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EXACT DECOMPOSITION OF LINEAR SINGULARLY
PERTURBED H*-OPTIMAL CONTROL PROBLEM

EMILIA FRIDMAN

We consider the singularly perturbed H“°-optimal control problem under perfect state
measurements, for both finite and infinite horizons. We get the exact decomposition of the
full-order Riccati equations to the reduced-order pure-slow and pure-fast equations. As a
result, the H°°-optimum performance and suboptimal controllers can be exactly determined
from these reduced-order equations. The suggested decomposition allows the development
of new effective algorithms of high-order accuracy.

1. INTRODUCTION
Consider the linear time-varying singularly perturbed system
.’ifl = All.’IJl + A121'2 + Blu + Dlw, 6@2 = A21(E1 + A22£C2 + BQU + .DQ’U}7 x(O) =0

and the quadratic functional

J =a'(ty) Fa(ty) +/0 f[z’(t)@(t)x(t)Jru’(t) u(t)] dt, (1.2)

where © = col{x1,z2} is the state vector with z1(t) € R™ and z3(t) € IR",
u(t) € IRP is the control input, w € IR? is the disturbance. The matrices A;; =
A;;(t), B; = B(t), D; = D;(t) (i = 1,2, j = 1,2) are continuously differentiable
functions of ¢t > 0, and ¢ is a small positive parameter. The symbol ()" denotes the
transpose of a matrix,

/ Qu Q12 / Fi1  els
—Q = >0, F=F = > 0.
=0 (Qm sz) - (€F21 EFQQ) -

Denote by | - | the Euclidean norm of a vector. Let S;; = BZ-B§ — 7_2DiD}, 7=
1,2, j=1,2, B. = col{By,e !By}, D. = col{Dy,e 1D},

A — Ay Aqp S — S11 e 185,
s 8_1A21 E_lAQQ ’ £ 6_1521 6_2522 ’
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With (1.1), (1.2) we associate the Riccati differential equation (RDE)
Z+AZ+ZA ~ZS.Z+Q=0; Z(ty)=F (1.3)
for the matrix function

z=z=200= (509 Z203) 1

For each & > 0 the H*-optimum performance v*(¢) is computed by the formula [1],
[10]
7*(e) = inf{y > 0] (1.3) has a bounded solution on [0;¢y]}.

A controller that guarantees the performance level v > v*(g) is determined by the
relation
u(t) = —[By; e 'BY) Z(t,e)x(t), te[0;ts], (1.5)

where Z(t,e) = Z(t,e,7) is the solution of (1.3).
In the infinite horizon case we take A., B, D, and Q = C'C to be time invariant,
F = 0 and assume:

A1l. The triple {A., B, C} is stabilizable and detectable for € € (0,¢] (g9 > 0).

The H*-optimum performance is determined from the full-order generalized al-
gebraic Riccati equation (ARE) of the form (1.3), where Z = 0 as follows [1, 10]:

v*(e) = inf{y > 0]the full — order ARE has a nonnegative definite solution such
that the matrix A, — S.Z is Hurwitz}.

Computation of v*(g), and the corresponding suboptimal controller (1.5) for small
values of € > 0 presents serious difficulties due to high dimension and numerical stiff-
ness, resulting from the interaction of slow and fast modes. In [10] an upper bound
7 for v*(e) has been found on the basis of a slow and a fast control subproblems.
For each v > % a composite controller has been designed that gives the zero-order
approximation to the controller of (1.5) and achieves the performance ~ for the full-
order system for all small enough e (see also [3] for a composite controller in the
case ty = 00). In [7] and [9] the frequency domain decomposition of H* control
problems has been obtained, however the issue of optimal controller design has not
been addressed.

The main objective of the paper is getting the exact decomposition of the problem.

