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SPECTRUM OF RANDOMLY SAMPLED
MULTIVARIATE ARMA MODELS

AMINA KADI

The paper is devoted to the spectrum of multivariate randomly sampled autoregressive
moving-average (ARMA) models. We determine precisely the spectrum numerator coeffi-
cients of the randomly sampled ARMA models. We give results when the non-zero poles
of the initial ARMA model are simple. We first prove the results when the probability
generating function of the random sampling law is injective, then we precise the results
when it is not injective.

1. INTRODUCTION

Let X = (X¢)iez be a discrete-time second order stationary process with zero-mean
and values in R¥, satisfying an autoregressive moving-average model. Suppose that
the process is sampled by a random walk T' = (T}, ),cz with values in Z, independent
of X. Denote the randomly sampled process by X = (X1, )nez- Let us consider the
situation where the available data are only from the process X. The problem is to
recover the covariance properties of the original process X. According to Shapiro and
Silverman [17], we know that the univalence of the sampling probability generating
function is sufficient to allow unique recovering of the covariance function of X.
Hence the study of the model structure of the process X arises. Robinson [15]
proves that when X is an ARMA model, X is also an ARMA. _

In a previous paper [12], we obtain the rational spectrum of the process X, when
X is a univariate ARMA model. We give matrix representations for the spectrum
numerator coefficients of X. The AR part is given in Robinson [15] in the univariate
case, and in Kadi et al [11] in the multivariate case. A functional relation between
the poles of X (the roots of the AR part) and those of X is derived. The problem
of the zeros of X (the roots of the MA part) still arises in the multivariate case.

In the present paper, we examine the rational spectrum of X when X is a mul-
tivariate ARMA model. The spectrum numerator coefficients of X are expressed
through block-matrices. The non-zero poles of the initial model are assumed to be
simple.

Another interesting problem in random sampling situation is the estimation of
the second order characteristics of the process X using directly the observations from
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the process X. An extensive literature already exists for this statistical problem in
the univariate case; see for instance Bloomfield [1], Brillinger [2], Dunsmuir [3,4, 5],
Dunsmuir and Robinson [6, 7, 8], Marshall [13], Parzen [14], Robinson [17], Toloi and
Morettin [18].

The organization of the paper is as follows: In Section 2, we introduce some defi-
nitions and recall some results about randomly sampled multivariate ARMA models.
In Section 3, we derive the spectrum of X for initial ARMA process with simple non-
zero poles. We examine cases when the sampling probability generating function is
injective and when it is non-injective. The numerator spectrum coefficients are given
in terms of the initial ARMA model parameters and of the sampling distribution
convolution law.

2. PRELIMINARIES

Let € = (&)iez be a zero-mean white noise, with values in R and Y its covariance
matrix.

Let X = (Xi)tez be a zero-mean second-order stationary process with values in
R” satisfying the ARM A(p, q) equation:

P q

Zq)th,j = Z@jét,j, VteZ, (1)
Jj=0 Jj=0

where ®; (0 < j < p) and ©; = (0 < j < ) are the matrix coefficients with

By = Oy = I.

Denote the AR matrix polynomial by ®(z) = >30_®;2777, the MA matrix
polynomial by ©(z) = Z?:o ©;2977, and, for any square matrix A, we write |A| for
the determinant of A and com A for the matrix of cofactors of A. We will refer to
the roots of |®(z)| as the poles of the model and to the roots of |©(z)| as the zeros
of the model. Denote the spectrum of the process X by Cx (z) = >hez Cx (h)z",
where Cx (h) = E(Xo'X},), ‘X is the transpose of X.

Let || - || denotes any of the norms on the k x k matrices with complex coefficients.
The sequence (Cx(h)) is square summable, i.e.,

S lCx (WP < .

heZ

Consider now a sampling process T° = (7},)nez where the random variables
(Th+1 — Tn)nez are mutually independent and identically distributed. Denote by L
the distribution of (7,11 —7)) and by L; = P(T},41—T,, = j). Let L(z) = P L;z
be the probability generating function of L which is assumed to be defined in a do-
main including the unit disk; ¢ is the smallest integer such that Ly, # 0. Denote by
L*" the convolution of the distribution function L with itself, A times.

