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EXPONENTIAL RATES FOR THE ERROR
PROBABILITIES IN SELECTION PROCEDURES

FrIEDRICH LIESE AND KrLAUS J. MIESCKE

For a sequence of statistical experiments with a finite parameter set the asymptotic
behavior of the maximum risk is studied for the problem of classification into disjoint
subsets. The exponential rates of the optimal decision rule is determined and expressed in
terms of the normalized limit of moment generating functions of likelihood ratios. Necessary
and sufficient conditions for the existence of adaptive classification rules in the sense of
Rukhin [11] are given. The results are applied to the problem of the selection of the best
population. Exponential families are studied as a special case, and an example for the
normal case is included.

1. INTRODUCTION

The Bayes and maximum error probabilities in the problem of testing a simple
null hypothesis versus a simple alternative, or more generally in a multiple decision
problem, tend to zero with an exponential rate of convergence for increasing sample
size. Pioneering work has been done in the paper by Chernoff [3]. Here and in
papers by Krafft and Plachky [6], Krafft and Puri [7] and several other authors the
i.i.d. case is treated. A more general version of the so called Chernoff theorem can
be found in Vajda [15].

The classification problem is a multiple decision problem with given distributions
Py, ..., P, of the k populations. In the first part of this paper we deal with a
more general question. Suppose we are given a family of distributions Qy, ¥ € ©,
and © = ©7 U...U Oy is a partition of the set ©. After taking an observation
we want to decide to which of the families (Qy)yco, the distribution of the data
belongs to. We are interested in asymptotic results. Therefore it is assumed that
a sequence (), ¢ is given. The special case of i.i.d. observations corresponds to
Qno = Qv X ... X Qy = Q. In general the asymptotic behavior of the @} will be
described through the requirement that the normalized logarithms of the moment
generating functions converge to some function which is automatically convex. In
generalization of the results of Krafft and Puri [7] we calculate the exponential rate
of the error probabilities of the minimax decision rule for the classification into
subsets. For this problem the distributions @), ¢ are not completely known in many
situations. In general they depend also on some nuisance parameter. The question
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which naturally arises is whether there exists a decision rule not depending on «,
which achieves the same exponential rate of the error probabilities as given by the
optimum decision rule for known «. This problem of the existence of such adaptive
decisions for the problem of classification is studied in the second part of the paper.
The results there are generalizations of Rukhin [11].

Suppose Py, , ..., P,, are distributions depending on some real valued parameter
7, for populations 71, ..., T, respectively. The population with the largest n-value
is called the best population. First we assume that the set {1, ..., 7} is known but
we do not know which population belongs to which n-value. Taking observations
from each population we want to select the population with the largest n-value. If
O is the set of all permutations of (1,...,k) and ©; C © the set of permutations
such that the population which is at position ¢ has the largest n-value, then we can
see that the problem of selecting the best population can be reduced to the problem
of classification into subsets. In this way we apply the results from Sections 2 and 3
to the selection problem. Especially we investigate the case where independent
observations of size n; are taken from population 7;. Explicit expressions are given
for the exponential rate of the probabilitiy of selecting a false population. If the
distributions P, belong to some exponential family we compare the exponential
rate of the best selection procedure for known 7; with the rate of the so called
natural selection rule based on sample means of the statistic which generates the
exponential family. It turns out that the natural selection rule is asymptotically
optimal w..r.t. the exponential rates iff the two smallest sample sizes n;, and n,,,
say, are asymptotically the same, i.e. it holds n;, /n;, — 1. Furthermore, for
populations from an exponential family this condition is necessary and sufficient for
the existence of an adaptive selection rule which in this case is the natural rule based
on the sample means.

2. CLASSIFICATION INTO SUBSETS

Let © be a finite nonempty set with IV elements, and let ©4,...,0; be a decom-
position into disjoint subsets. We write ¥ = 95 if ¥7 and ¥ belong to the same
subset ©;. For any ¥ € © we set (V) =i if ¥ € ©;. Hence 9, = 95 iff (¥1) = (J2).

Suppose we are given a family of distributions @y, € O, defined on the sample
space (X, A). We will study the following problem. Taking an observation x € X
we have to decide to which family (Qy)geco, the distribution of the corresponding
distribution belongs to. ID = {1,...,k} is our decision space and a randomized
decision ¢ = (¢1,. .., qk) is a vector of measurable functions ¢; : X — [0, 1] such that
Zle gi(z) =1 for every z € X. ¢;(x) is the probability to decide for the subset ©;
if  is observed. We use the 0-1 loss function L : © x ID — [0,00) defined by

won-{ 9 0~

The risk of decision ¢ is then given by

R(W,q) =1— /Q(w dQy.
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We examine the asymptotic behavior of the risk for increasing sample size. To
this end, we assume that a sequence of experiments E,, = (X, Ay, Qno,0 € ),
n=1,2,...1s given. Furthermore let 7 (), € ©, be positive prior weights. Given
a sequence ¢n = (gn,1;- - -, qn,k) Of decisions we introduce the maximum risk R, (gn)
by R, (qn) = maxyce R(V, ¢,) and the Bayes risk by Rr(gn) = > _yce m(0)R(Y, qn).
Set R = ming, R (¢n), R = min,, R~(¢n). The question now is how fast both
R and R} tend to zero if n — oc.

This problem was studied in the i.i.d. case (X", A", Q%) by Krafft and Puri [7]
if the subsets ©; are singletons. If furthermore k = 2, i.e. © = {1} U {02} then we
have a simple hypotheses testing problem.

In the i.i.d. case the exponential rate of convergence to zero of R, R was
obtained by Chernoff [3, 4], by Krafft and Plachky [6] and other authors. A Chernoff
type theorem for an increasing sequence of sub-c-algebras, i.e. E, = (X, A, Qn,9,9
€ O) where Q) y is the restriction of Qy to A,,, was obtained in Vajda [15].

Similar as in the above mentioned papers we use the concept of Hellinger integral
to characterize relations between different distributions. Let P, @ be distributions
defined on (X,.A) and suppose P and @ are equivalent (P ~ @), i.e. P < @ and

Q < P. Then H (P,Q) = [ (%) d@ is called Hellinger integral of order s.

