Kybernetika

VOLUME 28 (1992), NUMBER 3

The Journal of the Czech Society for
Cybernetics and Information Sciences

Published by: Editorial Board:
Institute of Information Theory Jiti Andél, Petr Héjek, Eva Hajicova,
and Automation of the Academy Jan Hlavicka, Jan Jezek, Radim Jirousek,
of Sciences of the Czech Republic Ivan Kramosil, Petr Mandl, Milan Mares,

Véclay Peterka, Bedfich Pondélicek,
Olga Stépankové, Igor Vajda,
Editor-in-Chief: Jaroslav Vicek
Vladimir Kucera

Managing Editors: Editorial Office:
Karel Sladky Pod Vodarenskou vézi 4, 18208 Praha 8

Kybernetika is a bi-monthly international journal dedicated for rapid publication of high-
quality, peer-reviewed research articles in fields covered by its title.

Kybernetika traditionally publishes research results in the fields of Control Sciences, Infor-
mation Sciences, System Sciences, Statistical Decision Making, Applied Probability Theory,
Random Processes, Fuzziness and Uncertainty Theories, Operations Research and Theoretical
Computer Science, as well as in the topics closely related to the above fields.

The Journal has been monitored in the Science Citation Index since 1977 and it is ab-
stracted/indexed in databases of Mathematical Reviews, Current Mathematical Publications,
Current Contents ISI Engineering and Computing Technology.

Kybernetika. Volume 28 (1992) ISSN 0023-5954, MK CR. E 4902.

Published bi-monthly by the Institute of Information Theory and Automation of the Academy
of Sciences of the Czech Republic, Pod Vodéarenskou vézi 4, 18208 Praha 8. — Address of
the Editor: P.O. Box 18, 18208 Prague 8, e-mail: kybernetika@utia.cas.cz. — Printed by
PV Press, Pod vrstevnici 5, 14000 Prague 4. — Orders and subscriptions should be placed
with: MYRIS TRADE Ltd., P. 0. Box 2, V Stihlich 1311, 14201 Prague 4, Czech Republic,
e-mail: myris@myris.cz. — Sole agent for all “western” countries: Kubon & Sagner, P.O.
Box 340108, D-8000 Miinchen 34, F.R.G.

Published in June 1992.

© Institute of Information Theory and Automation of the Academy of Sciences of the Czech
Republic, Prague 1992.


http://www.utia.cas.cz
http://www.utia.cas.cz
http://www.utia.cas.cz
http://www.kybernetika.cz/board.html
http://www.kybernetika.cz/contact.html
http://www.kybernetika.cz
http://www.kybernetika.cz/content/283.html

KYBERNETIKA — VOLUME 28 (1992), NUMBER 3, PAGES 213-226

NONNEGATIVE MULTIVARIATE AR(1) PROCESSES

JIRI ANDEL

Conditions for nonnegativity of a p-dimensional AR(1) process X; = U X;_1 + e; are investigated
in the paper. If all the elements of the matrix U are nonnegative, a new method for estimating U
is proposed. It is proved that the estimators are strongly consistent. Small-sample properties of the

estimators are illustrated in a simulation study.

1. INTRODUCTION

A one-dimensional AR(1) process is given by X; = b X;_1 +e; where ¢, is a white noise
and b € (—=1,1). Assume that b € [0,1) and that e; are nonnegative independent iden-
tically distributed random variables with a distribution function F'. Then, of course,
X; > 0 for all t. Let a realization Xy, ..., X, be given. Then Bell and Smith [9] proved
that

is a strongly consistent estimator for b if and only if
F(d)—F(c) <1

holds for all 0 < ¢ < d < oco. Andél [2] derived the distribution of b* when e; have an
exponential distribution. Some moments of b* in this case were calculated by Andél and
Zvéra [8]. Turkman [11] presents a Bayesian analysis of the model. A generalization
to the autoregressive processes of a higher order can be found in [5]. This method was
also applied to nonlinear AR process (see [4] and [6]).

