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BALANCED REDUCTION
OF LINEAR PERIODIC SYSTEMS!

SAURO LONGHI AND GIUSEPPE ORLANDO

For linear periodic discrete-time systems the analysis of the model error introduced by
a truncation on the balanced minimal realization is performed, and a bound for the infinity
norm of the model error is introduced. The results represent an extension to the periodic
systems of the well known results on the balanced truncation for time-invariant systems.
The general case of periodically time-varying state-space dimension has been considered.

1. INTRODUCTION

The approximation of high-order plants and controllers models by models of lower-
order is a central aspect of control system design. There are many model reduction
methods based on model analysis or frequency domain concepts (see, e.g., [9, 16]).
Recently, methods based on the truncation of the balanced realization have been
analyzed in the framework of linear continuous and discrete time-invariant systems
[1, 10, 18, 20] and of linear continuous time-varying systems [22, 23].

On the other hand, a wide interest has been devoted to the analysis and design of
periodic discrete-time systems (see e. g. [2, 12] and references therein). For this class
of systems the model reduction has been analyzed using an Hankel-norm approxi-
mation and under the hypothesis of time-invariant dimension of the state-space and
of time reversibility [25]. The aim of this paper is to provide a method for the model
reduction of a periodic system without the assumption of time reversibility and with
periodically time-varying dimensions of the state space. In fact, for the class of
discrete-time periodic systems the minimal (reachable and observable) realization is
generally described by periodic difference equations whose matrices have periodically
time-varying dimensions [6, 11]. Therefore, the notion of balanced minimal realiza-
tion has to be necessarily introduced in the context of minimal periodic systems with
time-varying dimensions, where the time reversibility is not guaranteed.

The paper is organized as follows. In Section 2 some preliminaries about periodic
systems will be recalled. The existence of the balanced minimal realization of an
asymptotically stable periodic system with time-varying dimensions will be provided
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in Section 3. In the same section the analysis of the model error introduced by a
truncation on the balanced realization will be performed. In particular, a bound
for the infinity norm of the model error is found. Numerical examples and some
concluding remarks end the paper.

2. PRELIMINARIES

Consider a linear periodic discrete-time system .S described by the following equa-
tions:

w(k+1) = A(k)z(k) + B(k) u(k) (1)
y(k) = C(k)z(k) + D(k)u(k) (2)

where k € Z, z(k) € R™¥ is the state, with n(k 4+ w) = n(k), u(k) € IR? is the
input, y(k) € IR? is the output and A(-), B(-), C(-), D(:) are periodic matrices of
period w (briefly, w-periodic).

Denote by ®(k, ko) the transition matrix:

(I)(ki, k‘o) = A(k’ — 1)14(]{5 — 2) s A(k‘o), k> ko, k, ko € Z, (3)
O(k, k) = I,wy, ke, (4)

where I,,() denotes the identity matrix of dimension n(k). Given a time instant k
and an m-dimensional discrete-time signal v(-) € IR"™, denote with vf (h) € R™
the lifted discrete time signal associated to v(-) and defined by:

vE(h) == [V/(hw + k) o'(hw+k+1) - V(hw+k+w-1)]", hez' (5)

In the following, two time-invariant representations of the w-periodic system S
are recalled and some related results are analyzed.

For an arbitrary integer k, let uZ(h) and yF (h) the lifted signals associated to u(-)
and y(-), respectively, &x(h) := z(hw + k) and consider the time-invariant system
SL(k) described by:

&(h+1) = Ep&(h) + Jeug (h) (6)
yr(h) = L& (h) + Myug (h) (7)
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where
By = ®w+kk), (8)
Je = [®(w+kk+1)B(k) ®(w+kk+2)Bk+1) -+ Blk+w—1)], (9)
[ C(k)
L C(k+ 1)<I>(k+ 1,k) | 10)
C(k+w— 1)<I)(k +w—1k)
[ D(k) 0 0 0
Hy (k) D(k+1) 0 . 0
M, = |Hsi(k) Hs(k) D(k+2) - 0 (11)
_Hw7-1(k) Hw,;(k) Hw,w.—l(kj) D(k —&—.w —1)
with
Hij(k)=Clk+i—-1)®(k+i—1,k+j)Bk+j—1), (12)

1=2,3,...,w,J=12...,w—1,17>j.

