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THREE-FORMS AND ALMOST COMPLEX
STRUCTURES ON SIX-DIMENSIONAL MANIFOLDS

MARTIN PANAK!, JIRf VANZURA?

ABSTRACT. This article deals with three-forms on six-dimensional manifolds, the
first dimension where the classification of 3-forms is not trivial. It includes three
classes of multisymplectic three-forms. We study the class which is closely related to
almost complex structures.

Introduction

There is a growing interest in the study of three-forms among geometers and
physisits in the recent years. There are various geometrical structures connected
with different types of three-forms on manifolds.

The connections with totally skew-symmetric torsion, which is a three-form, play
an important role in the research of Thomas Friedrich (a series of articles, see for
example [F]).

Nigel Hitchin and his school also shows an interest in three-forms ([H], [W]).
There are three orbits of the action of the group GL(6,R) on the multisymplectic
(full-rank) three-forms on a six-dimensional vector space. There is either a tangent,
complex, or product structure connected with a three-form on a six-dimensional
vector space The kind of structure depends on which of the three orbits the form
belongs to. We speak about the forms of product type, of complex type or of tangent
type acordingly). The notion of a three-form of the given type on the manifold can
be defined in the obvious way. We study closely the three-forms of the complex
type and we construct the associated complex structure in a different (and we
think simpler) way than N. Hitchin in [H]. Further we investigate the interplay
between the integrability of the complex structure associated with a given three-
form of complex type and the existence of the linear symmetric connection, which
preserves the form. The result is stated in the Theorem 13, which can be regarded
as ‘The Darboux theorem for the three-forms of complex type’.

Theorem. Let w be a real three-form of complex type on a six-dimensional differ-
entiable manifold M. Let J be the almost complex structure on M such that for
any vector fields X1, X, X5 € X(M)

w(J X1, X2, X3) = w(X1, J X2, X3) = w(X1, X2, JX3).
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Then there exists a symmetric connection V on M such that Vw = 0 if and only if
the following conditions are satisfied

(i) dw =0,

(ii) the almost complex structure J is integrable.

The orbits of the three-forms on six dimensional spaces

Let V be a real vector space. Recall that a k-form w (k > 2) are said to be
multisymplectic if the homomorphism

VS ARV v e =w(v, .. )

is injective. There is a natural action of the general linear group G(V) on AFV*,
and also on A* V* the subset of the multisymplectic forms. Two multisymplectic
forms are called equivalent if they belong to the same orbit of the action. For any
form w € A*V* we define a subset

A(w) = {v € V; (tyw) A (t,w) = 0}.

If dim V = 6 and k = 3 the subset A2 V* consists of three orbits. Let e, ..., eq
be a basis of V and ayq, ..., ag the corresponding dual basis. Representatives of the
three orbits can be expressed in the form

(1) w1 = a1 Nag ANas + ag N\ as N ag,

(2) wo=a1 AaasAas+ar Aag Aas + as Aag Aag —asz A as A ag,

(3) w3y =a] Nag Nas +ag ANag N ag 4+ az N\ as A\ ag.
We speak speak about multisymplectic forms of product type (first form), or of
complex type (the second one), or of tangent type (the third one) accordning to
which orbit they belong to. There is the following characterisation of the orbits:

(1) w is of product type if and only if A(w) = Ve U V? where V* and V° are

three-dimensional subspaces satisfying V2N V? = {0}.

(2) w is of complex type if and only if A(w) = {0}.

(3) w is of tangent type if and only if A(w) is a three-dimensional subspace.

The forms w; and ws have equivalent complexifications. From this point of view
the forms of tangent type are exceptional. See [V]. for further details

A multisymplectic k-form on a manifold M is a section of A*T*M such that its
restriction to the tangent space T, M is multisymplectic for any x € M, and is of
typeiinx € M, i =1, 2, 3, if the restriction to T, M is of type i. A multisymplectic
form on M can change its type as can be seen from the example:

o =dx1 Ndxo Ndxrs + dry Adrg N dxs + dxs A dxy A dre+
sin(xs + x4)dzs A dxs A dxg + sin(xs + x4)dzys A das A dg,

a three-form on R®. Then o is of type 3 on the submanifold given by the equation
23+ x4 = km, k € N. If w5+ 24 € (km, (k + 1)), k even, then o is of type 1
and if 23 + x4 € (km,(k 4+ 1)7), k odd, then o is of type 2. We point out that o
is closed and invariant under the action of the group (27Z)% and we can factor o
to get a form changing the type on R®/(27Z)%, which is the six-dimensional torus,
that is o is closed on a compact manifold. The goal of this paper is to study the
forms of complex type. We denote w = ws.
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Three-forms of complex type on vector spaces

In this chapter , in Proposition 7, we associate a three-form of complex type on
a six-dimensional vector space V with the complex structure on the vector space
(thereby justifying the name). In Proposition 8 we associate the couple (a three-
form and the corresponding complex structure) with the unique complex three-form
on the complexification VC.

