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EXACT DISTRIBUTIONS IN THE MODEL

OF A REGRESSION LINE FOR THE THRESHOLD
PARAMETER WITH EXPONENTIAL DISTRIBUTION
OF ERRORS

VOLKMAR HENSCHEL

In this paper it is shown how one can work out exact distributions of estimators and
test statistics in the model of a regression line for the threshold parameter with exponential
distribution of errors. This is done on a test statistics which is related to a problem of
Zvéra [6].

1. INTRODUCTION

Zvéra [6] describes as an biological application where one should look for a “boundary
line” that separates real from non-real situations an example of Natrova and Natr
[4] who search for the dependence of maximal possible grain yield of winter wheat
on the size of the phloem cross-sectional area.

For this situation the model

yi=0; +ox;, O, =a+0s;, i=1,...,n (1)

is considered where «, 0 and o are unknown parameters and the x; are independent,
identically, standard exponentially distributed random variables.

The maximum likelihood estimators for «, § and o are derived. Let be Y an
exponentially distributed random vector Y ~ Eg 51, , where 8 = (61,...,6,), the 0;
fulfill equation (1) and I,, denotes the identity matrix. Y has the density

n

n
o-lnexp{_;-(Eyl_na_zslﬁ>}aa+ﬁsl<yza i:17"'7n7
=1

i=1
0, otherwise.

fx(y) =

With the notation
M, = {(a,ﬁ)’ eER?:a+fs; <y, i = 1,...,n}
one gets for the logarithm of the likelihood function

—nlno -2 (y, —a—-5,.8), (op) € M,0>0
—00, otherwise.

Ini(a, B,0) = {
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This implies that the maximum likelihood estimators &, B are solutions of the linear
optimization problem

a+ (335, — max

a+ﬁ8i§yi7 i=1,...,n

and it holds
6 =7, —a—[3,.

Zvéra gives a confidence band for the regression line with covers at least 1 — p,
0 < p < 1. Therefore he derives from the likelihood ratio for the hypothesis

Ho:a=ay,B=p5
the test statistic
R_;gzil;é;@?.
g0 Y, —ag — Bosn

In this paper the exact distribution of a test statistic closely related to T” is worked
out. Therefore a more heuristic but more visual description of the estimators & and
0 is given by translating the linear optimization problem from the (8, «)-plane to
the (s,y)-plane.

Given the likelihood function with fixed (s;,y;), ¢ = 1,...,n, one looks for a line
described by 8 and o which maximizes the likelihood. Every line can be chosen for
which all points (s;,¥;), ¢ = 1,...,n, lie on or above this line. Such a line is called

permissible. A point is called permissible, if there is a permissible line which goes
through it. The likelihood is maximized, if 7, — o — 85, = L 3" | (y; — a — Bs;),
i.e. the sum of the differences in y-direction between the points and the line, is
minimized. This is realized by the line which goes through the permissible points
(s1,y1) and (8y,y,,) for which holds that s; < 3, < s, and there is no permissible
point (s;,y;) with s; < s; < 8y, i.€.

.Y, Y N Y, - Y
="t a=Y - Lsp.
Su — Si Sy — SI
Example 1. 7 1 2 3 4 | arith. mean
s; | -1.5]-05 110120 0.25
v, | 20| 1.5 3.0 35 2.50

Figure 1 shows the (s, y)-plane belonging to the example. The point (s3,y3) is not
permissible, because there is no line through it such that all other points lie on or
above it.

For reducing the dependence of the estimator for the additive parameter of the
choice of the measuring points the model is reparameterized.

0;=a +B(si—3,), i=1,...,n
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S1 52 0 53 S4 s

Fig. 1. (s,y)-plane.

with

o = a+ (35,
The considered estimator is now
. Yo—-Y _
&=y += (8n — 51)
Su — S

and it holds 6=V, —d&.

For testing the hypothesis Hy the test statistic

A,_aé)

T =

1
is used where oy = ap + S0, and which is related to Ty by

1

Ty = .
Yo 14T,

The considerations are restricted to the case of different measuring points s;, ¢ =
1,...,n, 81 <+ < Sp.

The class of handled distributions shall be enlarged. Let g be a function, g|Ry —
R, which fulfills the condition 0 < [ 7" 1g(r)dr < oco. With the constant

0
c(n,g) = % one gets the density of a random vector X ~ E,., as
0
px(x) = c(n,9)g([x[[1)Irr (x) where I denotes the indicator function and || - |1

the ¢/1-norm of the R™, ¢ is called the density generating function. This allows to
influence the behaviour of the densities in the tails.
For example one has the class of density generating functions of Kotz-type,

9K (r) = r*Yexp{—tr*}Ip, (r), where s,t > 0, n+k > 1, holds. This class includes
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the density generating function for the n-dimensional exponential law, k = s =t =1,
the only multivariate £1-norm symmetric distribution with independent marginals.

