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REMARKS ON FUZZY QUANTITIES
WITH FINITE SUPPORT!

MILAN MARES

The general results concerning the algebraic properties of fuzzy quantities presented,
e.g., in [2,4, 6] can be rather completed and specifically interpreted if the fuzzy quantities
with finite support are considered. It is possible to show that the algebraic equivalence
relations over such quantities part their class into characteristical subclasses.

1. INTRODUCTION

As shown, e.g., in [2] and [4] the fuzzy numbers and generally fuzzy quantities can
be arithmetically handled but the operations over them do not fulfil some impor-
tant algebraic properties. This lack of algebraic perfectness is not purely technical,
it reflects the lack of determinism and the structure of uncertainty typical for the
fuzziness. The disproportion between the strict determinism of algebra and vague-
ness of fuzzy quantities can be avoided if we replace the crisp equality in algebraic
rules by certain types of equivalence, as shown, e.g., in [2,3,4].

Each equivalence means that some type of equivalence classes is considered in-
stead of single elements of the basic set. In our case the classes of equivalent fuzzy
quantities can be especially well specified if only the quantities with finite support
are considered. It enables us to formulate a few results which could not be (up
to now) derived for the general case, and to use them for a starting point to some
conclusions on the nature of fuzziness in quantitative data.

In the whole paper we denote by R the set of all real numbers and by Ry = R—{0}
the set of non-zero reals.

By normal fuzzy quantity we call any fuzzy subset a of R with the membership
function f, : R — [0, 1] such that

sup(fa(z) : z € R) =1. (1)

If, moreover, the support of f,, i.e. the set

{reR: fo(zx) >0} (2)
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is finite, we call a the finite-support normal fuzzy quantity (in this paper we mean
by fuzzy quantity always the finite-support normal fuzzy quantity). The set of all
fuzzy quantities will be in this paper denoted by R. It will be useful to denote by
Ry the set of non-zero fuzzy quantities i.e. such

{a€R: f,(0) =0} 3)
For a € R condition (1) turns into
max(f,(z): z € R) =1, (4)

which means that f,(x) =1 for at least one z € R.
It will be useful to specify the following symbols of some sets of fuzzy quantities

Rt ={ae€R: f,(x) =0 for z <0}, R™={aeR: f,(x)=0 for z >0},
(5)
and the fuzzy quantities from the set
R*=RTUR™ C Ry (6)

are called polarized.

2. ARITHMETICAL OPERATIONS

Fuzzy quantities represent vague numerical data and, consequently, they should be
processed by the usual arithmetical operations or by their close analogy.

Due to the referred literature (and to some other works) we define the addition
and multiplication of fuzzy quantities, with respect to the finiteness of their supports,
in the following way.

Let a, b € R be fuzzy quantities with membership functions f,, fp, respectively.
By a @& b we denote the fuzzy quantity with membership function f,q such that

Jaws(w) = maxx (min(fa(y), folw = y))) = max (min(fa(x - 2), fi(2))), @€ R
(7)

If a, b € Ry C R then we denote by a ® b the fuzzy quantity with membership
function f,op, where

fuon(@) = magx (min(£u(v). fo(e/y))) = max (min(fu(e/2). (), ©€ R ()

Remark 1. The finiteness of the supports of a and b and relations (7), resp. (8),
imply that also a @ b and a ® b have finite supports.

Remark 2. If a, b € Ry then (8) implies that also a ® b € Ry, i.e. foep(0) = 0.

Fuzzy quantities a @ b and a @ b are called the sum and the product of a and b,
respectively.

As shown in [6] the definition of product a®b can be extended to fuzzy quantities
from R D Ry, where fyop(z) is given by (8) for = # 0, and

fa@b(o) = max (fa(o)v fb(o)) . (9)
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This extension is coherent with the original definition of a ® b for a, b € Ry and
preserves all its useful properties.
If 2 € R then we denote by (z) the degenerated fuzzy quantity for which

floy () =1, fay(y) =0 ify#uw (10)

For a crisp real number r € R the products of degenerated (r) with fuzzy quantity
gets a simplified form. For a € R and r € R we denote r - a = (r) ©® a, where

fra(x) = falz/r) if 70, (11)
f<0> (:E) if r=0.

