Kybernetika

VOLUME 36 (2000), NUMBER 4

The Journal of the Czech Society for
Cybernetics and Information Sciences

Published by: Editorial Board:
Institute of Information Theory Jit{ Andél, Marie Demlové, Petr Héjek,
and Automation of the Academy Jan Hlavicka, Martin JanZura, Jan JeZek,
of Sciences of the Czech Republic Radim Jirousek, Ivan Kramosil,

Vladimir Kucera, Frantisek Matus,
Jif{ Outrata, Jan Stecha, Olga Stépankova,
Editor-in-Chief: Igor Vajda, Pavel Zitek, Pavel Zampa

Milan Mares

Managing Editors: Editorial Office:
Karel Sladky Pod Vodérenskou vézi 4, 18208 Praha 8

Kybernetika is a bi-monthly international journal dedicated for rapid publication of
high-quality, peer-reviewed research articles in fields covered by its title.

Kybernetika traditionally publishes research results in the fields of Control Sciences,
Information Sciences, System Sciences, Statistical Decision Making, Applied Probability
Theory, Random Processes, Fuzziness and Uncertainty Theories, Operations Research and
Theoretical Computer Science, as well as in the topics closely related to the above fields.

The Journal has been monitored in the Science Citation Index since 1977 and it is
abstracted/indexed in databases of Mathematical Reviews, Current Mathematical Publi-
cations, Current Contents ISI Engineering and Computing Technology.

Kybernetika. Volume 36 (2000) ISSN 0023-5954, MK CR E 4902.

Published bi-monthly by the Institute of Information Theory and Automation of the
Academy of Sciences of the Czech Republic, Pod Vodarenskou vézi 4, 18208 Praha 8.
— Address of the Editor: P.O. Box 18, 18208 Prague 8, e-mail: kybernetika@utia.cas.cz.
— Printed by PV Press, Pod vrstevnici 5, 14000 Prague 4. — Orders and subscriptions
should be placed with: MYRIS TRADE Ltd., P. 0. Box 2, V Stihldch 1311, 142 01 Prague 4,
Czech Republic, e-mail: myris@Qmyris.cz. — Sole agent for all “western” countries: Kubon
& Sagner, P. O. Box 340108, D-8000 Miinchen 34, F.R.G.

Published in August 2000.

© Institute of Information Theory and Automation of the Academy of Sciences of the
Czech Republic, Prague 2000.


http://www.utia.cas.cz
http://www.utia.cas.cz
http://www.utia.cas.cz
http://www.kybernetika.cz/board.html
http://www.kybernetika.cz/contact.html
http://www.kybernetika.cz
http://www.kybernetika.cz/content/364.html

KYBERNETIKA — VOLUME 36 (2000), NUMBER 4, PAGES 465-476

CONTROLLABILITY OF SEMILINEAR FUNCTIONAL
INTEGRODIFFERENTIAL SYSTEMS
IN BANACH SPACES

KRISHNAN BALACHANDRAN AND RATHINASAMY SAKTHIVEL

Sufficient conditions for controllability of semilinear functional integrodifferential sys-
tems in a Banach space are established. The results are obtained by using the Schaefer
fixed-point theorem.

1. INTRODUCTION

Controllability of nonlinear systems represented by ordinary differential equations in
infinite-dimensional spaces has been extensively studied by several authors. Naito
[12,13] has studied the controllability of semilinear systems whereas Yamamoto and
Park [19] discussed the same problem for parabolic equation with uniformly bounded
nonlinear term. Chukwu and Lenhart [3] have studied the controllability of nonlin-
ear systems in abstract spaces. Do [4] and Zhou [20] investigated the approximate
controllability for a class of semilinear abstract equations. Kwun et al [7] established
the approximate controllability for delay Volterra systems with bounded linear op-
erators. Controllability for nonlinear Volterra integrodifferential systems has been
studied by Naito [14]. Recently Balachandran et al [1,2] studied the controllability
and local null controllability of Sobolev-type integrodifferential systems and func-
tional differential systems in Banach spaces by using Schauder’s fixed-point theorem.
The purpose of this paper is to study the controllability of semilinear functional inte-
grodifferential systems in Banach spaces by using the Schaefer fixed-point theorem.
The semilinear functional integrodifferential equation considered here serves as an
abstract formulation of partial functional integrodifferential equations which arise
in heat flow in material with memory [5, 6,8, 9, 18].