In Henschel and Richter [3] it is proposed to call this distributions regular sim-
plicial distribution, because the densities are constant on the simplicial spheres
Sh(r)={x € R% : ||x[|; = r} and in analogy to the spherical distributions which are
generalizations of the normal law with constant densities on the Euclidean spheres
$2(r) = {x € B" : [x]}o = r}.

Introducing threshold and dispersion parameters leads to a more general class of
distributions. The random vector W = 0+3, X, where 8 € R", X, = diag(o1,...,0,),
0; >0,7=1,...,n and X regular simplicial distributed, X ~ E,.,, is called simpli-
cially contoured distributed, W ~ Eg 5, .4.

In this paper simplicially contoured distributed random vectors W ~ Eg .1, .4 are
considered, where the 6; fulfil equation (1).

2. DISTRIBUTION OF THE TEST STATISTIC

Theorem 2. Let be W ~ Eg,1,,, with 0; fulfil equation (1) and s,, < 5, <
Sm+1. The test statistic T,y has under the hypothesis Hy : o' = «f, the cumulative
distribution function:

m

E : (5 — 51)

k=1 l=k+1u
L Sn—sk 1 — t Ziskpa(simsk) et

Z?:1(§n_si) Z:£L=k+1(si_sk) 1+t n(gn—sk)

L Fmsen (1 ¢ Sihen(mse) T g oy S (simske)
i gp1 (Si—Sk41) I+t n(Sn—sk+1) ’1 = K (si—Sk+1)
: S (]t Dhamen) )"

Sk (Gn—si) 2iekr1(8i—5k) 1+t n(s,—sk) ’

2

Fr,ow(t)=1- {

i (si—sky1) X (si—sk)
i1 (si—sky1) st< S (si—sk)
0 _Z{:1(5i*5k)
’ SF (si—sk) —
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1 [ S5k (1 _ LELl(Si—Sk)) !
i kr1Gn—si) | o8 (si—sk) 1+t n(§n75k1)
_ Sn—Sk1 _LE?=1(S'L'—SI»'+1))TL7:| > (si—sk)
S (si—sky1) (1 4+t n(Sn—sk+1) ’ O=t< 41 (Si—5k)
. 1 Sn—Skil (1_421 1(si— 3k+1))n71 %
Z;l:k+l(§n75i) Ele(szi:skJrl) )

1+t n(Sn—sSk+1)
i) oy o i (Simsery)
G Ty IR S ey

O, _ 21 1(51751»-%—1) <t

Z;;k+1(si_sk+l) -

D3P SR [2"1 ’2"1 }

=1 u=m+1 i:l(si - 81) i:l(Si - Sn)

{(1 +t(n— 1))(115)”—1} },for £ 0,

Fr,(t)=0, for t<0.

Sketch of the proof. The proof orients on the working with the normalized
spacings for the order statistics in exponential sample distributions, see Sukhatme
[5]. The parts of the positive orthant R are determined in which the indices [
and u describing the estimators do not change. Then it is standardized. Next
the transformed parts are put up again to the whole positive orthant. Therefore
the vectors describing the edges of the parts are transformed to the standard base
vectors describing the edges of the positive orthant. It is changed to a coordinate
system suitable to regular simplicial distributions. Variables which do not appear in
the indicator function are integrated out. The inequation of the indicator function
is applied to the limits of the integrals and the integrals are calculated. The proof
is given in the appendix. O

The distribution functions of the estimators &, B, 0 and of the test statistic

Ts = ﬁ%f“ can be derived similarly, see Henschel [2]. The distribution function of
the estimator B simplifies to

Fy(t) =

i (1= 1) T+ I (s = s ) v <5
17%, t:ﬂ,

L= (= m) X (5~ ke

61(“7(25]) fo e 19(7" + Z?:kJrl(si - sk)t%)dr> t>p

and in the case of the exponential distribution to
Fﬁ(t) =
M (75— 1) expf= i s - 5052, t<p,
1- ma t= ﬂ7
n

L= (n=m) 5, (7 = aobr) exp{ - D (s - s0 52}, 1> 6.
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The distribution function of the test statistic 73 is under the hypothesis Hy : 8 =

Fraw®= 5 33 Gu-w)

k=m+1 =1 u=m+1

14+t(5n —s5) 2T, L (si—s)\" !
b (simsk) [t gy (Sn—si)—k] T+t(5n—sk)
n _1
14+t(8n—Sk+1) 1+t Zi:k+1(si75k+1)>n
le(si*SkH)[t g1 (Bn—si)— k:] 14+t(5rn—5k41) )

