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CONTINUOUS-TIME PERIODIC SYSTEMS
IN H, AND H
Part II: State Feedback Problems

PAaTRI1ZI0O COLANERI

This paper deals with some state-feedback Hs/Hoo control problems for continuous time
periodic systems. The derivation of the theoretical results underlying such problems has
been presented in the first part of the paper. Here, the parametrization and optimization
problems in Ha, Hoo and mixed H2/Ho are introduced and solved.

1. STATE-FEEDBACK PROBLEMS

In the paper, we consider the periodic system described by

&= A(t)z + Bi(t) w + Ba(t) u (1)
zZ1 = Ol(t) xr + Dl(t) U (2)
29 = 02<t) T+ Dz(t) U (3)

where
A(), Bi(+), Ba(), Ci(:), Di(+), Ca(-), Daf")

are T-periodic piecewise continuous function matrices. The signal u(t) is the control
input, w(t) is an input disturbance and z1(t), 22(t) are controlled output variables.

The paper benefits from the development of the theory of H., control for shift-
invariant systems. In this regard, specially important is the celebrated paper [1], the
additional parametrization results given in [2], the parametrization of memoryless
state-feedback controllers via LMI and the mixed Ha/H control results in [3].
The application of the above theory to periodic systems is far from being trivial,
since it requires, besides non standard results on the differential periodic Riccati
equations, an appropriate extension of the mathematical machinery concerning sys-
tem theoretical aspects such as spectral properties, Youla—Kucera parametrization,
small gain results, Hy and H,, norm, BIBO stability of feedback systems and so
on so forth. All these arguments are collected and studied in the first part of the
paper [4].

The present paper deals with the following state-feedback problems
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(1) Find a necessary and sufficient condition for the existence of a T-periodic causal
controller fed by (z,w) and yielding u such that the Ho, norm (defined in [4])
from w to z; is less than a prescribed positive attenuation level ~.

(2) Parametrize all stabilizing T-periodic controllers fed by (z,w) and yielding
u such that the H,, norm from w to z; is less than a prescribed positive
attenuation level +.

(3) Parametrize all memoryless T-periodic controllers (u(t) = K (t) z(t)) such that
the Hy norm from w to z; is less than (or equal to) a prescribed positive
attenuation level ~.

(4) Find a memoryless T-periodic controller (u(t) = K(t)z(t)) which minimizes
the Hs norm (defined in [4]) between w and zs.

(5) Find a memoryless T-periodic controller of the kind wu(t) = K(t)z(t) which
minimizes the Hs norm between w and zo while keeping the H,, norm from
w to z1 less than or equal to a prescribed positive attenuation level ~.

Section 2 contains two theorems concerning the parametrization of stabilizing mem-
oryless state-feedback controllers (Theorem 2.1) and the optimal Hs control prob-
lem (Theorem 2.2). The H, full-information control problem (Theorem 3.1), the
parametrization of H, performant controllers (Theorem 3.2) and the parametriza-
tion of memoryless state-feedback controllers via differential LMI (Theorem 4.1)
are the object of Section 3. Finally, in Section 4, the so-called convex and post-
optimization procedures for the mixed Hy/Ho, control problem (Theorems 5.1,5.2)
are described.

2. Hy, CONTROL

Here we limit our attention to the control law
u(t) = K(t) z(t)

where K(-) is a T-periodic control gain to be designed.

The aim of this section is twofold. First we want to characterize the set of all
stabilizing periodic gains, and, in addition, tackle the so-called Hy control problem.
Let us begin with the first problem. As is well known a T-periodic gain K(-) is
stabilizing if and only if there exists a periodic positive definite solution P(-) of the
differential Lyapunov inequality

P(t) = (A1) + Bs(t) K(1) P(t) — P() (A(t) + Ba(t) K (1))’ > 0.
Now consider the new differential inequality in two unknows P(-) and W (-)
—P(t) + A(t) P(t) + Ba(t) W(t) + P(t) A(t) + Ba(t) P(t) < 0. (4)

The following theorem, whose proof is trivial, characterizes the set of all stabilizing
gains in terms of a suitable convex set.
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Theorem 2.1. The set of all T-periodic pairs (P(-), W(-)), with P(-) positive
definite, satisfying (4) is convex. Any stabilizing T-periodic gain K (-) can be written
as K(t) = W(t)'P(t)~".

Let us now move the the Hy problem for system (1), (3) and denote by T'(22, w, K)
the input-output operator between the input w and the output z5 once the control
law is applied to the system. The Hs optimal control problem consists in finding a
periodic K(-) in such a way that

(1) the closed-loop system is stable
(ii) the Ha norm of T'(za,w, K) is minimized.

The proof of the theorem below is based on the periodic Lyapunov equation (eq.
(13) in [4]) by exploiting the monotonicity property of periodic Riccati equations
and the theorem of the existence of the unique stabilizing periodic solution, see [5].

Theorem 2.2. Assume that (A(-), Ba(+)) is stabilizable, Dy(¢) is full column rank
for each t and that the periodic system (A, B, Cy, D2) does not have invariant zeros
in the unit circle. Then the optimal solution of the Hy problem is

K°(t) = —(Dy(t) Da(t)) " (B5Q2(t) + Dj(t) Ca(t))

where QQ2(t) is the unique stabilizing periodic positive semidefinite solution of the
periodic Riccati equation

—Q(t) = A(H)Q(t) + Q(t) A(t) + C5(t) Ca(t)
—(ByQ(t) + Dj(t) Ca(1)) (D (t) D2 (1))~ (ByQ(t) + Dj(t) Ca(t)).