2. PRELIMINARIES
Consider the semilinear functional integrodifferential system of the form
(Ex(t)) + Az(t)

a(t)

(Bu) () +
¢(t) )

s,xs)ds, teJ=1]0,b], (1)

I
0
[77'7 0]7
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where E and A are linear operators with domains contained in a Banach space X
and ranges contained in a Banach space Y, the state x(.) takes values in X and
the control function u(.) is given in L?(J,U), a Banach space of admissible control
functions with U as a Banach space, B is a bounded linear operator from U into Y
and the nonlinear operator f : JxC — Y is a given function. Here C' = C([—r,0], X)
is the Banach space of all continuous functions ¢ : [—r,0] — X endowed with the
norm ||¢|| = sup{|¢(0)| : —r < 8 < 0}. Also for x € C([—r,b], X) we have z, € C for
t €10,b], x¢(0) =x(t+6) for € [—r,0]. The norm of X is denoted by || - || and Y
by |-|.

The operators A : D(A) C X — Y and F : D(E) C X — Y satisty the
hypotheses [C;] for i =1,...,4:

[C1] A and E are closed linear operators
[Co] D(E) C D(A) and E is bijective
[C3] E71:Y — D(E) is continuous

[Cy] For each t € [0,b] and for some A\ € p(—AE™!), the resolvent set of —AE~1,
the resolvent R(\, —AE~1!) is a compact operator.

The hypotheses [C4], [Cz] and the closed graph theorem imply the boundedness
of the linear operator AE™1:Y — Y.

Lemma. [15] Let S(t) be a uniformly continuous semigroup and let A be its
infinitesimal generator. If the resolvent set R(A : A) of A is compact for every
A € p(A), then S(t) is a compact semigroup.

From the above fact, —AE~! generates a compact semigroup T'(t), t > 0, on Y.

Definition. The system (1) is said to be controllable on the interval J if for every
continuous initial function ¢ € C' and z; € X, there exists a control u € L?(J,U)
such that the solution z(t) of (1) satisfies x(b) = .

We further assume the following hypotheses:

[C5] —AE~! is the infinitesimal generator of a strongly continuous semigroup of
bounded linear operators T'(t) in Y satisfying

IT(t)] < Mye*t, t >0 for some My >1 and w > 0.
[Cg] The linear operator W : L?(J,U) — X defined by
b
Wu = / E7'T(b— s)Bu(s)ds
0
has an inverse operator W-l:X - L?(J,U)/ker W and there exist positive

constants My, M3 such that |B| < M, and |W‘1| < Mj (See the remark for
the construction of W~1).
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[C7] For each t € J, the function f(¢,-) : C — Y is continuous and for each = € C,
the function f(-,z):J — Y is strongly measurable.

[Cs] There exists an integrable function m : [0,b] — [0, 00) such that
[f(t, @)l <m()Q(llll), 0<t<b, ¢€C,
where € : [0,00) — (0,00) is a continuous nondecreasing function.

[Cy

b )
. ds
/Om(s)d“/c 1+5+9(s)’

where
t
c=|[E7Y|My|E$(0)|, mh(t) = max {w, |E~H|MLN, IIE’lllMl/ m(S)dS}
0
and

N = MoMs[l|lz:|| + | E7Y|Mie* ]

b s
HE M [ et [Cma(e ) dr ds)
0 0
We need the following fixed point theorem due to Schaefer [17].

Theorem 1. Let F be a normed space. Let F': E — FE be a completely continuous
operator, i.e., it is continuous and the image of any bounded set is contained in a
compact set, and let

((F)={z € E;x=AFz for some 0<A\<1}
Then either ((F) is unbounded or F has a fixed point.

Then the system (1) has a mild solution of the following form

2(t) = E-'T()E$(0) + /O BT (¢~ 5)[(Bu) (s)

+/0 f(T,xT)dT} ds, teJ,
x@) = ¢(t)7 tG[f’)",O]

and Ez(t) € C([0,b);Y) N C’'((0,b);Y).



468 K. BALACHANDRAN AND R. SAKTHIVEL

3. MAIN RESULT

Theorem 2. If the hypotheses [C1]—[Cy] are satisfied, then the system (1) is
controllable on J.