We need some considerations about a decomposion of the three-forms on the
complex vector spaces with aditional complex structure first.

Let J be an automorphism of a six-dimensional real vector space V satisfying
J? = —I. Further let VC = V @ iV be the complexification of V. There is the
standard decomposition V€ = V1.0 ¢ V%1, Consider a non-zero form v of type
(3,0) on VC and set

Y0 = Revy, vy =Imy.
For any v1 € V, v1+iJv; € V%! and consequently ~(i(v1+iJv1), v2,v3) = 0 for any

va,v3 € V. This implies vo(i(v1 4+ ¢Jv1), v2,v3) = 0 and 1 (i(vy +iJv1), v2,v3) = 0.
Thus

0 = v (i(v1 + iJv1), v2,v3) = Yo(iv1,v2,v3) — Yo(Jv1,V2,v3).

Similarly we can proceed with v; and we get
Yo(iv1,v2,v3) = yo(Jv1,v2,v3),  71(iv1,v2,v3) = y1(Jv1,v2,03),
for any vy, vse,v3 € V. Moreover

Yo(w1, wa, w3) = Re(—(i%w1, wa, w3)) = Re(—iry(iwr, w2, w3))

= Im(’Y(Zwla w2, w3)) = Vl(iwlv w2, w3)a
for any w1, wa, wz € VC and that is v (w1, w2, w3) = —yo(iw, w2, ws3). Finally,

Yo(Jv1,v2,v3) = Yo(iv1,v2, v3) = Re(y(iv1, v2,v3)) = Re(iy(vi, v2,v3))
= Re(y(v1, 1v2,v3)) = Re(y(v1, Jva,v3)) = vo(v1, Jva2, v3).

In a similar manner

Yo(Jv1,v2,v3) = Yo (v1, JU2,v3) = Y0(V1, V2, JU3),

Y1(Jv1,v2,v3) = 71(v1, Jva,v3) = 71(v1, va, JU3),
that is both forms ~y and v, are pure with respect to the complex structure J.

We recall that a three-form w on a vector space V is called pure with respect to
an automorphism A of V, iff

w(AXl,XQ,Xg) = w(Xl,AXQ,Xg) = w(Xl,XQ,AXg), VXl,XQ,Xg cV.
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1. Lemma. The real three-forms |V and 71|V (on V') are multisymplectic.

Proof. Let us assume that v; € V is a vector such that for any vectors vy, v3 €
V (v|V)(v1,v2,v3) = 0 or equivalently ~o(v1,vs2,v3) = 0. There are uniquely
determined vectors wy, wa, w3 € V10 such that

v = wp + W1, V2 =wz+ W2, V3= w3+ Ws.
Then

0 = vo(v1, v2,v3) = Re(y(wy + @1, we + Wa, w3 + W3))

= Re(y(w1, w2, w3)) = vo(w1, w2, ws),
for a fixed wy, and arbitrary ws, ws € VY. Because iwy € V10,
Yo(iwr, wa, w3) = Yo (w1, iwz, ws) = 0.
Moreover v, (w,w’,w") = —~o(iw,w’, w") for any w,w’,w” € VC, and we get
Y1 (w1, w2, w3) = —yo(iwy, w2, w3) = 0,
for arbitrary ws,ws € V9. Thus
v(w1, w2, w3) = yo (w1, wa, wz) + i1 (w1, w2, ws) =0,

for arbitrary wq,ws € V19,

Because 7y is a non-zero complex three-form on the complex three-dimensional
vector space V1:0, we find that w; = 0, and consequently v; = 0. This proves that
the real three-form ~o|V is multisymplectic. Similarly the real three-form 1|V is
also multisymplectic.

2. Lemma. The forms |V and v1|V satisfy A(vo|V) = {0} and A(y1|V) = {0}.

Proof. The complex three-form ~ is decomposable, and therefore v A v = 0. This
implies that for any w € VC (1,7) A (t,y) = 0. Similarly for any w € VC (1,,5) A
(tw?¥) = 0. Obviously 7o = (1/2)(y+7). Let v € V be such that (¢t,70) A (tuy0) = 0.
Then

1 1
0= (Lv’YO) A (LUFYO) = Z(Lv’)’ + Lv’_)’) A (Lﬂ + Lv’_}/) = 5(%7) A (va_}/)-

But 1,7 is a form of type (2,0) and ¢,7 a form of type (0,2). Consequently the last
wedge product vanishes if and only if either ¢,v = 0 or ¢, = 0. By virtue of the
preceding lemma this implies that v = 0.