2. MAIN RESULTS

We will develop the method of exact decomposition of the full-order Riccati equations
initiated with the works [4,12], to H*-optimal control problem. We begin with the
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finite horizon case. Consider the Hamiltonian system corresponding to (1.3) with
the adjoint variables y, ys:

T1 1
yl _ Rll R12 Y1 o Aij _Sij

edy [ (R21 R22> x9 |’ Rij = (Qij —A ) (2.1a)
€72 Yo

xl(tf) = x?, yl(tf) = F11.T? + EFlgxg, :Eg(tf) = x% yg(tf) = F21$(1J + Fzgxg.
(2.1b)

Lemma 1. For each ¢ > 0, (1.3) has a bounded on [0, ¢/] solution iff there exists

the matrix function of the form (1.4) such that for all :Ego) € IR™, méo) € IR™ a
solution of (2.1) can be represented as follows:

COl{yhg:(/Q} = ZCE, te [O7tf] (22)

For proof of Lemma 1 and the other Lemmas of the paper see Appendix.

Let C4Cy = Qa2. Consider the following ARE
A, M@ + MO Agy + Qa0 — MW S5, M) =0, t €0,y (2.3)

which corresponds, for each ¢ € [0,¢f], to the fast infinite horizon subproblem.
Assume

A2. The triple {Ass, Bo,Cs} is stabilizable and detectable for all ¢ € [0,].

Let 7} = inf{y'| ARE (2.3) has a solution M (9 > 0 such that Ag = Agy — Soy M (®)
is Hurwitz}. We choose vy = supy¢p, 7. Under A2 vy < oo [10]. We shall further
consider only vy > vy+d with § > 0 fixed. From [2, Lemma 4] and from the continuous
dependence of Rgs on t € [0,t¢] and 1/y € [0, (v + 6)7'] it follows that for all
v >vf+0 and t € [0,%f] the matrix Rao has ng stable eigenvalues A\, ReA < —a < 0
(corresponding to Ag) and ng unstable ones, ReA > «. This implies [11] the existence
of £, > 0 such that for each v > ;46 and € € [0,¢,) there are the matrix functions
H = —Ry Roy + eH(t,e), P = RiaRy; +eP(t,e), M = M© + eM(t,e) and
L =L +¢L(t,¢) that satisfy the equations

eH +eH(Ry + Ri2H) = Ro1 + Ry H, (2.4a)

eP + P(Ryy —eHRy3) = e(Ryy + RioH) P+ Ry, (2.4D)

eM + M[Ass + eKy + (K3 — Saz) M] = —Qaz + K5 + (—Aby +eK4)M, (2.4c)
eL—L[AYy—e K4+ M(eKo—S52)] = [Aga+eK 4 (e Ko —S22) M| L+eKy— S0, (2.4d)

where
K1 K2 _ _ Hl H2 _ Pl P2
<K3 K4) = HRw, H= <H3 H4)’ P= (P3 P4)' (2:5)
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The matrix M is a solution of (2.3) and L) satisfies the Lyapunov equation,
that results from (2.4d) by setting ¢ = 0. If the coefficients of (1.1) and (1.2) are
smooth, the functions H, P, M and L can be easily found in the form of asymptotic
expansions. The terms of these expansions can be determined from linear algebraic
equations [11]. In the time-invariant case, H, P, M and L can be also computed
numerically [6].

For v >~y 4+ d and ¢ € [0,¢,) the nonsingular transformation [11]

x1 I 0 &Gy eGz2\ [w

il _ 0 I eGs eGy V1 (2.6)
T2 H, Hy, E E uz |’ '
Y2 Hy Hy E; L4 v

where
El E2 _ I L G1 G2 _ I L
(E3 E4) _(I+€HP)<M I+ML)’ <GS 04) _P<M I+ML>’

decomposes (2.1) into the slow system for u; € IR™ and v, € R™

w1 _ U (W Wa\
(%) N W(m)’ W= <W3 W4> = Ry + B2 H, (2.7a)

and the two fast decoupled equations for us € IR™ and vy € IR™

51.1,2 = (AQQ + €K1 + (—522 + €K2)M) Uz, 61-)2 = (—A/22 + €K4 + M(SQQ — EKQ)) V3.

