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UNIFORMLY CONVEX FUNCTIONS ON BANACH SPACES

J. BORWEIN!, A. J. GUIRAOZ2, P. HAJEK3, AND J. VANDERWERFF

ABSTRACT. We study the connection between uniformly convex functions f :
X — R bounded above by || -||P, and the existence of norms on X with moduli
of convexity of power type. In particular, we show that there exists a uniformly
convex function f : X — R bounded above by || - ||? if and only if X admits
an equivalent norm with modulus of convexity of power type 2.

1. INTRODUCTION

Uniformly convex functions on Banach spaces were introduced by Levitin and
Poljak in [11]. Their properties were studied in depth by Zalinescu [14], and then
later Azé and Penot [1] studied their duality with uniformly smooth convex func-
tions. The monograph [15] provides a systematic development of these topics. Ad-
ditionally, related properties of convex functions and their applications have been
studied in papers such as [2, 3, 4, 5]. In particular, [3] examines various properties
of || - || when || - || is a uniformly convex norm. In this note, we will present a
related result that determines when functions of the form f = || - ||” are uniformly
convex. We also examine a more general converse problem: if f : X — R is uni-
formly convex and bounded above by || - ||”, does X admit a norm with a modulus
of convexity of power type related to r?

We work with a real Banach space X with dual X*, and let Bx and Sx denote
the closed unit ball and sphere respectively. The modulus of convexity of a norm
|| - || on X is defined for € € [0, 2] by

. 1
Gi(0) = nt {1~ Jllo+ ol 2,y € X, el = Iyl = Llle =l = }.

The norm || - || is uniformly convex if §).(¢) > 0 for all e € (0,2]; additionally, ||-||
has modulus of convexity of power type p if there exists C' > 0 so that Jj.(e) > CeP
for € € [0,2]. The modulus of smoothness of the norm || - || is defined for 7 > 0 by

[z + 7yl + llz — 7yl
pra(n) =su | ! 1ol = =1}

A norm is uniformly smooth if lim_ o+ py.;(7)/7 = 0; additionally, ||-|| has modulus
of smoothness of power type p if there exists C' > 0 such that pj(7) < C7P for
7 > 0. See [6, Chapter IV] for more information on these notions.
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We now introduce the like-named concepts for convex functions whose definitions
are different from—but motivated by—the norm cases. Given a convex function f :
X — (—o00,+00] we define its modulus of convezity as the function d; : (0, +00) —
[0, 4+00] given by

or(0) =t {316+ 5000~ (552 ) sllo —vll =t 5y € dom

where the infimum over the empty set is +00. We say that f is uniformly convex
when d¢(t) > 0 for all ¢ > 0; additionally f has a modulus of convezity of power
type p if there exists C' > 0 so that §;(¢t) > CtP for all ¢ > 0.

Similarly we consider the modulus of smoothness of the convex function f: X —
R as the function py : (0, +00) — [0, +00] defined by

pr(t) = sup{;fu) FIw) -1 ("”C;”) eyl = t}.

We will say f is uniformly smooth if lim; o+ ps(t)/t = 0; additionally f has a
modulus of smoothness of power type g if there is a constant C' > 0, so that ps(t) <
Ct4 for all t > 0.

This terminology may cause some confusion, because, for example, f = ||| is
never uniformly convex as a function, even when ||| is a uniformly convex norm.
Therefore, it is important to note the context in which the terms are used. More-
over, the concepts of uniform smoothness and uniform convexity for functions are
sometimes defined using the gage of uniform convexity and gage of uniform smooth-
ness respectively as found in [15]; it is important to note that these alternate defini-
tions using the respective gages are equivalent to those just given; cf. [14, Remark
2.1] and [15, p. 205].

Finally, the Fenchel conjugate of f : X — (—oo,+0o0] is the function f*: X* —
[—00, +00] defined by

J* (@) = sup{a’ () - f(z) : 2 € X},

It is through this concept that duality between uniform convexity and uniform
smoothness is studied in the context of convex functions; see [1, 15].

2. UNIFORM CONVEXITY OF FUNCTIONS AND NORMS

This section will demonstrate for 2 < p < oo that f(-) = || - ||P is uniformly
convex if and only if the norm || - || has modulus of convexity of power type p.

Lemma 2.1. Let 0 <r <1, then |t" — s"| < [t — s|" for all s, t € [0,00).