—m<t<0t#z

TQU X
1 1 1 k\™ k E\n—
k SF L (si—Sk+41) o Zle(sifsk)} {(nk 1) (1 - n) + (1 n) ] ;
b= sre 1
_ 14+t(Sn—58k+1) (1+% Z?:kﬂ(sz‘*swl))n_
Sk (si—skp ) [t gy (Bn—si)—K] 1+t(5n—5k+1) )
<t< -—

S (si—skt1)
moNon S1—84) 1 1 "
n D1 zﬁufm-ﬁ—l( 1~ Su) 1 ( — ) , fort <0,
Zi:l(si — sn) 1+ oy Zi:l(si - Sn)

m
F H=1-2 fort=o0,
75w (t) - for

——n
Z;L:k+1(si_sk+1)
0, t< —

m—1 m

P =1-{5 57 3 e

k=1 l=k+1u=m+1

1+t(5n—sk) (1+% Zle(sifsk))n_l
S (si—sk) [t h, Gn—si)—(n—k)] 1Ht(5n—sk)
_ 1+t(Sn—Sk+1) (1+% Ele(si*8k+1)>n71
i1 (Si—skp) [t F, (Bn—si)—(n— k)] 1+t(Sn—sk+1) ’
O<t< —

L 1(51*5k+1)7 t# >r (Sn;sl) )
1 1 1 n k B\ —
n—k [EZL:JCH(&—%H) (i sk):| [(n —1) (g) (1 - g) + (;) } ,

__n—k
b= i\ 1(Bn—s1) )
1+t(Sn—sk) (1+n Zf:l(si*sk))n_
Z?:k-;—l(si*'sk)[t Zle(gnfsi)f(n—k)] 14+t(5,—sk) )
TS G S S TS s
0, e <t<oo

Zic 1(si—sk) —

_ n—2
L1 DY 1Z7:lu m+1(Su = 81) < : nl ) , fort>0.
n Zz:l(sl — 81) 1 + n Zi:l(si - 81)

Remark 3. A statistic is called scale invariant, if T'(X) 4 T(aX) for all a > 0.
A statistic is called robust, if its distribution does not depend on the choice of the
density generating function. A statistic is robust, iff it is scale invariant, see Fang et
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al [1]. The test statistics T and T are under the null hypotheses scale invariant
and hence robust.

APPENDIX

Proof of Theorem 2.

-0
Fr,ow)(t / / ) <t) (n;lg)g (HW ”1> dwy ... dw,.
01 o o

The domain of integration is partitioned into such parts that the estimators &' and
0 can be described by concrete indices [ and u.

Therefore every [ = 1,...,m can be combined with every u = m + 1,....n
because then s; <35, < s, holds.

The variables w; or w,, respectively, integrate from 6; = « + 8s; to oo, i = [, u.
A line is determined by the points (s;,w;) and (s,,w,). All further points must lie
above this line, i.e. it holds

Wy, — Wy Wy, — WY . .
wy — — s+ — §; < w; < 00, i=1,...,n,1#l,u.
Su — Si Su — Si

Furthermore it must hold
0; = a+ Bs; < wy, i=1,...,n,9 # l,u,
where this condition is trivially fulfilled for ¢ =7+ 1,...,u — 1. Hence it holds

Fr,, ow)(t) Z Z / /

=1 u=m+1

/ /
Wy, — W '“/—'UJ u — W u
max{01,w; —— bll s1t+— 7511 s1} max{6;_ 1,w177le+ l Si—1}

5 Su—
oo /DO
w W w
wy— gu ZSH- - gl Lsitq wy— — = l€ +2 ll Su—1
/ . / .
Wy —w Wy —w
max{0u+1)wl Sl+ Su+1} ma‘x{envwlf szfsll s+ szfsll Sn}
w. wl
w; + Su_sl - sl) - ;
<
Wy —Wy _
Su—S1 (S Sl)

o
ofn ng)g <||w |1> dwy, ...dwy41dwy—1 ... dw41dw;—q . . . dwidw, dw;.
o o

Now it is standardized.