Lemma 2 shows that the both forms vo|V and 71|V are of complex type. As
a final result of this type we get the following:
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3. Corollary. Let v be a three-form on VC of the type (3,0). Then the real
three-forms (Re )|V and (Im~)|V on V are multisymplectic and of complex type.

Let w be a three-form on V such that A(w) = {0}. This means that for any
v € V, v # 0 there is (tyw) A (tyw) # 0. This implies that rank (,w > 4. On the
other hand obviously rank:,w < 4. Consequently, for any v # 0 ranki,w = 4.
Thus the kernel K(t,w) of the 2-form ¢,w has dimension 2. Moreover v € K (t,w).
Now we fix a non-zero 6-form on 6 on V. For any v € V there exists a unique
vector Q(v) € V such that
(Low) A w = 1) 0.

The mapping @ : V — V is obviously a homomorphism. If v # 0 then (¢,w)Aw # 0,
and @ is an automorphism. It is also obvious that if v # 0, then the vectors v and
Q(v) are linearly independent (by applying ¢, to the last equality). We evaluate
LQ(v) on the last equality and we get
(LQ)tow) A w + (Low) A (Lguyw) = 0,
—(totgyw) Aw + (Lyw) A (tgyw) = 0,
—t[(toyw) A w] + 2(t,w) A (tgyw) = 0.
Now, apply ¢, to the last equality:
(Low) A (Lotgyw) = 0.

If the 1-form ¢, g (y)w Were not the zero one then there would exist a 1-form o such
that t,w = 0 A LyLgyw, and we would get

(Low) A (Low) = 0 A Lylguyw A O A lytguyw =0,
which is a contradiction. Thus we have proved the following lemma.
4. Lemma. For any v € V there is tg)tow = 0, i. e. Q(v) € K (1,w).

This lemma shows that if v # 0, then K (v,w) = [v, Q(v)]. Applying (g, to the
equality (1,w) Aw = ()0 and using the last lemma we obtain easily the following
result.

5. Lemma. For any v € V there is (t,w) A (tg(v)w) = 0.

Lemma 4 shows that v € K(tg(,)w). Because v and Q(v) are linearly indepen-
dent, we can see that

K(tquw) = [v,Q(v)] = K(tow).
If v # 0, then Q?*(v) € K (1g(mw), and consequently there are a(v),b(v) € R such
that
Q*(v) = a(v)v + b(v)Q(v).
For anyv eV
(LQ(v)w) ANw = LQ2(U)9.
Let us assume that v # 0. Then
(tQyw) Aw = a(v)t,0 + b(v)Lg )0,

and applying ¢, we obtain b(v)t,Lg(,)0 = 0, which shows that b(v) = 0 for any
v # 0. Consequently, Q?(v) = a(v)v for any v # 0.
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6. Lemma. Let A:V — V be an automorphism, and a : V\{0} — R a function
such that
A(v) = a(v)v  for any v # 0.

Then the function a is constant.

Proof. The condition on A means that every vector v of V is an eigenvector of A
with the eigenvalue a(v). But the eigenvalues of two different vectors have to be
the same otherwise their sum would not be an eigenvector.

Applying Lemma 6 on Q% we get Q2 =al. If a >0, then V =V @V, and
Qu=+avforveV"T, Quv=—yavforveV .

At least one of the subspaces VT and V™ is non-trivial. Let us assume for example
that V* £ {0}. Then there is v € VT, v # 0, and Qv = /av, which is a contra-
diction because the vectors v and Qu are linearly independent. This proves that
a < 0. We can now see that the automorphisms

1 1
Jy = \/——_aQ and J_ = —ﬁQ satisfy J2 = —J and J2 = —1,
i. e. they define complex structures on V and J_ = —J,. Setting

0. =+v—ab, 0_ = —+/—ab,
we get
(tow) ANw = 11004, (tow) ANw=17_,0_.

In the sequel we shall denote J = J,. The same results which are valid for J
hold also for J_.

7. Proposition. There exists a unique (up to the the sign) complex structure J
on V such that the form w satisfies the relation

w(Jv1,v9,v3) = w(vy, Jue,v3) = w(v1,ve, Jus) for any vy,ve,vs € V.

Proof. We shall prove first that the complex structure J defined above satisfies the
relation. By virtue of Lemma 4 for any v,v" € V w(v, Jv,v’) = 0. Therefore we get
0 =w(v1 + va, J(v1 + v2),v3) = w(vy, Jva,v3) + w(ve, Jvi,v3)
= —w(Jv1,v2,v3) + w(v1, Jvz,v3),
which gives
w(Jvy,v2,v3) = w(vy, Jue, v3).