We summarize some well-known properties of Hellinger integrals important in the
sequel. For proofs we refer to Liese and Vajda [9]. It holds 0 < H,, (P,Q) <1 <
H,,(P,Q) < oo if s1 € [0,1], s2 ¢ [0,1]. Furthermore Hyo(P,Q) = H1(P,Q) = 1.
G(s) =In Hy(P,Q) is a convex function taking values in (—oo, +00].

We characterize the asymptotic behavior of the @,y from the experiments F,
with the help of Hellinger integrals. The next assumptions are fundamental for all
further investigations.

Assumption 1. All distributions in the sequence of experiments
En = (Xna-Ana Qn,ﬁvlg € 8)

are equivalent (Qn.9, ~ Qn,9,, for every 91,92 € ©) and there exists a sequence
¢, — 00 so that for every 91,92 € O, —00 < s < 0

. 1
lim —In Hs(Qn,ﬂlaQn,ﬂQ) - G(ﬁla 1923 3) (1)

n—00 Cp

exists, takes values in (—oo, +00], and for ¥ # ¥4, G(¥1, 2, s) is not identical zero
in the interval 0 < s < 1.

Note that by the convexity of G(¥1,32,s) the set {s : G(¥1,92,5) < oo} is an
interval with the interior, say, (a1, a2). Furthermore, by 0 < Hs(Qn,9,,@n9,) < 1
for 0 < s <1 it holds G(¢1,¥2,s) < 0o for 0 < s <1 if Assumption 1 is fulfilled.

Assumption 2. For every ¥1,92 € O, G(U1,V2,s) is continuous in [0,1] and
continuously differentiable in (0,1).
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Assumption 3. For every 91,92 € © it holds [0,1] C (a1,az2) and G(V1,92,s)
is continuously differentiable in (a1, as). Furthermore limg|,, G'(V1,92,8) = —o0,
hmsTa2 G/(ﬁl, 192, S) = Q.

Theorem 1. Suppose that Assumptions 1 and 2 are fulfilled for the experiments
E, = (Xn, A, Qn.p,U € ©). Then for any sequence g, of randomized decisions

lim inf 1 InRy,(qn) = liminf 1 In Rr(qn)

n— oo Cn n—oo Cn

> max inf G(V1,92,s).
G105 0<5<1

Proof. Fix 91 # 92 and put ¢, = 1 — gy, (9,) - ¥n is a test for Hy : Qp 9, versus
Hy : Qp,p, with

RO = [0 o) 4G, 2)
[ 6ndQus,
and
RO20) = [0 Gug0) 4@, 3)

Ja= ) du.

Let ¢,, denote the Bayes test with prior %,% Then

1 1 1
§(R(1913 Qn) + R(ﬂ%Qn)) > 5 / Pn dQn,ﬁl + 5 /(1 - Sﬁn) dQn,ﬂ‘z'

Consequently by Lemma 3 in the Appendix with a = 0

lim inf * In [max(R(%1, ¢n), R(92,qn))]

n—oo Cp

n—oo Cp

1 1
> liminf —In [2(1{(191, qn) + R(V2, Qn)):|

> inf G(9,9 .
- Oésil (91,92, 5)
Hence

1
liminf — 1 > inf .
iminf = In R (gn) 2 max inf | G (01,05, 5)

Put 7/ = min{n(9),9 € B} and 7" = max{n(¥),Y € ©}. Then

Re(qn) < kn"Rp(gn) (4)

Rnlan) <~ Ralan), o)
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which completes the proof. O

Now we will construct decision rules which asymptotically attain the optimal
rate in Theorem 1. To this end, we eliminate nuisance parameters by taking the
maximum of likelihood, i.e. by using

Ln,i = max fn,ﬁa
©;

where f, s is the density of @), 9 w.r.t. some o-finite measure p,, on (X, A,). Let
Ap(z) C{L,...,k} with A, (z) = {i : L, ;(z) = maxi<;< L, ;(x)}, and denote by
dn(x) = (gn 1 (), ..., q) 1 (x)) the uniform distribution on A, (z).

Theorem 2. Under the assumptions of Theorem 1 it holds that

1 1
lim —1 %)= lim —1 %) = inf .
A2, g 1 m(an) = fimg, T Rerln) = g5, o 28E, G1019209)

Proof. In view of inequalities (4), (5), we have to consider only R,,(q2). For
fixed ¥ € © we have

RW.¢)) < Y Qno(Lnj > Ly )

J#(9)

S Z Qn,ﬁ(Ln,j Z fn,i?)
J#(9)

S Z Z Qn,ﬁ(fn,l?’ Z fn,ﬂ)
J#(0) 0'€0;

S kN ﬂr?;'g{z(Qn,ﬁl (fn,ﬁl S fn,ﬁg) + Qn,ﬁQ (fn,ﬁg < fn,z?l))

where N is the cardinality of ©. The rest follows from Lemma 3 in the Appendix

with 71, =m2, = % O

Now we investigate the asymptotic behavior of the risks if the weights are allowed
to depend on n. To be more precise we suppose that 7, (1), 9 € ©, are non-negative
numbers so that a(9) = lim,_ i In 7, (¥) exists for every ¢ € . Set

R, (qn) = Y R(¥,gn)mn(9)
€0
and
R:&(Qn) = ?eaé([ﬁn(ﬂ)R(ﬁa Qn)]
In order to construct a weighted maximum likelihood rule we set

L, ;=
i = MIBX [T (9) fn,0]

and introduce ¢y analogously to g, where Ly, ; is used in A, instead of Ly, ;. Set
F(’l91,'l92, S) = sa(ﬁl) -+ (1 — s)a(ﬁg) -+ G(’l917'l92, S).
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Theorem 3. If Assumptions 1 and 3 are fulfilled then for every sequence ¢,

lim inf 1 In R (¢n) = liminf 1 InRr, (¢n) > max inf T'(¥q,72,s).

n—oo Cp n—oo Cp Y1 Z02 0<s<1

Proof. The proof of Theorem 3 is completely analogous to the proofs of Theo-
rems 1 and 2 if we apply Lemma 4 instead of Lemma 3 and the inequalities

Ry (qn) S NR? (qn)

Tn

and
Rm (qn) < Ry, (qn)

instead of (4) and (5) respectively. O

3. ADAPTIVE CLASSIFICATION RULES

Suppose that we are given experiments E,, = (X, A,, Qg € O) and that we want
to classify the distribution of the data into the sets ©1,..., 0. In many situations
the distributions @),y depend on some unknown nuisance parameter o € A. We
introduce the experiments

En = (Xna-Aan%’g, (Oé,’l?) e A x @)

Let pp be a o-finite dominating measure and denote by f, the density of @ ,
w.T. t. un We suppose that for every a,0 € A Assumptlon 1 is fulfilled for

o ﬁl,Qn 9, instead of Qy 9., Qn,v,. Set

G(avﬁvﬁla’ﬂ% )_ nll_)IIgO?IHH (Qn 191’Qn 192)
and
Gle, 8) = 00, ogslg Gla 3,01, 02, 8).