(2.7b)

In all previous derivations €, can be chosen independent of . Really, the matrix

functions H, P, M, L define integral manifold of (2.1) and some auxiliary singularly

perturbed systems [11]. Due to the inequality ReA < —« for the eigenvalues of Ag

and since the coefficients of (2.1) are uniformly bounded on v~! € [0, (7 + 8) 1],
these integral manifolds exist for all small enough € and v > v¢ + 6. Thus we get:

Proposition. There is g9 > 0, such that for all ¢ € (0,e0] and v > vy + ¢ the
transformation (2.14) exists and decomposes (2.1) into the systems of (2.7).

Substituting (2.6) into the terminal conditions of (2.1) and further eliminating
29 and 29, we obtain the following terminal conditions for uy, vy, ug, va:

() G, - w)Ch) e
t=t; u3)’ Y2/ |i=t, Un U )\uy)’

where
1 Yl ‘I)l (I)Q —Spl —8P2 1 0
U €U\ (Yo (Y1) Yol | ®3 &4 —eP3 —ePy || Fi1 €F12
t=ts Y, Uy Uy E3  Ey Fy Fy

(2.9)
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D, Py =1 2o I+LM —L Uy U, =1 2o
=I+ePH, (2! 22)= , =—(Z' 2%)H.
((1)3 @4) € (:.3 :4) ( —-M I ) <\I/3 l114) (:3 :.4>

By straightforward computations we get

(}2) - (I I+ L(O)(]\g(o) _ F22)> +O(e). (2.10)

To assure the existence of the inverse matrix in (2.9) we assume

A3. The matrix I 4+ LOO(M©) — Fy,) is invertible at t = ¢; for all 4 > 4 + 4.

Consider the pure-slow RDE for the ny x ni-matrix function N = N(¢,¢)

N+ N(Wy +WoN) = Wi+ WyN, N(t;) = Ui, (2.10)

and the pure-fast linear equations for the n; x nj-matrix functions N;; = N;;(t,¢€):
€Ny = —Nio(A + e(Ky + KoM + Wa)) + eWyNyo, Nia(tp) = Upp, (2.11)
eNgy = —(N — e(Ky — MK3)) Noy — eNoy (W1 + WaN),  Nay(ts) = U, (2.12)
eNgy = —Nag(A+e(K1+KoM))—(N —(Ky—MK3)) Nag,  Noo(ty) = Uag, (2.13)

where A = Agy — SooM. Similarly to Lemma 1, equations (2.10)—(2.13) have
bounded solutions on [0,¢¢] iff a solution of (2.7) can be represented in the form

v1 = Nuj + eNqjgus, v9 = Nojuy + Nogug, tE€ [O,tf} (2.14)

for every u§ € IR™, w3 € IR™. Finally, substituting (2.14), (2.6) into (2.2), and
equating separately terms with u; and us, we get

7 I+ eGoNay eG1 + eGoNoo -
Hy + HoN + EoNay Ey+ EaNgy +€HaNig ) (2.15)
N + eG4 Noy eN1s +eG3 + eG4 Noo .
E(Hg + HyN + E4N21) eF3 +eFE 4 Nooy + €2H4N12 ’

If for v > 4 + 6 and small ¢ RDE (2.10) has a uniformly bounded solution on
[0,¢f] then the linear equations (2.11) - (2.13) have solutions, exponentially decaying
on [0,tf]:

|Nij(t,e)| < Ke®t)/e e 0,ty], K >0. (2.16)

Lemma 2. Under A2 and A3 for any J > 0 there exists €5 > 0 such that for all
0 <e <e5 and v > ¢ + 6 the following holds:

(i) The full-order RDE (1.3) has a bounded solution on [0,f] iff the slow RDE
(2.10) has a bounded solution on [0, t¢];

(ii) If (1.3) has a bounded solution on [0,t¢], then this solution can be uniquely
defined from the equations (2.4), the decoupled pure-slow and pure-fast differ-
ential equations (2.10)—(2.13) and the linear algebraic equation (2.15).