System S* (k) will be referred to as the lifted representation at time k of S (briefly,
lifted system). Obviously, SL(k + w) = SL(k) for all integer k and system ST (k) is
equivalent to the w-periodic system S [17]. The time instant & can be considered as
the initial time of w-rate sampling for the state of system S.

The transfer matrix Wy, (2) := Li(2L, k) — Ex) ™' Ji + M}, associated to the lifted
representation of S' depends on the initial sampling time k as is stated in the following
result.

Lemma 2.1. [13] For all the integer k, the transfer matrix Wy (z) satisfies the
following relation:

0 low-n 0 Z_lﬂ. (13)

Wit1(2) = L’I ! 0 } Wi(2) |:Ip(u.)1) 0

The infinity norm of the associated transfer matrix Wi (z), i.e. [|[Wi(2)||eo =
supy (Wi (e7?)), is independent of the initial sampling instant as stated by the
following lemma, whose proof is reported in the Appendix.

Lemma 2.2. The infinity norm of the transfer matrix Wy/(z) satisfies the following
relation:

[Wit1(2)lloo = [[Wi(2)]loos VK € Z. (14)

The notion of lifted system at time k allows to analyze structural and stability
properties and pole-zero structures of periodic systems [2, 4, 13, 14]. For example,
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the subspace of reachable (unobservable) states of system S at time k is readily seen
to coincide with that of system S (k) if it is expressed in terms of matrices Ey, Jy,
Lj, and Mj. Therefore, system S is reachable (observable) at time k if and only if
system S% (k) is reachable (observable).

Moreover, it is well known that the characteristic polynomial of Ej (the mon-
odromy matrix of A(-)) is independent of k, whence it characterizes the stability
of S [7]. Also the solutions of w-periodic Lyapunov equations can be found making
use of the lifted representation of the w-periodic system .S. Computation algorithms
and related applications of these equations can be also found in [24].

Lemma 2.3. [25], [3] For an arbitrary integer k, let M), and Ny solutions of the
following Lyapunov equations:

EkMkE,;—i-JkJ]; = My, (15)
E]/{;Nk?E}CJ’_L;qu = Ng. (16)

Let M(-) and N(-) w-periodic matrices satisfying the following w-periodic Lyapunov
equations:

A(k) M (k) A(k) + B(k)B(k) = M(k+1) Vke Z (17)
A(kYN(k+1) A(k) + C(k)C(k) = N(k) Vk€ Z. (18)

Then, M (k) = My, and N (k) = Ny, for all the integer k.

A similar set of results can be also stated by a different time-invariant repre-
sentation which is now recalled. Given a time instant k and an m-dimensional
discrete-time signal v(-) € R™, denote with v{ (i) € IR™* the cyclic discrete time
signal associated to v(-) and defined by:

Cyr k,C /. k,C /. k,C /11! .
vg (1) == [y 9 () OPCE) o WEG 6], P>k, (19)

w—1
with:

heZt,j=0,...,w—1, (20)

k’c(i) L v(i) i=k+j+ho
T x iFk+j+hw’

where * means that vfc(z) can be freely assigned for i # k + j + hw [8].

For an arbitrary integer k, let u$ (i), y< (i) and 2§ (i) the cyclic signals associated
to u(-), y(-) and z(-), respectively, and consider the time-invariant system S (k)
defined by

2{(i+1) = Apz$ (@) + Bruf (i) (21)
yi (i) = Cray (i) + Druy (i) (22)
where
e 0 Aw—1+k)
Alk) - 0 0
Ay = 0 .. 0 0 7

0 - Aw-2+k) 0
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0 .- 0 Bw—1+k)
B(k) - 0 0

Bo=| 0 - 0 0 7
6 B(w—.2+k) 0

Cr = diag{C(k), C(k+1), ..., Clw—1+k)},

Dy, = diag{D(k), D(k+1), ..., D(w—1+Fk)}

System S¢ (k) will be referred to as the cyclic representation at time k of S (briefly,
cyclic system) [8], [19].

With the cyclic representation S (k) the following transfer matrix can be asso-
ciated:

Wi(z) = Ci(21, — Ay) "' Bk + Dy, (23)

where v := 3" "n(i).
The relationships between systems S (k) and S (k) in terms of their transfer
matrices Wy (z) and Wj(z) are precisely stated by the following lemma.