By Theorem 1 we get for every sequence of decision rules ¢, and every oo € A

1
iminf — > .
lim inf — In (gleag)( R(a, 9, qn)) > G(a, ) (6)

n—oo Cp

If we fix @ € A and apply the maximum likelihood rule then this rule attains equality
in (6). But, unfortunately, the maximum likelihood rule depends on the unknown
nuisance parameter «. Similar as in Rukhin ([11, 12, 13]) we ask for the existence
of such rules which do not depend on o € A but attain the lower bound in (6) for
every fixed a € A.
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Definition 1. A sequence of classification rules ¢, is called adaptive if

n—00 Cp

. 1
lim —In (gleaécR(a,ﬁ,an = G(a, )
for every o € A.

Similarly as in Rukhin and Vajda [14], where the case of subsets 0, each consisting
of one element have been treated, we now derive necessary and sufficient conditions
for the existence of adaptive classification rules. Put

Lo pla,b,v1,92) = Oinf [G(a, 8,01,72,8) + sa+ (1 — s)b].

<s<1

Lemma 1. Assume that Assumption 1 is fulfilled for every o, 8 € A and ¢, is any
sequence of selection rules. If Assumption 2 is fulfilled then

1
lim inf —In [maX(R(av 1917 qn)a R(ﬂa 1927 QYL))] > Oinf<1 G(Ol, ﬂv 1917 192a 5)

n—oo Cp

If even the stronger Assumption 3 is fulfilled and

. 1 . 1
lim —Inm, =a, lim —Inmy, =0,
n—oo Cp, ’ n—oo Cp, ’

then

lim inf L In [max(my n R(av, 91, qn), 20 R(B, 2, qn))] > T pla, b, 91, 92).

n—oo Cp

Remark. If a = b then 'y g(a,b,¥1,92) = a + infocsc1 G(a, 5,91,92,s). There-
fore the first and the second statement coincides in this case.

Proof. Denote by ¢, 1 < ¢ < k, the components of the vector ¢, and fix
U1 # V2. Put ¢, =1 — gy (9,)- Then 1, is a test for Hy : Q@ o, versus Hy: QE 9
with

Rl d1,q0) = / 1= g dQ2 . = / PndQ2 ..

R(B.0,0,) = / 1= g (o)) Q7 ,, = / S gndQ?,
i#£(02)

/qm(191> erﬁL,ﬁz = /[1 — Y] ng,ﬁg'

v

Let ¢;, denote the Bayes test for Hy : Qy 5, versus Hyz : Qiﬂz with prior weights
T m, T2,n. Then

2 max(mynR(a, 1913 QTL)v WQ,nR(ﬂ, 1923 QR))
> 7Tl,n/‘Pn ng,ﬂl + Tan /(1 - Son) dQ§,192' (7)
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The first statement now follows from Lemma 3 in the Appendix by putting m, =
To.n = 1/2, where the second statement is a direct consequence of Lemma 4 in the
Appendix.

Assume now that A is finite with L elements and eliminate the nuisance parameter
« € A by taking the maximum over o € A. Set

Mpi(z) = max  [fi(@)exp{—caGla,@)}],
An(z) = {z c M, i(x) = 121;‘%@ Mnj(x)} ,

and denote by ¢;,(z) = (¢ 1(2), ..., ¢, ;(2)) the uniform distribution on A,,.

Lemma 2. If the Assumptions 1 and 3 are fulfilled and A is finite then

lim sup {1 In R(a, 9, q}) — G(a, a)]

n— oo Cn

< - - .
< %lgf\cﬂﬁg;cﬁlﬂa,ﬁ( Gla, o), =G(3,8),9,7")

Proof. By the definition of ¢} we get

R(a,9,q,)
< D Q0 e(M,, ) < My ;)
J#(9)
< Z Q.9 (exp{—an(a,a)}fﬁ"ﬁ < Mn,j)
J#(D)

< 33 Y @ (epl-enGloa)isy < expl{-eGE AL,

BEA j# (D) ' €O,

o _ @ _ B
< kNL 1191/1%%%13&{@”’19 (exp{ enGla, )} £y < exp an(@B)}fn’ﬁ/) )

Set m1,n = exp{—c,G(a, )}, w2, = exp{—c,G(8, 3)} and denote by ¢,, the Bayes

test for Ho : Q}  versus Hy : Qg o with relative weights 7y ,,, T2 ,, respectively.
Then

exp{—en G0, 0)} @y (xp{—enGla, )} iy < exp{—enG(B, A} 1Ly )
< 7T1,n/<Pn d@Qy 9 + T2n /(1 — ¢n) ng,ﬁ/'
To complete the proof we have only to apply Lemma 4 in the Appendix. O

Now we are ready to formulate a nessesary and sufficient condition for the exis-
tence of adaptive classification rules. This condition corresponds to Theorem 2.1 in
Rukhin [13].
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Theorem 4. Suppose that Assumptions 1 and 3 are fulfilled for every «, 3 € A.
If an adaptive classification rule exists then

Oigil [G(Oé,ﬂ,1917192, S) - SG(OZ,O&) - (1 - 5) G(ﬁ7ﬁ)] <0 (8)

for all a, B € A, V1, ¥2 € © with 97 # J2. Conversely, if (8) is fulfilled and A is

finite then the weighted maximum likelihood classification rule ¢} is adaptive.