The sampled process X = (X )nez is defined by:

X,=Xr,, ne. (2)
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We assume the following assumptions:

A;) the poles of X are inside the unit circle;
As) the zeros of X are inside or on the unit circle;
As) @ and © have no common left divisors;
A4) the matrix @, is of full rank;
5) To = 0;
) the support of L is IN*;
)

o

A7) the sampling process T is independent of X.

Let us now recall some results on randomly sampled multivariate ARMA models
(see Kadi et al [11]):

i) The process X is an ARMA.

ii) Since X has a rational spectrum, there exists a in ]0,1[ such that Cx exists in
the ring Ja,a™![. Then, the spectrum of X exists for all z in the ring Ja,a 1|

050 o [ (2 Oy

C, is the circle of radius v with a < v < min(|z], |z|71).

iii) There exists a representation of X whose poles are the non-zero images by L of
the non-zero poles of X, with fewer or the same multiplicity orders.

Before stating the next section, we need two technical lemmas which will be useful
in the proofs. Denote by J the Jordan partitioned square matrice of finite dimension

O O Ox ... O
Ik 0 O ... O

J=10 I 0Op ... O
0r 0r O0r Ix O
where Oy, and I, have size k X k. The dimension of J will be specified in every case.

Note that the matrix J is nilpotent of order equal to its dimension.
We admit to set as notation

Ji=J77, ifj<o.
Lemma 1. Let P and @ be two matrix polynomials of degree m, P(z)= Z;n:o Ajzd

and Q(z)=>_"", B;2/, where the size of matrices (A4;) and (B;) is k x k.
Then the matrix coefficients C; of the expression P(2)'Q(z7!) are as

C; ="AJB, ifj>0
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and
C; ='A"JIB, ifj<0

with A = t(A(),Al, .. ,Am) and B = t(BQ,Bl, .. ,Bm)

Lemma 2. Let P and @ be two matrix polynomials of degree m, P(z) = >0 A; 2
and Q(z) = Z;n:o Bjz7, where the size of matrices (A;) and (By) is k x k.
Then the matrix coefficients C; of the expression ‘P(271)Q(z) are as
C; ='A"J'B, ifj>0
and
C; ="AJB, ifj<0
with A = t(tA(),tAl, ey tAm) and B = t(tBo, tBl, ey th)

3. SPECTRUM OF RANDOMLY SAMPLED ARMA MODELS

Let us introduce the following notations.
(rj) are the simple non-zero poles of X, |®(z)| = H Sz =1). @1(z) =2PD(x ),

O1(z) = 290(z™ 1), and M (z) = '(com ®(z))O(z)S'O1(z)(com P1(z)). The ele-
ments of M (z) are polynomials in the variable x.

Set M =*(*My_p,"My_p_1,...,"My) when ¢ — p > 0. M; is the coefficient of z7 in
the matrix polynomial M (x).

Rj = and th(tRl,th,...,tRkp).

M(r;)
—p+1 k
PP (U= 7re) Ty (ry = 7e)

Set W =t (¢oli, Y11y, ..., hq—plk); 1 are the first coefficients of the series
[27]®(x))| \‘P( il

|®(2)| = H 1(z— L(rj)) Zfﬁo $:2*"=1 is the determinant of the AR characteristic
polynomlal of X and set qb (qgolk, (Ellk, e, qzkplk)

(@)D = [Ty (== Llra)) = L3251 627717 with ¢ = 1, Vj € {12, kp).

In fact, the polynomial |®(z)|) coincides with the determinant of the character-
istic polynomial of the randomly sampled process X without the root L(r;).