Proof. First, for > 0, (1 +2)" < 14 2" (see [13, Example 4.20]). Setting x =
(t—s)/s with t > s > 0, and then multiplying by s”, we get t" < s" + (t —s)". The
conclusion follows from this. O

Theorem 2.2. For 1 < q < 2, the following are equivalent in a Banach space
(X, ).

(a) The norm ||-|| has modulus of smoothness of power type q.

(b) The derivative of f(-) = ||-|? satisfies a (q — 1)-Hélder condition.

(c) The function f(-) = ||||? has modulus of smoothness of power type q.

(d) The function f(-) = |-|* is uniformly smooth.
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Proof. (a) = (b): Assume that ||-|| has modulus of smoothness of power type g.
Given = € X \ {0}, let ¢, denote a support functional of z, that is, ¢, € Sx-
and ¢, (z) = ||z|. According to [6, Lemma IV.5.1], ||-|| has a (Fréchet) derivative
satisfying a (¢ — 1)-Holder-condition on its sphere; this implies that each « # 0 has
a unique support functional, and there exists C' > 0 such that

(2.1) ¢z — dyll < Cllz —y||9™" for all z,y € Sx.

Let f(-) = ||-|% Then f’(0) =0, and f'(z) = q||z||* " ¢4 for & # 0. Thus if z =0
or y =0, then || f'(z) = f'(y)|| < q e —y|*"". Let 2,y € X \ {0}. Then

gz e —qllyll* "t @y
g1z (b — by) + (all2|*" = qllyll* ") by

f(x) = f'(y)
(2.2)

Using Lemma 2.1 we also compute
-1 1 —1 —1
(2.3) =) = qllyl’ ‘SQ\ ]l =Nyl "< qllz =yl

We now work on an estimate for ¢|jz||?"" (¢» — ¢y). We may and do assume
that 0 < [|y|| < [l]|. If [ly[| < [l«]| /2, then

-1 _ _
(2.4) q |zl [6e — byl < 2q |27 < q27 |z —y| 77"
If |ly|| > ||z|| /2, consider &’ = Az where A = ||y|| / ||z]|, so that ||z’|| = |ly||. Then

(2.5) 2" =yl < lla’ =zl + llz = yll = =l = lyll + = = yll < 2]z -yl
Now let o = ||y||. Observe that ¢, and ¢, are also support functionals for a2’
and o~ 'y respectively. Applying (2.1), the fact that ||z|| < 2«, and (2.5) we obtain

- 1 jg— c -
[6= = ¢yl < Clla™a’ — oty < —la’ —y| o

C21-1 ., C4a1 B
W@Hx—yu)q L= ||%”ﬁllﬂ'«“—yllq g

Consequently, ¢ [|z]|% " ||¢x — ¢yl < C497 g ||z — y||*”". This inequality and (2.4)
show there exists K > 0 such that

(2.6) qllz) " lgs — ¢yl < K |lz —yl|?”" for all z,y € X \ {0}.

Combining (2.2), (2.3) and (2.6) shows that f’ satisfies a (¢ — 1)-Holder-condition.

(b) = (c) follows from [15, Corollary 3.5.7] (see also [6, Lemma V.3.5]) and
(¢) = (d) is trivial, so we prove (d) = (a). Suppose ||| does not have modulus of
smoothness of power type ¢. Then using [6, Lemma IV.5.1] there are z,,, y, € Sx
such that ||z, — y,|| — 0 while

-1
6z, = Syl = nllan —ynl "™
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Let 6, = ||, — ¥»|| and define u,, = ﬁzn and v, = ﬁyn. Then |Ju, — v,|| =
1

N 0. However

1 wn) = Sl = |alunl ™" Gu, = alloal”" 6,

-1 -1
™™ 62, = alloall”™ 6y,
q

s [0, = b
q -1 3249
> o () = o
Consequently, f’ is not uniformly continuous, and so [15, Theorem 3.5.6] (see also [6,
Lemma V.3.5]) shows that that f(-) = ||-||? is not a uniformly smooth function. O

The results in [1] enable us to derive the dual version of Theorem 2.2 for uniformly
convex functions.

Theorem 2.3. Let (X, |||) be a Banach space, and let 2 < p < co. Then the
following are equivalent.

