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REMARKS ON TWO PRODUCT-LIKE CONSTRUCTIONS
FOR COPULAS

FABRIZIO DURANTE, ERICH PETER KLEMENT, JOSE JUAN QUESADA-MOLINA
AND PETER SARKOCI

We investigate two constructions that, starting with two bivariate copulas, give rise
to a new bivariate and trivariate copula, respectively. In particular, these constructions
are generalizations of the #-product and the x-product for copulas introduced by Darsow,
Nguyen and Olsen in 1992. Some properties of these constructions are studied, especially
their relationships with ordinal sums and shuffles of Min.
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1. INTRODUCTION

Given n € N, n > 2, an n-dimensional copula (briefly, n-copula) is a function
C: [0,1]" — [0,1] such that

(C1) C(u1,...,un) =01if u; = 0 for at least one index i € {1,2,...,n};
(C2) C(uq,...,up) =u; if u; =1 for each j # i;
(C3) C is n-increasing, i.e. for any n-box B = xI_;[z;,y;] C [0,1]", with x; < y; for
alli=1,2,...,n, we have
Ve(B):= Y, (-)"®C(z) >0,

zexi_{ziyi}
where N(z) = card{k | z,, = a1 }.
Two important examples of n-copulas are

M, (u,...up) = min{uy, ..., up},
n
Hn(ula'“vun) = Huz
i=1

Another important 2-copula is Wa(uy,us) = max{u; + us — 1,0}. By C,, we will
denote the class of all n-copulas (see [4, 8] for more details).
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In Statistics, multivariate copulas are mainly used in the construction of mul-
tivariate distribution functions (= d.f.’s) with given univariate marginals [4, 8], as
asserted by the following Theorem due to A. Sklar [10].

Theorem 1. Let Xi, Xo,..., X, be random variables with joint d.f. F and uni-
variate marginals Fy, Fy,..., F,. Then there exists C, € C, such that, for all
T1,%2,...,Ly in R,

F(z1,29,...,2n) = Cp(Fi(x1), Fo(x2),. .., Fu(z,)). (1)

If F1, Fs, ..., F, are continuous, then C), is unique; otherwise C,, is uniquely deter-
mined on Ran F; X RanFy X --- X Ran F,,.

Conversely, if C,, is an n-copula and F1, Fy, ..., F,, are univariate d.f.’s, then the
function F' defined by (1) is a multivariate d.f. with marginals Fy, Fs, ..., Fj,.

One of the possible extensions of this problem is to construct n-dimensional d.f.’s
with k given m-dimensional marginals, 1 < m <nand 1 <k < (::L) For example,
given two bivariate d.f.’s Fi5 and Fb3, one may wish to construct, if there exist,
trivariate d.f.’s F' such that Fjo and Fb3 are, respectively, the d.f.’s of the first two
and the last two components of the random triplet associated to F, viz.

F(z1,22,1) = Fia(x1, 2),
F(l,mg,xg) = F23($2,1‘3),

for all z1,x9,z3 in R.

The construction of trivariate d.f.’s with given bivariate marginals has been re-
cently studied in [3]. Specifically, in order to characterize the class of all trivariate
d.f.’s when their bivariate marginals are known, two new construction methods for
copulas have been proposed.

The aim of this note is to present these methods and to study their relationships
with other well known constructions. In Section 2 we define two operations on the
set of copulas and we study their basic properties. In Section 3 we study how the
constructions performed by these operations fit into the framework of ordinal sums
and shuffles of Min.

2. TWO CONSTRUCTIONS FOR COPULAS
In this section, we present the two constructions of copulas introduced in [3]. For a

function f: [0,1]> — R, 9, f and dof will denote, respectively, the derivatives of f
with respect to the first and the second variable.