Lemma 2.4. [5] For any integer k, the following relation is satisfied:

Wi(2) = diag{I,,z I ,- -, 27T [ Wi (2¥) diag{I,, zI,, -+ ,2* ' I,}.  (24)

The infinity norms of the transfer matrices Wy (z) and Wy (z) coincides as stated
in the following lemma whose proof is reported in the Appendix.

Lemma 2.5. For an arbitrary integer k, the infinity norms of the transfer matrices
Wi (z) and Wy (z) satisty the following relation:

Wk (2)lloo = PVi(2)]]oo- (25)

Also the notion of cyclic system allows to analyze structural and stability proper-
ties of periodic systems. System S is reachable (observable) at time k if and only if
system S (k) is reachable (observable) [5, 15, 19]. System S is asymptotically stable
if and only if for an arbitrary integer k system S¢ (k) is asymptotically stable [19].

3. BALANCED REALIZATION AND MODEL REDUCTION

An w-periodic coordinate transformation on the state space is described by:
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where T'(k) € R™™™>*™*®) is an w-periodic non singular matrix. In the new base
the realization (A(-), B(:), C(-), D(+)) of the w-periodic system S has the following
form:

Ak) = Tk+1) AR THE™, VkeZ (27)
B(k) = T(k+1)B(k-), Vke Z (28)
C(k) = Ck)T(k)™, Vi€ Z. (29)

Assume system S to be reachable and observable at all times (the w-periodic
realization (A(+), B(-), C(-), D(-)) is minimal) and asymptotically stable (the eigen-
values of the monodromy matrix Fj lie inside the open unit disk). Under these
assumptions it is possible to show the following result whose proof is given in the
Appendix.

Lemma 3.1. Assume that system S is reachable and observable at all times and
asymptotically stable. Then, for all the integer k, there exists an w-periodic coor-
dinate transformation on the state-space described by (26) such that the following
relations hold:

A(k) S(k)A(k) + B(k)B(k) = S(k + 1), (30)
A(R)S(k+1)A(K) + C(k)'C(k) = Z(k), (31)

where
E(k) = diag{o1(k),02(k), -, ong) (k) }, (32)

with 0;(k + w) =0;(k) > 0,i=1...n(k).

Analogously to the time-invariant case an w-periodic asymptotically stable mini-
mal realization (A(-), B(-), C(-), D(-)) which satisfies relations (30), (31) with A(-),
B(-), C(-) substituted with A(-), B(:), C(-) is called balanced realization.

Lemma 3.2. For any integer k, the lifted representation S*(k) and the cyclic
representation S¢ (k) of the w-periodic S with balanced realization are characterized
by time-invariant balanced realizations.

Also the proof of this lemma is given in the Appendix.

Now assume that the w-periodic asymptotically stable minimal realization of S is
in the balanced form and consider the following compatible partition with w-periodic
time-varying dimensions:

Ap1(k)  Aira(k) By (k)
aw = [ ) 20 =[5 )
oW =[O Calk)]. (34)
s = [ gl e = [ (35)
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where the dimensions of all the blocks are suitably chosen, in particular
Ay (k‘) cR™ (k+1) ><n1(k)7 Apa(k)e R E+1) ><n2(le)7 A21(k) c R (k+1) an(k)’
A22(k) 6]:Rng(kJrl)an(k)7 Bl(k) e ]:Rnl(kJrl)Xp7 B2(k) E]:R712(lc+1)><p7 Cl(k) c ]:qunl(k)7
Co (k) eRP™ )53, (k) = diag{o (), 0a(k), .. ., 0, (1) (k) } € R BV XM (k).
So(k) = diag{on, (ky+1(k)s Ty kyr2(k)s - s oy (k) } € RM2Fm2(0) gy (k) € R™ P,
z2(k) € R and ny (k) < n(k), ni(k +w) = n1(k) and ny(k) := n(k) —ny (k) for
all k € Z.