Notice that, under the given assumption, the Riccati equation may well ad-
mit more than one positive semidefinite periodic solutions. The uniqueness of
such a solution is ensured if the stronger assumption is made that the system
(A(+), Ba(+), C2(+), D2(+)) does not have invariant zeros outside the open unit disk.

3. Hy, CONTROL

Let us now be given a positive scalar . The so-called full-information control
problem for system (1), (2) consists in finding

(i) a necessary and sufficient condition for the existence of a T-periodic causal
controller K : (z,w) — wu, such that the closed-loop system is stable and
the Ho, norm of T'(z1,w, K) is less than ~;

(ii) the family to which all such controllers belong.

The derivation of the main result will be made under the following assumptions,
which are standard in the literature of H., control.



332 P. COLANERI

A1) Ci(t)' Da(t) =

) C 0
A2) Dyt (1) = 1.
A3) The pair (A(:), Ba(+)) is stabilizable.
A4) The pair (A(+), Ca(+)) is detectable.

Consider first the Hy periodic Riccati equation:
—TI(t) = A(t)'TI(t) + TI(t) A(t) — TI(t) Ba(t) Ba(t)'TI(t) + Oy (t)' Cy(t) (5)

and let TI(-) be the unique stabilizing semidefinite T-periodic solution (whose exis-
tence is ensured by assumptions A3, A4). Now, let a new variable v be defined as
follows:

v(t) = u(t) + Ba(t)'TL(t) z(t).
The output z; can be rewritten as
21(t) = Rop(7) B1(t) w(t) + Uop(7)v(t) (6)
where R and U are the following T-periodic stable systems:
R = (A — ByB4II, I,Cy — Dy B4IL, 0) (7)
U = (A — ByBjll, By, Cy — D1 B4IL, Dy). (8)

Define also a T-periodic matrix Dy () such that D (¢)'D1(t) = 0, V¢ and
D, (t) D4 (t)' =1, Vt, and consider the T-periodic stable system

U, = (A— BBy, -T1"'CyDy,Cy — Dy ByIT, D).

Hereafter, the symbol A, (7) denotes the input-output operator associated with a
periodic system A, with zero initial condition at ¢ = 7. The following lemma is now
in order.

Lemma 3.1. Systems U and U, are inner at t = 7 and Uop (7))~ Usop(T) = 0.

Proof. Let z1, w2, 3 and x4 be the state variables of U, U™, U, and UT,
respectively. Simple computations show that

(1) Urop(T) = Uop(T)~Uop(T) is such that Uy = (—A' —I1ByB5, 0, Bj, I) (with state
variable x5 = x2 — Ilz1). Hence Usop(T) = 1.

(1) Unop (T) = Uy op(7)~Uop(7) is such that Us = (A — By BII, 0, —D', Cy,0) (with
state variable xg = I 124 — ). Hence Usop(T) = 0.

(iil) Usop(T) = Utop(T) Usop(T) is such that Us = (A + I1C{Cy,0, D, Cy,1)
(with state variable x7 = 23 — II"'2y). Hence Usop (1) = 1. O
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To state the main theorem, we need to introduce the class = of all T-periodic causal
controllers K fed by x and w and yielding u such that the resulting closed-loop
system is stable and satisfies || T(z1, w, K)||oo < 7-

Fig. 2. Parametrization of the set =g C =.

Theorem 3.1. Consider system P given by equations (1), (2), let v > 0 be a given
scalar, and let the assumptions Al— A4 be fulfilled. Then,

(a) there exists a (full-information) T-periodic controller K such that the closed-
loop system is stable and ||T(z1,w,K)||cc < 7 if and only if there exists a
T-periodic positive semidefinite solution of

— P(t) = A(t)'P(t) + P(t) A(t)
+ P(t) (Bi(t) Bi(t)7 2 - Ba(t) Ba(t)) P(t) + C1 (1Y C1 (1) (9)

i.e. such that A(-) + (B1(+) B1(-)'v~2 — Ba(-) Ba(-)") P(-) is stable.

(b) Suppose that there exists a periodic stabilizing solution of (9) and denote by
Er the set of all controllers such that (see Figure 2)

u(t) = =Ba(t)' P(t) z(t) + Qop(7) (w(t) =7 *Bi(t) P(t)z(t))  (10)
where Q is a stable T-periodic system with ||Q||cc < 7. Then,
(by) The set Zg is included in the set E, i.e. Zg C E.
(ba) If K € = then there exists a controller K € Zg yielding the same input-output

operator, i.e. T(z1,w,K) = T(z, w,l&).

Proof. We suppose without loss of generality that v = 1. This can be done by
suitably scaling matrices B, and C; as follows: By — By, C; — Civ~!. Conse-

quently, IC — Ky~ 1.

Point (b) and sufficiency of (a). In this part we first suppose that there exists the
stabilizing T-periodic positive semidefinite solution P(-) of the Riccati equation (9).
We shall prove (i) that the controllers of the proposed family =g (see equation (10))
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do the job and (ii) that any controller in E has a counterpart in the family Eg
yielding the same closed-loop operator.

i) Let r(t) = w(t) — B1(t)' P(t) z(t) and Q be as follows

= Ap(t) + B(t)w (13)
z=C@t)p+D(t)w (14)
where
i) = A(t) — By(t) Bo(t)'P(t) — Bo(t)E(t) B1(t) B (f) A
—G(t) B.(t) F(t)
By - | P +Giz) (HE W)

D(t) = Di(t)E(t).