Let ~ ~ ~
Il P
¢§”Ik ¢§2)Ik o L
A= ; :
1 2 T (k
('bl(s:p) 1 ('b](in) 1 te (z)l(fpp—)lfk

O 0 o 0
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A is of dimension (k(kp + 1),k(kp)). @i (—kp < i < kp) is the coefficient of 2% in
the product |®(z)| [®(2~1)| and &; = G_;, Vi € {1,2,..., kp}.
a—p
Define Ay, =) L;J7. Our main result is as follows
j=¢

Theorem. Assume that the poles of X are simple and that (¢ —p) > 0. Then the
spectrum of the process X is

kp+n ol zj
ég(z) = kzj:*(kpjn) VJ(‘I),@J/)A |
H P (]. - ZL(TJ))(]_ — Z*lL(,rj))

j=1

n is the highest integer such that nf < ¢ — p, and

VA (®,0, L) + Tjynikp(®,0,L), Vje{0,1,... kp}

Vi(@,0,0) =4
Ljtntrp(®,0,L), Vjel{kp+1,....kp+n}
where
kp
%(AR) ='RIATI g+ tJjAXR_% ST(Ry+Ry)| 9T 6, Vjie{0,1,... kp},
h=1

and ‘
J
L;(®,0,L) =Y (‘MA} ™ 0)Gupi-ny, ¥i €{0,1,....kp+n}.
h=0

The numerator spectrum coefficients satisfy

W=V, Yie{l,2,...,n+kp}.

Proof. We proceed to the calculation of 53; (see formula (3)) by residues.

As X is an ARMA process,

o - w1 ()
M(z)

2P I3, (v —rj) (1 = rjz)

We have then

-1

kp
Oz(2) = {;ﬁ AR el | CEIAERE ()

Jj=1

. M (x tM (z) A
(1 — z*lf(ac) * 1- ZE(CL‘))d } Ox(0)-
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For |z| < ~,we have |L(z)| < v < min(|z],|z|™!); therefore 1 — zf(w) # 0 and
1—271L(x) # 0. So the expression under the integral sign has as poles the roots T
of |®(z)| and zero.

We have to compute the three terms in the right-hand side (RHS) of formula (4):

)

— The residue at the simple pole r; is the constant term in the expansion of

-1

kp ~
M(x) |29 P+ H(l — T) H(w ) (1 — L(m))

z
(=1 (4]

in powers of (z — r;); thus it is

M(’I"j) % 1

“prl 1k =~
T;Z Pt o (L =rjry) H#j(rj —r¢)  1_ L(Zm)

— The residue at the pole zero (this occurs when ¢ — p + 1 > 0) is the coefficient of
z97P in the expansion of

kp =~
M@)| [0~ wr)e - r) (- 22) )

in powers of x.
Since (1 — 27 L(z))~! may be expanded into:
> (L@,
h=0

h e’}

and as (L(z))" = L*"(z) = >one L3"a7, the regular part of the expansion of

(1- z_li(x))_l in powers of x at order (q — p) is
n q—p )
s (S i),
h=0 j=ht

where n is the highest integer such that nf < (¢ — p). Now, to obtain the regular
part in the expansion of (5), we need only to express

q—p n a—p a—p

o —h #h .j+q—p ) —J
E V;x E z g L' g M_jiq—p
j=0 h=0 j=ht j=0

We find that the residue at the pole zero is a matrix polynomial in z~! of degree n,
and using Lemma 1, the coefficient of z=" is

q—p
Z L*h t\I] tJ] M
j=ht
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but
h

q—p ‘ q—p _

SNty =YL | ='A}

j=ht j=t
Let us denote by (f/j(o)((p’ @,L)) the coefficients in z~1 of the residue at

—n<j<0

zZero.

b) In order to compute the second term in the RHS of formula (4), we need to
replace 1/z by z and M (x) by ‘M (x).