If the truncation operation is applied to the w-periodic minimal balanced realiza-
tion (A(+), B(-), C(:), D(-)) of the system S, the following reduced order w-periodic
model S” is obtained:

xl(kz + 1) = All(kﬁ).’lil (k‘) + By (k‘) ’U,(k‘) (36)
y(k) = Ci(k)z1(k) + D(k)u(k) (37)

whose time-invariant cyclic representation at time k has (A}, B}, CL, Dy) as real-
ization, where AL € R vy := 3¢ 10y (i), and B} € R"*“? have the same
cyclic structure of A, and By, with the w-periodic matrix A(-) and B(-) substituted
by A11(-) and Bj (), respectively, and C} € IR*P*** has the same diagonal structure
of C;, with the w-periodic matrix C(-) substituted by Ci(-). Denote by Wy (z) the
transfer matrix of the cyclic representation at time k of the reduced order w-periodic
model S":

Wi (2) := Ci (21, — AN 7'BL 4 Dy.. (38)

Theorem 3.1. Assume that system S is reachable and observable at all times and
asymptotically stable. Let (A(-), B(:), C(-), D(+)) an w-periodic balanced realization
of system S. Let (A11(+), B1(+), C1(), D(-)) the w-periodic realization of the reduced
order w-periodic model S”, whose state-space dimension is n; (k) < n(k), with ny (k+
w) = n1(k). Let W] (2) the transfer matrix of the cyclic representation at time k of
the reduced model S”. Then, the w-periodic model S” is asymptotically stable and
for an arbitrary integer k:

w—1  n(i)
IWi(2) = Wi ()]l <2 oe(i), (39)
=0 =n; (i)+1

where oy(i) > 0 are the entries of the diagonal matrix Xo(¢), for i = 0,1,...,w — 1.

Proof. Consider the following orthogonal matrix:
= g ) em, (a0

where
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up = diag{[ Iy (k) }7 [ Ty (k41) }7 . { Ly, (ktw-1) ]}
Ony (k) ma () Ony (k1Ym0 (k+1) Oy (ktw—1),n1 (k+w—1)
c RVXV17
u}g = diag{[onl(k)7n2(k):| , |:0n1(k+1),nz(k+1):| S |:On1(k+w1),n2(k+w1):|}
Iy Iy (k1) Iy (htw—1)
c RVXV27

Onm is the zero matrix of dimension n x m, v; = S (i), va = 397 na(i)
and 11 + vo = v. Moreover, define Xy := diag{X(k),2(k+ 1), - ,X(k +w — 1)}.
Taking into account the structure of the orthogonal matrix U}, and the partition of
the balanced realization (A(-), B(-), C(-), D(+)) and of X (k) described by (33)—(35),
the following relations can be derived:

- All A12

Ay = UAU [ 5 ’“] i
& e AU A2 A2 (41)
B 1 _

By = U.By= [gllﬂ . Cr=Clhy = € CF (42)

) sl

3 = Z/[/Z U = |: k :| ’ 43
k -8 (43)

where A;t € R, Bl € R"*“P and € € R“P*" have been above introduced
and A2 € R"™*"2, A2 € R™™ and A7? € IR">*"2 have the same cyclic structure
of A with the w-periodic matrix A(-) substituted by Aja(-), A21(-) and Ass(-),
respectively; Bz € IR”>*“P has the same cyclic structure of Bj, with the w-periodic
matrix B(-) substituted by Ba(-); CZ € IR“P*" has the same diagonal structure of Cy,
with the w-periodic matrix C(-) substituted by Ca(+); £} € R"*"* and X7 € IR¥2*"?
have the same diagonal structure of ¥y with the w-periodic matrix X(-) substituted
by X1(-) and 3s(+), respectively.

The orthogonal matrix Uj, describes a state-space transformation of the time-
invariant cyclic representation S¢ (k). Under the assumption of system S in a bal-
anced realization, by Lemma 3.2, the cyclic representation S (k) is balanced. Then,
it is easy to see that also in the new base the time-invariant cyclic representation
SC (k) with realization (Ay, By, C, Bi) is balanced.

Now, by well known results on the balanced realization (Theorem 4.2 in [20])
and on the balanced truncation of discrete-time time-invariant system (Theorem
2 in [1]) applied to the time-invariant cyclic representation S (k) with realization
(A, By, Cr, D) the asymptotic stability of the cyclic representation of S™ (equivalent
to the asymptotic stability of S [19]) and the relation (39) are derived. The double
summation in the right hand side of (39) is a consequence of the structure of ¥2 =
diag{Xa(k), L2 (k +1),...,Sa(k+w —1)}. 0

This result introduces an upper bound on the approximation error measured by
[Wi(2) — W] (2)||so- Note that, the approximation error can be also expressed
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by |[Wi(z) — W[ (2)||ooc where Wy(z) is the transfer matrix of the lifted system
at time k and W[ (2) = L} (2, k) — EfY) 1L + My where Ej', J! and Lj, are
defined as Ej, J, and Lj with matrices A(-), B(:) and C(-) substituted by A1 (-),
By (+) and Ci(-), respectively. In fact, a relation similar to (24) holds for W (z)
and W/ (2*¥) and arguing as in the proof of Lemma 2.5 it is possible to show that
IWi(2) — W7 ()lloo = [W(2) — WE )l

Note that, if w = 1 (the time-invariant case) the upper bound of the model error
stated in the Theorem 3.1 reduces to the well-known time-invariant upper bound [1].

