
ut —u

€]
22

— U

w® =



we obtain the following equation
—Auwt = div [%Vut — A(0)Vu] + % —f] Q. (5.4)
and
owt ¢t —g
ont ¢
The weak formulation of (5.4) is the following

fRf Vwe - Vo =

Jiw B VU -V — A(0)VuVe] + [yl Egl — flodo+

+ e (452 = 9= Vu- DV n— Vui)odo + [ (A9t + A(0)g) 6, Vo € Wy P(RY)
(5.5)

—g—Vu-DV-n—Vu-n onl.

The goal of this section is to prove the following convergence

uf—u

a @ — 0 as |¢] — 0, strongly in Wy *(RY),

wt =

and

owt  ¢¢—g

T = q g—0as ¢ — 0, weakly in W&/2’2(RN’1).

To get the assertion it is sufficient to prove the strong convergence of the
following terms

A(§) — 1
€]

where A’(0) = div 01 —*D6O — D6 and

Vut — A (0)Vu — 0, |¢] — 0, strongly in W (RV)Y,  (5.6)

A -1 _
Al -1 g¢ — A(0)g — Vu-DV -n—Vu-n— 0 weakly in W, 1/2’2(R1+V_1)
(5.6)".
We assume that
fE_f f—>0 L 0 st v in W b2(RY 5.7
7 _ with || — 0 strongly in W, *(RY), (5.7)
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and

¢ —f
H

Let ¢ = u¢ — u be a test function in the variational formulation, hence

— g — 0 with |¢| — 0 strongly in W, /**(RN™1). (5.7)

fRN |V (ut —w)* = (A(§) = Vu- V(u® - u)

From the properties of vector field € it follows that
fIR{N HIV(us —u)? <

< Jy [(AE€) = DVul|V (€ = w)[ + [11¢ = fllwgellu® — ullypz <

Jo A©(g° = 9)(u* —u) + (A(€) = Dg(u® —u) +lg° = glly1/22]lu® — ully.
cONIVullwo: [V (uf = w)llwos + [ = Fllo2llu® — ully+

c(©)lg* = gllyareallut = ullype + c(©)llu® — ully2llgllya e
(5.8)
From the properties of A(&£) we have

sllut = ullyre < c©ONVullze + el f* = fllwoz + c()llgllyarze +cllg’ — gllyrrze.

Since f € I/Vl0 2 c Wy 2 and we consider that that f¢ is strongly continuous
with respect to € i.e. f& — f in W(?’Q, which implies u® — u in Wol’Q(Ri)
strongly.

Since 6 is compactly supported supp 0 C B(R) for some R, thus the first
term in right hand side of (5.8) takes the form

/ (A(6)-T)Vu-Vip = / (A(E) D)V (Vi — V) < ()| V| 2 | ¥ ()|
Q B(R)

and it follows, in view of the properties of the mapping H¢(§), that ¢(¢) — 0,
which implies that (5.6) hold.
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Therefore, we get the material derivative @ € Wll’Q(Rf ) which is given by
a unique solution to problem (1.10) which is same as before, but the strong
convergence in the energy space.

Remark 5.1 It is not difficult to extend our result to L” theory.
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