From Lemma 2 it follows immediately:



596 E. FRIDMAN

Theorem 1 (finite horizon case). Under A2 and A3 the following holds:

i) For a prechosen ¢ > 0 and all small enough ¢, the suboptimal controller (1.5),
that guarantees a v > max{y*(g), v +0} performance level, can be determined
from (2.4), the decoupled reduced-order pure-slow and pure-fast differential
equations (2.10)—(2.13), and the linear algebraic equation (2.15) instead of
(1.3);

(ii) If v*(e) > ¢ + 6o for 0 < € < &g, then for all small enough ¢, the value of
~v*(€) can be found from (2.4a) and the slow RDE (2.10) by the formula:

~v*(e) = inf{y > 0 | RDE (2.10) has a bounded on [0, ] solution}. (2.17)

In the infinite-horizon case we take A, B, D, @ to be constant and F' = 0. In
this case (2.4) are algebraic equations and H, P, M and L are constant.

Lemma 3. Under Al and A2 for any § > 0 there exists €5 > 0 such that for all
0 < e <esand v > v¢ + 6 the full-order ARE of (1.3), where Z =0, has a unique
solution Z, such that the matrix A. — S.Z is Hurwitz, iff the slow ARE of (2.10),
where N = 0, has a unique solution such that Ay = Wy + W) N is Hurwitz. The
solutions of ARE (1.3) and of ARE (2.10) are related by formula:

1
_ N EGg 1 €G1
Z= (5(H3 + HyN) EEg) <H1 +HN By ) ! (2.18)

where the inverse matrix exists.

Note that Al, imposed on the full-order problem (1.1), (1.2) can be decomposed
into corresponding conditions for the slow and fast subproblems [8]. From Lemma 3
it follows

Theorem 2 (infinite horizon case). Under Al and A2 the following holds:

(i) For a pechosen § > 0 and all small enough &, the suboptimal controller, that
guarantees a v > max{y*(¢),vs + ¢} performance level, can be determined
from (2.4), (1.5) and (2.18), where N is the solution of ARE (2.10) with the
Hurwitz matrix A; and Z > 0;

(ii) If v*(e) > vy + & for 0 < € < gg, then for all small enough ¢

~v*(e) = inf{y > 0| ARE (2.10) has a solution such that A; is Hurwitz and
Z, defined by (2.18), is nonnegative definite}.
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3. CONCLUSIONS

Solutions to the e-dependent reduced-order equations (2.10)—(2.13) can be found
without difficulty by standard numerical and asymptotic methods. This would lead
to effective reduced-order algorithms for H°°-Riccati equations. For a nonlinear
counterpart of the infinite horizon results see [5], where an asymptotic approximation
to the suboptimal controller is constructed on the basis of exact decomposition, and
it is shown that the high-order accuracy controller improves the performance.

APPENDIX

Proof of Lemma 1. Let RDE (1.3) has a bounded solution on [0,t¢]. Consider
the equation
t=(A.+B.Z)x, te|0,tf]. (A.1)

Let x(t) be a solution of (A.1) with z(t;) = 2°, and y;(¢), y2(¢) be defined by (2.2).
Then y1(ty), y2(ts) satisfy the terminal condition of (2.1). Differentiating (2.2) and
applying (1.3) and (A.1) we shall see that the functions x;(t), z2(¢), y1(¢), y2(t)
satisfy (2.1).

Conversely, let there exists Z(t), satisfying (2.2), where {x1(t), x2(t), y1(t), y2(t)}
is a solution of (2.1). Then x(t) satisfies (A.1). Let (to,x0), to € [0,tf] be an
)
(

arbitrary initial value for (A.1). Then (A.1) has a unique solution z(t) on [0,ty],
satisfying z(t9) = xo. Differentiating (2.2) on ¢, at ¢t = ¢, we shall get (1.3) multi-
plied by zo. This implies (1.3) since to and x are arbitrary. O

Proof of Lemma 2. Let (1.3) has a bounded on [0, ¢f] solution. Since Lemma 1
for any 0, 29 the Hamiltonian system (2.1) has a solution, represented in the form