To derive (‘N/j(o)((b, o, L)) for 0 < j < n, we apply Lemma 2. We obtain
vV9(@,0,L)="MA,U.
These coeflicients satisfy
=(0 (0 .
VO @,0,0)=V@0,L), Vje{l2...,n}

and
(@, 0,L) ="MV + VM.

c) The last term Cx(0) in the RHS of formula (4) is equal to

i L (x4 0x@)

dam
and the residue of this integral is %Zfﬁl (R; +'R;).

It follows from a), b) and c) that the spectrum of the process X is

> S S )+ 3
J ‘ .
—_— 4 _— = R; +'R)) V (@,@,L)zj.
S l-2"'L(ry) 51— 2L (r5) i
Now, we express the difference
Ox(2) = Y vi2,0,1)7 | . (6)
j=—n

After reduction to the same denominator, we obtain as numerator in the matrix
expression (6)

kp
SR [[( = 2L(rn)) | [](1 =27 L(ra)) (7)
j=1 h#j h
kp
SR [ —2"L(rn) | J]( = 2L(rn))
j=1  h#j h
1|

—5 |20 B+ By) | [T = 2Lra)) (1 — =~ L(r))-

Jj=1 h
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The matrix polynomial Z?ﬁl "R [ (1— zz(rh)) is equal to

kp kp p—1 kp -
SR [[(1 = 2L(rn)) =Y 'R, {z’“P—l@(z—l”(J‘)] -y (Z tRjgzgg)) ;

J=1 h#j j=1 i=0 \j=1
Set:
kp ]
Ri=>"R;joY, Vie{0,1,... kp—1},
the partitioned matrix *(* R, "Ry, ... ,tﬁkp,l, 0x) may be written in a matrix form:

A x R (The matrices A and R are introduced in the notations).

Now we have

(kiltfzizi> [T(1-="Za)) = (kil Ew’) =713z

=0 h
kp—1 _ kp
(}:1ﬁ5>< Giz” ) }: Brz"
=0 =0 h=—kp

where by Lemma 1

IRAJ G,  ifh >0
Br =

tRtA tJhg, ifh <0

In the same way

kp
ZRjH(l—z Hl—erh
h

J=1  h#j
kp—1 _ kp _
- (X (z¢> -3 e
i=0 i=0 h=—kp
where _
tpJPAX R, ifh>0
g={"
tptJhA x R, if h <O0.
and
kp kp _ kp ~
ZtRj H(l — 2L(rp))(1 = 27 L(ry)) = ZtRjzkp|<I>(z71)| (Z d)izl)
Jj=1 h j=1 i=0
kp kp o kp ~ 4 .
IO ALE <z¢> S e
=0 \j=1 =0 h=—kp
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it follows from Lemma 1 that the coefficients /6’;; of this product are

(5 tRteI G, ifh >0

B = o
Sk RS LIRS, i h < 0.

Then it comes that

S, Vi (@0, 1)

C=(z) — Z v9(@,0,L)2

A — T 2Lr)) (1 — 2 L)
with
kp
viiie,e,L) = thAJj$+t$tJjA><R—% S (R + Ry)| '0779,
h=1

je{0,1,... kp}.
The coefficients KZ(AR)(@, O, L) satisty
W@, e,0) =V (@,0,L), Vje{l,. .. kp}.

This leads to

% x7j<AR>(q>,@,L)zj+<§”; f/j‘O)z) ﬁu 2L(r;))(1—2"1L(r;))

j=—kp j=-n J=1

632(2) = P ~ ~
[T(1—2L(r;))(1 —2z"1L(ry))

Jj=1

and

n kp
Z Vj(o)zj H lsz (r5)) 172*12(73-))

j=-n
1 2n 2kp
7(0) _2n—i ~ 2kp—i
i=0 i=0
2(n+kp n+kp _
i=—(n+kp)
ithD, =0 _ V9 &
wil i = 2h=o VaenPrp—(i—h)-
Finally, it comes that
kp+n 17 1
-~ - Eji—(kp+n) ‘/J((I)7 @a L)ZJ

7= 12,1 = 2L(ry))(1 — 2~ L(r;))

Jj=1
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with

77 (AR) = e
. j ((I),("'),L) +Fj+n+kp((pa®7L)7 lfj S {0,17,143])}
7,(0,0,1) -

Ljintrp(®,0,L), ifje{kp+1,....,kp+n}.
This concludes the proof of the theorem. O

Remark 1. The matrix J which we use to define Ay, is of dimension k(g—p+1) x
k(¢g—p+1) while it is of dimension k(kp+1) x k(kp+ 1) elsewhere in this theorem.
We keep the notation J for the same type of matrices.