As shown e.g. in the papers referred below, set R is a commutative monoid con-
cerning operation @ i.e.

a®db=>bdaq, a®(bdc)=(adb) De, a® (0)=a (12)

for a, b, ¢ € R. Analogously, R is a commutative monoid concerning operation ©,
i.e. fora, b,ceR

a®b=>b0oa, a®boc)=(ad®b) Oc, a® (1) =a. (13)
For the crisp product of r € R, a, b€ R
r-(a®b)=(r-a)®(r-b). (14)

On the other hand, if we denote for a € R, b € Ry the fuzzy quantities —a € R and
1/b € Ry such that

fea(@) = fa(=2),  fipl) =fl/y),  fip0)=0, weR, yeR (15
then the remaining group properties
a® (—a) = (0) and  bo(1/b) = (1), (16)
as well as the complementary distributivity
(ri+mr)-a=ri-a®dry-a, r1, o € R, (17)

are not generally fulfilled. The roots of this lack of pleasant algebraic properties
are discussed in [2,4,6]. Generally, it is innatural to demand the validity of strict
equations (16) between fuzzy quantities and crisp numbers, especially regarding the
fact that the operations @ and ® do increase the fuzziness of the operated quantities.
Evidently also the repetitive addition becomes to be different from multiplication by
the number of repetitions (e.g. a®a # 2 - a) if indeterminism enters the process, as
expressed by (17). The distributivity of @ and ©® is preserved in very special cases
only, as shown in [1].
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3. ALGEBRAIC EQUIVALENCES

The previous paragraph shows even how to avoid some of the discrepancies connected
with the arithmetical processing of fuzzy numbers. It is not rational to implement
crisp numbers, 0 and 1, into the manipulation with fuzzy phenomena. Instead of it
we should include some kind of “fuzzy zero” (in the additive case) or “fuzzy unit”
(in the multiplicative case). It was done in [2] and [4] in the following way.

Let a € R, x € R. We say that a is z-symmetric iff

falx 4+ 2) = falx — 2) for all z € R. (18)

By S, we denote the sets of all z-symmetric fuzzy quantities. S denotes the union
S=J S.- (19)
TER

If a, b € R then we say that they are additively equivalent, and write a ~g b iff
there exist s1, so € Sy such that

a® s =bd ss. (20)
Analogously, if b € R and y € Ry we say that b is y-transversible iff

fly-2) = foly/z)  forz>0, (21)
0 for 2 < 0.

By T, we denote the set of all y-transversible fuzzy quantities, and T denotes the

union
T=J T,
YyERy

It is not difficult to verify that any y-transversible fuzzy quantity belongs to the set
RT iff y > 0 and to R~ iff y < 0 (cf. (5)).

We say that a and b from R are multiplicatively equivalent, in symbols a ~g b,
iff there exist t1, to € Ty such that

a®t; =bOts. (22)

Let us remember that
a® (—a) ~g (0) fora e R (23)
and bo (1/b) ~o (1) for be R". (24)

It was shown (cf. [2,4]) that R with the operation @ is a commutative group up to
the equivalence relation ~g, and R* = RT UR™ with ® forms a commutative group
up to ~q.

Remark 3. If a, b € Sy then evidently a ~g b and a ® b € Sy.
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Lemma 1. If a, b are fuzzy quantities and a € S;, b€ Sy, z, y € R, then a ~g b
iff x =y.

Proof. Ifa€S,, beS, then by [3] a = (z) ® s1, b= (y) D sz for s1, s2 € Sp.
The equivalence a ~g b means that there exist s}, s5 € Sp such that

(x) ®s1® s = (y) B sz ® sh, (25)

where s1 @ s} = s €Sy, s2 B sh, =55 €Sg. As —s5 =54

(yosi O (—(@sy))=(x—y) &(s{ Dsy)=(r—y)Ds

for s = s @ s € Sp. Equality (25) implies that (z — y) & s € Sy which is possible
iff x —y =0 (cf. [3]). O

Lemma 2. If a, b are fuzzy quantities and a € T, b€ Ty, , y € Ry then a ~¢ b
iff x =y.

Proof. The proof is analogous to the previous one where relevant results from
[4] are used. O

4. EQUIVALENCE CLASSES

If we limit our considerations to the fuzzy quantities with finite support, some useful
conclusions can be derived. Those ones which concern the additive case were in a
slightly modified form presented in [2] (e.g., Lemmas 9 and 10 or Theorems 8 and
9).

The proofs of the following statements demand to proceed rather less strict type
of fuzzy quantities than the normal ones considered in the other paragraphs. An
arbitrary fuzzy quantity with finite support will be called any fuzzy quantity a with
membership function f, : R — [0,1] with finite support (2) but generally not
fulfilling the normality assumptions (1) and/or (4).