Proof. Suppose an adaptive rule ¢2 exists. Put ¢, = ¢%, m1,n = exp{—c,G(a, )}
and g, = exp{—c,G(0,0)}. Then by the second statement in Lemma 1

inf [G(()é,ﬂ7'(91, 1927 8) - SG(O{,O[) - (1 - 8) G(/Ba 6)]

0<s<1

= Fa,ﬁ(_G(a7OZ),—G(ﬂ,,@),’&l,’ﬁQ)
1
liminf — In [max(my », R(cv, V1, ¢ ), m2.n R(B, V2, ¢1))]

<
n— o0 Cn
1
< liminf — 1 @y — 1 @y —
< liminf - max Llsng b (e 1,45) ~ Gl @), as In (3, 02,2) ~ G5, )
< 0.

by the adaptivity of ¢%. Conversely, let (8) be fulfilled. Then by Lemma 2,

1
lim sup [ lnglaé(R(a,ﬁ,q}L) < G(a, ),
nooo |Cn Y€

which completes the proof. O

Remark. Condition (8) has an intuitive interpretation. As the Hellinger integral
H (P, Q) of order 0 < s < 1 of the distributions P and @ is between 0 and 1 the
expression — In H (P, Q) is non-negative, and it can be shown that —In Hs(P, Q) is
small iff the variational distance between P and Q is small. For details we refer
to Liese and Vajda [9]. Hence —G(a, 3,91, 02, s) is an asymptotic measure for the
distance between Q7 , and Qﬁ,ﬁz' Note that condition (8) is equivalent to

Oingl [—SG(Oé, Oé) - (1 - S) G(ﬁvﬁ) - (—G(O[757191,192’ 8))] <0
for every a, 8 € A, Y1, 92 € O, ¥1 £ Jo, which says that if an adaptive rule exists
then asymptotically the distance between Q7 ,, and QZ,’ﬁz is not smaller than the

minimum distances within the models Q7 4, ¥ € © and QZ g UV EO.

4. APPLICATION TO SELECTING THE BEST POPULATION

Suppose we have independent samples from populations 71, ..., 7, where the distri-
butions depend on a parameter. Let 7; have the parameter 7; € (a,b). We assume
that the set {n1,...,nx} is known, but not which population belongs to which 7-
value. The task now is to select that population with the largest n-value. For every
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1<i<k,n=12,...let (R;n,Rin) be the sample space of a sample from popu-
lation 7; with distribution P;, ,,. The samples from 7y, ..., 7 are assumed to be
independent, but we do not assume that the observations from 7; are independent.
Moreover the sample sizes are allowed to be different for different populations. Let
O denote the set of all permutations of (1,...,k) where for 9 € ©, ¢ : (1,...,k) —
(i1,...,1k), we set 9(n;) = 0, and Qno = Pip o) X - X Prp g, We may
assume w.l.g. that n; < ... < ng. In addition we assume that np_; < n,. Put
O, = {V : 9(j) = k}. For J € ©; the population m; has the largest n-value.
Introduce the experiment F,, by

k k
En = (H Ri,nv i§1 Ri,ann,ﬁv'& € ®> . (9)

=1

The problem of selecting the best population, i.e. with the largest n-value, is
thus reduced to the decision for one of the subsets ©4,...,0;. We assume that for
every n;,7; the distributions P, ., Pj .y, satisfy the Assumptions 1 and 2 if we
substitute Qn 9, and Qn 9, by P ny, and Pj, ), respectively. Put

1
lim —In HS(PZ'JLU’ Pi,nm/) = Gi(nv 77/7 S)a
n—00 Cp

where n,1" € {n1,...,n}. In the sequel we will apply repeatedly the following well
known property of Hellinger integrals:

m

Hy(Py % ... X Py, Q1 % % Q) = [ Ho (P2 Q). (10)

i=1

Let ¥, 95 € © with ¢#1(I) = 4; and 93(1) = j;. Then this property implies that the
family Qn,9 = Pinwm) X -+ - X Prno(n,) satisfies Assumptions 1 and 2 and it holds

k
. 1
G0y, 02, 5) = lim —1In Hy(Qn.o,, Quos) = > Gi(niy: ji5)- (11)
=1

n—00 Cp,

In order to apply the earlier results we have to find maxy, 29, infocs<1 G(V1, 92, 3).
Since G;(n,7,s) < 0 for 0 < s < 1 we have to take the maximum only over such
permutations which coincide at a maximum number of k — 2 arguments. For any
11 # U5 the indices of populations with parameter 7 are different. Hence we have
to take into consideration only permutations (i1,..., ), (j1,.-.,jk) for which there
are l,m € {1,...,k}, l #m with i = j,, = k, @m = Ji, ir = jr, 7 # 1, r #m. Put
t = iy, = ;. Then by the above arguments

inf G(91,9 = inf [G G : . (12
guax inf G(V1,0a,5) = wmax - i [Gi(mk, e 5) G (e 0k 9)] - (12)
Let us study the rate of convergence to zero of the risks of decisions for the sequence

of experiments E,, from (9). By construction, 9~ (k) is the index of the population
with the largest n-value. We set L(¢,i) = 0if i = 9~1(k), and L(9,i) = 1, else. Let
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Qin : Hle(Ri,naRi,n) — [0, 1] be measurable with Zle ¢in = 1, where ¢; ,, is the
probability to decide in favor of population ;. The risk is given by

R(9,q0) =1 / 0010 dQup = 1 — Qua(CS. ),

where CS stands for correct selection and g, = (qi,n;- - -, qk,n). Denote by g; ., the
density of P; ,, ,, w.T.t. to some o-finite measure v; ,, and put p, = v p X... X Vg p.
Then

k
_ dQn,ﬂ _
fn,ﬁ = d,LLn = 21;[1 Gin,0(n;)-

Consider again the maximum likelihood selection rule ¢¥ introduced in Theorem 2.
The following Theorem is a direct consequence of Theorems 1 and 2.

Theorem 5. Suppose that for every n,n" € {n,...,n;} the distributions P, »,
P ny,m # 1, satisfy Assumptions 1 and 2. Then for every sequence g, of selection
rules

iminf — 1 (1= Qno(CS,q0))

iminf — In [ max(1 —

n—oo Cp, 196(2)( 9 »dn

> i f m ) ) ) 1
Zanaxodnt (Gt 8) & G (e, 1, 5)] (13)

where the lower bound is attained by the maximum likelihood selection rule ¢2.

We now assume that the samples from the populations consist of independent ob-
servations distributed according to P,,, ..., P,, . Let the sample sizes be ny,...,ng.