Obviously, the opposite complex structure —.J satisfies the same relation. We prove
that there is no other complex structure with the same property. Let J be a complex
structure on V satisfying the above relation. We set A = JJ~!. Then we get

w(v1, Ave, Avs) = w(vy, JJvs, jJ’U3) =w(v1, Jua, jQng) = —w(v1, Jue, Jus)

= — w(v1,v2, J23) = w(v1, V2, v3).
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Any automorphism A satisfying this identity is +1. Really, the identity means that
A is an automorphism of the 2-form t,w. Consequently, A preserves the kernel
K(tyw) = [v, Ju]. On the other hand it is obvious that any subspace of the form
[v, Jv] is the kernel of t,w. Considering V' as a complex vector space with the
complex structure J, we can say that every 1-dimensional complex subspace is the
kernel of the 2-form ¢,w for some v € V, v # 0, and consequently is invariant under
the automorphism A. Similarly as in Lemma 6 we conclude, that A = A\, A € C.
If we write A = A\g + i\1, then A = Aol + \1J and

w(v1,v2,v3) = w(v1, Ava, Avs) ()\g — 22 — Dw(vy,v2,v3) + 2Xo M w(v1, V2,
:w(vl, )\0’02 + AlJ’UQ, )\0’03 + AlJ’Ug)
:)\gw(vl, V2, ’03) + /\0)\10}(’01, V2, J’Ug) + )\0)\10}(’01, J’UQ, 1)3) + )\?W(’Ul, JUQ, ng),

We shall use this last equation together with one obtained by writing Jvs instead
of vs. In this way we get the system

(Ag — A? — 1)0)(’[)1, Va2, ’Ug) —+ 2/\0)\1w(vl, V2, ng) = 0,
72)\0)\10)(’[)1, 1)2,’03) + (A(z) - )\? - 1)0)(’[)1, V2, Jl)g) =0.

Because it has a non-trivial solution

A-A2 -1 2\h

“onoh a2

It is easy to verify that the solution of the last equation is Ay = £1 and \; = 0.
This finishes the proof.

We shall now consider the vector space V' together with a complex structure
J, and a three-form w on V which is pure with respect to this complex structure.
Firstly we define a real three-form 7o on V. We set

Yo(v1,v2,v3) = w(v1,v2,v3),

o (iv1, v2,v3) = w(Jv1,v2,v3),

o (iv1, tva, v3) = w(Jv1, Jug, v3),

o (iv1, iva, ivg) = w(Jv, Jug, Jus),
for vy, ve,v3 € V. Then vy extends uniquely to a real three-form on VC. We can
easily verify that

Yo(iwr, w2, w3) = yo(wi, iwz, w3) = yo(w1, w2, iws)
for any wy,ws, w3 € VC. Further, we set
v (w1, we, w3) = =y (wy, wa,ws) for wy, wy, w3 € Ve,
It is obvious that 7 is a real three-form satisfying

71 (fwr, we, w3) = y1 (w1, twa, w3) = v1 (w1, we, tws),
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for any w1, w, ws € VC. Now we define
y(wr, wa, wz) = o (wi, w2, wz) + iy1 (wi, wa, wz)  for wi,we,wz € VE.

It is obvious that « is skew-symmetric and 3-linear over R and has complex values.
Moreover

y(iwy, we, w3) = o(iwr, wa, w3) + iy (iwr, w, w3)
= —y1 (w1, wg, w3) — iv0(iPw1, wa, w3) = —y1 (w1, w2, w3) + iy (w1, w2, w3) =
= i[yo (w1, w2, w3) + i1 (w1, w2, w3)] = iy(wy, w2, ws),
which proves that 7 is a complex three-form on V€. Now we prove that v is a form
of type (3,0). Obviously, it suffices to prove that for v; +iJv; € V9! and vg,v3 € V,
~v(v1 4 iJv1,v2,v3) = 0. Indeed,
v(v1 + iJvy, va,v3) = y(v1,v2,v3) + iy (Jv1, v, v3)

=70(v1,v2,v3) + 171 (v1,v2,v3) + iv0(Jv1, v2,v3) — Y1 (JV1, V2, v3)

=70(v1,va,v3) — iv0(iv1,v2,v3) + iv0(Jv1, v2,v3) + Yo (iJv1, V2, 3)].
Now 7o (iJvi,v2,v3)] = w(J?v1,v2,v3) = —w(v1,v2,v3) = —Yo(v1,v2,v3) and the
real part of the last expression is zero, further vo(Jv1,v2,v3) = w(Jvy,ve,v3) =

~o(iv1, v2, v3) and the complex part of the expression is zero as well. Now we easily
obtain the following proposition.