We know from the assumption that system Q = (F, G, H, E) is well-posed and stable
with norm less that 1. In particular, F'(-) is stable and I — E(-)'E(-) > 0. In view of
Lemma 2.6 of [4] there exists a T-periodic positive semidefinite stabilizing solution
I'(-) of:
~T(t) = F(t)T(t) +T(t)F(t) + H(t)'H(t)
+ (LGt + H@)E®)) (I - E@)E() ™ (GE)T(t) + E(t) H(t))(15)

It is just a matter of cumbersome matrix manipulation to check that

Pt) 0 ]

SO=1 6 o

(16)

is a T-periodic positive semidefinite stabilizing solution of the periodic Riccati equa-
tion:

— S(t) = A(t)S(t) + S()A(t) + C(t)C(t)
+ (S()B(t) + C(t) D(1))(I = D(t) D))" (D(t)' C(t) + B(t)'S(t)).(17)

Since I — D(t)D(t) = I — E(t)E(t) > 0, Vt, from Lemma 2.6 of [4] it follows that
A(+) is stable and the overall system has H,, norm less than one.
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(ii) Suppose that there exists a controller K € E, i.e. a controller such than system
(13), (14) is stable with H,, norm less that one and let

K = (Ak,[Bx Bk],Ck,|[Dx Dk)).

By letting r(t) = w(t) — B1(t)'P(t)
form in correspondence system Q =

x(t) and q(t) = u(t) + Ba(t) P(t) x(t) one can
(F.G,H, E) in (11), (12) with

A ){ Ax(®) Bi(t) B1(t)' P(t)+ B (1) 18)
T | B2(t) O (t)  A(8)+Bi(t) Bi(t) P(t)+Ba(t) (Dx (t) B1(t) P(t)+ D (t)) |’
_ Br(t
Q) = x() (19)
Ba(t) Dk (t) + B (t)
H(t)=[ Ck(t) Dg(t)Bi(t)'P(t) + Dk(t) + Ba2(t) P(t) ] (20)
E(t)=Dg(1). (21)

This leads to a controller K which belongs to the family =g given by equation (10).
We have to prove that system Q = (F,G, H, E) in equation (11),(12), (18),(19) is
stable with Ho, norm less than one. From Lemma 2.6 of [4] we know that there
exists a periodic positive semidefinite stabilizing solution of equation (17). Consider
now equation (9) and the quadratic form v(x,t) = 2/ P(¢) z. It is easy to see that
0(z(t),t) = —r@®)'r(t) + wt)w(t) + q(t)'q(t) — 2(t)'z(t). Recalling that z(r) =
z(0c0) =0 and [|T'(21, w, K) w(|2 < |lwll2, Vw € Lz 00), w # 0, it follows that

lalle < lIrll2, V7 € La[000), 7 # 0. (22)
Since there exists the stabilizing solution S(-) of (17), the Hamiltonian matrix

Au(t) B.(t) Bo(t)

U= _cayeny -y

where

A(t) = A(t)+ B(t) (I = D(t)'D(t)) "' D(t)'C(1)
Be(t) Be(t) = B(t)I — D(t)' D(t)) "' B(t)
Ce(t)'Ce(t) = C(t)'T — D(t)D(t)') ' C(t)

does not have unit-modulus characteristic multipliers. Easy but cumbersome matrix
manipulations show that

F.(t) G.(t)G.(t) 7 0

. B —H_ (t)'H.(t) —F.(t) 70
ZWOH,MZ®) P+ Z20)Z(t)7t = . . _—
? ? ? 97
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where

G.(t)G.(t) = G(t) (I — E(t)E(t)) 'G(t
He(t)'He(t) = H®t)' (I - E()E(®)) " H(t)
I 00 0
0 I 00
Z(t) =
—P(t) 0 I 0O
0 00 I

and 7 denotes the blocks which are irrelevant. It follows that

ag_ | FO GG
() = —H (t)H.(t)  —F.(t)

does not have unit-modulud characterstic multiplies. This fact, together with (22)
implies by Lemma 2.5 of [4] that there exists a stabilizing T-periodic solution of
eq. (15). Since the stabilizing solution of (17) is unique and the matrix (16) is a
stabilizing solution, we conclude that S(-) as in (16) is that solution. Since S(t) > 0,
Vt, it follows that I'(t) > 0, V¢, as well. Lemma 2.6 of [4] concludes the proof of (ii).

Necessity of (a)

Suppose that there exists a stabilizing controller K yielding ||T(z1,w,K)|jc < 1.
We first show that there is no loss of generality in assuming the observability of
the periodic pair (A(:),C1(+)). This is done by resorting to the Kalman canonical
decomposition of a periodic system into its observable and unobservable parts, see
e.g. [6]. Now, let the system state z = [ xy ah ]/ be decomposed accordingly to
this partition, so that

Bi1(t) Bia(t)
Bo1(t) Baa(t)

A(t) = = , Ci(t)=] Cu(t) 0].

A (t) 0 1
B(t)
A1 (t)  Aga(t)

The existing T-periodic controller
K = (A,[B1 Bs],C,[D: D))

fed by (z,w) and yielding u can be partitioned accordingly, i.e. Bi(t)=[B11(t) Bia(t)]
and D;(t) = [Di11(t) D12(t)]. Hence, by grouping state x5 with the controller

state, a controller K for the observable part of the system is obtained as K =
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(Av [Bl B2]; C, [bl bg]) with
Ago(t) + Baa(t)D1a(t)  Baa(t)
Bis(t) At)

As1(t) + Bas (t)Du(t) Bs1(t) + Bas (t)DQ (t)
B (t) Bs(t)

C(t) = [ Dia(t) C(t) ], D(t) = [ Dui(t) Daft) ].

Such a controller is stabilizing and such that || T(z1,w,K)||ee < 1. If we now show
that there exists the T-periodic stabilizing positive semidefinite solution P;(-) of the
periodic Riccati equation associated with the observable part (A11, [B11 B12),C11) of
system (1), (2), then the T-periodic stabilizing and positive semidefinite solution of
(9) takes on the form

Pi(t) 0 ]

0 0

Hence, we can assume that (A(-),C(-)) is observable from the very beginning, and
proceed to prove the existence of the periodic stabilizing positive semidefinite solu-
tions of the periodic Riccati equation (9).