23

Put n = ny + ... + ng and suppose + — «;, where 0 < v; < 1. We have
Piny = Ppi. Set G(n,1n',s) = In Hy(Py, Py). If ¢, = n is chosen, then by (10)

Gi(777 77/’ 3) =% ln(Hs(an Pn’)) = ’YiG(n’ 77/7 3)7 (14)
k
G(ﬁl,’ng,S) = Z’YIG<niz7njz>S) (15)
=1
and by (12)
inf = inf . 1
fuax 0£<1G(191,192,8) e Ogsld[wG(nk,m,S) + Ym G (e, Mk 5)] (16)
Consider the case of asymptotically equal sample sizes, i.e. 11 = ... = 3 =

1

E-
Because of Hy(P,Q) = H1—s(Q, P) we have G(n,7',s) = G(1,n,1 —s). The convex
function G(n, 7', s) + G(1',n, s) is symmetric w.r.t. s = 1/2. Hence

. 2 1
g 11, G001 029 = G (o 3). 1

If P, # P, for every n # 0, then the family P, ,, , = P, satisfies the assumptions
of Theorem 5.
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Corollary. Suppose P,, # P, for i # j, =t + 7;, and the observations are taken

p n
independently from the populations. Then for every sequence of selection rules g,

|
liminf — In (gleag(l — Qn(CS, Qn)))

n—oo N

> inf [yG G (e, i, )] 18
= max o iof | (GO, )+ G, e, 5)) (18)

)

=

where the maximum likelihood rule ¢° attains the lower bound. Ify; = ... = v, =
then the right hand term in (18) is simplified to £ max;<x G(nk, ne, 5 ).

5. SELECTIONS UNDER UNEQUAL SAMPLE SIZES IN EXPONENTIAL
FAMILIES

We now restrict our considerations to exponential families. Let (R, R) be a measur-
able space, T : R — IRy a measurable function and v a o-finite measure on (R, R).
The set

Iy = {77 : /exp{nT} dv < oo}

is an interval. We assume that the interior of Ir is nonempty and denote it by
(a1,a2). Put K(n) =1n [ e’ dv and

P) = [ exp{aT = K} o (19)

Suppose the family (P,),er, is nontrivial in the sense that voT ! is not concentrated
at one point. Then P, # P,/ for n # n' and K is strictly convex. The definition of
Hy yields for ny,m9 € Ip

HS(PWUPW):exp{_D(nlv772vs)} (20)
where D(n1,m2,5) = sK(m)+ (1 —s) K(n2) — K(sn1 + (1 — s)nz). Suppose now that
the populations 1,...,m have distributions BP,,,..., Py, a1 <n < ... <y <

Nk < ag and n; independent observations are taken from 7; where % — ;. Denote
by v/ < «" the two smallest 7;-values which will be very crucial in the following.
Since K is convex the function n — D(n,7,s) is nonincreasing for n < 7’ and
nondecreasing for n > n’. Hence G(n,7n’,s) = In Hy(P,, Py) and

inf
uax - inf (Vi G(Ms M5 ) + Ym G (0t Mk, 8]

= - i D , Nty mD s Nk
(it o2, DD o) Dl )

= —min sup [V Dk, Mk—1,5) + YmD (M1, Mk 5)]
l#m 0<s<1

= — sup [YD(g,me—1,8) + v D(nk—1, MK, 5)]
0<s<1

= “Ai(WIVYHakal,Uk)- (21)
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Proposition 1. For independent observations from populations, whose distribu-
tions belong to the exponential family (19) and have parameters n; < ... <1 <
N, it holds

1

liminf —In (max(l - Qn,’ﬂ(c‘s’a qn))) Z —M(’Y/, 7//7 MNk—1, 77k)
n—oo 1 9

for any sequence of selection rules g,, and the maximum likelihood rule ¢° attains

the lower bound.

The statement of Proposition 1 is a direct consequence of the Corollary of Theo-
rem 5.

Suppose the r.v. X;;,5 =1,...,n,,4 = 1,...,k with values in (R,R) are in-
dependent and X;; ~ P,,. Put Tin = ni Z?:l T(X;,;) and set A, = {i : Tin =
maxi<i<k Tln} Then the natural selection rule, which selects in terms of the largest
of the values T; ,,, is given by the uniform distribution G, = (Gn.1,. - .,dn.k) on Ay.
If Qn,9 is the true distribution then my-1(;) has the largest n-value 7 and my-1(y)
has parameter 7;. Hence

rgggc Qo (Ty—10),n < To-10).n)

< Qn,ﬂ <T19_1(k),n < rlnflg(Tﬁ_l(l)m)

S 1- Qn,ﬁ(cs, (jn)

< Quyo <T19—1(k),n < Ilr;?}g(Tﬁ—l(l),n>

< (k-1 max Qn (To-1 (k)0 < To-10),m) - (22)

Lemma 5 yields

.1 = _
lim —In Qn,ﬁ (T,Lgfl(k-)wn < T,lg—l(l)yn)

n—oo N,
. 1 _ _
= Jim = Qny (To-1ym < To-10).m)
= (-1 +v0-1y) D (m Ul Wl(k)) .
T Y1)+ ve-1 k)
Consequently,

1
lim — lnmgtx (1—Qnu(CS,dn))

n—oo N

= max lim lln(l — Qn9(CS,Gn))

Y n—oon

. . To-1(k)
= —mmmin (yy-1 + Yy-1 D (m,nk, ) :
9 Ik ( (k) o) Yo-1(k) + Y9-1()
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To evaluate the term on the right hand side we note that
D(Tlh Nk S) Z D(’I’]k,l, urs S)

for every 0 < s < 1. Hence

L Yo-1(k) )
min min(yg— + v9- D oMey ——————(
9 l#k (v Hk) T 1(1)) (m Tk Yo-1(k) T Yo-1(1)
. . Yo-1(k)
> minmin(ygy-1(x) + v9-1)) D (nk—lanka )
9 l;ék( (k) ) Yo-1(k) T Yo—1(1)
. Vi
= mn(y; + 7, D =157k
uin(y: +75) (nk b1k ’)’i"")’j)
) Y9-1(k)
= min(yg-1(x) + Y9-1k—1)) D (nklanka )
9 (Yo-r) + 901 (6-1) Yo-1(k) + Yo-1(k—1)
) ) Yo-1(k)
> minmin(vyg- + Y- D e
=z minmin(y-1 g +%-10)) <nk b wukﬂrww))
and
1 ~
hm — hl mgtx(l - Qn,ﬂ(csa qn))
n—oo N

: Vi
= —min(y +v;)D —1, Mk,
i (’Yl ’YJ) (nk 15 Mk o 'Yj)