Lemma 3. Let a be arbitrary fuzzy quantity with finite support, let s € Sy be
O-symmetrical fuzzy quantity, let 29 € R be such that f,(xg) = fo(—20) = 0, and
let ag be an arbitrary fuzzy quantity such that

fao(x) = fa(z) for all x € R, |l’| 7£ |$0|
Jao(®0) = fao(—x0) = max (fo(x): x € R).

Then for any € R fo(z) = fo(—2) iff fo, () = fao(—2), and fogs(z) = fows(—2)
iff fag@s(x) = faOEBS(_x)’

Proof. The validity of the first equivalence is evident. Let us denote

{z1,..,zn} ={x € R: fu(x)>0}. (26)
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Then for any y € R

fao@s(y) - Igleag (min(fao (.T), s (yfil‘))):l Ig’lilx (min(fao (xl)v Is (yfxl))) ) (27)

fag@a(—y) =max (min(fo, (z), fo(~y - 2)))= 28)
- I.»?ea}%z( (min(fao (CL’), fs(y + m))) = I;leal)%( (min(fao (_$>7 fs(y—$))) .

Let fags(y) = fags(—y) for all y € R, and let us consider the yg € R for which

fao@s(y()) = fao (.130) = min (fao (l‘o), fs(yO - 1‘0)) :
Then, as fo,(z0) > fo(x) for all x € R, (27) implies

faoGBS(_yO) = mf‘x (min(fao(—x), fs(yo - .’1?))) =
= min (fa,(=20), fs(¥o — %0))) = fao(=70) = fa,(¥0)

and consequently foo@s(¥0) = faoms(—¥0)- If fooms(y) # fao(xo) then it is equal
to some of the values of fues(y) = fams(—y). If, on the other hand, f, es(y) =
faoms(—y) for all y € R then for any y € R either foes(Y) = faoas(Y) = faoas(—y) =
faws(—Yy) or fows(y) =0 # fa,es(y) and then also fue(—y) = 0 as follows from the
previous steps of the proof. O

Lemma 4. Let a € R be a fuzzy quantity, let s € Sg be 0-symmetric fuzzy quan-
tities and let a ® s € Sg. Then a € Sy as well.

Proof. Let us denote {z1,...,2,} by (26). As s € Sy, equalities (27) and (28)
hold. Let us choose the j € {1,...,n} for which

fa(z;) = max (fo(z;): i=1,...,n), (29)
|z > | for all z; such that f,(x;) = fa(z;), (30)
Zj Z 0. (31)

Such j exists, as the finiteness of support guarantees the fulfilling of (29) and (30)
for at least one j € {1,...,n}. If (31) is not fulfilled for some j respecting (29) and
(30) then there exists x; € R such that z; < 0 and f,(—z;) < fo(z;). Let us choose,
then, yo € R such that

fs(yo —x5) > fa(z;)  and  fo(y) < fa(z;)  fory >yo —z;.

It means that

faws(yo) = min (fa(xj)v fs(yo — xj)) > min (fa(_xj)a Js(yo — x])) = faws(—Y0)

which inequality contradicts the symmetry assumption on a & s.
Having chosen j € {1,...,n} and z; € R which fulfill (29), (30), (31), we choose
the yo € R for which
fs(yo - mj) > fa(l'j)7
fS(y)<fa(xj) fory<y0f$j,
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then by (27) and (28)
faws(yo) = max (min(fa(x:), fs(yo — 7)) > fa(xj,)

=1,...,n

fa®s<_y0) = rafleal}%( (min(fa(_‘r)v fs(yO —.’E))) =
= min (fa(_xj)v fs(yO - ‘TJ))) < fa(_xj) < fa(xj)'

But the 0-symmetry of a @ s means that

fa(xj) < faGBS(yO) = faws(—=y0) < fa(_mj) < fa(xj)

and, consequently, f,(—xz;) = fa(x;).
Let us construct, now, an arbitrary fuzzy quantity with finite support a; such
that

far () = falx) for z € R, |z| # xj,
fal(xj) = fa1(_xj):0'

Lemma 3 implies that f,, () = fo,(—2) for all z iff f,(z) = fo(—=z) for all z and
that faps(z) = fags(—x) for all x € R iff fo,¢s(x) = fa,@s(—2) for all z € R. Tt
means that we may repeat the previous procedure for a; and, after a finite number
of analogous induction steps, we prove f,(z) = fo(—x) for all z € R. O

Remark 4. It follows from the proof of Lemma 4 that an analogous statement is
valid for a being arbitrary fuzzy quantity with finite support such that f,es(z) =
faps(—x) for all x € R. Then f,(z) = f,(—x) for all z € R, as well.