P(t) =

Lemma 3.1 together with expression (6) entail that

UOP(T)N ]
u+op(7')N

u,;;)(T) 7QOp(T) Bi(-)w+wv
Usop(T) " Rop(T) B1(-) w

with

12]l2 = (23)

‘ op(T)™ ]
z
Z/{+Op (T) 2
On the other hand, the assumption that the H,, norm is less than one, definition

v(t) = u(t) + Ba(t)' P(t) x(t), the fact that x € Ly[r 00) and z(7) = 0 imply

1> sup inf 2o
wELa[r+00), [lwlla=1 vELalT+00

Recall now the operator M, previously introduced and associate it with system

G=1[G G |, where
[ Grop(T) Gaop(7) | = Bi()Rop(7) [ Uop(T) Upop(7) ]
By taking into account equations (23) and (27) in [4] , and defining
0(t) = v(t) + Q4 Uop (1) Rop(7) Bu(t) w(?)

we obtain

1> sup inf HMOP(T)Nw—i— [ 8 ]

wELs[r 00),||lw|2=1 9EL2[T+00)

2
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But Mg, ,w and [0" 0] are orthogonal so that

1> sup [MGpwlle = MGl = [[Mopl-

weLz[T +00), [[w]l2=1
Hence

sup || Mopglla <1 (24)
G#0, g€V

where

MopG = Qi B1(-)" Rop(7)” [ Uop(T)  Uiop(T) ] [ Zl ] :

It is easy to see from equations (7), (8) that two possible realizations of
Bi () Rop(7) Uop(7)
and .
B1 (") Rop () Usop(T)
respectively, are as follows:
B1 (") Rop(T)“Uop(T) = (A — B B4I1, —Bs, B{11,0)
Bi(*) Rop(T) Uqsop(1) = (A — Bo BLILII'C Dy, B{1L,0).
Equation (24) in particular implies that
[1B1() Rop(7) " Usop(T) 2|2 < |G2]l2, ¥ G2 € La[r + 00)

Moreover, A(-) — Ba(:) Bo(+)'II(+) is stable. Hence Lemma 2.6 of [4] ensures the
existence of the stabilizing positive semidefinite solution W(-) of

— W(t) = (A(t) = Ba(t) B2()'TL(t))' W (¢) + W (¢) (A(¢) — Ba(t) Ba(t)'TL(1))
+ WOIL(#) O (1) CL()TL() P W () + T1(t) B(t) "By (t)'TI(t).  (25)

We have here used the fact C1(t)' Dy (t) D4 (t)'Cy1(t) =C1(t)'C1(t), Vt. Notice also
that II(t) ! is the controllability Grammian of system B (-) Rop (7)™ [Uop(T) Usop(T) .
The Hamiltonian matrices T} (+) and T»(+) associated with equation (9) and (25), re-
spectively, are related by the matrix

T3(t) =

~T(t) 0

Actually, Ty (t) = (T5(t) To(t) + Ts(t)) T5(t)~!. Hence equation (9) admits the pos-
itive semidefinite T-periodic stabilizing solution P(t) = (I — II(t)~'W(¢))~1I(t) =
TI(¢) (TI(t) — W (t)) ~'I(¢) provided that we show that II(t) — W (t) is positive definite.
This last condition follows from Lemmas 2.8, 2.9 and 2.1 of [4] applied to system G
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giv(;}n by equations (4),(5) of [4] with Gop(7) = B1(-) Rop(T)™ [ Uop(T) Usop(T) ]

F(t) = A(t) — Ba(t) Ba(t)'TI(¢)

G(t) = [=Ba(t) TI(t)"'C1(t)' D4 (t)]
H(t) = By (t)'TI(t)

E(t) = [0 0])

Notice however that Lemmas 2.1 and 2.9 of [4] require the reachability of this last
system. As a matter of fact we now finally show that this condition is ensured
by the assumption of observability of the T-periodic pair (A(-),C1(:)). Suppose by
contradiction that G is not reachable. In view of the PBH test (equation (7) of [4])
there exists a nonzero periodic vector § such that

M — A(t) + Bo(t) Bo(t)'T1(t) )
By (t)'s =101, t>r (26)
Dy () Cr(t)TI(t)~! 0

It is easy to recognize from (5) and (26) that u(t) = I1(t)~16(¢) is a nonzero periodic
solution of

A + A(t)

L
pw=101], t>rT.
Ci(t) 0

Hence, the assumed observability of (A(-),Ci(+)) is violated (recall the PBH test,
equation (7) of [4].

Remark 3.1. Notice that the family = of H,, performant periodic controllers can
obviously include non-dynamic periodic controllers such that

u(t) = Er(t) w(t) + Ex(t) a(t)

where El() and Eg() are T-periodic matrices. Based on the line of reasoning used
in deriving equations (18),(19) it turns out that a controller in Zx yielding the same
closed-loop operator can be constructed by defining in (10) system Q of (11),(12)
with

F(t) = (A(t) + Bi(t) B1(t)' P(t) + Ba(t)E1 (t) B1(t) P(t) + Ba(t) Ea(t)
G(t) = Bi(t) + Ba(t) Er (1)

H(t) = Ey(t) + Ba(t)'P(t) + Ey(t) By (t)'P

E(t) = Ey(t)

As a matter of fact, if £ is the state of this system and z the state of system (1)
it follows that £ — z is the state of an unreachable T-periodic system with F'(-) as
dynamic matrix.
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Theorem 3.2. Consider system P given by equations (1), (2), let v be a given
positive scalar, and let Assumptions Al—-A4 be fulfilled. Moreover, assume that
there exists the stabilizing periodic positive semidefinite solution P(-) of the periodic
Riccati equation (9). Then, the class = of all periodic stabilizing controllers K such
that ||T(z1,w,K)||lec < 7 is shown in Figure 3, where Z; and Q are any stable
periodic systems and || Qe < 7.