= —min L(v, 75, Mk—1, Mk)-
i#]

Thus we obtained

Theorem 6. If X;; ~ P, , and all P, belong to the exponential family (19), then

1
lim —1 1= Qnw(CS,Gn)) = —min L(ys, V), Mh—1,Mk)-
Jim -~ Inmax(l — Qn,s(CS,Gn)) min (Vis Vs =1, k)

Consider again 7/,~+"”, the two smallest y-values. From the first statement in
Lemma 7 in the Appendix we get

MO Y k=1, k) > Iin;glL<7i,’Yja77k71a77k), (23)

which says that for known n; the maximum likelihood selection rule is at least as good
as the natural rule. Furthermore, by the second statement in Lemma 7, equality
holds in (23) iff v/ = +”. Thus we have proved the following statement.
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Proposition 2. Suppose the conditions of Proposition 1 are fulfilled and denote
by G, the natural selection rule. Then

1 . o1 0
Jim —Inmax(l — Qny(CS,da)) 2 lim —Inmax(l — Qnv(CS,¢n))

where equality holds iff 4/ = ~+".

Now we examine whether for populations from an exponential family and non-
equal sample sizes adaptive selection procedures do exist. Suppose a = (a1, ..., ag),
B =(B,...,0k) and assume ¥, ¥ are permutations with (1) = 4; and J2(1) = j;.

_ ) B8 _ .
Set @, 5, = Pgill X ... X ngk and @, », = ngll X ... X ng’;, where each P, is from
the family (19). Then by (20), analogously to (15),

k
G(a, B, 01,02, 8) = = > 1D(cw,, By, ). (24)

=1

Next, the parameters will be specialized. Put for a; < ¢, z, 19 < as and sufficiently
small h > 0, & = (ng, ..., no,t,t+h) and 5 = (9o, ..., N0, z, z+h). Denote by v/ < ~”
the two smallest v;-values. Then by formula (24), with the same arguments which
led to (12) and (21), we get

Gla,a) = — S [V D(t,t + h,s) +~"D(t + h,t,s)]
G(B,8) = - Oiugl [V D(z,z + h,s) +~"D(z + h,z,s)].

Let I, m be two indices such that v, = ',y = 7" and choose two permutations
99 and 99 such that a;, =t + h,«;,, =t and B;, = z,3;,, = x + h. Then by (24)

max inf G(a,3,91,92,s
91 Z£92 0<s<1 ( 6 12 )

> inf G(a, 3,992,099, 5)

T 0<s<1
= — sup [Y'D(t+h,z,s)+~"D(t,x+ h,s)].
0<s<1

Suppose now an adaptive selection rule ¢¢ exists. Then by the definition of the
adaptivity

1 1
limsup — In R(a, ¥}, ¢%) < lim —In (maxR(a,ﬁ,qZ)) = G(a, )

n—oo Cn n—oo Cp JeO

and analogously
1
limsup - th(ﬁ, 1987 (JZ) g G(ﬁ) ﬁ)

n—oo Cn

Hence

lim sup — In [max(R(c, 92, ¢2), R(8, 93, ¢))] < max(G(a, o), G(5, 5))

n—oo Cn
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and by the first statement in Lemma 1
max(G(a,0), G(8,0) = inf Gla, 5,09, 95,5).
Hence

min ( sSup [’}//D(t, t+ h» 51) + ’}/ID(t + h7 t, 31)]7

0<s1<1
sup [y D(z,z + h,s2) +~"D(x + h,x, 52)])
0<s2<1
< sup Y D(t+h,x,s) ++"D(t,x + h,s)].
0<s<1

Consequently, by D(z,y,3) = D(y, =, 3) we get with x = 7’17/7”’
min (D(t,t + h, ), D(z,z +h, 3))

< sup [kD(t+h,z,s)+ (1 —k)D(t,x+ h,s)|.
0<s<1

Put t = . + (1 — 2k) h. Then the last inequality for sufficiently small » > 0 implies
together with Lemma 6 that k = %, i.e. 7/ = 7. Conversely, if v/ = 7, then
by Proposition 2 the natural selection rule attains for all parameter configurations
the optimal exponential rate and is adaptive. To summarize, we have proved the

following theorem.

Theorem 7. Under the assumptions of Proposition 1 an adaptive selection rule
exists for the family (P;)q, <n<a, iff the smallest two sample sizes are asymptotically
equal, i.e. 7/ = +"”. In this case the natural selection rule is adaptive.

Example. We now study the special case of normal populations and suppose that

ther.v. X;; ~ N(pi,02) 1 <i<mn;; i=1,...,k, are independent. The variances
o ..., oﬁ are supposed to be known and without loss of generality we assume p; <

coo < g1 < pg. (X1,..., Xy) is a sufficient statistic with X; ~ N (s, p;), pi = ZT?
To study the problem of selection of the best population it is therefore enough to
consider the experiment

E?::(ﬂ%kakAQﬂ,ﬁ S C”

where Qy = Hle N(poeiy,pi) and © is the set of all permutations of {1,...,k}.
The set {u1,. .., sk} is known and fixed. The asymptotic p; — 0 includes both the
asymptotic for large sample sizes and the small variance asymptotic. To be more

precise we assume that p; , > 07 =1,...,k, are sequences such that lim, pg;—" =
n

p; > 0 exist, where p, = Zle pin. Denote by p’ > p” the two largest p;-values.