In the present paper we deal with multivariate AR(1) processes. First, we derive
conditions under which the process is nonnegative. Second, we propose a method for
estimating parameters of a nonnegative AR(1) process. It is proved that the estimators
are strongly consistent.

2. PRELIMINARIES
Let X; = (X4, - - ,ti)’ be a p-dimensional process given by
Xt == UXt,1 + e, (1)

where U = (u;;) is a p X p matrix and e; = (e, .. .,etp)/ are random vectors. We
make the following assumptions.

A1l. All the roots of the matrix U lie inside the unit circle.
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A2. The random vectors e; are independent identically distributed with a distribution
function F.

A3. The random vectors e; have finite second moments.

Our assumptions ensure that there exists a stationary solution X; of the equation
(2.1) and that it can be written in the form

thet—l—Uet,l +U2et,2+... (2)

where the series converges in the quadratic mean. If we denote U* = (ugf)), then

(2.2) can be also expressed as

o p
Xy = €t1+zzu8€) €t—k,j (Z = ]-77p) (3)

k=1j=1

Let us remark that under A1 — A3 we have
ki g

We denote p; =E Xy, i =1,...,p.

ugf) ‘ < 00. (4)

3. CONDITIONS FOR NONNEGATIVITY
If all the elements u;; of the matrix U are nonnegative and all the components e;; are
also nonnegative, then it is clear that X;; > 0 for all ¢ and 7. On the other hand, these
sufficient conditions for nonnegativity of X;; are not necessary (cf. Remarks 3.3 and

3.4). Tt is possible to generalize the results concerning one-dimensional case introduced
in Lemma 10.2 in [3] to multidimensional models.

Theorem 3.1. Assume that the distribution of e; has the property that

P (ch ey < 5) >0 (5)

holds for every € > 0 and for every reals ci,...,cp. If there exist numbers ¢ > 1 and
¢ > 0 such that

P> ul?ey<—c|>0 (6)
J

for an i € {1,...,p}, then with probability 1 there exist infinitely many subscripts ¢
such that X;; < 0.

Proof. For m > ¢ introduce the events

m P
k C
Qum1 = (w: ey +Zzu§j)6t—k‘,j <75
k=1 j=1
© p c
k
Qtm2 = W Z ZU’E]) €t—k,j < 9

k=m+1 j=1
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From A3 and (2.4) we get that P (Qim2) — 1 as m — co. Moreover, P (Q¢m2) does
not depend on ¢. Denote My, = {1,2,...,¢—1, ¢+ 1,...,m} for m > ¢q. We have

P (thl) Z TTm
where

¢ (k) ¢ () _
Tm Pleuy< po Zulj etk < o for k € Mp,q, Zu” €t—qj < —C| =
j

J

_ _ ¢ (k) . C
= P(em< %) H P ;u” ek < o

k?eMnLq
-P Zul(?) ei—q; < —c| >0.
J

Let wy, be the smallest integer such that wy, 7, > 1. Introduce the subsets S¢42, Sq+3, . .-
of positive integers in the following way. Let S;12 contain the elements of wq11 (¢+2)-
tuples (1,...,¢+2), (¢+3,...,2¢+4), ..., (1 + (wg41 — 1) (¢ +2),...,24+ ¢+ (wg41 — 1)
(¢ +2)). Let Sy contain the elements of wyy2 (¢ + 3)-tuples starting with

B+q+ (wgp1—1) (g+2),...,5+2¢+ (wg1 — 1) (¢ +2))

and so on. The last terms of (¢ 4+ 2)-tuples, (¢ 4+ 3)-tuples etc. denote t1, ta,.... If
t,. € S,,, then we use the decomposition

XtT,i = Utr + Ztr

where
m—1 p
_ (k)
U, = e+ Ui~ Cto—k,j>
k=1 j=1
© P
_ (k)
2y, = § § U™ Ctp—k,j-
k=m j=1
Denote
Ar = Qtr,m,—l,la BT’ = Qtr,m—l,Q-
The events Ay, A,, ... are independent,
oo
ZP(AT) > Z Wi, Ty, = 00,
m=q+1

P(B,) — 1 as r — oo and the events A,., B, are independent. Theorem 8.1 yields that
with probability 1 infinitely many events A, N B, occur and thus also infinitely many
events {X;; < 0}. O

Corollary 3.2. Let e4,...,e be independent nonnegative random variables. As-
sume that P(ey; <e) > 0 for all ¢ = 1,...,p and for every € > 0. Further assume
that P(e;; =0) < 1 for ¢ =1,...,p. Then the AR(1) process X; given by (2.1) has
all its components nonnegative if and only if all the elements w;; of the matrix U are
nonnegative.