Fig. 3. Parametrization of the set =.

Proof. Let
u(t) = —Ba(t) P(t) x(t) + q(t) (27)

and form the closed-loop system P, as
& = (A(t) — Ba(t) B2(t) P(t)) « + Bi(t) w + Ba(t)q
z = (C1(t) — Di(t) B2(t)'P(t)) @ + D1(t)q
RHRIOE
Denote by Pgy;j,%,j = 1,2 the corresponding subsystems of Py, i.e.
Py1 = (A— ByByP, By,Cy — D1 B,P,0)
Pg2 = (A— ByByP, By, Cy — D1 ByP, D)

I 0
7Dq21: (A_BZBépola |: 0 :|7|:I :|>

Pyas = (A—BZB;P,BZ, { é ] ,o).
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As shown in Lemma 2.11 of [4], the generic periodic controller (z: y — ¢) which
stabilizes Pyoo is given by

Krop(T) = Vop(T) = Sop(T) Zop (T)][Xop(T) = Nop(7) Zop(T)] ™

where Z is any stable periodic controller. Now, since Pg22 is stable per se, it is
possible to choose Nop(T) = Pya2op(T), Vop(T) =0, Zop(7) = I, and X, (1) = I, so
that

Krop(T) = =Z0p(7) (I — Pg220p(7) Zop(T))_l- (28)

Plugging this controller in the system, it results:
2(t) = [(Pqr10p(T) = Pg120p(7) Zop(T) Pg210p (7)) w] (t). (29)

On the other hand, all the possible periodic input-output stable operators 77(IC)Op (1)
with [|P(K)|le < v are such that

2(t) = [Pgr1op(T) 0] (¢)+[Pg120p(T) Vop(7) Qop(7) (I_’Y_QBipgop(T) Br)w] (t) (30)

where
E=(A-ByByP,I,1,0)

and
Vop(T) = (I +772Qop(7) Bi () P(*) Eop(T) B2()) ™"

By comparing (29) with (30) it follows
Pa120p(7) [Z0p(T) Pa210p(T) + Vop(7) Qop(7) (I = v ?B1(-) PEop (1) B1(-))] = 0.
Since Dy (t)'Dy(t) = I, Vt, Pgi20p(7) is left-invertible, so that
~Zop(7) Paz10p(T) = Vop(T) Qop(7) (I = 72 B1(-) P(-)op(T) B1(")).

Moreover, since
Eop(T) B ()

I (31)

Py21op(7) = l
it is readily seen that
I=y72Bi()P() Eop(T) Bi() = [ =7 *Bu()'P() I | Py2rop(r)
so that
(Zop(7) + Vop(7) Qop(7) [ =77*B1(-)'P() I ]) Pe2rop(r) =0.  (32)

Assume for the moment that V is stable (this condition will be proved later on).
Hence, a particular solution of equation (32) is

Zop(7) = Vop(7) Qop(7) [ v2B1(-)'P() —I ]
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whereas the general solution is given by
Zop(T) = Zop(7) + éOP(T)

where Z is any stable T-periodic system solution of the homogeneous equation

ZOP(T) Pq210p(7') =0.

Since V is stable with stable inverse (recall that Q is stable and P is stabilizing so
that V=1 is stable as well), without any loss of generality we can write

20p(7) = [ Vop(T) Zlop(T) ZQop(T) ]
with Z; and Z5 stable. Recalling now equation (31) it follows that
Z20p(T) = =Vop(T) Z10p(7) Eop (T) B1
so that .
ZOP(T) = VOp(T) Zlop(T) [ I _gOD(T)Bl(') ] .
Hence,
Zop(T) =Vop(7) [ Z10p(T) +772Qop(7) B1(-)' P(-) = Qop(T) —Z10p(T) Eop(T) B1(") ]

with Z; and Q stable and ||Q|loc < . Putting this last expression of Z into (28)
and recalling (27) it follows that the family = of all periodic stabilizing performant
controllers is represented by the generic controller (Kr: y — u)

’CFOP(T):[ —By(-)'P(-) 0 ] (- Zlop(T)gop(T) BZ(‘)Y1 X

X [_ZIOP(T) - ’Y_ZQOD(T) Bl(')/P(') QOP(T) + ZlOP(T) gOP(T)Bl(')](33)

with Z; and Q stable and ||Q||s < 7. By inspection, this controller corresponds to
the block scheme of Figure 3.
Finally, we only miss to show that V is a stable periodic system, where

Vop(7) = (I +7972Qop(7) B1(") P()€op(7) Ba(-)) .