Proposition 1. Let A and B be in C; and let C = (Ct)4¢0,1] be a one-parameter
family of 2-copulas. Then the mapping A ¢ B: [0,1]?> — [0, 1] defined by

(A *xC B)(u17u2):/0 Ct (82A(u1,t)7813(t,u2))dt (2)

is in Cs.
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Throughout this paper the boldface symbol C always denotes a family of 2-
copulas (Cy) parametrized by t € [0,1]. The copula A x¢ B is called the C-product
of Aand B. If C; = C for all t € [0, 1], then we shall write Ax¢ B instead of Ax¢ B.
In the special case when C; = II, for all t € [0, 1], the C-product coincides with the
product of copulas studied in [1].

Just to give some examples, simple calculations show that, for every A € Cy and
every family C

A*CM2 :A:M2 *CA,
(A *C Wg)(ul,u2) = Uy — A(Ul, 1-— Ug),

(Wg *C A)(ul,ug) =ug — A(1 — uy, ua).

Remark 1. For a fixed family C, the C-product induces a binary operation *¢
on the set Cy given by

*CZCQXCQHCQ, (A,B)P—)A*CB

This operation has neutral element M,. However, while the operation i, is asso-
ciative [1], in general the operation *¢ need not to be so. For example, given the
2-copula C, defined for every uy,us € [0, 1], by

C(ul,u2) = Uiu2 + u1u2(1 — ul)(l — ’LLQ),

simple (but really tedious) calculations yield C ¢ (C x¢ C) # (C x¢ C) x¢ C.

Example 1. Let C = (Cy)¢cjo,1) be a family of 2-copulas. Then we have

1
(H2 *C Hg)(ul,U2) = / C’t(ul,UQ) dt.
0

The function Ils ¢ I3 is a 2-copula, also known as the conver sum of the family C
with respect to the Lebesgue measure in the unit interval [8, Section 3.2.4]. Moreover,
the finite convex combination of the 2-copulas (D;);=12.. , with coefficients «;,
where o; > 0 and > a; = 1, can be obtained for a special choice of the family
C. Namely, put 8y =0 and 3; = Z;zl aj for all ¢ =1,2,...,n. Now, it is sufficient
to take C = (Cy)seqo,1] such that Cy = D; whenever t € [3;_1, 3], in order to obtain
that

(Il xc 112 (ur, ug) = ZaiDi(UhUQ)'
i=1

For any A, B, C1,C5 € Ca, note that Cy < Cy implies Ax¢, B < Ax¢, B. This fact
suggests to use the operation *¢ as a method for the construction of one-parameter
families of copulas (Cy)aes, where J is an interval in R, which are monotone with
respect to the parameter, i.e. C, < Cy whenever a < o'. Indeed, it suffices to
fix A, B € Cy and consider a positively ordered family (Cy)acs of 2-copulas. Then
(A *c,, B)acy is also a positively ordered family of 2-copulas.
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Example 2. Let (Cy)ae[—1,1) be the Farlie-Gumbel-Morgenstern family of copulas
defined by the expression

Co(u1,uz) = urug + augua(l — uyg)(1 — ug). (3)

Denote 6’a = Cp *¢, Cy. From Proposition 1 we have that (6@),16[_1,1] is a one-
parameter family of 2-copulas given by

~ Ui1U2

Co(ur,u2) =

(3 + a(u1 - 1)(U1(U1 — 1) + 3)(“2 — 1))
for every a € [—1, 1]. Moreover, éal < 5(12 whenever o < as.

The C-product can be extended to obtain 3-copulas in the following way [3].

Proposition 2. Let A and B be in C; and let C be a family of 2-copulas. Then
the mapping A xc B: [0,1]® — [0,1] defined by

(A *C B) (ul, us, U3> = / Ct (82A(U1, t), alB(t, U3)) dt
0
is in C3.

The 3-copula A x¢ B is called the C-lifting of A and B. If C; = C for every
t € [0,1], then we shall write A ¢ B instead of A xc B. In the special case when
Cy =TI, for all ¢ in [0, 1], the C-lifting coincides with the x-operation considered in
[1, 5].