Remark 2. The initial model X has no zero pole owing to assumption A4. There
is no further difficulty to replace this assumption by weaker one: the matrix (®,,0,)
is of full rank. In this case, we have to consider zero as a possible pole of X with
multiplicity sg.

Remark 3. When (¢ — p) < 0, there is no pole at 0 and the spectrum of X is
simply given by:

N kp R. kp tR‘ 1 kp
Co(z) = S — 1y W IS RogtR)
X gl—z—lL(rj) ; 1 —zL(r;) 2; ! !
_ Z?i_kp ‘7]((1)307L)Z]
[152, (1 = 2L(r))(L = 271 L(ry))
where
~ -~ o~ 1 [&P -~ o~
Vi(®,0,L) = 'R'AJ¢+tpTJTAX R~ 5 > ('R +Rn)| 6],
h=1

je{0,1,... kp}.

Now, let us consider the situation where the probability generating function Lis
not injective. In this case, the randomly sampled model may be reduced. Denote

by L1, Lo, ..., L, the distinct values in the sequence (E(rl), E(’I"g), .. ,E(rp)). Let
us divide the set {1,2,...,p} into b distinct and non-empty classes Ey, Fa, ..., By

_ T 7 kp R; _ b R’
where R; = ZheEj Ry,.

This leads to Corollary 1 where the matrix A is of dimension (b + 1) x b and
R/ _t tR/ t p/ tR/
( 1 250 b)'
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Corollary 1. Assume that the poles of X are simple and that (¢ —p) > 0. If b
denotes the number of distinct and non zero values of L, then the spectrum of the
process X is
b+n 7 ;
D v A U YOL
b =~ R
* Hj:l(l_ZLj)(l_Z 'L;)

n is the highest integer such that nf < g — p, and

‘Z(AR)((I)a(—)7L)+fj+n+b(¢)a@7L)7 vj € {07177b}

%(@7671’): ~
Tjynis(®,0, L), Vie{b+1,....b+n}
where:
1 [
(A i 7 Tt ri DT 10d .
vj( R):thAJ]¢+t¢tJ]A><R—§ > (Ru+Ry)|'¢J¢, Vje{0,1,...,b},
h=1

and ‘
j
T;(®,0,L) = Z ("MAR ) By iny, Vi€{0,1,...,b+n}.
h=0
The numerator spectrum coefficients satisfy

W=V, Vjie{l,2,...,n+b}.
Let us consider the AR(p) models.

Corollary 2. Assume that ¢ = 0 and that the poles of X are simple. Then the
spectrum of the process X is

. - .
Cx(z) = 24ty Vi(®,0, 1)
k ~ ~ 9
X [E (1= 2L(r;) (1 — 21 L(ry))
where
~ -~ o~ 1 [&e -~ o~
Vi(®,0,L) = 'R'AJI¢+'pTJTAX R~ 3 > (‘Ru+Rn)| 6],
h=1

vje{0,1,...,kp}.
The numerator spectrum coefficients satisfy

W=V, Vjie{l,2,... kp}

Proof. In this case, we have no pole at 0 and the spectrum of X is as in Remark 3.
O

Let us now consider the M A(g) models. Denote {2 =* (Zé, CH 26%7 e @qzé).
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Corollary 3. Assume that p = 0. Then the spectrum of the process X is

where n is the highest integer such that nf < ¢ and the coefficients \73 are quadratic
in the parameter matrices ©;,

V;(0,0,L) ='QAIQ, Vje{0,1,2,...,n}.
These coefficients satisfy

W_;(0,0,L) =V;(0,0,L), Vje{l,2,...,n}.