A model reduction of a periodic system with the desired accuracy can be obtained
by the following algorithm.

Algorithm 3.1.

Step 0. An w-periodic system S of the form (1), (2) is given. Verify that S is
reachable and observable at all times and asymptotically stable. Set a thresh-
old positive value ~.

Step 1. By Lemma 2.3, compute the w-periodic solution M (k) and N (k) of the
w-periodic Lyapunov equations (17) and (18) respectively. Then, compute a
Cholesky factorization of M (k) = R(k)R(k)" and a singular value decomposi-
tion of R(k)'Q(k)R(k) = U(k)X(k)?U (k)" where X(k)=diag{o(k), oa(k), - - -

-, ony (k) } with oy(k) > 0i11(k), for all k € Z.

Step 2. For k=0,1,...,w, find the positive integer n, (k) such that o, (k) > .

Step 3. Compute the upper bound of the truncation error €., := 2 Zf;ol Zg)n ()41

o¢(i). If the upper bound e, is acceptable go to Step 4, else set a lower threshold
positive value v and go to Step 2.

Step 4. Apply to system S an w-periodic state-space transformation described by
(26) with T'(k) = (k)2 U (k) R(k)~! where (k)2 = diag{/o1(k), \/02(k),
-+, \/On(k)}. In the new base deduce the block partition of the balanced
realization of S as described by (33), (34) with n(k) specified at the Step 2.
The corresponding matrices A11(+), Bi(-) and Cy(-) are a realization of the
reduced order model S™ described by (36), (37) and the upper bound of the
infinity norm of the model error is lower or equal to €.

4. NUMERICAL EXAMPLES

Example 4.1. Consider the 2-periodic asymptotically stable, reachable and ob-
servable system S described by the following matrices:

A(o):[O(H, B(O):{H, c(0) =1,

Al)=[0 05], B(1)=1, C(1)=[1 0 ].
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where the state-space dimension is n(0) = 1, n(1) = 2. The lifted representation
ST (k) has the following transfer matrix:

O i ol R -

z—0.25

It can be verified by means of Lemma 3.1 that the system S is in balanced form,
with:

P ==z =g ¢ .

and the Step 1 of the Algorithm 3.1 can be omitted. Choosing a positive threshold

value v = 0.3, the positive integer nq(k) at the Step 2 is equal to one for each
integer k, and the upper bound e, = 2 Z;:o ZZSTL@)H ou(i) = .
The state-space transformation at the Step 4 is not necessary and a realization

of the reduced order model has the following form:
A11(0) =A11(1) =0, Bi(0)=Bi(1)=1, C1(0)=Ci(1) =1,

with the following transfer matrix :

Wi =wie) = | § 5 |-

Note that the infinity norm of the model errors is ||Wy(2) = W (2)||oo = |[W1(2)—
W1 (z)|l« = % and it verifies Theorem 3.1, where the upper bound given by (39)
f 8

1S 15°

Example 4.2. Consider the 2-periodic asymptotically stable, reachable and ob-
servable system S described by the following matrices:

0.6 019 —0.7 0.54 0.17
A(0)= |0.72 091 —1.17 0.68|, B(0) = |0.46] ,
0.29 0.56 —0.56 0.28 0.28

C(0)=[113 -1.6710"" —1.07 1.01],

—4.28 046 5.28 -0.19

—3.16 -2 6.71 —0.07
AQ) = —-5.66 —-3.53 12 |’ (1) = —0.96| "’

—-5.22 —-3.38 11.2 —0.24

C(1)=[-2.810"% 7.73107° 3.121077],
where the state-space dimension is n(0) = 4, n(1) = 3. At the Step 1 the 2-periodic

diagonal matrix X(k) has the following form:

»(0) = diag{1.38,0.75,1.61 1073,4.16 107},
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¥(1) = diag{1.31,7.54 1071,6.9 10~°}.