We set Q.9 = Hle N(py(),pi,n) and study the asymptotic behavior of the error
probability of selection procedures in the experiments

E, = (]Rk, Bk, Qn?ﬁ,ﬁ c @) (25)
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To apply the results from Chapter 4 we need the Hellinger integral for two normal
distributions. A simple calculation shows

RY
HL (N1, 02), Nz o) = exp { -1 - ) P2 g

If 91 (1) = i;, ¥2(l) = j; then by (10)
" (i, — 1
In Hy (Qnooy s Qnoy) = —55(1—5) Y - (i = 1) (27)
=1

Consequently, with ¢, = pi

n—00 Cp

1 L oSe )
lim I H, (Quo,, Qu.o,) = 55(L=5)> S = G(01,02,9)
=1

and
max inf G(91,7,,5) = (e — f11)” 1 (ke — pr—1)?
91402 0<s<1 1,2, 8 8 o 3 Pz
1 P “I‘PN
= 87(1”“*1 — )2

Analogously to Theorem 5 we get from Theorem 1 and Theorem 2 that for every
sequence of selection rules ¢, for the experiments E,, in (25)

1 / /!
lim inf p,, In (r&a@){(l — Qnu(CS, qn))> > —— pFEp
€

im in S o (k-1 —px)®  (28)

where the lower bound is attained by the maximum likelihood selection rule ¢Q.
In order to study the asymptotic of the error probabilities of the natural selection
rule we recall to the well known fact that
t2

Jim P(Z>t)[\ﬁt }1=1

if Z ~ N(0,1). This implies

1 1
lim —InP(Z > avz) = —=d>. (29)
Denote by Y; : IR, — IR; the projections to the coordinates. Then Y; ~ N(/J,qg(i),pi)n)
in the experiments F,,. The natural selection rule ¢, selects the population m; with
Qn,9-probability one iff ¥; > max;.; Y;. Hence

max Qn ﬁ(Yﬁ(k) < Yﬁ(l)) < 1- Qn,ﬁ(CS7 q~n)

1<l<k} 1
< — max ( ? i’l9 1
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and by (29) and similar considerations as before Theorem 6

1 1
lim p, Inmax (1 — @, 9(CS,qn)) = —=

Jim_py Inmy 3 ) (30

To compare the exponential rates of error probabilities of the maximum likelihood
rule and the natural rule we note that

(0" < S0 +p")

l\D\H

and consequently 1 1 1o + o
p+p

9 o+ p 8 o' p

where the sign of equality holds iff p’ = p”. This means that in view of (28) and (30)

the maximum likelihood selection rule is strictly better than the natural selection rule

w.r.t. the exponential rates, except for p’ = p” where the rates coincide. To relate
2

this statement to Theorem 6 we consider the large sample asymptotic p; , = 7— and

(31)

note that for known o2 the family N(u,02),—0co < u < 00, is an exponential family
2
with K(p) = 5—2 Then D(p1, 2, )—%8(1—8)%.

Note that
k -1 r
n n
pi=1 Pin iy Z— = —
n—oo pn n—o0 N, i1 n; ")/
where I' = 27 15 . From this we can see that
U pp" (w1 — pw)?
M
(’y /y /’Lk? 17/‘1’}6) 8 p +p// 0,2
and

L1 (o1 —m)?
2 p + p// o2 '

Therefore inequality (31) implies (23) and from the relations (28) and (30) we
get the statements of Theorem 6 and Proposition 2 for normal populations.

Now we examine under which conditions there exist asymptotically optimal se-
lection rules which do not use the knowledge of {p1,...,ur} in the experiments
(25). To study the problem of the existence of adaptive selection rules we assume
that 1,09 are permutations with 91 () = i;,92(1) = j; and set @ = (o, ..., q),
a1 << <ag, B= (B, Bk), B < < Bt < B

H;IHL(%,%W 1, M) =

%191 = N(oi,,p1n) X - X N(iy, Pieyn)
Qn 192 (6]17])1 n) Lo X N(ﬁjkvpk,n)7
Cn = p%. Then by (26)

—_

alz ﬁ]z)
Pt

\V]

k
G(a7671917192) )_ lim 7lnH (QnﬁﬂQn'ﬂg Zis
=1

n—00 Cp
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and
1o +p" )
Gla,a) = T8 (o — 1)
1p +p"
G(B3,8) = T8 (Br — Br-1)

Put for h > 0 and = > ¢, @ = (uo,---, o, t,t + h), 8 = (o, - .-, o, z,x + h). Let
I, m be two indices such that p; = p’, p,, = p” and choose two permutations 99,99
such that oy, =t + h, o, =t,8;, = x,8;,, =+ h.

Then 10 "
pPtp
G(a,a):G(ﬂvﬂ)zfg o' h?
and
. 1 (t+h—w)?  (t—z—h)?
0 90 _ 41—
ogslf<1G(a’ﬂ’191’ﬁ2’s) N ogslf<1 28(1 8){ 4 ’ o
1[(t+h—2)* (t—z—h)?
= —g p/ + p//
1 p/+pll 5 2 1 t—x t—x
= gy Pt g )

Suppose an adaptive selection rule exists. Then by the first statement in Lemma 1
and Definition 1

inf G(a, 3,99,199,5) < max (G(a,a),G(ﬁ,ﬁ)).

0<s<1
Hence L Y ) . .
P+ p —r t-x
— (=)’ < ——h (, - ,,) .
8 p'p 4 p p
Because of = >t we get
/ 7z rn

As p” < p' this inequality for every h > 0 and every z,t with x > ¢ implies
/ /!
P =p".

As we know already that for p’ = p” the natural rule is asymptotically optimal,
we conclude that an adaptive selection rule for the experiments (25) exist iff p’ = p”.
For the large sample asymptotic n; — oo this statement is also a consequence of
Theorem 7.

APPENDIX

In this Appendix, we collect and modify large deviation results for the log-likelihood.
Although our statements below are presented for arbitrary sequences of distributions,
some of the proofs are straightforward modifications of the proofs in the i.i.d. case,
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since only some asymptotic behavior of the Hellinger integral is used. Therefore,
complete proofs are omitted for brevity, but they can be found in Liese and Miescke
[8].

Let P and @ be distributions on (X, .A) with densities f and g, resp., w.r.t. some
o-finite p. Suppose w1, 72 > 0. Let ¢ be a Bayes test for Hy : P versus H4 : @ with
weights 71, m. Then ¢ =1 on {m f < mag}, p =0on {m f > meg}, and 0 < p < 1
be any value on {m f = mag}. If 0 < s < 1, then

™ /<de + 7 /(1 —)dQ < 7y Hy (P, Q). (32)

This inequality has been established in Krafft and Plachky [6]. Suppose now we
are given sequences P, and @,, of distributions, and ; ,,, i=1,2, with

.1 1
lim —Inm, =a, lim —Inm, =0.
n—00 Cp ’ n—oo Cp, ’

Let ¢, be a sequence of Bayes tests for Hy : P, versus Hy : @, with weights
71 and g . Then by (32), with, say G(s) = limy, o0 (1/¢p) In Hs (P, Qr),

cn

lim sup |:7T1’n/(pn dP, +ma /(1 — ©n) dQn} < esat(1—s)b+G(s) (33)

n— oo

Under some mild conditions equality holds in (33). This statement is known as
Chernoft’s theorem which was originally proved for the i.i.d. case and for 71, = 71,
g, = 72 which implies @ = b = 0. The case where P,, (), are restrictions to
an increasing sequence of sub-o-algebras has been considered in Vajda [15]. An
inspection of the proofs of Chernoff’s theorem in Krafft and Plachky [6] and Vajda
[15] shows that their arguments up to small modifications also work in the general
situation. This leads to the following statement.