Proof. For p = 0, we obtain

V;(0,0,L) = T;1,(0,0,L), VYje{l,...,n}
Jj+n )
= Y V2 B ann)-
h=0
All the terms ¢_(j4,,—p) vanish except when h = j +n. So
V;(0,0,L) =V, (0,0,L) = *MA} .

Given that the matrix AJL has the form

Ojg;c Ojgk 0y 0
Lin, o 0n O
LI LiL, 0 o |,

je+1

LiL,  LY\I, LI LI "0
where the matrix 0j¢ is as 0jp = t(Ok, ...,0x); we obtain,
————
7€ times
Vi(0,0,L) =Y Ly "My .
h=j¢
The initial model is a M A(q), so the matrix M(z) is as follows

M(z) = O(2)L/01(z) = 290(x)S Oz ") =29 C(j)a’.

Jj=—q
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Therefore the matrix coefficients My, M, ..., M, are respectively equal to C(—q),
C(—=q+1),...,C(0) and the matrix covariances may be written by Lemma 1

HOJIQ,  if 5 >0

@) = .
B LI, i 5 < 0.
Hence
q . .
V;(0,0,L) Z Lyte=n="a > Ly a="aa0 -
h=j¢ h=j¢

4. NUMERICAL EXAMPLES

In this section, let us examine some simple cases. The process considered is two-
dimensional and the sampling law is such that L; # 0.

e Let X be a first order moving average process: X; = ¢; + O¢;_1,

0.5 -1
where © = ( 0 0'5> and X, = Io.

The spectrum of the process X is given by:

Cx(z) = COx(~1)z' + Cx(0) + Cx(1)z = !0z + (2, + O%.'0) + 0%, 2.

=~ 249,414 —zQ—lz
O _ [ 2% 1 2
2Cx(2) < —52—1 2z + z—|—

The spectrum of the process X is obtained by applying Corollary 3:

C=(2) = V_1(0,0,L)2" " +V,(0,0,L) + V;(0,0, L)z
= L3Oz + (S + 0%.'0) + L1 2.

So
-~ Lz + z+1L1 lesz%z
(2) = V) 1022+ 32+ 4L
1 5L12°+ 32+ 51

In Tables 1 and 2, we compute the zeros of the process X for different values
of L1 .
a) When the sampling distribution is a Bernoulli law, we have

Ly =p~H(1-p)*7, je{L2}

a) When the sampling distribution is a Poisson law, we have

j—1 .
L; 767}\(? Ik j= L
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Remark. In all the tables, we only report the models with zeros inside the unit disk.

Table 1. Bernoulli law.

L4 ZEeros modules of zeros
0.1 —0.0245 £+ 0.01954¢ 0.0313
0.2 —0.0494 £+ 0.0391% 0.0630
0.3 —0.0755 £ 0.05874 0.0956
0.4 —0.1033 £ 0.07831 0.1296
0.5 —0.1338 +0.09797 0.1658
0.6 —0.1684 + 0.1173% 0.2053
0.7 —0.2096 + 0.1357% 0.2497
0.8 —0.2621 +0.15124 0.3026
0.9 —0.3381 + 0.15584 0.3722

We notice, from Table 1, that the zeros of the sampled process X , are more
stable than those of the process X. We also see, that the more L; is small, the more
these zeros are stable. So the more the sampling process has increments of longer 2,
the more the zeros of X are stable. In Kadi [10], we study by means of numerical
examples the behaviour of the zeros of X in relation with the zeros and the poles of
X in the univariate case. The same properties are reported.

Table 2. Poisson law.