Proof. Obviously, if all u;; are nonnegative, then X; has only nonnegative compo-
nents. Now, assume that there exists a pair (7, j) such that u;; < 0. Our assumptions
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ensure that (3.1) is fulfilled. Since e;; are nonnegative and P (e;; = 0) < 1, there exists
¢ > 0 such that

P (uij et; < —20) > 0.
Then we have

P (Z Ui Etm < —c) > P (uijey; < —2¢) P Z Uim Etm < € | > 0.
m m#j
O

Remark 3.3. If all the elements e;; are nonnegative, then all Xy; can be nonnegative
even if some elements u;; of the matrix U are negative.

We can demonstrate this fact by the following example. Let p = 2, e;; > 0 and
e = €41. Let ¢ and u be numbers such that 0 < ¢ < w and u + ¢ < 1. Consider the

matrix
U= < u —c > .
—c U

The roots of U are Aj2 = u % ¢, and thus |A;| < 1, |A2| < 1. Since

vr=gtrar (g )+ (41)

/
and e; = (e41, e;1), we have

Utep=(u—c)" ( €t=n,1 > )

€t—n,1

Thus U" e;_,, is a random vector with nonnegative components. Taking into account
(2.2) we can see that the same is true for X;.

Remark 3.4. If all the elements u;; of the matrix U are positive, then all the variables
Xi; can be positive even if a component of the random vector e; is negative.

Choose again p = 2. Let 0 < a < e;; < b and define e;5 = f% er1. Let ¢ € (O, %)
Consider the matrix
U= < € ¢ > .
c ¢

The roots of U are A\; =0, Ay = 2¢. Both of them lie inside the unit circle. Since

U”Q”lc”(l 1), n>1,

1 1
we get e
un e p = 2n72 o ( t—m,1 ) , n Z 1’
€t—n,1
From (2.2) we have
o0
Xu = en+» 2" c"erna,
n=1
1 oo
X2 = —5 et + nz_:l 2" 2 ey .

It is clear that X;; > 0. If we take c=0.4, a =1, b =2, then

1 2
Xt2>f§b+z_:12" 2cng = 0.
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4. AUXILIARY RESULTS FOR ESTIMATION

Till the end of this paper we assume that not only A1l — A3, but also the following
assumptions B1 — B4 are satisfied.

B1. All the elements u;; of the matrix U are nonnegative.

B2. Random vectors e; have only nonnegative components.

B3. P(en1 < z,...,ep < z) >0 for all z> 0.

B4. There exists a number v > 0 such that for every n > 0 and for each ¢ € {1,...,p}

Plesn <myooserict <My >, €ip1 <1,...,e < 1) > 0.
It was already pointed out that A1 — A3, B1, B2 ensure nonnegativity of all variables

X

Remark 4.1. Let p = 2. If B1 holds, then U has only real roots. Really, an easy
calculation gives

U — AI| = A% — (u11 + ug2) A+ upg ugg — uge ugy

and thus the roots are

1 3
A1z = 3 {un +uge £ [(Ull — ug9)” + dur U21} } .

Remark 4.2. The assumptions B3 and B4 are independent. This can be shown in
an example with p = 2. If P (e;1 = 0, ez2 = 0) = 1, then B3 is fulfilled but B4 does not
hold. If P(e;1 =0, e,0 =5) =P (es1 =5, ep0 =0) = %, then B3 is not fulfilled but B4
holds.