The following statements concerning the additive equivalence can be derived from
the previous lemmas.

Theorem 1. If a, b € R are fuzzy quantities then a ~g b if and only if a & (=b) €
So-

Proof. The statement can be proved similarly to Theorem 8 in [2], using previ-
ous Lemma 4 and definitoric equality (20). O

Theorem 2. If a € R is a fuzzy quantity then a ~g (0) if and only if a € Sp.

Proof. The statement follows from Theorem 1 immediately. O
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Theorem 3. Subsets S;, = € R, form equivalence subclasses of the set of fuzzy
quantities R, according to ~g;.

Proof. It was shown by Lemma 1 that for z, y € R, a € S;, b € Sy, the relation
a ~g b can be true iff x = y. Let us suppose that there exists a € R—S and b € S
such that a ~g b, and let € R be such that b € S;. Then b = (z) ® s for some
s € ¢ and there exist s1, sy € Sy for which

a®s; =bd sy = () DsdD so.
It
fieans a®ds1 ®(—z)=s5Ds;®(0) =sD s,
and by Lemma 4 a & (—z) € So. By [3], a € S_, C S which contradicts the
assumption a € R — S. O

Remark 5. Evidently, there exist more equivalence classes in R than the sets S,
x € R. However, the specific position of symmetry in fuzzy quantities (cf. [5] or [2])
is even more stressed by the previous result.

The transversible fuzzy quantities and operation of multiplication can be pro-
ceeded in a similar way. In the following paragraphs we limit the presentation of the
procedure to the points which essentially differ from the additive case.

Let us remember that the concept of arbitrary fuzzy quantity with finite support
mentioned above keeps unchanged.

Lemma 5. Let a be an arbitrary fuzzy quantity with finite support, let f,(z) =0
for all z < 0, let t € T1 be a 1-transversible fuzzy quantity, let ¢ > 0 be such that
fa(zo) = fa(1/20) = 0, and let ag be an arbitrary fuzzy quantity such that

fao(*x):fa(x) for allmeR, 9607&%7&1/550,
fao(20) = fao(1/20) > fa(z) for all z € R.

Then for any @ € Ry fo(z) = fo(z/1) iff fo,(x) = foo(1/2), and foer(z) =
Jaor(1/2) if fagot(z) = faoor(1/2).

Proof. If we denote the support set of a by {z1,...,z,}, like in (26), then for
any y > 0, analogously to (27) and (28),

Jaoor(y) = max (min(fo, (2), fe(y/2)))=_max (min(fo,(x:,), fe(y/2:))),(32)
fapor(1/y) =max (min(fa, (2), fi(1/y - 2)))= (33)
= max (min(fo, (), fe(y - #)))=max (min(fo, (1/2), fi(y/2))) -

The assumptions of the lemma immediately imply that for y < 0 fooi(y) =

faoot(y) =0 as well as fo,(z) = fo(z) = fi(x) =0 for all x < 0.
Further procedure of the proof is analogous to Lemma 3. If we choose yg € Ry

such that Jaoot(Y0) = fao(T0) > fal), z >0,
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then by (32) fa()@t(l/yO) = fao (xO) = fao(Dt(yO)~
If fooot(y) # fao(xo) then the desired equality follows from the properties of

a ®t. The first one of the stated equivalences, namely f,,(z) = fo,(1/x) iff fo(z) =
fa(1/), is evident from the assumptions. O

Lemma 6. Let a € Ry be a fuzzy quantity, let ¢ € Ty be 1-transversible fuzzy
quantity, and let a ©¢t € T1. Then a € T; as well.