(a) The norm ||-|| on X has modulus of convexity of power type p.
(b) The function f(-) = ||-||° has modulus of convexity of power type p.
(c) The function f(-) = ||-||* is uniformly convez.

Proof. (a) = (b): Let us assume that ||-|| has modulus of convexity of power type
p, then the modulus of smoothness of the dual norm on X*, which we denote in
this proof as [|-||,, is of power type g where % + % = 1; see [6, Proposition IV.1.12].
By Theorem 2.2 the function g(-) = % [-I has modulus of smoothness of power
type g. The Fenchel conjugate of g is ¢*(-) = % -7, see [1, 15]. Now g*—and
hence ||-||’—has a modulus of convexity of power type p according to [1] (see also
[15, Corollary 3.5.11]).

(b) = (c) is trivial, so we prove (c) = (a). Indeed, assuming that f(-) = [|-||” is
a uniformly convex function, then [1] shows that f*, defined by

(") = sup{z*(z) — f(x)}, for z* e X*
reX

(and hence ||-||?) is a uniformly smooth function. According to Theorem 2.2, ||-||,
has modulus of smoothness of power type g; therefore ||-|| has modulus of convexity
of power type p, see [6, Proposition IV.1.12]. O

We conclude this section by confirming that the spaces with nontrivial uniformly
convex functions are those that admit equivalent uniformly convex norms.

Theorem 2.4. Let (X, ||-||) be a Banach space. Then the following are equivalent.
(a) There exists a l.s.c. uniformly convexr function f : X — (—o0,4o00] that is
continuous at the origin.

(b) X admits an equivalent uniformly convex norm.

(c) There exist p > 2 and an equivalent norm ||-|| on X so that the function f = ||-||”
is uniformly convex.

Proof. (a) = (b): By replacing f with the function = — W we may and
do assume that f is centrally symmetric, and by shifting f we assume f(0) = 0. It
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then follows that f(z) > 0 for all x € X. Then for r > 1 and h € X, with ||| = r,
we have

h

5100+ 570 -1 (5) 2 8100 = 8,00) > 0

and thus f(h) > 20¢(1). Let us consider the norm ||-|| whose unit ball is B = {z :
f(x) < d;(1)}. The continuity of f at 0 implies 0 € intB, and from the above we
obtain that B C B(x .. Thus, ||-[| is an equivalent norm on X.

Consider z,,,y, € X such that ||z, || = [lyn|l =1 and ||z, + yn|| — 2. Because f
is Lipschitz on B, we have that f (23¥2) — §(1). Consequently £ f(zn)+2 f (yn)—
f(£25¥2) — 0. Thus, the uniform convexity of f ensures that ||z, — y,| — 0 and
hence [z — yn | — 0

(b) = (c): According to the Enflo-Pisier theorem ([8, 12]), there exist p >

2 and an equivalent norm [|-|| whose modulus of convexity is of power type p.
Consequently, Theorem 2.3 ensures the function f(-) = ||-||” is uniformly convex.
(¢) = (a): This is trivial. O

3. GROWTH RATES OF UNIFORMLY CONVEX FUNCTIONS AND RENORMING

In this section we will construct a uniformly convex norm whose modulus of
convexity is related to the growth rate of a given uniformly convex function on the
Banach space. We begin with some preliminary results.

Lemma 3.1. Let ||-| be a norm on a Banach space X. Suppose ||z| = ||y||, and
|z =yl > 6 where 0 <6 < 2|jz||. Then inf;>¢ ||z — ty| > §/2.

Proof. Assume that ||z — toy| < §/2 for some ¢ty > 0. Then |1 — to| ||y|| < /2 and
S0

=yl < llz = toyll + [1 = to| lyll <.
which is a contradiction. O

The next lemma will be used later to estimate the modulus of convexity of a
norm constructed by using level sets of a symmetric uniformly convex function.

Lemma 3.2. Let {||-||,,}n>n be a family of norms on (X, ||-||) satisfying

1 1
< — ||| for n> N.

(3.1) GYESY [ < -, < o

For each n > N, suppose there exists d,, > 0 so that
Tty

<1-—d,, whenever ||z, =y, =1 and ||z —y| > 1.

n

Then there exist an equivalent norm || on X and M € N so that the modulus of
convezity of the norm |-| satisfies

dy,
() > — whenever <t<2andn> M.
n

on—M-—1
Proof. Choose M > max{4, N}, and define |-| by

s 2m+1

=3 =

m=M
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Observe that, || < Zm M 3:;;,1 [ < >p_y 225 [I]l < [I[l; and then
2M +1
(32) o < 5 I < 2 el < < M

Now suppose that |z| = |y| = 1 and |z — y| > == where n > M is fixed.
Because |x| = |y| = 1, it follows from (3.2) that

(3.3) 1<z <2 and 1< |yl <2M.