Remark 4.3. Consider the case p = 2. Let &; be i.i.d. random variables with
exponential distribution Fx(\) where ¢ = 1,2,3 and ¢t = ..., —1,0,1,.... If e;3 =
&1+ &3, €42 = Eio + &3, then the condition B4 is fulfilled, since

P& +&s<m&atls>y)>

P (€t1 < g7§t3 < %ftz >7) =

P(ft1<g) P<§t3<g> P(&2>7v)>0

Y

for every n > 0, 7> 0. If ey1 = &1 + &2, €12 = &1, then P (&1 + &2 <, €1 >7) =0
for every 0 < n < v, and thus B4 is not fulfilled.

Theorem 4.4. Define
ugy = i (Xti [ Xe-1,5)

fori, j=1,...,p. Then u).

), — uij a.s. as n — oo for each 4, j € {1,...,p}.

Proof. First, consider the case i = j = 1. Since

p
X = Z u1g X¢—1,8 + €41,
f=1
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we obtain

ufy = uyp + mtln ZulﬁXt 18+en | /X1

Since Xy_11 > et_1,1, it is sufficient to prove that

min E wigXi—1g+en | /e—11—0 a.s.
2<t=n | £

Let € > 0 be a given number. Consider the events

p
Qr=qw: Zum Xicipg+en | /e—i1<e
f—2

Using (2.3) we can write

Qi = qw: et1+zu1,@ (et 1B+Zzum er— kr)

k=2r=1

+Zuw Z Zum Ct—kr < E€_1,1

B=2 k=m+1r=1
Denote A =2p[1+ (p—1) (m —1)]. Tt is clear that Q; D Qtm1 N Qima Where

thl = {w L 6t—1,1 >, e < E’Y/Aa U138 €t—1,8 < E’Y/A for ﬁ = 27 Ry 2
umugi)et,km <ey/Afor =2,...;p, k=2,...,m, r = 1,...7p}.
thQ = {w : Ztm < 57/2}

with
S 3 Yl e

pB=2 k=m+1r=1

From (2.4) we can see that there exists A > 0 such that

0<ulf) <A foralli,j, k.

Therefore P (Q¢n1) > 7 where

Tm = P(6t1<5’7/A)P<€t 11> €18 < -~ fOrﬂ—Q )

AA
forr:l,...,p)}m 1.

Our assumptions imply that neither P (Q¢n1) nor 7, depend on ¢. The value of v can
be chosen in such a way that m,, > 0.

It is easy to show that E Z;,, — 0 and var Z;,, — 0 as m — oo for every fixed t.
Thus P (Q¢m2) — 1. Moreover, P (Q4,2) also does not depend on t.

Let w,, be the smallest integer such that w,, 7, > 1 (m = 2,3,...). Let the set S,
contain elements of jo triples

(1a 2» 3)7 ey (3.72 - 27 3.72 - 13 3j2)7
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let S3 contain elements of js four-tuples

(Bj2+1,3j2+2,3j2+3,3j2+4), ..., (32 +4j3 =3, ..., 3j2 + 4Jj3)
and so on. The last numbers of the triples, four-tuples etc. denote tq,%o,.... If t; € S,,,
then we define
Ai = Qtzmla B’L = Qt,;mQ-
The events Ay, Ao, ... are independent,

oo

ZP(AZ-) > i Wyp, T, = 00,
=1 m=2

events A; and B; are independent for each i, and P (B;) — 1 as ¢ — oo. It follows from
Theorem 8.1 that with probability 1 infinitely many events A; N B; occur, and thus
also infinitely many events Q.

The proof for other estimators u?j is quite similar. O

Although u% are strongly consistent estimators for u;;, our experience from similar
models (see [5]) leads to the suspicion that the convergence u; — u; a.s. as n — oo
is too slow and ugj cannot be used in practical situations as reasonable estimators.
Simulations really confirmed this fact. In the next section we propose other estimators,
which are also strongly consistent, but which are good for moderate values of n.