1
Actually, consider the periodic system l ] , given by

2
€ = (A(t) — Ba(t) Bo(t) P(t))¢ + Ba(t)q
z1 = (C1(t) — D1(t) Ba(t) P(t))€

29 ="' Bi(t)' P(t)¢

The input-output operator of L is exactly v By (-)' P(-) Eop(7)Ba(-). Moreover,
consider the periodic Riceati equation (9), equivalently rewritten as follows

—P(t) = P(t) (A(t)— By(t) Ba(t) P(t))+(A(t)— Ba(t) Bo(t)' P(t)) P(t)
+ (C1(t) — Di(t) Ba(t)'P(t))'(C1(t) — D1 (t) Ba(t) P(t))
+ P(t) By (t) By (t) P(t)y 2
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Thanks to Lemma 2.6 of [4] it follows || £]|oc < 1. From Loop(7)=7"1B1(-)' P(-) Eop(T)
Bs(+) and || L2l s < ||£]|oo; it then results ||y~ 1By (-) P(-) &, (T) 2(+)]Joo < 1. More-
over, it is || = Y71 Qup(7)||ec < 1. Since £ and Q are both stable, Lemma 2.12 of [4]
can be applied to yield the conclusion that the system with input output-operator

(I +77Qop(7) B1(-) P(-) Eop() Ba(-) ™"

is stable as well. O

Remark 3.2. As obvious, the set Z; can be recovered from = by selecting Z; = 0.
It is now interesting to point out further the relationship in the time-domain setting
between the sets = and =Zx. As a matter of fact, if the controller initial state at
t = 7 is zero, then, from equation (33) it follows

q(t) = [Z10p(T) (Eop(7) B2()q + Eop () B1(-) w — 2)] (1) +

+[Qop(7) (w =2 B1(-) P()2)] (t).

But, from the system equation & = (A(t) — Ba(t) Ba(t)'P(t)) v + B1(t) w + Ba(t)q it
follows that letting A(t) = A(t) — Ba(t) Ba(t)' P(t),

z(t) = [Eop(T) W] (t) + [Eop(T)g] (1) + P 4(¢, T)2(T), t =T
so that

u(t) = =Ba(t) P(t) 2(t)+ Z10p(T) @ 4 (£, 7) (1) +[Qop(7) (w—B1(-) P(-) 2)] (t). (34)

By comparing the control pattern in equation (34) (corresponding to the set Z),
with the one given by equation (10) (corresponding to the set =g) the conclusion is
drawn that the only difference is played by the possible nonzero system initial state

(7).

Remark 3.3. The solution of the full information control problem provided in
Theorem 2.2 is the starting point in order to properly extend to periodic systems
the so called output estimation problem in H.,. As in the time-invariant case, it can
be shown that the solution of this latter problem derives directly from the solution
of the disturbance feedforward problem, which, in turn, is intimately related to the
solution of the former.

4. PARAMETRIZATION OF MEMORYLESS H.,, STATE-FEEDBACK
CONTROLLERS

In this section we want to characterize the set of stabilizing control laws
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with K (-) T-periodic, which render the Ho, norm of T'(z1, w, K) bounded from above
by a given positive attenuation value y. Let us denote by C, the set of periodic
stabilizing control gains such that T;(z1,w, K) <+ and define the square matrix

| Wat)  Wa(t)

YO= 1wy wa) ()
such that, V¢
W(t) >0 (36)
Wi(t) > A@t) Wi(t) + Wa(t) A'(t)
+ T2 (W (t) O (1) Cr(t) Wa(t) + Wa(t) Wa(t))
+ Ba(t) Wi(t) + Wa(t) By(t) + Bi(t) By (1) (37)

Now, denote by W, the set of all periodic pairs (W (-),+?) satisfying eqs. (35)—(37).

Theorem 4.1. Let assumptions A1—A4 hold and suppose that Bj(t) Bi(t) >
0,Vt. Then,

(a) The set W, is convex.
(b) Each (W (-),7%) € W, is such that Wi (¢) > 0, Vt.
(€) Ky = {(W5() Wa(t)™1) : (W (-),7%) € Wy}

Proof. (a) To prove convexity it is sufficient to rewrite inequality (37) in affine
form. Indeed, by using Schur complements and letting Letting

O(W (t) = —Wi(t) + A(t) Wyi(t) + Wi(t) A(t)
+ Ba(t) Wa(t) + Wa(t) Bo(t) + Bi(t) By(t)
R(t) = { Cl(t)(’)Cl(t) ? }
U=[1 0]

it is easy to see that inequelity (37) can be rewritten as

o(W) UW (t)R(t)'/?

{ ORR DI S R

S(W(t) =

Hence, since (W (-)) is affine, A(W (-) is affine as well so showing convexity of W,.
(b) This condition follows from the assumption that B;(t) B1(t))’ is positive definite,
for each t. Indeed, assume, by contradiction, that Wi(t) is singular for some time
instant £ € [0,T), i.e. Wi (§)xz =0, x # 0, and let y(t) = /W1 (t) x. Since W(-) is
positive semidefinite it must be also W5(£)'z = 0. By premultipling inequality (37)
by 2z’ and postmultipling by «x it then follows that y(£) > 2’ B;1(€) B1(§)’x > 0. This,
together with y(§) = 0 and y(¢) > 0, Vt, leads to contradiction.
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(c) This point simply derives from Lemma 2.7 of [4] by comparing the two inequalities
(37) and (26) of [4] and letting W (¢)" = K(t) W1 (t). Actually, such a comparizon
yields Wi (t) = P(t). Indeed, if K(-) € K, then let

F(t) = A(t) + Ba(t) K(t) (38)
G(t) = Bi(t) (39)
H(t) = Ci(t) + D (t) K(t) (40)
E(t) = 0. (41)

Notice that the pair (F(-),G(-)) is reachable since G(¢) G(t)’ > 0, V¢. In view of
Lemma 2.7 in [4] there exists a T-periodic positive semidefinite solution Q(-) of
inequality (26) of [4]. In addition Q(-) is positive definite thanks to the positive
definiteness of B;(t) B1(t) = G(t) G(t)'. Now, let

Q(t) Q(t) K (t)
WO=1 kmew Ko Ky

It is simple to verify that the periodic matrix W (-) satisfies all required conditions
since it is positive semidefinite with Wi (¢) = Q(¢) positive definite and such that
inequality (37) is satisfied. Conversely assume that W(-) € W,. Then, by letting
K(t) = Wa(t)Wi(t)~t, and F(-), G(-), H(-), E(-) as in (38)-(41) it follows that
Q(t) = W1(t) is a positive definite solution of inequality (26) of [4] so that, in view
of Lemma 2.7 of [4] the conclusion that K(-) € K, follows. O

The interest of the theorem above mainly relies on the convexity property of the
set W,.