With a positive threshold value v = 10, at the Step 2 the dimension n; (k) of the
reduced model is n1(0) = 3, n1(1) = 2, and the upper bound ¢, is

1 n(i)
=2 0(i) = 2(04(0) + 03(1)) = 1.38 1072,
i=0 f=n; (i)+1

Applying the state-space transformation at the Step 4, a balanced realization of
system S is obtained and the reduced model S™ of dimension nq(k) described by
(36), (37) has the following form:

A1 (0) = -1.03107* -7.5810"" -9.0710°°
W= 1_740107" —-1.62107* 3.861072

I

9.38 1071
B.(0) = {—2.10 10—4]

C1(0)=[9.82107" -1.9610"* 2.21077],

9.77107Y 2.96107° —3.52107!
An(1) = |5.27107° -1 , Bi(1) =] 1.29107* |,
1.05107% 7.4910°° 3.831072

Ci(1) = [8.08107% —8.13107°],
and the infinity norm of the model error is |[|[Wi(z) — W[ (2)|lee = [[Wi(2) —

Wi (2)||eo = 6.9 1077 and it satisfies Theorem 3.1, where the upper bound e, is

equal to 1.38 10~

With a different choice for the positive threshold value v = 2 1072, at the Step 2
the dimension n;(k) of the reduced model is n1(0) = ny(1) = 2, and the upper
bound e, has the following value:

1 n(3)
23 > ou(i) = 2(03(0) + 04(0) + o3(1))

i=0 f=n1 (i)+1
= 3.36 1075.

€y

In this second case the reduced model S™ described by (36), (37) has a constant
state-space dimension n4(k) = 2 and

—-1.03107%* —7.581071
An(0) = {—7.40 107" —1.62 10—4]

9.38 107!
Bi(0) = [—2.10 10—4}

C1(0) = [9.82107" —1.96 107%],
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A11(1)

~[9.77107" 2.96107° (1) = -3.52107"
~1527107% —1.0000 |’ 7" T | 129107 |°

Ci(1) = [8.08107% —8.13107°].
The infinity norm of the model error is ||[Wy (2) =W} (2)||sc = [|Wk(2)-Wi(2)||co =

1.61 10~2 and it satisfies Theorem 3.1, where the upper bound €y is equal to
3.36 1073,

5. CONCLUDING REMARKS

An analysis of model error introduced by a simple truncation of a periodic system
in a balanced realization is performed. The general case of periodically time-varying
dimension of the state-space is considered. The results represent an extension to
the periodic systems of the well known results on the balanced truncation for time-
invariant systems. When the period w is equal to one (the time-invariant case), the
introduced bound for the infinity norm of the model error reduces to the one of
time-invariant systems.

For time-invariant systems with no poles on the imaginary axis the balanced
reduction has been solved also for unstable systems [21]. The possible extension of
this result also to the class of discrete-time periodic systems is under investigation.

APPENDIX A

-1
Proof of the Lemma 2.2. The infinity norm of 0 logo-1) and 0 = L
zl 0 Ip(wfl) 0

are equal to one. Then, by Lemma 2.1 and the submultiplicative property of the
infinity norm the following relation holds:

[Wit1(2)lloo <[[Wi(2)lloo VK € Z. (44)
Moreover, by Lemma 2.1 it easy to verify the following relation:

0 271,
w—1) 0

0 Ipw-1)
A, 0 , VkeZ.

Wi(z) = Wit1(2)
Iq(
This relation together with the submultiplicative property of the infinity norm im-
plies:
Wk (2)lloo < [Wit1(2)lloe VK € Z. (45)

Relations (44) and (45) prove the lemma. O

Proof of the Lemma 2.5. The infinity norm of diag{l,, 271 ,---, 27"}
and of diag{I,, zI,, ---,2*"'I,} are equal to one. Then, by Lemma 2.4 and the
submultiplicative property of the infinity norm the following relation holds:

IWis1(2)lloe < [IWi(29)]le0 Yk € Z. (46)
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Moreover, by Lemma 2.4 it easy to verify the following relation:
Wi (2¥) = diag{ly, 21, , 2 "I} Wi (2) diag{I, oy, 2 LY VE € Z.