Proof. Using the hypothesis [Cg] for an arbitrary function z(.), define the control

b s
w(t) = WL |21 — B2 (b)Eo(0) — /0 BT — s) /0 f(T,a:T)des] ().

For ¢ € C, define ¢ € Cy, C, = C([—r,b], X) by
R (b(t)? —-r S t S Ou
E-T(t)E¢(0), 0<t<h.

If 2(t) = y(t) + ¢(t), t € [—r,b], it is easy to see that y satisfies

/t E-'T(t — n)BW ‘[z, — E~'T(b)E$(0)

<

—~
~

=

/ E7'T(b / F(r,yr + ¢,) dr ds](n) dn
+/ BT-s) [y +ddrds, 0sish ()
0 0
if and only if x satisfies

z(t) = E'T(t)E$(0) /E YT(t — n)BW [z, — E- T (b)E¢(0)
/E b —s) / f(r,z.) drds](n)dn

Jr/OE 7t — ) / f(r,z;)drds
and z(t) = ¢(t), te€ [-r0].

Define Cf = {y € G} : yo = 0} and we now show that when using the control,
the operator F : CY — Cp, defined by

07 —r<t< 0,
/ BT — ) By — EIT(5)E6(0)
0
b s
7/ E~'T(b— s)/ F(T,yr + ¢r) dr ds](n) dn
0 0

t s
+/ E’lT(t—s)/ F(7,yr + ¢r)drds, 0<t<b
0 0
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has a fixed point. This fixed point is then a solution of equation (2).

Clearly z(b) = x; which means that the control u steers the system (1) from
the initial function ¢ to x; in time b, provided we can obtain a fixed point of the
nonlinear operator F.

In order to study the controllability problem of (1), we introduce a parameter
A € (0,1) and consider the following system

t

(Ex(t)) + Az(t) = XNBu)({t)+ X[ f(s,zs)ds, teJ=]0,0], (3)

z(t) = Ao(t), te][-r0].

First we obtain a priori bounds for the mild solution of the equation (3).
Then from

z(t) = MET'T(t)E¢(0) + /\/tElT(t — ) BW ! [xl — E7'T(b)E¢(0)

- / "ET ) / S f(r,r) dr ds| (n) dn
+ A/Ot E7'T(t - s) /0 f(r,x,)drds,

we have,

[zl < |E1||M1€M|E¢(0)|+/t BT (¢ —n)| Mz Ma]]|2 |
e E(0)] + / 1060 [ ) ]) drds] do
+|E™ 1HM16°”’5/ / m(T)Q(||z-]|)drds, t€][0,b)].

We consider the function p given by

w(t) =sup{||z(s)]|: —r<s<t}, 0<t<h.

Let t* € [—r,t] be such that p(t) = ||z(t*)]. If t* € [0, b], by the previous inequality,
we have

t
et < BT MGIESO)| + BN / e ds
+ || E~ 1||M1/ / m(7)Q(||z-]|) dT ds
< BB

+IE- 1||M1N/ s 4o 4 || B 1||M1/ / m(F)Qu(r)) dr ds.
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If t* € [—r,0], then u(t) = ||¢|| and the previous inequality holds since M; > 1.

Denoting by v(t), the right-hand side of the above inequality, we have
¢ = v(0) = [E-|Mi[EG(0)], p(t) < e“*u(t), 0<t < band

t
V(O = (BN B e [ m0((s) ds
0

IN

¢
|E~Y M Ne~*t + ||E*1||Mle*°“t/ m(s)Q(e**v(s))ds.
0

We remark that

(e“tu(t)) = we“v(t) + e (t)
< wetu(t) + |ETYMLN + B My / m(5)0(e*u(s)) ds
< wehu(t) + [ETMLN + B ML /m
< () v(t) + 1+ Qe u(t))].

This implies

e“tu(t) ds
ds< [ — & o<t<b.
~/v(0) 1+8+Q /m ’ /c T+s+Q(s)” =~

This inequality implies that there is a constant K such that v(¢) < K and hence
u(t) < K, t€]0,b]. Since ||z¢| < u(t), t € [0,b], we have

el = sup{llz()]| : —r <t < b} < K,

where K depends only on b and on the functions m and Q.