Just to give some examples, simple calculations show that, for every A € Cy and
every family of 2-copulas C

(Axc M) (ur, uz,uz) = A(uy, uz A ug),
(M2 *C A) (Ul, ug, U3) = A(U1 N Uz, ug)7
(W2 *C Wg)(ul, Ug, U3) = Wg(’ul A us, UQ).

Remark 2. Notice that, given A, B € C; and a family of 2-copulas C, the 2-
marginals of A xo B are

(A*C B)(’U,l,UQ71) = A(Ul,UQ),
(A *C B) (ul, 1,U3) = (A *xC B) (UI;US);
(Axc B)(1,uz,u3) = B(ug,u3).

Actually, the C-lifting is exactly the tool that allows us to construct all the 3-copulas
having A and B as respective marginals [3]. In particular, A, B and A x¢c B are
compatible, viz. there exist three random variables Uy, Us and Us, U; uniformly
distributed on [0, 1] for ¢ € {1,2,3}, such that A is the distribution function of
(Uy,Uz), Axc B is the d.f. of (Uy,Us) and B is the d.f. of (Uz, Us).
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The C-lifting also provides a general method to construct families of 3-copulas
that are positively ordered with respect to the concordance order, which is a condition
stronger than pointwise order between functions [8]. In fact, we recall that given
C1,C5 € C3, the copula (5 is said to be greater than C; in the concordance order,
and we write C; < Cy, if C; < Cy and C; < Cy, where C: [0,1]3 — [0,1] is the
survival function of C, defined by

C(Uh U2,U3)
=1—u;—us—u3+C(ur, uz, 1)+C(u1, 1,u3)+C(1, ug, ug) —C(u1, uz, ug).

The relationship between the C-lifting and the concordance order is summarized in
the following proposition [3].

Proposition 3. Let C,C’ be in Cy. If C < C’, then Axc B <X A x¢cr B for all
A, B € (Cs.

Therefore, if we fix A, B € Cy and consider a positively ordered family (Cy)acs
of 2-copulas, where J is an interval of R, then (A *c,, B)aecs is a family of 3-copulas
positively ordered with respect to the concordance order.

Example 3. Let (Cy)ae[-1,1] be again the Farlie-Gumbel-Morgenstern family of
copulas (3). Then (Il x¢, II2)ae[—1,1) is a one-parameter family of 3-copulas given
by the expression

(Hg *C, Hg)(ul,UQ7U3> = U1UQ’U,3(1 + a(l — U1)<1 — U3))

= U2Ca(U1,U3)~

This family is increasing in « with respect to the concordance order.

Remark 3. Given C € C,, it can be easily derived that, for each permutation 7
of {1,2,...,n}, the function C™: [0,1]™ — [0, 1] given by

Oﬂ—(ula U2,y - - - ,’U,n) = C(uﬂ'(l)u Uz (2)s -+« uﬂ'(n))
is also in C,. In particular, by applying this fact to the C-lifting, we obtain that,
for all 2-copulas A, B, for any family of 2-copulas C, and for each permutation 7 of
{1,2,3}, the operation (A x¢c B)™ is also in Cs, but in general (Ao B)™ # Axc B.
3. RELATIONSHIPS WITH OTHER CONSTRUCTIONS
In this section we show how the C-product is related to two known constructions of

2-copulas: the ordinal sums and the shuffles of Min. In both cases we will discuss
the possible extensions to the trivariate case.
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3.1. Ordinal sums

Let (C;)iez be a family of 2-copulas indexed by the (at most) countable set Z.
Let (Ja;, bi[)icz be a family of pairwise disjoint subintervals of [0, 1] indexed by the
same set Z. The ordinal sum of (C;);ez with respect to (Ja;,b;[)iez is the copula
C: [0,1)2 — [0,1] given by

bifai ’ bifai

i+ (bi —ai)Ci (=0t 320t ) i wa,ug € Jag, bl
C(u1’u2):{a +( a;) ( ) if ui,uz € Jag, b

Mo (uy,usg) otherwise.