A L1 Zeros modules of zeros
0.1 0.9048 —0.3427 £ 0.1553i 0.3764
0.3 0.7408 —0.2293 + 0.14264 0.2700
0.4 0.6703 —0.1965 + 0.13044 0.2358
0.6 0.5488 —0.1501 + 0.10744 0.1846

1 0.3679 —0.0941 + 0.0720i 0.1185

3 0.0498 —0.0122 + 0.0097i 0.0156

6 0.0025 (—06046 + 0.4837i) x 1073 0.7742 x 1073
9 1.2341 x 107* (—0.3010 + 0.2408i) x 10~* 0.3855 x 10*

We notice the same behaviour as in the case of the Bernoulli law.

e Let X be a first order autoregressive process: X; + ®X; 1 = ¢,

0.25 1
where ® = < 0 _0.5) and X, = I5.

The spectrum of the process X is obtained by applying Corollary 2:

f[(1—zL(rj))(1—z L(r]) ZV(I)OL

j=—2



Spectrum of Randomly Sampled Multivariate ARMA Models 331

To compute the coefficients YN/j, we need:

1.2 .9 1 1
M(z) ( —z% — ix ixz + %x - i
|E’(Z)| = 5022+<;1Z+52

- 2 (Z(n) n E(@) 2+ L(r)L(rs)

e e
A = —L(’I’Q)IQ —L(’I"l)IQ
(15 02
M M
Ry = (r1) and R, = (r2)

(1=r2)(1—rir2)(r1 —r2)

Then we obtain:

(1 — T%)(l — 7"1T2)(7"2 - 7“1)'

Vo(®,0,L) = %(R1 + Ro+ 'Ry + 'Ra) — (1 L(ro) + %qf?% + %553)(}31 +1Ry)
—(¢1L(r) + %sz + %5%)(32 +'Ry)

i@,0,1) = —(L(a)+ 30+ 30182) (B + ' Ry) — (E(r1) + 56
+%¢7152)(R2 +'Ry)

B@.0,1) = 33 (Rat Bot Ry +By).

In Tables 3 and 4, we compute the poles and the zeros of the process X for
different values of the Bernoulli parameter p and the Poisson parameter A.
a) When the sampling distribution is a Bernoulli law, we have L(z) = (1—p)z+pz?.
b) When the sampling distribution is a Poisson law, we have Z(z) = zexp(A(z—1)).

Table 3. Bernoulli law.

D poles Zeros

0.1 —0.2188; 0.4750 —0.1392; 0.1409

0.2 —0.1875;  0.4500 —0.1228; 0.1242

0.3 —0.1563; 0.4250 —0.1055; 0.1065

0.4 —0.1250;  0.4000 —0.0871; 0.0878

0.5 —0.093; 0.3750 —0.676; 0.0679; 0.7280

0.6 —0.0625; 0.3500 —0.466; 0.0468; 0.5559

0.7 —0.0313; 0.3250 —0.8662; —0.0242; 0.0242; 0.4575
0.8 1.387 x 107%7;  0.3000 —0.5467; 0.0000; 0.0000; 0.3862
0.9 0.0313; 0.2750 —0.4207; —0.0261; 0.0260; 0.3295
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Table 4. Poisson law.

A poles Z€eros

0.1 —0.2206; 0.4756 —0.1401; 0.1418

0.3 —0.1718; 0.4304 —0.1139; 0.1151

0.4 —0.1516; 0.4094 —0.1224; 0.1033

0.6 —0.1181; 0.3704 —0.0822; 0.0828; 0.9973

0.9 —0.0812; 0.3188 —0.0585; 0.0587; 0.5320

1 —0.0716; 0.3033 —0.8435; —0.0521; 0.0523; 0.4825
3 —0.0059; 0.1116 —0.1472; —0.0046; 0.0046; 0.1425
6 —1.3827 x 107%;  0.0249 —0.0314; 0.0313

9 —3.2518 x 107%;  0.0056 —0.0063; 0.0069

In the univariate case, we observe on many examples that the zeros of X are more

stable than those of X. This property needs to be more studied to determine the
conditions under which this property holds.

(Received September 19, 1996.)
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