7;_97,' i i .

xi::w _ Y (OH_ﬂS), 1=1,....,n
a g

U)i:U.Ti—f—ei:JiCi—FOé-i-ﬁSi

dwi = dei-
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Wy, — Wy ,_ Su — Sn Sp — Si ’
wy + (Sn—s1)=0 x; T, | Fa
Su — Si Sy — 8 Su — Si
Wy, — WY — Su — Sn Sp — Si
W, — W, — Gn—s1))=0 Ty — T — Ty
Su — Si Sy — SI Su — Si
Wy, — Wy Wy, — Wy Loy — I Ly — X]
wy — s si=o|x; — Sy si | +a+ Bs;
Su — S Sy — S Su — S Su — S
and it holds
m n o) o0
Foan®=> > [f
=1 u=m+1 0 0
o0 o0
max{0, wlf sl+ 51} max{O,:clf sl+ 51_1}
/OO /
T — u_fll si+2 o —gl Si41 T — gz_fll sl+f::fll Su—1
/OO /’OO
max{O - = — 73[ Lg4+Z Su*sz u+1} max{o’wlfzuisl SZJFIsz—sl Sn}
Su—Sn Sn SI |
S _Sl x; + xu) + « Qp
<t
Sn Sn—S51
Su 751 Iy — Su—S1 (Eu)
c(n,g)g (||x|| Yday, ... deyy1de,—q .. dayeday—g .. dayda, dag.
The maxima are resolved. It holds
Loy — I Ly — X1 Sy — Sk S — S
0=ux; — sy + Sk = 1+ w
Sy — S Su — S Su — S Sy — S
Su — Sk
=, = —— k=1,...,l—1Lu+1,
S; — Sk
With
S0 ‘= —0OQ, Sn+1 o0
holds
Su — Su Sy — Su+1 Su — Sn Su — Sn+41
0= < << =1
S| — Su 1 — Su+1 1 — Sn I — Sn+1
and
Su — S0 Sy — S1 Sy — Si—1 Sy — SI
1= < <K = 00,
S;— So S — 51 Sp — S1—1 Sp— 81

i.e. the domain of int
Su—Sk
parts =

Tl S Ty <

egration of x, can be partitioned in dependence of x; into the

Sty k =wu,...,n,0,...,l — 1, such that within these
1—Sk+1
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parts the lower borders of integration of x,41,...,2, or x1,...,x;_1, respectively,
are 0 or greater than 0.

Let [ and u be fixed.

For z; with i € {1,...,1—1} holds for k € {u,...,n,0,...,i— 1} that 2=k <

S —S8k+1 —
2u=5 and hence that z, < 2=ty < Su=s 2y and from that with s; —s; <0
S1—S84 S1—Sk+41 S

Sy — 8 8; — 8 Sy — 8 8; — 8] Sy — Si
u Z"L'l + k2 xu > u le + 1 u l‘rl — 0'
Su — Si Su — SI Su — S Su — SI S| — Si
: : : s Su—Si
For x; with i € {u+1,...,n} holds for k € {i,...,n, ., 1—1} that $e=2t > fu=2t
and hence that x, > “’S’l‘ _;’: ;> Ssj%jfrl and from that Wlth si—s; >0
Sy — 8; 8; — 8 Sy — S 8; — 8] Sy — Si
u lml + K2 :L'u Z u le + K2 u l‘rl — 0'
Su — Si Su — SI Su — S Su — SI S| — S4

Su—Sk41

Frow®=3 > [© Jo

=1 u=m+1 s l—1Y 5 =5, T

/Oo /Oo
{Su Slzl_‘—Sl I“}I{“y EEAC) 0}(k) {wml'i'Sl_liSlmu}I{u ,,,,, n,0,..., - 2}(k)

sy —sS] sy —s] Sy —S] sy —58]

/7 —_t= /
Sy —sS s —s Su—Sq_ Su—1—%
u I+1 i+ 1+1 l(l:'u u u—1 T+ u—1 Z:E'u,

su—S] sSu—S] Su—3] Su—3]

/OO o0
Sy —s 1 s 1—S1 o /
{ Zuf‘; x 1+ Z:,Sl T Hust,.. n0,...,1-13 (k) (3= 1+ s,ru}l{no ..... 1—13 (k)
Su—S8n Sp—S1 r_
o (Tﬂl x; + sufs;,'r“) + « Qg

I - -

7 _ Su—S8n . _ Sn—Si
o (In p— €] pp— xu>

c(n,g)g(||x]|1)dey . . . deyp1dey—1 .. . dapprday—g .. dayde, day

<t

The domain of integration is for each k a part of the positive orthant R". For each
k the whole positive orthant is put up again now.

The transformations are organized in such a way that the ¢;-norm of the vectors
does not change, =,, = v,,.

Thecasesk=0,k=1,...,l—1,k =u,...,n—1and k = n are treated separately.