The results relative to the parametrization of periodic stabilizing controllers guaran-
teeing the strict Ho, inequality, namely for ||T(z1, w, K)||«, are still obtained from
Theorem 4.1 by replacing the inequality sign > 0 in equation (37) with the strict
inequality sign >.

5. THE MIXED H,/H.,, CONTROL PROBLEM

In this section we want to address the problem of finding a periodic stabilizing gain
K (-) which minimizes ||T'(zg,w, K)||2 while keeping || T(z1,w, K)||co <7, i.€.

Jon = min{ [T (20,0, K|l [T (o1, 0, K) oo < 7 (42)

The exact solution to this problem is not yet available in the literature, even in
the time-invariant case. This fact spurred the research activity in the direction of
finding suboptimal solutions to problem (42). One way consists in exploiting the
convex structure of the set ¥, introduced in the previous section and trying to
replace the nonconvex objective function with a convex (linear) function of W(-).
By doing so, a suboptimal solution is recovered by solving the convex optimization
problem stated in the result below.
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Theorem 5.1. Let assumptions Al-A4 hold and also the assumptions of Theo-
rem 2.2 be fulfilled. Moreover, let L(t) := [ C2(t) Ds(t) | and assume that W (:)
is the optimal solution of the convex problem

T
oy = min () € W, trace / L) W) L) dt.
0

Then, K°(t) = Wy (t)'W1 ()~ minimizes an upper bound of the objective function
of problem (42).

Proof. Let K(t) = Wa(t)'Wy(t)~! and consider egs. (38)—(39). Direct com-

parizon of (12) in [4] and (37), this last inequality with W5 (¢)" = K (t) W1 (t), shows
that W7 (t) > P»(t) so that

trace / ' L)W (t)L(t) dt
0
T
+ trace /O (Ca(t) + Da(t) K (1)) Wi(t) (Ca(t) + Dao(t) K (1)) dt
T
+ trace /O Do (t) (W3(t) — K (t) Wi(t) K(t)) Da(t)" dt

T
> trace/o (C2(t)+Da(t) K (1)) Pa(t) (Co(t) + Do(t) K(t)) dt=|T (22, w, K)|[3. 5

The rest of this section is devoted to present an algorithm (« iteration procedure)
providing a suboptimal solution of the mixed problem which performs better than the
convex optimization procedure described in Theorem 5.1. Let K (-) be a stabilizing
periodic gain, and « € [0, 2] a scalar parameter. Moreover let

F(t) = A(t) + Ba(t) K1 (t) (1 — )2
+ (a® = 20) By (t)(Da(t) Da(t)) = Da(t) Ca(t)

G(t) = Ba(t) (D2(t)' Da(t)) /% (2a — ?)'/?
H(t) = Co(t) + Da(t) K1 (t) (1 — @) — aDo(t)(Da(t) Da(t)) "t Da(t) Co(t).
Consider now the standard periodic differential Riccati equation
—IIy(t) = F(t)Ta(t) + Mo (1) F(t) + H(t) H(t) — s (t) G(t) G(t)'Ta(t).  (43)

We are in a position to prove the following result.

Theorem 5.2. Consider system (1) —(3) and let Assumptions Al— A4 hold. More-
over, let K (-) be any stabilizing T-periodic feedback control gain. Then for any real
a€10,2]
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(i) The periodic differential Riccati equation (43) admits the stabilizing T-periodic
positive semidefinite solution Il5(-), Va € [0, 2].

(ii) The periodic feedback gain
K (t) = (1 — o) K (t) — a(D2(t) Da(t) ™ (B2(t) Tha(t) + Da(t) Co(1)) - (44)
is stabilizing, i.e. A(-) + Ba(-) Ka(-) is stable.

(iii) The Hs norm due to K»(-) is less than (or equal to) the Hy norm due to Ks(-),
i.e.
1T (22, w, K2)l2 < |T(22, w, K12, Vo € [0,2].

(iv) The Hs norm due to Ks(-) is monotonically nonincresing for o € [0, 1], and
monotonically nondecreasing for a € [1,2], i.e

d
£||T(2271U,K2)H2 <0, Vael0,1]

d
T (22w, K2) |2 20, Va € L,2].

Proof. Point (i). Equation (43) is a standard periodic differential Riccati equa-
tion (in the unknown II(-)) of the kind encountered in the Hy design context.
The first point to be proven is that the pairs (F(-),G(-)) and (F(-), H(-)) are stabi-
lizable and detectable, respectively. Indeed, let

42 (t) = A(t) + Ba(t) (Da(t)' Do(t)) ' Da(t) Ca(t)
Ca(t) = (I — Da(t) (Da(t)' Da(t)) " Da(t)') Ca(t).