Next we must prove that the operator F is a completely continuous operator.
Let By, = {y € C : |ly|lx < k} for some k > 1.

We first show that the set {Fy : y € By} is equicontinuous. Let y € Bj and
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t1, ta € [O,b] Then if 0 < t1 <ty < b,

I(Fy) (t1) — (Fy) (t2)]

H/ BTt =) = Tt = m)]BW oy = B T(0)E6(0)
_ /Ob E7'T(b—s) /OS flr oy, + qu) drds](n) dr]”
+| / " BT — ) B — BT E60)
—/ObE‘lT(b—s) /Osf(Tvyr'i-Qg—r)des](?]) dnH
+H /Otl E7NT(t — s) = T(t2 — s)] /OS flr oy + (;AST)desH
+| /ttz ET(ts — s) /0 [ y7 +6r) drds|

ty
< / IETT(tr — n) = T(t2 — n)|MaMs[||z || + [|E~" || M1e” | E¢(0)]|
0

+||E‘1HM1/ w(b— 9>/ m(7)Q(k") drds] dn

to
+/ IEHIT (t2 — n)| Mo Ms[[|z1]| + || E~ || My’ | E)(0))|

ty

B luM/ - S>/ (1)) drds] di
t1
+ [ BT - ) - tz—S\/m N dr ds
0
[2)
+/ |\E71|||T(t2*5)\/ m(T)QK") dr ds,
11 0

where k' = k -+ ||@||. The right hand side is independent of y € By and tends to zero
as ta — t1 — 0, since the compactness of T'(t), for ¢t > 0, implies the continuity in
the uniform operator topology.

Thus the set {Fy; y € By} is equicontinuous.

Notice that we considered here only the case 0 < t; < t3, since the other cases
t1 <ty <0ort; <0<ty are very simple.

It is easy to see that the family F'By is uniformly bounded. Next we show that
F By, is compact. Since we have shown that FBj, is an equicontinuous collection, it
suffices, by the Arzela—Ascoli theorem, to show that F' maps By into a precompact
set in X.

Let 0 < t < b be fixed and € a real number satisfying 0 < € < t. For y € By, we
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define

t—e

E~'T(t — n)BW [z, — E~'T(b)E$(0)

(Fey) (1) |
b s R
- [ B [+ o drds
0 0
; / BTt 5) / F(ryyr + 6r) dr ds
= T(e) /0 E-'T(t—n— ) BW 'z, — E-'T(b)E¢(0)
b s
- / BT - s) / F(ryys + ¢, dr ds](n) dn
0 0

T(e) /Ot_E E7'T(t—s—¢) /OS f(m,yr + ¢r)drds.

Since T'(t) is a compact operator, the set Y (t) = {(Fey) (¢) : y € By} is precompact
in X for every ¢, 0 < € < t. Moreover for every y € By, we have

1(Fy) () = (Fey) (@)
< / |E~'T(t — n) BW ‘[z, — E~"T(b)E$(0)

/E 7 /nyTwT)desJ( )|l dn

[ 1E s [+ dlaras

IN

t
/ 1B~ T = n)| Mo M[[l1 || + [E~H[Mye*? | Eg(0))]
+|E~ 1||M/ w(b— S>/ m(T)QE') dr ds] dn

+/ IE-Y||T(t - s) |/ m(r)QK) dr ds.
t

Therefore there are precompact sets arbitrarily close to the set {(Fy) (t) : y € By}
Hence the set {(Fy) (t) : y € By} is precompact in X.

It remains to be shown that F : Cf — C} is continuous. Let {y,, }5¢ C C} with
yn — y in Cp. Then there is an integer r such that ||y, (t)|| < r for all nandt e J,
0 Yy € By and y € B,. By [Cq], f(t,yn(t) + &) — f(t,y(t) + ¢;) for each t € J
and since |£(t,yn(t) + ) — F(t,5(6) + )| < 20w(t) ' = 1+ 9], we have, by
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dominated convergence theorem,

[ Eyn — Fy|

_ supH/OtE—lT(t—n)B”W—l[/obT(b—s)

teJ

[ 1) 4621 = 70t + bl s )

+ /Ot E7'T(t - s) /Os[f(ﬂ yn(7) + 67) = [(r,y(7) + 6-)] dr dSH

b b
/ VE-Y Tt — )| Mo Ms[My / eo(v=9)
0 0

IN

/OS |f(7—7 yn(T) + qgr) - f(T,y(T) + ér)| deS] d’l]

b s
4 [IENTC = 9] [ 15a(r) +62) = Frp(r) + Go)ldrds =0
0 0
as n — 0o.
Thus F' is continuous. This completes the proof that F' is completely continuous.