8. Proposition. Let w be a real three-form on V satisfying A(w) = {0}, and let
J be a complex structure on V' (one of the two) such that

w(Jv1,ve,v3) = w(vy, Jua,v3) = w(v1, v, JU3).
Then there exists on VC a unique complex three-form v of type (3,0) such that
w = (Re)|V.

Remark. The complex structure J on V can be introduced also by means of the
Hitchin’s invariant A, as in [H]|. Forms of complex type form an open subset U
in A3V*. Hitchin has shown that this manifold also carries an almost complex
structure which is integrable. Hitchin uses the following method to introduce an
almost complex structure on U. One regards U C A3V* as a symplectic manifold
(let @ be a fixed element in A°V*; one defines the symplectic form © on A3V*
by the equation w; A wes = O(w1,w2)d). Then the derivative of the Hamiltonian
vector field corresponding to the function \/—A(w) on U gives an integrable almost
complex structure on U.

There is another way of introducing the (Hitchin’s) almost complex structure
on U. Given a three-form w € U we choose the complex structure J, on V' (one
of the two), whose existence is guaranteed by the Proposition 7. Then we define
endomorphisms Ay, and D, of A¥V* by

(A7, Q) (v1,...,05) = QU Jpv1, ..., Juuk),

k
(DJWQ)(Ul, .. .,’Uk) = ZQ(’Ul, .. -,Ui_l,Jw'Ui,Ui+1, . ,Uk).
=1

Then A;, is an automorphism of AV* and D is a derivation of AV*. If £ =3
then the automorphism —3 (A, +D ) of A*V* (= T,.U) gives a complex structure
on U and coincides with the Hitchin one.
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Three-forms of complex type on manifolds

We use facts from the previous section to obtain some global results on three-
forms on six-dimensional manifolds. We shall denote by X, Y, Z the real vector
fields on a (real) manifold M and by V', W the complex vector fields on M. X(M)
stands for the set of all (real) vector fields on M, X®(M) means all the complex
vector fields on M.

A three-form w on M is called the form of complex type if for every x € M there
is A(wy) = {0}. Let w be a form of complex type on M and let U C M be an open
orientable submanifold. Then there exists an everywhere nonzero differentiable 6-
form on U. In each T, M, x € U construct J_ and J, as in Proposition 7. The
construction is evidently smooth on U. Thus we obtained the following lemma.

9. Lemma. Letw be a form of complex type on M and let U C M be an orientable
open submanifold. Then there exist two differentiable almost complex structures
J4 and J_ on U such that

(i) Jy+J- =0,
(11) w(J+X1,X2,X3) = UJ(Xl, J+X2,X3) = w(Xl,XQ, J+X3),
(lll) w(J_Xl,XQ,Xg) = w(Xl, J_XQ,X:J,) = w(Xl,XQ, J_Xg),
for any vector fields X1, X2, X3.

At each point © € M consider a 1-dimensional subspace of the space 7;% (M)
of tensors of type (1,1) at = generated by the tensors J,, and J_,. The above
considerations show that it is a 1-dimensional subbundle J C 77! (M).

10. Lemma. The I-dimensional vector bundles J and AST*(M) are isomorphic.
Proof. Let us choose a Riemannian metric go on TM. If x € M and v,v' € T,M

we define a riemannian metric g by the formula

9(v,v") = go(v,v') + go(J+v, J4v") = go(v,v") + go(J-v, J_2").

It is obvious that for any v,v’ € T, M we have

g(Jyv, J1v') = g(v,v'), g(J_v,J_v") = g(v,0").

We now define

JJr(”a vl) = g(‘]Jrva vl)a o— (’U, vl) = g(‘]*vv Ul).

It is easy to verify that o4 and o_ are nonzero 2-forms on T, M satisfying oy +0_ =
0.

We define an isomorphism h : J — AST*M. Let x € M and let A € J,. We
can write

A=aJy, A=—-al_.

Then we set
hA=aoy Noyp Noy =—ao_ No_ No_.
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11. Corollary. There exist two almost complex structures Jy and J_ on M such
that

(i) Jy+J- =0,
(il) w(J4 X1, X2, X3) = w(X1, J4 X3, X3) = w(X1, X2, J1 X3),
(lll) w(J_Xl,XQ,Xg) = w(Xl, J_XQ,X:J,) = w(Xl,XQ, J_Xg),

for any vector fields X1, X2, X3 if and only if the manifold M is orientable.

Hence the assertions in the rest of the article can be simplified correspondingly
if M is an orientable manifold.