For k=1,...,1 — 1 one has with the notations
Z(k) = Z (s; —sx) and Z (k+1) Z (i — Sk+1),
k41 i=k+1 k+1 i=k+1
where

0< Zn:(k +1) < zn:(k), 2)

k+1 k+1
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Vi = Xy, 121,,k
vi:xi—su_siacl—si_slxm i=k+1,....,n,i#Lu
Sy — S Sy — S
(Su — Skt1) EZ+1(]€) (81— Skt1) ZZJA(]C)
v = x) — Ty,
(Sk+1 — Sk)(Su — S1) (Sk+1 — Sk)(Su — S1)
o — (51— s%) EZH(]C +1) _ (5u — s%) EZH(]‘? +1) l
C (sk1 —se)(su—s1) Y (Ska1 — sk)(Su—s1)

For the inverse of the Jacobian one gets

(su — 51)(Sk+1 — Sk) Sy — 81 ( 1 1 )

MO > RTH > =S AT SO SR I S (o

_ Sy — 81 Sp — Sk _ Sp — Sk+1
- Zfﬂ(?n — 8i) (ZZH(M e (b + 1)) ®)

and for the estimators

Su — Sn Sp — 81 Sp — Sk Sp — Sk+1
X + Ly =

- n v + n Uy
Su — 8 Su — 8 dora(k) T o (k+1)

For k = 0 one has

Su — Si S; — 81

v; = T; — T — T, i=1,....,n0# L u
Sy — S Su — S
Su — S1 Sp— 81
v=n Xy —n Loy
Sy — S Sy — S
n
2@
Vy = (x4 — x1).
Sy — S

For the inverse of the Jacobian one gets

1 s, —s;
|‘]_1‘ = X
0 n (1)
and for the estimators
Sy — Sn Sp — S 1
x; + lxu:f(vl—i—vu).
Su — S Sy — S n
For k =wu,...,n — 1 one has with the notations
k k k k
S (k)= (si—sk) and > (k+1):=3 (si— spt1),
1 i=1 1 i=1
where
k k
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v = Ty, i=k+1,...,n
Sy — S5 S — 81

vy = Ty — T — T, i=1,...,k,i#l,u
Sy — S Sy — S
(5u = sk41) S0 (k) (51— ske1) S5 (R)
v = Ty — us
(Sk+1 — 5k)(Su — 51) (Sk+1 — k) (Su — 51)

(k1 —sk)(su—51)" " (sk1 — sk)(5u — 1)

_ =) i) (su s XD

For the inverse of the Jacobian one gets

|J‘1| _ (8w — 81)(Sk+1 — Sk) _ Su— S 1 1 )
* Sk Shk +1) EoA\Sike+1)  Yr(k)

_ Su — S1 Sn — Sk - Sp — Sk+1 (5)
Sk G —s) \ M) Rk +1)
and for the estimators

Su — gn gn — 5] gn — Sk gn — Sk+1
r; + Loy = % Uy L
Su = Sl Su = Sl 21 (k) >ak+1)

u-.

For k = n one has

Su — Si S — 81 . .
v = X — T — Ty, i=1,...,n,i # L, u,
Su — S Su — Si
n
>1(n)
v = (g — 1)
Su — Si
Su — Sn St — Sn
Uy =N T —n To-
Su — S Su — SI

For the inverse of the Jacobian one gets

_ S1 — Su 1
It = —
1= Sy
and for the estimators
Su — Sn S — 81 1
X+ Ty = — (V1 + Vy)-

3

Sy — S1 Su — Si
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For the cdf one gets on this way

= 1, —s [ oE(vi+v.)+a —af
— 1 no_ <t]em,g)g(||v]1)dv,...dv

{/0 /0 nzm) (U(Un_i(wﬂu)) (n,9)g ([[v]l1)

-1 5 5 S)

uw — SI)(Sk4+1 — Sk

A

kz_:,l 0 o 2k Zk+1(k+1)
o (S tyu+ S, + o' —af

_ Sn —Sk+1
g (Un Zk+1(k) Zk+1(k+1)vu)

+Z/ / —Sl 3k+1_5k)

(k:+1)

<t|elm,g)g(|Ivl)doy...dv

Sp—S Sn—Sk
I o (R 5 <k++f> o)+l =

5 _ Sn= ék Sn—Sk41
7 (“” Sk LT SR )
Sl_su ol(v +v,)+a -
; v <t dv, ... dv; |
/ / ( o (Un — £(ui + vu)) ) c(n, 9)g ([Ivll) dv Ul}

It is changed to simplex coordinates, analogues to polar coordinates, see Henschel
and Richter [3].