Proof. If there exists zp < 0 such that f,(z¢) > 0 then (8) implies that also
faot(yo) > 0 for some yg < 0, and in such case a ® ¢ ¢ T;. Consequently a € RY.
Further steps of the proof are analogous to the proof of Lemma 4. If we accept the
notation {z1,...,z,} for the support (26) then z; > 0 for all i = 1,...,n and we
may choose j € {1,...,n} for which

falzj) > folzs) foralli=1,...,n, (34)
z; > 1, (35)
if fo(z) = fo(z;) for some x € R then either 1 <z <zj; or 1 >z > 1/2(36)
Such z; in R does exist, as the finiteness of support guarantees the existence of z;
fulfilling (34). If (35) and (36) are not simultaneously true, i.e. if there exist z; for

which (34) holds, and 0 < z; < 1, fa(x) < fa(z;) for all > 1/xz; > 1 then we may
choose o > 0 such that by (32), (33)

Jt(o/x;) > fa(xy) and fi(y) < fa(z)) for y > yo/x;.
But then

fa@t(yO) = min (fa(yj)’ ft(yO/xj)) > min (fa(l/xj)a fs(yo/xj)) = fa(]-/yo)

which is impossible because of the transversibility of t. To the j € {1,...,n} and
x; > 0 fulfilling (34), (35), (36) we find yo > 0 for which

fe(yo/xj) > fa(zj)
fi(y) < fa(zj)  fory <wyo/z;.

According to (32), (33),

fa@t(y()) = z:Hll,aX,n (min(fa(xi)a ft(yO/xz)) Z fa(xj)7
faor(1/yo) = max (min(fu(1/2), filyo/w))) =

= min(fo(1/25), fi(yo/7;5)) < fa(1/25) < fal(z;).

The 1-transversibility of a ® t means that

fa(xj) < fa@t(QO) = fa@t(l/yo) < fa(l/xj) < fa<xj)

and, consequently, f,(1/z;) = fa(z;).
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Now we may construct an arbitrary fuzzy quantity a; with finite support, where

fal(x):fa(x) for l‘j?él‘#l/l‘j,
fal(x.j) = fa1(1/‘rj) =0,

and using Lemma 5 we may proceed for a; analogously to a. After a finite number
of induction steps the 1-transversibility of a will be proved. O

Remark 6. A statement analogous to Lemma 6 is valid for a being arbitrary fuzzy
quantity with finite support such that fy,o:(x) = fae:(1/x) for all z > 0, as follows
from its proof. Then f,(z) = f,(1/x) for all > 0.

Theorems analogous to those ones derived for additive case can be obtained for
the multiplicative ones, as well.

Theorem 4. If a, b € R* are fuzzy quantities then a ~g b if and only if a® (1/b) €
T;.

Proof. Ifa ~g bfor a, b € R* then there exist t1, to € T1 such that a®t; = bOty
and then 0ot o (1) =bo(1/b) ot e T,
asb®(1/b) =t € Ty and t ® t2 € Ty as well. Lemma 6 implies that a © (1/b) € T;.
Let, on the other hand, a ® (1/b) =ty € T;. Then
a®(1/b)Ob=b0ty
and, putting (1/b) ® b =t; € Ty, we obtain the equivalence a ~¢ b. O

Theorem 5. If a € R is a fuzzy quantity then a ~g (1) if and only if a € T;.

Proof. The statement follows from Theorem 4. O

Theorem 6. For any y € Ry the subsets T,, C R* form equivalence classes accord-
ing to the equivalence relation ~g.

Proof. For z,y € Ry and a € T, b € T, the equivalence a ~¢ b can be valid
iff x = y, as shown in Lemma 2. It means that T, are equivalence classes in T. It
remains to prove that for a € R* — T, b € T the equivalence a ~¢ b is impossible.
Let a ~g b be valid for such a and b, and let b € T,, x € Ryg. Then b = (z) © ¢ for
some t € Ty and there exist t1, to € Ty such that

a0t =bOty=(z) Ot Ot

I h
t means that a0t ©(1/z)=(1)O0tOty=t Oty €Ty

and, by Lemma 6, a ® (1/z) € Ty. It means by Theorem 4 that a ~g (1/z), i.e.,
a € Ty, which contradicts the assumption a € R* —T. O
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Remark 7. Evidently, there exist other equivalence classes in R* different from
Tm, T € Rp.

As shown above the equivalence structures for normal fuzzy quantities with finite
support are rather more lucid than those ones in more general cases. It simplifies
the elaboration of fuzzy-contaminated data with finitely many possible values in
real applications. In connection with this it could be interesting to compare the
theoretical tools derived here and in other related papers with the uncertainty models
in system theory [8] and other branches (e.g., [7]).

The variety of equivalence structures for additive and multiplicative case offers
also some deeper considerations about the structure of fuzziness and uncertainty in-
cluded into fuzzy quantities and their description, analogous to those ones presented
in [5]. The mutual relations between additive and multiplicative decomposition of
fuzzy quantities could give some information about the essential types of fuzzy un-
certainties.

(Received August 14, 1992.)
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