5. ESTIMATING PARAMETERS

To simplify the notation and the proofs, we describe the estimating procedure in this
section only in the case p = 2. First, we introduce a motivation for our estimators.
Let e;1, es2 be independent random variables such that e;n ~ Ex (A1), ern ~ Ex (A\2),

where Ex (\) denotes the exponential distribution with the density f(z) = A\~ e~%/
for £ > 0. Then the conditional likelihood of Xs, ..., X,,, given X, is
)\1_"+1 exp { Z (X1 —ui1 Xec11 — w12 Xi—1,2) /Al} .
t=2
)\Enﬂ exp {— Z (X2 —u21 Xe—11 — u22 Xi—12) />\2}
t=2
for
Xy —urn Xy11 —upa Xp—12 >0, (7)
Xig —uo Xy—11 —u22 X4—122>0 (8)
(t =2,...,n). The conditional likelihood reaches its maximum for such uy; and w9
which maximize
UllZthl,l +u12ZXt71,2 (9)
t=2 =2

under the conditions (5.1) with uy; > 0, w2 > 0, and for such ug; and uge which
maximize

U21 ZXt—l,l +U2QZX7S—1,2 (10)
t=2 t=2
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under the conditions (5.2) with ug; > 0, uge > 0. Define
XSLl = nilthl, ng :nilthQ.
t=1 t=1

If n is large then one can expect that the maximization of (5.3) and (5.4) is nearly the
same as the maximization of X9, u11 + X% u12 and X2 ug1 + X2, uga, respectively.

Theorem 5.1. Let uy, uf, be a solution of the linear program LP(n)

max (X21 v + XD, 'Ui2) (11)
under conditions

Xpi —vi1 X101 — 02 X4—1220 (t=2,...,n)

with v;1 > 0, vig > 0, for ¢ = 1,2. Then uj; — u;; a.s. forall 4, j =1,2 as n — oo.

Proof. Let i = 1. Assume that w11 > 0, u12 > 0. Define
M, = {(v11,v12) : v11 >0, v12 >0, Xyg —v11 Xy—11 —v12 X412 >0for t =2,...,n}.

Let M be the oblong with vertices (0,0), (u11,0), (u11,u12), (0,u12). It is clear
that My D M3 D .... First we prove that M,, — M a.s. We have

X1 Xi—12 €t1
= Uil + — U2 + . (12)
Xi—11 Xi—11 Xi—11
V12
X1
Xi—11
U2
Fig. 1.
Theorem 4.4 implies that there exists a sequence t, such that
Xtrl /Xtr*Ll — U11 a. S.
In view of (5.6) we can see that
Xi 12/ Xe,—11 — un a.s. (13)

Since X
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using (5.7) we obtain
X1/ Xt 12 — 0 a.s.

In this case the straight line p in Figure 1 approaches the straight line ¢;. Simi-
larly we can prove that with probability 1 there exists a sequence of straight lines p
converging to go.

An elementary calculation gives that p intersects ¢; at the point

€t1
U11, U2 +
Xi—12

and thus no straight line p intersects M.
Consider the linear program LP(n) (5.5) for ¢ = 1. It concerns the problem

0 0
max (an v11 + X ’1}12)

on M,. Since M, — M and X2, — p1, X% — pa a.s. (see [10], Chap. IV.2), the
solutions (u},,u},) of LP(n) converge a.s. to a solution of the linear program LP

max (p1 v11 + p2 v12) (14)

on M. It is clear that the maximum (5.8) on M is reached at the point (ujq,u12).
Thus we have proved that uj; — w11, uj, — ui2 a.s.
If u1; = 0 and/or uy2 = 0, the proof is similar. The case i = 2 is quite analogous.
O

6. A SIMULATION STUDY
We simulated the two-dimensional AR(1) process

Xt = UXt_l + e

0.7 0.3
U= ( 0.1 0.5 ) '
The roots of U are A\; = 0.8, Ay = 0.4. The white noise e; = (e;1, etg)/ was constructed
in such a way that

with

et = {1 & + 03 &3, ers = Lo &o + 0363
where {1, {5, 3 were nonnegative constants and &; were nonnegative i.i.d. variables.
Three distributions of &;; were examined:
(i) exponential distribution Ex (1);