<t|en,g)g(vl)dv,...dvn

Zl ) = vy + Vyy v = TQ,(/)h
Vv = g vy =12(1 — 1)
Tn—2 = Z?;:zlu Vi,
V5 = s ,f,).l“,nw’ i=1,....n—1i#Lu
J#lu
n—1
HJ 1”77,27" H(lfw)nlzl{l ..... 1-1y (D) ~=Tg1,. w1y (9)
i=1
il u
Zy: 1 = ro+T,_2, ro =1y, ||J, 1|| =r
Yy = 7.2_;?”727 T'n—2 = T(l - ¢u)
Vi, i=1,...,n— 1,7 # [, u unchanged

For Z, the composition of Z; and Z, one gets r = Z?:l v; and

||JZ 1” = - 17//u 1—1 ” 3 H ” 1—i—Tq, -1y ()T, u—l}(i).

'L;él u
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For the estimators one has for k = 0,n

1 1
7(1}1 + Uu) = =Ty
n n

fork=1,...,1—-1

gnn_ Sk Sp — Sk+1 o . Enn_ Sk E;L — Sk+1 1— )
RS SN TR W’(zmﬁm¢“*zmﬁk+m( 1

fork=wu,...,n—1

gn_skv n Sp — Sk+1 - (Sn_skw n Sp — Skt1 (1—¢)>7
SER) | The+1) GRS R

Taking into account, that

1 n 1
/ // // / n—l—i—I{l ..... a1y (D) =I{1, w13 (3)

L#l u

1
dvp—1 ... dyp1dpy—1 ... dPppdef—q .. dypy = T(n—2)
one has
I &K
Fr,,ow)(t) = Tn—2) >
=1 u=m+1

1Su—81 %T'(/Ju'f'a/;aé)
{/ / / S ( Tl — ) <t>
(1 —wu>” Se(n, 9)g(r)dyrdip, dr
Su — 51)(Sk41 — Sk)
*Z///aﬂzmmn
I<T'l/}u( Za— s@)lbl Sn_s(};cill (1 '@ZJZ)) o 7% <t>

T (ﬁ - "/)u (EZ»;@)M + 55;8(7@:_11) (1 - wl)))
" (1= )" Pe(n, 9)g(r)dndypy dr
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S
1<% (Brsw+ SF(ZTf)( - ) + 45 <t>
(5 (oo + S (- wl)))
"y (1= hu)" P e(n, 9)g(r)dipidepy dr

o //SZ_Su (:w?wb <t>

r”_ll/)u(l - wuyb_sc(na g)g(r)dll)zd%dT} )

where

Lrgy + 2% 4 g,
%7’(1 - wu) 1 — 1y

rou (St + S (- ) + U5
(v (St St - w))
2 wu("Z(i:l—”>wl+”<8”*8;:3( ~ )
— g (i + e (- )
o, (i S S (=) ) o
g (o )
o Yo (e M (- w)
g (M 4 M) (1))

i.e. under Hy the indicator function does not depend on r, i. e. the test statistic does
not depend on the concrete choice of g under Hy. The variable r can be integrated
out.

Fr,ow)(t) = (n—1)(n Z Z
+

=1 u=

{/01 /01 e {z;}( ] 1(1 — t) Yu(l = )" dgdipy

~

1
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/ / (8u — 51)(Sk+1 — Sk)
Sorp1(B) D (B +1)
1/} nSn*Sk)d) + n en—9k+1)( 71/})
I( PASEA 0 T B () !
— v (38—t + S (1 - )
// Su_sl 3k+1_5k)
SFk+ 1)
1 ( Y ("““;;;% nE) (1))
— v (M + "G (1 -y

) < t) %(1 - ¢u)n_3d¢ldwu

)) < t) Py (1 — wu)"?’dwldwu}.

The indicator functions are now applied to the domains of integration. Only ¢ > 0
are considered, because T,/ is nonnegative by the construction of the estimators.

k=0,n:
-
1 1/} s
/01<1_¢u<t>¢u(1—wu) dip,
- /0 Yu(1 = )" del,
1 1 n—
k=1,....1 -1

S0 (si—Skt1)
< —&i=11Tt TRT )
Let 0<t< Sk (si—sk41)

[ [ (oo a)_)
1 —wu (38 f,:;wl - "(5’”_5§Ii)(1 )

wu(l - dJu)” deldwu

. SR ()

- / R / a1 — )" Sdundep,

0

1 nGn—sgy1)
TH Do~ T, (kD)

Shaq (k+1)
B e e 5
T, s / B SO g (1= )" dyndi,
t k41 0
1+t n(Enp—sg)
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—1 -9 nGn—sk)  nEGn—Ssk+1) 14+tn(s, —
(=Dl =2 5o - St n(En — i)

(S —5k) n n—1
_ 1 ll - S (k) (1 ot Yk ) ‘

n(Sp—Sk+1)