12. Lemma. Let J be an almost complex structure on M such that for any vector
fields Xl,XQ, X3 S %(M),

w(JXl,XQ,Xg) = W(Xl, JXQ,Xg) = W(Xl,XQ, JXg)

If'V is a linear connection on M such that Vw = 0, then also V.J = 0.
Proof. Let Y € X(M), and let us consider the covariant derivative Vy. We get

= (Vyw)(JX1, Xa, X3) = Y(w(J X1, X9, X3) — w((Vy J) X1, X2, X3)
—w(JVy X1, X, X3) — w(J X1, Vy Xa, X3) — w(J X1, Xa, Vy X3),
0= (Vyw)(X1, J X2, X3) = Y(w(JX1, X2, X3) — w(Vy X1, J X2, X3)
—w(X1, (Vy J) X2, X3) — w(X1, JVy X2, X3) — w(X1, JXs, Vy X3).

Because the above expressions are equal we find easily that
w((VyJ)X1, X9, X3) = w(X1, (VyJ) X2, X3).
We denote A = Vy J. Extending in the obvious way the above equality, we get
w(AX1, X2, X3) = w(X1, AX2, X3) = w(X1, X2, AX3).
Moreover J2 = —I, and applying Vy to this equality, we get
AJ+JA=0.

We know that K (txw) = [X, JX]. Furthermore

WX, AX, X)) =w(X, X, AX") =0, w(X,AJX,X')=w(X,JX,AX")=0

which shows that A preserves the distribution [X, JX|. By the very same arguments
as in Proposition 7 we can see that A = Aol + A\1J. Consequently

(Aol + MJ)J + J(Aol + X1 J) =0,
—2M1 +2X\oJ =0,

which implies \y = Ay = 0. Thus VyJ = A =0.

The statement of the previous lemma can to some extent be reversed, and we
get the following theorem.
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13. Theorem. Let w be a real three-form on a six-dimensional differentiable
manifold M satistying A(w,) = {0} for any € M. Let J be an almost complex
structure on M such that for any vector fields X1, Xo, X3 € X(M)

w(JXl,XQ,Xg) = w(Xl, JXQ,X:J,) = w(Xl,XQ, JX3)

Then there exists a symmetric connection V on M such that Vw = 0 if and only if
the following conditions are satisfied

(i) dw =0,
(ii) the almost complex structure J is integrable.

Proof. First, we prove that the integrability of the structure J and the fact that w
is closed implies the existence of a symmetric connection with respect to which w
is parallel.

For any connection V on M we shall denote by the same symbol its complexifi-
cation. Namely, we set

Vixorix, (Yo +1iY1) = (Vx, Yo — Vx, Y1) +i(Vx, Y1 + Vx, Yo).
Let us assume that there exists a symmetric connection V such that VJ = 0. We

shall consider a three-form v of type (3,0) such that (Rev)|TM = w. Our next
aim is to try to find a symmetric connection

VyW = VyW +Q(V, W),
satisfying Vv = 0. Obviously, the connection V is symmetric if and only if
QW) = Q(W, V).
Moreover, Vv = 0 suggests that V.J = 0.

0= (Vy )W =Vy(JW)=JVyW =V (JW)+Q(V,JW)—JVyW —-JQ(V, W),
which shows that we should require

QUV,W) = Q(V,JW) = JQ(V,W).

)
Because V.J = 0, we can immediately see that for any V € X®(M) the covariant

[e]
derivative Vv is again a form of type (3,0). Consequently there exists a uniquely
determined complex 1-form p such that

Vyy = p(V)y.
Then
(Vvy)(Wr, Wa, Ws)
=V (y(W1, Wa, W3)) — v(Vv W1, Wo, W3) — y(W1, VyWa, W3) — (W1, Wa, Vi W3)

—V (7 (Wi, Wa, W3)) — 7(Vy Wi, Wa, Wa) — (Wi, Viy Wa, Wa) — ~(Wr, Wa, Vy W)
— Y QV, Wh), Wa, W3) — y(W1, Q(V, Wa), W3) — v(W1, Wa, Q(V, W3))

=p(V)y (W1, Wo, W3)
= YQV, Wh), Wa, W3) — v(W1, Q(V, W2), W) — v(W1, W2, Q(V, W3)).
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In other words Vy vy = 0 if and only if

p(V)y(Wi, Wa, W3)
- V(Q(V; W1)7 WQ; W3)+7(Wla Q(V; WQ)) W3) + W(Wla WQ; Q(Va W3))

Sublemma. If dy =0, then p is a form of type (1,0).

Proof. Let V; € T%Y(M). Because V is symmetric dy = —A(V~), where A denotes
the alternation. We obtain

0= —4l(dy)(V1,V2, V5, Va) = ZSlgn )V ) (Va2 Vi, Vis)
+Zs1gn (Vou) (Vra, Vas, Vea) = 31(Viay) (Va, Vi, Va) = 31p(Va)y(Va, Vi, Va).