2.2). Consider the system of (2.7), (2.8) with arbitrary terminal values u{ and
( 1

u9. This system has a solution represented in the form of (2.14) iff the following

algebraic system, that is obtained by substituting (2.6) into (2.2),

( v1 4+ eG3us + eGvg ) _ <ZH EZlQ) ( u1 + eGrus + eGavg )
Hsuy + Hyvy + Esus + Egva )~ \Zo1 Zao ) \ Hiuy + Hovy + Eius + Eqvs
(A.2)
is solvable with respect to v; and ws.

The linear algebraic system (A.2) is solvable with respect to v1, vs iff the equations
(2.10),~ (2.13) have bounded on [0, %] solutions. The uniqueness off the solutions
of (2.10) - (2.13) implies that the linear algebraic system (A.2) can possess only one
solution. It means that the latter system has the unique solution (2.14) and N
obtained is the bounded on [0, t7] solution of (2.10).

Conversely, let (2.10) and, hence, (2.11) - (2.13) have bounded on [0, ¢ ;] solutions.
Then the terminal value problem of (2.1) has a solution related in the form of (2.2)
iff the linear algebraic equation (2.15) is solvable with respect to components of Z
or iff (1.3) has a bounded on [0, ¢f] solution. The uniqueness of the solution of (1.3)
implies the existence and the uniqueness of solution of (2.15) and, therefore, the
existence of the bounded on [0, ¢f] solution of (1.3). This completes the proof of (i)
and (ii). O
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Proof of Lemma 3. Let ARE of (1.3) has a solution Z, such that the matrix
A. — S.Z is Hurwitz. It means [2], that the set

X~ ={(z1,22,y1,92) | (2.2) is valid} (A.3)

is the stable eigenspace of the matrix Ham., of the Hamiltonian system (2.1). More-
over, Ham, has n; + ny stable and n; + no unstable eigenvalues and such Z is
unique. Applying to X~ the nonsingular transformation of (2.6), we get the stable
eigenspace M~ of the matrix V of the system of (2.7). The latter stable manifold
can be represented in the form

M~ = {(Ul,vl,UQ,’l)g) | (2.14) is valid} (A4)

iff (A.2) is solvable with respect to vy,vs. Eigenvalues of the matrix V' coincide
with those of Ham.,. Therefore the matrices N, Nia, Nai, Nog in (A.4) are uniquely
defined. This implies the existence and the uniqueness of the solution (2.14) of (A.2)
and, hence, the existence of M~ given as (A.4). The matrices N, Ni2, Noj, Nog in
(A.4) satisfy ARE of (2.10) and algebraic equations of (2.11) — (2.13), where N;; = 0.
The linear homogeneous algebraic equations (2.11) and (2.13) have the unique solu-
tions N;2 = 0,7 = 1,2 due to the nonsingularity of Ag.Then the equation vy = Nuy
defines the stable eigenspace of the matrix W, that has no eigenvalues on the imagi-
nary axis, and Ay is Hurwitz. The uniqueness of the solution of ARE (2.10) with the
Hurwitz matrix A; follows from the uniqueness of the stable eigenspace of W. Note,
that No; = 0 since it is the solution of the linear homogeneous algebraic equation
(2.12), the matrix of which is nonsingular.

Conversely, let there exist a unique N satisfying (2.10) and such that A; is
Hurwitz. Then the system of (2.7) has the unique stable manifold given as (A.4) with
the zero matrices Ny, Noy and Naz. By means of the inverse to (2.6) transformation
this stable eigenspace of the matrix V' is mapped to the eigenspace of Ham,. The
latter manifold can be represented as (A.3) iff the linear algebraic equation (2.15) has
a unique solution. Due to the uniqueness of the stable manifold of X ~, the linear
algebraic equation (2.15) has a unique solution of the form (2.18). This implies
existence and uniqueness of the function Z satisfying ARE of (1.3) and such that
A, — B.Z is Hurwitz. O
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