2AonTok+1l) n n—1
P > ¥i(5ay <1 t Zk+1(k+1)> ]

n(En—sk)  n(Sn—5Skt1) 1+tn(s, —s
i) LD ( t1)

Let _ZL 1(‘5l_5k+1) <t < — 21 1(‘Sl_‘5k)

S (si—sky1) — k (si—sk)’

n(e,, Sk) n(sn—sk+1)
/ / ( Zk+1(k) P+ 7 (k1) (1 ¢l)) <t>
1— 1ty ’g‘ir*s’“ e+ ”ES” skl () —¢l))
Yu(l = )" dihrdey

. Tyl (®)

T+t n(sn—51)
- / ‘ / Pull = )" Sdibydipe
0

t L,"(S” Sk+1)
TH Ta  Sp, (4D

1 n(in_s]f)_n(_;n—&]ic+l) s
' ' o+ 1 _
M /t Zhp(®) / A w“(l - ¢u)n dwldwuv
itz 0

T4 n(sn—s5)

i.e. the integrals one gets from the case 0 < t < %, by replacing
t e (k1) 1
1+t ’I’L(gnfsk+1) -

n(sn—sk)

n n—1
_ 1 [1 ~ S (h) (1 R () ) 1
= ] _9 nGn—sk)  nEGn—8sk+1) 14+tn(s, —
(n—1)(n—2) S~ S e n(3, — si)

Let —% < t. For the domains of integration one gets no restrictions.
=151

nsnfsk YL(Sn—9 1)
/ / ( (k))wl MGEI 1/”)) < t)
1, ”<Sn-§,:;wl+ ”Z(i"*f,::i)( )
Yu(l =) dirdiy

1 1 4 1 s 1
= [ [ = tandn, = [ 0=, = e
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_ 21 1(Sz_sk)
Let 0 <t < S CTE=r

i k+1(3» Sk)

n(sn—s n(En—S 1)
n snfsk n(sn—s 1)
wu(l - ¢u)n 3d¢ld7/)u

D> {CE2)! 1
T+t n(sn—s )
= / / Yu(l = a)" 2 dihydi,
0 0
bl
tn(sn—sk
n(sp—s ) _ n—3
+/1’4 (sz%m)/litzfuz(l;«kfff) Yull = )" diidypy
t n(5n —sg n(sn—sg) n"Gn—sk
o z’fo«)k B Z’f(kj—;l
n(Sp—Skt1) b n—1
1 R » ((=2) (1_ t Si(k+1)
- —1 -9 n(Sn—sk) . n(Sp—Sk+1) 1 t I
(= =2) S IR S ==Y = k)

n(S,—sk) k n—1

B G ot (k)

n(En—sk) n(Sp—Skt1) 1+t n(gn _ Sk)
(k) Sr(k+1)

Let Zq 1(51 Sk) <t< _ Zl 1(5175k+1)

i k+1(51 sk) — i k+1(5l Sk+1)’

n(snfsk n(gn—8k+1) _
. n snfs ) N(Sn—Skt1) _
! ‘/’“ S Sy 1/”))
wu(l _'ll}u)n Bdilfzdi/)u
D> {CE)) 1
I+t n(Gn—spy1) n—3
0 0
1 1
1 nGn—sg _ n—3
L e [ e v i,
1+t n(Sn—spy1) n@En—sg) nGn—sk41)
L0 PLICESY
i.e. the integrals one gets from the case 0 < t < —%, by replacing
i=k+1 z
t 2na(R) 1.

T+t n(Gn—5k)

n(Sn—skt1) k n—1
_ 1 1+ S (k+1) (1_ t > (k+1) ) ]
—1N(n-2 nGn—sk)  nEn—Sk+1) 1+tn(s, —
(n=1)(n=2) GRS LISy 7(Sn = k1)
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~ Zimimsen) <4 Ror the domains of integration one gets no restrictions.

n

i:k+1(si*5k+1) -

n(Sn—5ky1)

n(an ak)
// ( 1/)u LR S Trsy (1—¢z)) <t>
N =
u(l - ¢u)”73d¢zd¢u

1,1 » 1 »
= [ = tandi, = [ o0 -, = e

For the cdf one gets hence

Fr,ow(t) =)

-1

{z

2 ST (k)

n

=1 u=m+1

(8u = 51)(Sk+1 — Sk)