This relation together with the submultiplicative property of the infinity norm im-
plies:
Wi (z) oo < [Wi(2)lleo VE € Z. (47)

Being ||[Wg(2%)||oo = ||Wk(2)||oo, relations (46) and (47) prove the lemma. ]

Proof of the Lemma 3.1. The stability assumption on the minimal real-
ization (A(-), B(:), C(-), D(-)) implies for any arbitrary integer k the asymptotic
stability of the reachable and observable time-invariant lifted system S%(k). This
fact implies that the reachability and observability gramians of S”(k), expressed by
Py = Y20 (Er) T (E)" and Q = Y oo (Er) Ly, Li(Ey)", satisfy the following
Lyapunov equations [20]:

E.QrEx + L Ly = Q. (49)

By Lemma 2.3 the above relations imply the existence of w-periodic matrices P(k)
= P and Q(k) = Qi which satisfies the following w-periodic Lyapunov equations:

A(k)P(k)A(k)' + B(k) B(k)' = P(k+1), Vke Z, (50)

A(k)Q(k +1)A(k) + C(k)'B(k) = Q(k), VkeZ (51)

Consider a Cholesky factorization of P(k) = R(k)R(k)" and a singular value de-

composition of R(k)'Q(k)R(k) = U(k)S(k)2U (k) where ©(k)=diag{o1(k), o2(k),

-, Onky(k)}. Introduce an w-periodic state-space transformation described by

(26) with T(k) = S(k)2U (k) R(k)~! where X(k)z = diag{\/o1(k), /o2 (k), ---

V/On(k)(k)}. By relations (27) — (29), the equations (50) and (51) imply:
A(k)T(k)P(k) T(k) A(k) + B(k)B(k)’ (52)

= T(k+1)Pk+1)T(k+1),

AR) (T(k+1))'Q(k + 1) T(k + 1)t A(k) + C(k) C (k) (53)
= (T(k))'Qk)T(k)~,

that are equivalent to the relations (30) and (31). O

Proof of the Lemma 3.2. For any integer k, the asymptotic stability and
minimality of S implies the asymptotic stability and minimality of the lifted rep-
resentation ST (k) and of the cyclic representation S¢ (k). Moreover, relation (30)
implies that:

Ak + DAR)S(R)AR) Ak + 1) + Ak + DB(E)B(k) Ak + 1) (54)
+B(k+1)B(k+1) = S(k +2),
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and by induction it follows:
EyS(B)E), + JpJj, = S(k), (55)

where Ey and Ji, are defined as Ej, and Jj, with matrices A(-) and B(-) substituted
by A(:) and B(+), respectively.
In the same way, relation (31) implies that:

EyS(k) By + LyLy = S(k), (56)

where Ly, is defined as Ly, with matrices A(-) and C(-) substituted by A(-) and C(),
respectively.

Denoting with /lk, Bk and ék matrices defined as matrices Ay, By and Cp with
A(+), B(-) and C(-) substituted by A(-), B(-) and C(-), respectively, and with X =
diag{3(k),2(k + 1), -+ ,X(k +w — 1)}, relations (30) and(31) imply that:

AkEkA;C + BkB;C = >, (57)

A%Ekfik + CA]ICCA]C =Y. (58)

Then, relations (55)— (58) prove that (Eg,Jy, Ly, M) and (A, By, Cr, D) are

time-invariant balanced realizations of S*(k) and S (k), respectively [20]. O
ACKNOWLEDGEMENTS

This work was supported by Ministero dell’Universita e della Ricerca Scientifica and by
Consiglio Nazionale delle Ricerche.

(Received December 11, 1998.)

REFERENCES

[1] U.M. Al-Saggaf and G.F. Franklin: An error bound for a discrete reduced order
model of a linear multivariable system. IEEE Trans. Automat. Control AC-32 (1987),
9, 815-819.

[2] S. Bittanti: Deterministic and stochastic linear periodic systems. In: Time Series and
Linear Systems (S. Bittanti, ed.), Springer—Verlag, Berlin 1986.

[3] P. Bolzern and P. Colaneri: Existence and uniqueness conditions for the periodic solu-
tions of the discrete-time periodic Lyapunov equations. In: Proc. of 25th Conference
on Decision and Control, Athens 1986, pp. 1439-1443.

[4] P. Bolzern, P. Colaneri and R. Scattolini: Zeros of discrete—time linear periodic sys-
tems. IEEE Trans. Automat. Control AC-81 (1986), 1057-1059.