We assume, without loss of generality, ||z|/, < ||y||,,- Now let us denote a = ||x||;1
and b = ||yH;1 It follows from (3.1) and (3.3) that 2"~ < b < a < 2"*! which
in turn implies |az — ay| > 2.

According to Lemma 3.1, |ax —by| > 1, and hence |jaz —by|| > 1. Thus we
compute

azx + ay ax + by 1
_— —(a—>b
< | n+2<a )l
1 1
< g llazfl, + Hbyll Zla=v)lyll, -
- §<||x||n+||y||n>—
This inequality implies
T+y 1 dn
3.4 = = - —.
(3.4) U< Sl + 5 Ml

Thus, using (3.4), and the triangle inequality for ||[|; when j # n, and then that
a < 271 we obtain

r+y dn,
2\_ZQQHHZ?QHH <1-

j=M

which finishes the proof. (I

We will also use the following important fact from [15] concerning growth rates
of uniformly convex functions.

Lemma 3.3. [15, Proposition 3.5.8] Suppose f : X — (—o00,+00] is a l.s.c. uni-
formly convex function. Then liminf); % > 0.

Theorem 3.4. Let (X, |-||) be a Banach space and let F : [0,400) — [0, +00) be a
continuous convex function satisfying F(0) = 0. Suppose f : X — R is a continuous
uniformly convex function satisfying f(z) < F(||z||) for all x € X. Then there is
an equivalent norm |-| on X such that given any v > 0, there are constants a > 0
and B >0 so that

!
op(t) > =———t7 0<t<2.
H( ) = F(ﬁt_l) fO’f' =~
Proof. As before, we may and do assume f is centrally symmetric; notice that this
new f will still be bounded above by F(]|-]|). Because F(0) = 0, the convexity of
F ensures that F(At) < AF(t) for 0 < A < 1; in particular F' is nondecreasing on
[0, 4+00) because it is nonnegative there. Consequently, F'(]|-||) is a convex function.
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According to Lemma 3.3, there exists N > 0 so that f(x) > 0 if ||z|] > N. Now
replace f with [f(-) + F(|||)]/2; then we have

33 F(151) < GF0el < @) < Flal) whenever o] >

Forn > N, let ||-||,, be norm whose unit ball is B,, = {x : f(x) < F(2")}. It follows
from (3.6) that if ||z||, = 1, then 2" < ||z|| < 27*!. Consequently,

1 1
it < 1Ml < o Il

Let M, = sup{f}(uv) : [lull, = 1, ]joll = 1}. T¢ ul, = 1, and [jo]l = 1, then

lul| < 27! and we compute

, flut20)— f(u) _ F@-2") —0 _ F(?)
(3.6) Fi(u,v) < on+1 < on+1 = Tontt
It follows that M,, < 2~(+1) F(2n+2),

Now suppose ||z|,, = ||y|/,, = 1, and || — y|| > 1. Letting §; denote the modulus
of convexity of f with respect to ||-||, the uniform convexity of f ensures d7(1) > 0.
Then denoting z = %t and 2’ = z/||z||,, we obtain f(z) = f(y) = f(¢/) = F(2"),
and so

) < 3@+ 31001 (THY) = 1) - S0 < fL 6 =)

2 2
2 -z
BN = - () S Ml el
" |2 — =
Consequently, using ||-[|,, > 7=+t [|-||, (3.8) and then the bound on M,,, we obtain
z+y 1 of(1) 1
|| =1 el < 1l g <1 wan T
dr(1)
3.8 < 1
(3.8) = F(2n+2)
Applying Lemma 3.2, we find an equivalent norm |-| and M > N such that
5p(1) 1 1
5|‘(t)2 Wﬁ’ WhenevernZMandWStSQ
Given v > 0, we fix ng > M so large that n=2 > (27")7 for all n > ng. Then
d¢(1 1\’ 1
5. (t) > F(;ELJF)Q) . (2n) whenever n > ng and Py <t<2.