The first sum is taken over all permutations 7 satisfying 71 > 1, and the second one
is taken over all permutations of the set {2,3,4}. The first sum obviously vanishes,
and p(V1) = 0. This finishes the proof.

We set now

QW) = Zlp(MW = p(JV)JW + p(W)V — p(JW)JV].

Ooll—‘

It is easy to see that Q(JV, W) = Q(V,JW) = JQ(V,W). For V, W1, Wy, W3 €
TH9(M) we can compute
8v(Q(V, Wh), Wa, W3)
=y(p(V)W1 — p(JV)JIW1 + p(W1)V — p(JW1)JV, W2, W3)
=y(2p(V)W1 + 2p(W1)V, W2, W3) = 2p(V)y(W1, Wa, W3) + 2p(W1)v(V, Wa, W3),

where we used for V € TMO(M) that p(JV) = ip(V) and (JV, V', V") =
y(V, V', V"), since 7 is of type (3,0) and p of type (1,0).

Similarly we can compute (W1, Q(V, Wa), Ws) and v(Wy, Wa, Q(V, W3)). With-
out a loss of generality we can assume that the vector fields W7, W5, W3 are linearly
independent (over C). Then we can find uniquely determined complex functions
fl; f2, f3 such that

V= fiW1 + foaWa + f3W3.

Then we get
p(Wl),Y(Va W27 W3) + p(WQ)FY(Wla Va WS) + p(WS),Y(le W27 V)

=f1p(Wh)y(W1, Wa, W3) + fap(Wa)y(Wr, Wa, W3) + f3p(Ws3)y (W1, Wa, W3)
=p(fiW1 + faWa + fsW3)y (W1, Wa, W3) = p(V)y(Wr, Wa, W3).

Finally we obtain

Y(Q(V, Wh), Wa, W3)+~y (W1, Q(V, Wa), W3) + (W1, Wa, Q(V, W3))
=p(V)y(W1, Wa, W3).
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which proves Vv = 0.

Let us continue with the main stream of the proof. We shall now use the complex
connection V. For X,Y € T'M we shall denote Vg(Y = ReVxY and V&Y =
Im VY. This means that we have VxY = V(;(Y + iV&Y. For a real function f
on M we have

Vx(fY) = V& (fY) +iVE(£X),

Vx(fY) = (XNY + fVxY = (XY + fVRY] +ifVyY,
which implies
V& (fY) = (XNY + fVRY, VX(fY)=fVkY.

This shows that V? is a real connection while V! is a real tensor field of type (1,2).
We have also

0=VxY - VyX —[X,Y]=VSY +iVLY - V)X —iVL, X — [X,Y] =

= [V%Y - VI X — [X,Y]] +i[VLY — Vi X],
which shows that

V&Y - VIX —[X,Y] =0, VY -VLX=0.

These equations show that the connection V° is symmetric, and that the tensor V!
is also symmetric. Moreover, we have

Vx(JY) = V& (JY) +iVi(JY),

Vx(JY)=JVxY = JVQY +iJVLY,

which gives
V& J =0, VLJY)=JVLY.

For the real vectors X, Y7, Ys,Ys € TM we can compute
0= (Vxv)(Y1,Y2,Y3) = X(y(Y1,Y2,Y3))—

—(VxY1,Y2,Y3) —v(Y1,Vx Y, Y3) —v(Y1,Ys, VxY3) =
= X(v(Y1,Y2,Y3))—

V&Y +iVEY1, V2, Y3) (Y1, Vi Va+iV Yo, Va) = v(V1, Y2, Vi Y3 +iVi V3) =
= X(7(Y1,Y2,Y3)) = 7(VX Y1, Y2, ¥3) — 7(Y1, Vi Y2, Y3) — (Y3, Yo, VX V3)—
—i[y (VY1 Yo, V3) +7(Y1, Vi Ya, ¥3) + (Y1, Ya, Vi V3)] =
= [X(10(Y1, Y2, ¥3)) = 10(V& Y1, Ya, Ya) — 70(Y, V& Y2, ¥a) — 20(Yi, Yo, V& Ya)+
71 (VA Y1, Yo, Y3) + 71 (Y1, Vi Y, Y3) + 71 (Y1, Yo, VA Y3)]+
Hi[X (11(Y2, Y2, V3)) — 1(VS Y, Ya, Ya) — 1 (Y1, V& Ya, V3) — 71 (Y2, Ya, V& V3)—
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—70(Vi Y1, Y2, Y3) — 70(Y1, VX Y2, Y3) — 70 (Y1, Y2, Vi V3)).