Sn =Sk

1— Zk+1<k) 1— t Zk+1(k) n-l
Sn—sg Sn—Sk41 T+t n(En—sk)
IR R > Y (=
SnTSkhtl 7 n—1
EZJA(ﬁ*l) ot > ka (k+1) 0<t<— o (si—sky1)
Sn—sk Sn—Sk41 1+t n(§71_3k+1) ’ Zil (31_5k+1)
TE S D
1_ SEam AP > TR OR N
Sp—Sp Sn—Skp41 1+t n(Sp—sk) ’

ST T S D
_Xima(simeen) oy o iy (simsk)
S (si—sky1) — >F (si—sk)
_Z?:l(si_sk) <t
E»’f:l(si_sk) -
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n—1

(Su — 51)(Sk+1 — 5k)
P2 S TSy

In Skl n—1
SF(k+1) ot SR+
Sn—Sk _ Sn Skl +tn(Gn—ski1)

O zk(km
k n—1
Z’f(k) ( _ ot (k) ) ., 0<t< _M

1+

Enk—sk_gnkfspﬂ 1+t n(sn—sk) i1 (8i—Sk)
ST (k) XF(k+1)

In Skl k n—1
14 =hkt1) 1t 2kl
Sn—Sk _ Sn—Sk41 1+t n(Sn—Sk+1) ’

sEk) T TRkt
> (si—sk) <t<_ 21 1(8i—8k+41)
Dkt (si—sk) = (si—sk+1)
i=k+1 k i=k4+1\5i 7 Sk+1

Do (si—skt1) <t

L, S ki (Bimske1) =
Su — 81 1 1 I
2 s ) [ 0 D ]}
3>
=1 u=m+1
-1
{Z(Su_sl)
k=1

1 [ Spn—Sk (1_ LZ}HJU‘: )
k  Gn—si) [ 2k (k) 14+t n(Sn—sk)

__ Sn—Sk+1 _L2k+1(k+1)) _1] 21 (si—8k+1)

g1 (k+1) (1 1+t n(Sn—spt1) ’ D=t<- e 1(51*57»-%—1)
Sp—Sk ( __t Ek+1(k)>

ZL 1(371—"‘1) Ek+1(k) 1+t n(5n—sk)

_ iz (simsktn) <t< i (si—sk)

)

E?:I(Si*Sk-%—lgL - Sk (si—sk)
0 B> MO
’ z?:l(si_sk) -

+Z *Sl

1 {gn—Sk( I 0N )" !
k1 Gr—si) | X F (k) T+t n(sn—sk)

n—1
Sn—Sk41 . > (k+1) . El (si—sk)
SFh+1) (1 e n(sn—5k+1)) ]’ 0<t< sk

o Sn*SkJrl (1 ot S h(k+1) !
pj Hl(sn—&) >k (kJS) ( 1)+t n(5n—5k11) ( ) :
_ i=1(5i "5k =18k
i k+1(51 k) st< - k+1(sb Sk41)
0, _ Zﬂz 1(Simske) oy

Dk (Si—sky1) —

susl{ 1 1
Jr

ST~ ST [0 ”xlit)"l]}

n



722 V. HENSCHEL

and with rearrangements

m n -1 m—1 m n
=1 u=m+1k=1 k=1 I=k+1u=m+1
and
m n n—1 n—1 m k
> (su—s)f(R)= D fR)DY D (su—s1)
=1 u=m+1 k=u k=m+1 =1 u=m+1
one gets
m—1 m n
Y S e
k=1 l=k+1 u=m+

1 [ en—ek ( _sz.*_l ))n !
Zi;l(gn—sz) k+1 1+t n(Sn—sk)
9n_sk+1 _t 2k (kH1) i (simsk1)
Shi(RB+1) ( 1+t n(sn—Sk+1)) ]’ 0=t< 1 (8i—Skt1)
1 Sn—Sk ( _ _t Zk+1(k)>
Zle(gnfsi) Zg+1(k) 1+t n(3p—sk)
RSN » S|
bl 1(51—3k+21) _( ) Sk (si—sk)
_ 2.i=1\8i— Sk <
07 21_1(51 5k) _t

)

{snfsk ( _ k(R )"‘1

i Hl(sn—sl) Sk (k) 1+t n(5n—sk)

_s" Sk41 (1 t Zl(k+1) )n_1:|7 0St< Zq 1(51*5k)
) 1

SR (k+1) 1+t n(Sp—sk+1) ikt (si—sk)
- 5n_5k+1 (1 ot VRt
21 k+1(5n 54) Z (k+1) 1+t n(Sp—5kK+1) )
_ Zl 1(31 Sk) <t<— Ll(si—sk+1)
Dk (si—sk) = 2 i pg1 (Si—Sk+1)
0 _ 22;1(5i_5k+1) <t
’ i1 (Si—Skt1) —

*2 2 (ums o0 s~ st [t W) (@)H
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