Finally the set ((F) = {y € CY : y = AFy,\ € (0,1)} is bounded, since for every
solution y in ¢(F), the function 2 = y + ¢ is a mild solution of (3) for which we have
proved that ||z||; < K and hence

Iyl < K + [0

Consequently, by Schaefer’s theorem, the operator F' has a fixed point in Cp. This
means that any fixed point of F' is a mild solution of (1) on J satisfying (Fz) (t) =
2(t). Thus the system (1) is controllable on J. O
Example. Consider the following partial integrodifferential equation of the form
0
56 Y) = 2y (6 1)) = 2 () (4)
t
= Bu(t)Jr/ p(s,z(y,s —r))ds, O0<y<m teJ=][0,b
0
with
2(0,t) = 2(m,t) =0, >0,  z(ty)=¢(ty), —r<t<0

where ¢ is continuous and u € L2(J,U).
Assume that the following conditions hold with X =Y = U = L*(0, n).

[A4] The operator B : U — Y, is a bounded linear operator.
[As] The linear operator W : L?(J,U) — X, defined by

b
= -1 — s)bu(s)ds
Wu—/OE T(b— s)Bu(s)d
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has bounded inverse operator W~ which takes values in L3(J,U)/ker W.

[A5] Further the function p: JxC — Y iscontinuous in z and strongly measurable
in ¢.

[Ag] Let f(t,we) (y) =p(tw(t—y), 0<y<m

Define the operators A : D(A) C X — Y, E:D({E) CX — Y by Aw = —wy,,
Ew = w — wy, respectively, where each domain D(A), D(E) is given by

{w € X, w,w, are absolutely continuous, w,, € X,w(0) =w(7) = 0}.

With this choice of E, A, B and f, (1) is an abstract formulation of (4) (see [8]).
Then A and E can be written respectively as

Aw = Z n?(w, wy, )W, w € D(A),
n=1
Ew = Z(l +n?)(w, wp)w,, w € D(E),
n=1

where wy, (y) = v2sinny, n = 1,2,3,..., is the orthogonal set of eigenvectors of A.
Furthermore for w € X we have

It is easy to see that —AE~! generates a strongly continuous semigroup 7'(¢) on Y’
and T'(t) is compact such that |T'(t)| < e~ " for each ¢ > 0.

[A5] The function p satisfies the following conditions: There exists an integrable
function ¢ : J — [0, 00) such that

p(t, w(t =) < g(O)([[wl),

where €4 : [0,00) — (0, 00) is continuous and nondecreasing.

Also we have ,
o ds
n(s)ds < -
/on(S) ’ / 145+ Q(s)
t

where c=|E~ e |E¢(0)|, and 7(t) =max{—1,|E~ e N, |E’1|e*t/ q(s) ds}.

0
Here N depends on F, A, B, and p . Further all the conditions stated in the
above theorem are satisfied. Hence the system (4) is controllable on J.
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Remark. (See also [16].) Construction of w-L.

Let Y = L2[J,U]/ker W.
Since ker W is closed, Y is a Banach space under the norm

Iullly = inf llulzapo = [w +ll L2101

inf
Wa=0
where [u] are the equivalence classes of w.

DeﬁneW:Yﬂbe

Wiu) = Wu, u € [u].
Now W is one-to-one and
[Wlulllx < IWI[ll[]lly-
We claim that V' = Range W is a Banach space with the norm
vl = W™ olly.

This norm is equivalent to the graph norm on D(W‘l) = Range W, W is bounded
and since D(W) =Y is closed, W is closed and so the above norm makes Range
W =V a Banach space.

Moreover,

W= Wully = [W T Wd]|

= |[[ulll = inf {jul| < |u],
wE[u]

Wully

SO
W e £(L2[J,U),V).

Since L2[J,U] is reflexive and ker W is weakly closed, so that the infimum is
actually attained. For any v € V, we can therefore choose a control u € L?[J, U]

such that v = W~1v.
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