Let a = d7(1) min { (5m+7) ", (3r97) "} and 8 = max {2102, 2244}, The previous
inequality and along with the fact F' is nondecreasing, ensure that for W <
t < 2 we have

(5f(1) 1\” (5f(1) t v at”
> —— > >
9.(t) = F(2r0+2) \ 270 = F(2rot3¢=1) \ 2not1 = F(Bt-1y
and for Qn—% S t S 2"’% where n 2 no + ].7 we have
§¢(1) 1\” §¢(1) t\" at?
> - > > .
3. (t) = F(ar+2) \2n ) = FM+i-1) \2M+2 | = F(gt-1)

Altogether, 0.(t) > eyt for 0 <t <2, as desired. O
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Corollary 3.5. Let (X, ||-||) be a Banach space, and let p > 2. Suppose f : X — R
is a continuous uniformly convex function such that f(x) < ||z||? for oll z € X.
Then for any r > p, X admits an equivalent norm with modulus of convexity of
power type r.

Proof. Apply the previous theorem with F(t) = tP. O
In the case p = 2 we will prove the following sharp result.

Theorem 3.6. Let (X,||||) be a Banach space. Then there is a continuous uni-
formly convex funtion f: X — R satisfying f(-) < ||||2 if and only if X admits an
equivalent norm with modulus of convexity of power type 2.

Before proving this theorem, we will present a preliminary lemma, and we also
refer the reader to [7] for some related information about this case.

Lemma 3.7. Let X be a Banach space. Suppose {|-||,,}nen are norms on (X, ||-||)
so that

(3.9) K< M- < IHIF
for some K >0 and all n € N. Then, there exists an equivalent norm |-| such that
(5|,|(t) > liminf(SH.Hn(t), for 0<t<2.

Proof. Let us consider a free (non-principal) ultrafilter &/ on N. Then limy, ||z,
exists for each € X, where limy ||z[|, = L means for each ¢ > 0, there exists
A € U such that | ||z||,, — L| < € for all n € A. Now define |-| : X — [0, 4+00) by

|z = liLI{n llz]|,,, forall zeX.

The definition of |-| together with (3.10) ensure |-| is an equivalent norm on X.

If proceed by reductio ad absurdum, we find ¢t € (0,2) such that ¢,(t) <
liminf dy. (¢). Since d)| is continuous — see [10]— there exists ¢’ € (t,2) such
that d).(¢') < liminf &, (£). Then, there exist x, y € X and a constant a > 0 such
that |z| = |y| =1, [zt —y| >t and 1 — [(z +y)/2| < a < liminfd) (¢). For this
x and y, let z,, = x/||z||,, and y, = y/ ||ly|,,- By the definition of |-|, there exists
A € U such that |zp, — ymll,, > t and 1 — [[(xm +ym)/2],, < a for all m € A.
Therefore 6. (t) < a <liminfd) (¢) for all m € A, which yields a contradiction,
since U is free and then A is infinite. O

Proof. (Theorem 3.6) First, if X admits an equivalent norm that has modulus of
convexity of power type 2, then it has such a norm |-| satisfying || < ||-||. According
to Theorem 2.3, f(-) = || is uniformly convex as desired.

Conversely, suppose f : X, — R is a uniformly convex function such that f(-) <
[||I*. Proceeding as in Theorem 3.4 when F(t) = t> we obtain norms -l e
satisfying w2 ||| < [|[l,, £ 5 []| and then (3.9) becomes

or(1) (1

2
r+y 1
’ S T (271) , whenever ||z, = [ly|l, =1 and ||z — yHn > on
n

16

The previous inequality implies

G, (277) > égé;)(an)z
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According to [9, Corollary 11] there is a universal constant L > 0 such that

o (277 dy.
1, € )§4L 1, (1) for 2" < <2
(27)? n?
Let R = ‘SﬁfT(?; then the previous two inequalities imply
.10) 8. (t) > Rt* for 27" <t <2.

3

For each n > N, let us consider the new norm |-|,, = 2" [|-|,,. These new norms

satisfy 2 ||| < [Ill,, < ||l and oy, (-) = 6y, (). Applying Lemma 3.7 and then

(3

.11) we obtain

8. (t) > liminf .| (¢) = liminf . (t) > Rt* for 0 <t <2,

which finishes the proof. ([

10.

11.

12.

13.

14.

15.
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