Usually, we make use of the notation C = ({(a;, b;, C;))
for more details).

ez (see, for example, [8, 9]

The relationship between the ordinal sum construction and the C-product is
summarized in the next result.

Proposition 4. Let C = ({a;,b;,C;)), . be an ordinal sum. Then

€T
C= CH *C CHa

where Cn = ((as,b;,112)), .7, and C = (Cy)sepo,1) is any family of 2-copulas such
that Cy = C; whenever t € |a;, b;[ for some i € 7.

Proof. Given [a,b] C [0, 1], define Uy, : [0,1] — [0,1] by the expression

0 if z<a,
Upgp)(2) = { #=2 if a <z <),
1 otherwise.
Observe that U, b (u1) if ¢ € Jag, by,
O (uy,t) = .
11 (u1) otherwise,

and, since Cfy is symmetric, 0;Cri (¢, u2) has an analogous expression.
Now, let u1,us € |a;, b;[ for some i € Z. In this case, we have

a; bi
(Cit * Cnr) (1 uz) = / Co(1,1)dt + / Co (Ut (1), Ui, o (12))
0 a;

7

i+ (b — a))C (Ul_ai UQ—Gi)

bi — a; ’ bl — a;
= C’(ul,'uQ).

Otherwise, if (u1,us) ¢ Jai, b;[* for all i € Z, we have

w1 A\u2
(CH o CH)(ul,ug) = / Ct(l,].) dt:Mg(ul,’U,Q),
0

which concludes the proof. O
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Now, we will consider the above result in order to obtain a new 3-copula by means
of the C-lifting.

Let (C;)iez be a family of 2-copulas and let (Ja;, b;[)icz be a family of pairwise
disjoint subintervals of [0, 1]. Then we call lifting ordinal sum of (C;);cz with respect
to (Jai, bi])iez the 3-copula C defined by

C = Cn ¢ Ch,

where Cnp = ({a;, b;,2));c7, and C = (Ct)yeo,1) is any family such that Cy = C;
whenever ¢ € ]a;, b;[ for some i € 7.

Example 4. The lifting ordinal sum of (Il,Ils) with respect to the family of
sub-intervals (]0, 5[,]3,1[) is the 3-copula C' given by the expression

C(Ul, Uz, Ug) =

~ {U201(U1,U3) if up <3,

%C’l (u1,ug) + (ug — %)C’g(ul,ug) otherwise,

where Cy = ({0, %,Hg)) and Cy = ((%, 1,1I5)).

Remark 4. The above result can also be applied to a related construction for
copulas, called W-ordinal sum [2, 6]. Specifically, let C' = ((ai,bi,Cﬁ)EZI be the
W-ordinal sum of (C;);ez with respect to (Ja;, b;[)iez. Then

C =Chx*cCY,

where Cry = ((a;, b;, I2)), o7 is the (usual) ordinal sum, Cf} = ({a;, bs, H2>)F€/I is the
W-ordinal sum, and C = (Ci).e[o,1] is any family of 2-copulas such that C; = C;
whenever ¢ € ]a;, b;] for some i € 7.

3.2. Shuffles of Min

It is well known that every 2-copula C' induces a probability measure A¢ on [0,1]2
given, for every 1, y1,x2,y2 in [0,1], 1 <y and 22 < ya, by

Ao([z1, 1] X [22,92]) = Ve([21,y1] X [22, y2])-

In particular, the support of every copula C is the complement of the union of all
open subsets of [0, 1]> with A\c-measure equal to 0.

By using the probability measure induced by a copula, in [7] the authors intro-
duced a new method for obtaining copulas, called shuffies of Min, by means of an
intuitive geometrical “manipulation” of the measure induced by My (see [7, 8] for
more details).