In view of the assumption on the zeros of system ({1, Bs, Qg, D5) and the fact that
Dy(-) is full column rank, it follows that the pair (Az(:), C2(+)) is detectable. Now,
notice that

2(t) + Ba2(t) (1 — ) Sa(t)

2(t) + Da(t) S2(t)

where So(t) = (1 —a) (K1 (t)+ (D2(t) Da(t)) "1 Da(t)' Co(t)). Now assume by contra-
diction that the pair the pair (F(-), H()) is not detectable. This means that there
exists a nonzero periodic solution of

M+ F(t)
[ H(t)

with Re(A) > 0. The second equation with the definition of Cy(t) and the facts that
C(t) Da(t) and Ds(t) is full column rank, implies that

So(t)x(t) =0, Co(t)az(t)=0, Vt.
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Hence R
(=AM + F(t) z(t) = (M + Aa(t)) 2(t) = (1)

which, together with Re(\) > 0, Co(t) z(t) = 0, Yt and z(-) # 0, contradicts the
detectability of (Ay (), Cy(-)). As for the stabilizability of (F(-),G(-)), it easily fol-
lows from that of (A3(-), Ba(+)), which in turn is equivalent to the stated condition
of stabilizability of (A(:), B2(+)). Therefore we have shown that the pair F(-), H(-))
is detectable and the pair F(-), G(-)) is stabilizable. Hence, the equation (see [7])
admits a stabilizing solution whenever « € [0, 2]. Actually, under the stated assump-
tions, this solution is also the unique positive semidefinite one.

Point (ii) In order to check the stability of A(-) + Ba(+) Ka(+), with Ks(-) given by
eq. (44), consider again eq. (43). It can be rewritten in the following way
—a(t) = (A(t) + Ba(t) Ka(t))'Ta(t) + Ta(t) (A(t) + Ba(t) Ka(t))
+ (Ca(t) + D2(t) Ka(t)) (Ca2(t) + Da(t) Ka(t)). (45)
Now notice that
A(t) + Ba(t) Ka(t) = Ag(t) 4+ Ba(t) S(t)
Ca(t) + Da(t) Ka(t) = Ca2(t) + Da2(t) S(t)
0 = Dy(t)Ca(t)
where the periodic matrix S(-) is defined as follows
S(t) = [(1 - a) (Ki(t) + (D2(t) Da(t) " Da(t) Ca(t))
— a(Da(t)' Da(t)) ™ Ba(t) T2 (t)].
Thus, the stated detectability assumption together with the above equations imply
that the pair (A(-) + B2(-) K2(-), Ca(+) + D2(+) Ka(+)) is detectable as well. This fact

and the existence of a solution II3(t) > 0 of (45), entails, by an inertia argument
(see [7]) that A(:) + Ba(+) Ka(+) is stable.

Point (iii). For i = 1,2 let Q;(¢) be the periodic solutions of the differential Lyapunov
equations
—ILi(t) = (A(t) + Ba(t) Ki(t))'TL(t) + L (A(t) + B(t) Ki(t)
T (Ca(t) + Da(t) K1) (Calt) + Da(t) (1)) (46)

respectively. Of course,

T
trace / (B} (O)TLi() By (t)] = |T (22, w, K;)| 2.
0

By means of standard algebraic manipultions it is possible to conclude that the
difference between the two periodic solutions IT;(¢) and II5(¢) of (46) satisfies the
equation

— (T3 () — Tz (t)) = (A(t) + Ba(t) K1 () Ty (t) — a (1)) )
+ (T (1) — T2 (1)) (A(t) + Ba(t) K1 (t)) + K1 (8) K (t)
— Ky(t) Ky (t)
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where, for i =1, 2,
Ki(t) := K;(t) + (D2(t) Da(t)) " [B2(t) T2 (t) + Da(t) Ca(t)] (Da(t) Da(1)) /2.
Indeed, with this choice the above equation becomes

—(ILy (t) — Ia(t)) = (A(t) + Ba(t) K (1)) (I (t) — Ma(t))
+ (I () — 2(1)) (A(t) + Ba(t) Ki(1))
+ K () K1 (t) (20 — o?)

which shows that IT;(-) > II2(-) whenever « € [0, 2].

Point (iv). Notice first that IIs(¢) enjoys a symmetric property with respect to a,
i.e. TIx(t) at « is equal to IIx(t) at 2 — . Denoting with T's(+) the periodic matrix
which is the derivative of II5(-) with respect to « it is possible to verify that such a
matrix satisfies the following Lyapunov equation

“Pa(t) = B(tYTa(t) + o)) (1) — 201 — a) K (1) o (1) (47)

where F(t) = F(t) — G(t) G(t)'TIy(t) is a stable matrix since TIy(t) is the stabilizing
solution of eq. (43). Hence from eq. (47) it follows that I';(¢) < 0 for a € [0, 1] and
Ia(t) > 0 for a € [1,2]. 0

Remark 5.1. The above results can be exploited in the following way. Consider
system (1)-(3) and suppose that K;(-) is a given periodic matrix such that A(-) +
Bs(-) K1(+) is stable and || T(z1,w; K1)|leo < 7 (for instance the matrix resulting
from the convex programming problem (42)). Then one one dimensional search in
the interval [0,2] for o with eq. (43) taken into account, allows to determine the
value of a° corresponding to which the control law u(t) = K»(t) z(t) minimizes the
Hjy norm while keeping the H,, norm not greater than 7. Incidentally, notice that
the choice @ = 1 corresponds to the optimal unconstrained Hs control law, see
Theorem 2.2. Obviously a® and the relevant value for the H, norm depend on the
chosen K (-). Hence the « procedure consists in finding a° as follows:

a’ = argmin{1l — ay,ap — 1}
on = max{al a € [0,1], [T(z1, w3 ) oo < 71}
0> = minfo] a € [1,2), |T(s1,03 8)ow < 1},

6. CONCLUDING REMARKS

In this paper a number of important state-feedback control problems for continuous-
time periodic systems are tackled. Particular attention is devoted to the parametriza-
tion of memoryless H,, controllers and to the discussion of a new procedure for the
suboptimal solution of the mixed Hy/H, control problem. The exposition greatly
exploits the theory of periodic Riccati and Lyapunov equations and does not take
any advantage of the recent developments of the “transfer function” approach for
continuous-time periodic systems.
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