Lemma 3. Assume P, ~ Q,, and lim,,_. é In Hy(P,, Q,) = G(s) exists for every
0 < s <1, where G is continuously differentiable in (0, 1), continuous in [0, 1] and
not identical zero. If @ = b then

n—00

lim |:7T1,n / $n dpP, + T2,n /(1 - (Pn) dQn:| = exp {a + OéI;glG(s)} .

The restriction to equivalent distributions (P, ~ @) is not necessary. But for
simplicity we consider only this situation everywhere throughout the paper.

To deal with the case where m, and 7, have different asymptotic behavior
in the sense of exponential rates one needs additional assumptions on G(s). Then
arguments of the paper by Krafft and Plachky [6] may be applied.
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Lemma 4. Suppose lim, .. é In Hy(P,, Q) = G(s) exists for every —oo < s <
00, and assume that the interior I° = (a1,as) of I = {s : G(s) < oo} contains
[0,1]. If G is continuously differentiable in I°, and if limy,, G'(s) = —oco and
limgya, G'(s) = 00, then

cn

n—oo

lim l:ﬂ-l,n/@n dPn +7T2,n /(1 - Lpn) dQn:|

= exp {Oigil[as +(1—-s)b+ G(s)}} :

Now we formulate a large deviation result for the arithmetic mean of r.v. from an
exponential family. To be more precise let P,,n € I, be the nontrivial exponential
family (19) with natural parameter set Ir. Let m; — oo0,i = 1,2 so that k =
lim,;, oo 7L exists and satisfies 0 < k < 1, where m = my + ma.

Suppose n; € I = (a1, az) and that X; ;,7 = 1,...,m;,i = 1,2 are independent
r.v. with X j ~ P, Set T; = 7= 351 T(X ;) and

D(n1;m2,8) = sK(m) + (1 — ) K(n2) = K(sm + (1 = )1a)-

The following large deviation result may be proved by the method of exponential
centering which can be found in Bahadur [1] and Riischendorf [10].

Lemma 5. If the r.v. X;; are independent with X; ; ~ P,,, m < m2, n; € I%,

" — kand 0 <k <1, then
m— 00

1 _ _
lim —1InP(T}  — Tom > 0)

m—oo M

1 _ _
= lim —InP(T1m —Tom > 0) = —D(n1,1m2, K).

m—oo 1M

Next we formulate two technical lemmas on convex functions. Suppose K is a
convex function defined on the interval I and K is twice continuously differentiable
in the interior (a,b) of I. An application of 'Hospital’s rule yields, for every fixed
z € (a,b), and for every t1, o,

.2 o2
1}1% ﬁD(x +tih,x +tah,s) = I}HI(} ﬁ[sK(m +t1h) 4+ (1 — s) K(x + t2h)
—K(s(z 4+ t1h) + (1 — s)(z + t2h))]
= K"(z)s(1—s)(ty —t2)?, (34)

where the limit is uniform for 0 < s < 1.
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Lemma 6. Suppose z € (a,b), K”(x) >0, h, >0, and h,, | 0 for n — co.
o<k < % and

min (D(x, 2 + hy, 3), D(z + (1 = 26) hpz,z + 2(1 = K) hy, 3))
< sup [kD(z,x+2(1 —K)hy,s)+ (1 — &) D(x + hy, x4+ (1 — 2K) by, 8)]

0<s<1

for every n, then it follows that k = %

Proof. The relation (34) yields, uniformly in 0 < s <1
2
7z [sD(x,x 4+ 2(1 — &) hp,8) + (1 — &) D(x + hpyz + (1 — 2K) hy, 8)]

n

= 4k(1 —r)K"(z)s(1 —s) +o(1),

2
h2

n

[min (D(x,z + hn, 3)), D(@ + (1 = 25) hp, x + 2(1 = £) by, 3))]

1
= ZK"(x) +o(1).
Hence, by the assumed inequalities, as n — oo,

T (@) < sup 4x(1—5) K (2)s(1 — 5) = 5(1 — ) K"(2),

0<s<1

which implies £ = £, since K" (z) > 0. )

Lemma 7. Let K : (a,b) — IR, be a convex function and assume that a < = <
y < b are fixed. If v1,...,v; are positive numbers, and +' < 7" are the two smallest
~v;-values, then

. i
min(vy; +v;)D | 2, y, ————
2y ”)< y%+w>
’Y/ ,y//
< "+ 4" su {D:v, ,8) + ——D(x,y,1—35)]. 35
< (v v)k£17+w (x,y,5) R (z,y ) (35)

If v/ = ~” then equality holds. Conversely, if for a strictly convex K equality
holds in the above inequality, then 7' = ~".

Sketch of proof: We have

. Vi
min(vy; +v;)D | x,y,
nin(7; + ;) ( y vi4-vj>

,_Y/ ,.y//
! 1 .
< (¥ +9") min [D <$’ya ’Y/'FW") 'y (17,%7,_’_7,,)}
! ! 1 1
/ " Y Y Y Y
= W+VWV+WDGWW%YJ+V+WDG%M+W”
<

,y/ ,y//
' +4") JSup [WD(% Y, s) + WD(%?L 1—s)|.
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Hence (35) is established. It is easy to see that D(z,y,a) > 2aD(z,y,3) for

z <y,a < 1. Consequently, for 7/ =~" and v; < ;

Vi
(vi +7;) D (%% )

Yi +
1

1
27'D =
b (s)

/
/ " Y
= + sup |—D(x,y,s),
o 7)o<sg1 [7’+7” (@:9,9)

Y

Y

,_Y//
71 _'_,y//D(xaya 1- S)

as D(z,y,s)+ D(z,y,1 — s) is symmetric w.r.t. so = 3. Hence for 7/ = 7" we have
equality in (35).

ity

Conversely, an analysis of the stability of the above inequalities shows that equal-
occurs only for 7/ = ~".

(Received May 28, 1997.)
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