The support of any shuffle of Min is the graph of a bijection f on [0, 1] such that:

(a) f is piecewise linear;
(b) each component of the graph of f has slope 1 or —1;

(¢) f has at most finitely many discontinuity points.
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Conversely, from every bijection f: [0,1] — [0, 1] satisfying (a), (b) and (c), we can
construct a shuffle of Min My whose support is given by the graph of f.

From [7] (see also [5, 8]) it follows that, if M is the shuffle of Min corresponding
to f, then there exist two random variables U; and Us, both uniformly distributed
on [0, 1], such that My is the d.f. of (U1, Us) and U, = f(U1).

Remark 5. By using the results of [5], we also have that, if My is the shuffle of
Min associated with a bijection f, then, because f is a measure-preserving transfor-
mation,

My (ur,ug) = A(f([0,u1]) N [0, us]),

where X is the Lebesgue measure on [0, 1].

In the next result, we compose two shuffles of Min by means of the C-product.

Proposition 5. Let M; and M, be shuffles of Min corresponding to f and g,
respectively. Then, for any family of 2-copulas C, the 2-copula My xc M, is the
shuffle of Min corresponding to g o f.

Proof. It is known from [3] that, for every family C, My x¢o M, is always
the same copula, and My, My xc My and M, are compatible. Then there exist
three random variables Uy, U and Us, U; uniformly distributed on [0, 1] for every
i € {1,2,3}, such that My is the d.f. of (Uy,Us), My xc My is the d.f. of (Uy,Us),
and M, is the d.f. of (Us, Us). But, because My and M, are shuffles of Min, we have
Uz = f(Uh) and Uz = g(Uz). Therefore, Us = (g o f)(Ur) and, hence, My x¢c M, is
the shuffle of Min Mg, s corresponding to the bijection g o f. ]

Example 5. Consider the two shuffles of Min, My and M, generated, respectively,
by the bijections f and g defined by

% —x otherwise,

f<x>={5‘x A LU o P

Then, for every family C, My xc M, is the shuffle of Min generated by

x4+ 31 if zel0,2],
(gof)={* T3 T e 0]

x — 5 otherwise,
and, hence, its support is given by the segment connecting (0, %) and (%, 1), and by
the segment connecting (%,O) and (1, %)

Now, we will consider the above result in order to obtain a new 3-copula by means
of the C-lifting.
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Proposition 6. Let My and M, be shuffles of Min corresponding to f and g,
respectively, Then M xc M is the 3-copula C given by

Cut,uz, uz) = A(F([0,u1]) N [0, u2] N g ([0, us))). (4)

Proof. It is known from [3] that, for every family C', My x M, is the only 3-

copula C with 2-marginals My, M; *c My and M,. Then there exist three random
variables Uy, Us and Us, U; uniformly distributed on [0, 1] for every i € {1,2,3},
such that My is the d.f. of (U, Us), My *xc My is the d.f. of (Ui, Us), M, is the d.f.
of (U, Us), and C is the d.f. of (U1,Us,Us). Moreover, because My and M, are

shuffles of Min, we have that
U2 = f(Ul)a
Us = g(U2) = (g0 f)(Uh).

As a consequence, we obtain that, for every uq,ug, us € [0, 1],

C(ur,ug,uz) = P(U; <up,Us < ug,Us < ug)
P(Uy < uy, f(Ur) < g, (go f)(U1) < ug)
= A([O,ul]ﬂf_l([O,UQ])ﬂ(gOf)_l([O,u;g])),

and, since f and g are measure-preserving transformations,

5(u17u27u3) = A(f([ovul]) N [Oa U‘?] n gil([o’ulﬂ))v

which is the desired assertion. O

Notice that the function given by (4) is a copula in view of a more general result
on the representation of copulas by means of measure-preserving transformations [5].
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