This shows that the real part is zero. The complex part then gives in fact the same
identity, and thus it is zero as well. Using the relations between vy and v; we get

0= X(10(Y1,Y2,Y3)) — 10(VX Y1, Ys,Y3) — 70(Y1, V& Y, Y3) — 70(Y1, Y2, V& Y3)—

—0(JVX Y1, Ya, Y3) — 70(Y1, JVX Y2, Y3) — 7o(Y1, Ya, IV V3) =
= X (70(Y1, Y2, ¥3)) — 70 (V& Y1 + JVX Y1, Ya, V3)
—70(Y1, V& Y2 + IV Ya, Y3) — 70 (Y1, Yo, V& V3 + TV V3).

We define now
VxY = V%Y + JVLY.

It is easy to verify that V is a real connection. Moreover, the previous equation
shows that
V’}/() =0.

Furthermore, it is very easy to see that the connection V is symmetric.
The inverse implication can also be proved easily.

Let us use the standard definition of integrability of a k-form w on M, that is
every © € M has a neighbourhood N such that w has the constant expresion in
dz*, x' being suitable coordinate functions on N.

14. Corollary. Let w be a real three-form on a six-dimensional differentiable
manifold M satistying A(w,) = {0} for any x € M. Let J be an almost complex
structure on M such that for any vector fields X1, Xo, X3 € X(M)

w(JXl,XQ,Xg) = W(Xl, JXQ,Xg) = W(Xl,XQ, JXg)

Then w is integrable if and only if there exists a symmetric connection V preserving
w, that is Vw = 0.

Proof. Let V be a symmetric connection such that Vw = 0. Then according to the
previous proposition dw = 0 and J is integrable. Then we construct the complex
form v on TCM of type (3,0) such and Rey|T,M = w, for any x € M (point by
point, according to Proposition 8). Moreover if w is closed then so is 7. That is
v = f-dz Ndz? Adz3, where 2!, 22, and 23 are (complex) coordinate functions on
M, dz', dz?, dz® are a basis of AL°M and f a function on M. Further

0=dy=0v+0y=0f -dz' Ndz® Ndz®+ df - dz' A d2? A d23.

Evidently 9y = 0, which means df = 0 and f is holomorphic. Now we exploit
a standard trick. There exists a holomorphic function F(z!, 22, 2%) such that % =
f. We introduce new complex coordinates z! = F(z!, 22, 23), 22 = 22, and 23 = 23.

Then v = fdz! Adz? Adz3 = dZ' AdZ? AdZ3. Now write 2! = 2! +iz?, 22 = 22 +i2®,
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and 23 = 23 4 a0 for real coordinate functions z!, z2, z3, z*, 2%, and 25 on M.
There is

Rey =Re(d(z" +iz*) Ad(2? + iz®) Ad(z?® + ix®))
=dazt Ada® Ada® — dat A da® A da® 4 da? A dat A da® — dad A dat A da®
And w = (Re”)|TM is an integrable on M.
Conversely, if w is integrable, then for any x € M there is a basis dx1, ..., dzg
of T* N in some neighbourhoud N C M of = such that w has a constant expression
in all T, M, x € N. Then the flat connection V given by the coordinate system

Z1,...,Te is symmetric and Vw = 0 on N. We use the partition of the unity and
extend V over the whole M.

We can reformulate Proposition 13 as ‘The Darboux theorem for complex type
forms’:

15. Corollary. Let w be a real three-form on a six-dimensional differentiable
manifold M satisfying A(w,) = {0} for any x € M. Let J be an almost complex
structure on M such that for any vector fields X1, Xo, X3 € X(M)

w(JXl, XQ, Xg) == W(Xl, JXQ, Xg) = W(Xl, XQ, JXg)
Then w is integrable if and only if the following conditions are satisfied
(i) dw =0,
(ii) the almost complex structure J is integrable.

16. Observation. There is an interesting relation between structures given by
a form of complex type on six-dimensional vector spaces and Gs-structures on 7-
dimensional ones (G2 being the exeptional Lie group, the group of automorphisms
of the algebra of Caley numbers and also the group of automorphism of the three-
form given below), i.e. structures given by a form of the type

ar Nag Nag+ayp Nag Nas —ag ANag Nar +aa ANag N ag + ag A as N\ ar+
+az ANag Nar —az N\ as N\ ag,

where a7, ..., a7 are the basis of the vector space V. If we restrict a form of this
type to any siz-dimensional subspace of V we get a form of complex type. Thus
any (G2 structure on a 7-dimensional manifold gives a structure of complex type on
any six-dimensional submanifold. Thus we get a vast variety of examples.

G structures have been well studied and many examples of G5 structures are
known. See for example [J].
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