(ii) absolutely normal distribution AN (0,1); i.e. &; = |Ul, where Uy ~ N(0,1);
(iii) rectangular distribution R(0,1) with the density f(x) =1 for = € (0,1).
The results of simulations are summarized in Tables 1-5. In each case 100 simula-

tions were performed. The tables contain averages of estimates of the elements of the
matrix U. The empirical standard deviations are introduced in parentheses.
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Table 1 Table 2
n:20, 61162163:1, fthEiL’(].) Tl:QO, 61182163:1, ftlwAN(O].)
0.70 0.37 0.71 0.37
(0.10)  (0.22) (0.15)  (0.30)
0.13 0.50 0.17 0.46
(0.10)  (0.20) (0.13) (0.26)
Table 3 Table 4
n=20, €1:€2:£3:1, thNR((Ll) ’I’L:207 flzggz]., 53:07 anE{L'(].)
0.68 0.44 0.70 0.33
(0.20) (0.41) (0.05) (0.10)
0.19 0.43 0.11 0.51
(0.15)  (0.29) (0.06) (0.12)
Table 5
n=50, 6125226321, ftiNEl‘(l)
0.71 0.32
(0.07)  (0.14)
0.11 0.51

(0.06) (0.12)

A simulation of length n = 50 with ¢; = ¢, = ¢35 = 1 and &; ~ Exz(1) is depicted in
Figure 2.
-Ciqahtion

S KD
-~ ¥

AL ALI L0 8

2 :
5 E : .
3 ; : :
e : : 4
- : : 3
[ g 4 B Gl - J o -
[ 10 ] 3 L ®
st
Fig. 2.

The estimate of the matrix U for this simulation is

0.74 0.26
0.11 0.53 /-~



Nonnegative multivariate AR(1) processes 223

The experience from our simulations can be briefly summarized as follows. Tables
1 — 4 show that the estimates are better when the distribution of residuals is nearer
to the exponential one. This is not surprising, since our method was motivated by the
maximum likelihood estimators for exponential distribution. The best results among
Tables 1 — 4 are contained in Table 4. The same quality in the case {1 = {5 = {3 =
1, &; ~ Ex(1), is reached only when the length of simulation is enlarged from n = 20
to n =50 (see Table 5).

Let us remark that the least squares estimates of the elements of the matrix U for
the simulation depicted in Figure 2 are

0.53 041
0.06 048 /-

(Of course, first of all the average of the both components of the series were sub-
stracted.) The corresponding asymptotic standard deviations are

0.14 0.17
0.16 0.19 /-
In this case the estimates obtained by the new method are better. Also the empirical

standard deviations introduced in Table 5 are smaller than the asymptotic standard
deviations of the least squares estimates.

7. ANALYSIS OF REAL DATA

Andeél [1] presents some hydrological data about the small river Volynka in Czechoslo-
vakia. The mean hourly discharges of the Volyiika river (in m?/s) and hourly rainfall
in the Volynka basin were measured for three days. The data are graphically presented
in Figure 3.

Denote Xy the discharges and X;o the rainfall (¢ = 1,...,72). The averages are

72 72
7= (1/72) Y Xpn =317, Ty =(1/72)> Xy = 0.36

t=1 t=1

and the empirical variances of the components are
57 = 207.59, 52 = 0.53.

The least squares estimates of the autoregressive parameters are

( 0.97 1.08 )

0.00 0.76
and their asymptotic standard deviations are
( 0.025 0.498 )
0.004 0.075 /°
The residual variance matrix is

9.37 0.02
0.02 0.21 /-
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Fig. 3.
Applying our new method we get the estimate of the matrix U
0.87 1.68
0.00 0.00 /-
The residual variance of the first component is in this case 11.80.
APPENDIX
Theorem 8.1. Let two sequences of events A, As,... and By, Bs,... satisfy the

following conditions:

(i) The events Aq, Ao, ..
(ii) The events A; and B; are independent for every i = 1,2,....
(iii) >_P(A;) = oo.

(iv) P(B;) — 1 as i — oo.

. are independent.

Then with probability one infinitely many events C; = A; N B; occur.

Proof. See [7].

(Received April 25, 1991.)
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