[5] P. Colaneri and S. Longhi: The lifted and cyclic reformulations in the minimal real-
ization of linear discrete—time periodic systems. In: Proc. of the 1st IFAC Workshop
on New Trends in Design of Control Systems, Smolenice 1994, pp. 329-334.

[6] P. Colaneri and S. Longhi: The realization problem for linear periodic systems. Auto-
matica 81 (1995), 775-779.

[7] D.S. Evans: Finite-dimensional realizations of discrete-time weighting patterns.
SIAM J. Appl. Math. 22 (1972), 45-67.

[8] D.S. Flamm: A new shift-invariant representation for periodic linear systems. Systems
Control Lett. 17 (1991), 9-14.




Balanced Reduction of Linear Periodic Systems 751

[9] L. Fortuna, G. Nunnari and A. Gallo: Model Order Reduction Techniques with Ap-

plications in Electrical Engineering. Springer—Verlag, Berlin 1992.

[10] K. Glover: All optimal Hankel-norm approximation of linear multivariable systems

and their L*—errors bounds. Internat. J. Control 39 (1984), 6, 1115-1193.

[11] I. Gohberg, M. A. Kaashoek and L. Lerer: Minimality and realization of discrete time—

varying systems. Oper. Theory: Adv. Appl. 56 (1992), 261-296.

[12] O.M. Grasselli and S. Longhi: Disturbance localization by measurements feedback for

linear periodic discrete-time systems. Automatica 24 (1988), 375-385.

[13] O.M. Grasselli and S. Longhi: Zeros and poles of linear periodic discrete-time systems.

Circuits Systems Signal Process. 7 (1988), 361-380.

[14] O.M. Grasselli and S. Longhi: Robust tracking and regulation of linear periodic

discrete-time systems. Internat. J. Control 54 (1991), 613-633.

[15] O.M. Grasselli and S. Longhi: The geometric approach for linear periodic discrete—

time systems. Linear Algebra Appl. 158 (1991), 27-60.

[16] M. Gree and D.J.N. Limebeer: Linear Robust Control. Prentice Hall, Englewood

Cliffs, N. J. 1995.

[17] R.A. Mayer and C.S. Burrus: A unified analysis of multirate and periodically time—

varying digital filters. Trans. Ccts Syst. CSA-22 (1975), 162-168.

[18] B.C. Moore: Principal component analysis in linear systems: controllability, observ-

ability and modal reduction. Trans. Automat. Control AC-26 (1981), 17-32.

[19] B. Park and E.I. Verriest: Canonical forms on discrete linear periodically time—varying

systems and a control application. In: Proc. of the 28th IEEE Conference on Decision
and Control, Tampa 1989, pp. 1220-1225.

[20] L. Pernebo and L. M. Silverman: Model reduction via balanced state space represen-

tations. IEEE Trans. Automat. Control AC-27 (1982), 2, 382-387.

[21] G. Salomon, K. Zhou and E. Wu: A new balanced realization and model reduction

method for unstable systems. In: Proc. of 14th TFAC World Congress, Beijing 1999,
vol. D, pp. 123-128.

[22] S. Shokoohi, L. M. Silverman and P. Van Dooren: Linear time—variable systems: bal-

ancing and model reduction. Trans. Automat. Control AC-28 (1983), 8, 810-822.

[23] S. Shokoohi, L. M. Silverman and P. Van Dooren: Linear time—variable systems: sta-

bility of reduced models. Automatica 20 (1984), 1, 59-67.

[24] A. Varga: Periodic Lyapunov equations: some applications and new algorithms. In-

ternat. J. Control 67 (1997), 69-87.

] B. Xie, R.K. A.V. Aripirala and V.L. Syrmos: Model reduction of linear discrete—

time periodic systems using Hankel-norm approximation. In: Proc. of IFAC 13th
World Congress, San Francisco, 1996, pp. 245-250.

Prof. Dr. Sauro Longhi and Dr. Giuseppe Orlando, Dipartimento di Elettronica ed Au-

tomatica, Universita di Ancona, via Brecce Bianche, 60131 Ancona. Italy.
e-mails: s.longhi, orlando@ee.unian.it



	INTRODUCTION
	PRELIMINARIES
	BALANCED REALIZATION AND MODEL REDUCTION
	NUMERICAL EXAMPLES
	CONCLUDING REMARKS

