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Abstract. Simulation of the underground water flow in real 3D domains requires also modeling
of the flow in 2D fractures and their 1D intersections. For each dimension we consider the
continuity equation and Darcy’s law as a model of the stationary saturated flow. The water
flux between individual dimensions is assumed to be proportional to the pressure difference.
The classical discretization schemes requires the alignment of computational meshes between
dimensions. We present a mixed-hybrid formulation of the problem and two approximations of
the communication terms that relax the alignment condition. We perform convergence analysis
of these approximations.

1 Introduction

For the sake of clarity we present ideas on the simple 2D-1D case. Let us consider a 2D
domain Q, C R? splitted into two subdomains by a 1D fracture 2; C €2;. We denote QQ =
25\ and Ql = (). To avoid technical difficulties we assume that {2, have polygonal boundary
and (2 is a straight line. The flow on the domain €2; (d = 1, 2) is described by the velocity ug
and the pressure p,. These state variables has to satisfy Darcy’s law

ug = —KsVps onQy (1)

and the continuity equation
divug = F; onQy, 2)

where K, is (tensor of) the hydraulic conductivity, F;, = f5 and F} = f; + ¢ are water sources,
while ¢ denotes the outflow from 2D domain. We consider a non-separating crack, which means
that the pressure is continuous across the crack and the sum of outflow from the walls of the
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fracture is equal to the fracture inflow, namely

p;_ =py on le

[Us]g, == (ug -nt +u, -n)=gq

Since the pressure is continuous we can prescribe

q= U(p2|91 _p1)7

where o is an interchange coefficient, we take 0 = 1. The system is completed by the boundary
conditions

D D
pa=p~ onlg,
ug-n=u" onlY.

where I'? is Dirichlet and '}’ Neumann part of the boundary 9.

2 Mixed-hybrid formulation on aligned meshes

Let {Q}, i € 1, be a decomposition of domain 2, into disjoint subdomains that satisfy the
alignment condition
0 C Ty, Ta:= o)\ 09, 3)
i€ly
where Iy is union of interior faces. We multiply the equations (), (2)) by suitable test functions
and integrate over the individual subdomains. We integrate by parts in and we treat traces
of the pressure as an independent variable (for details see [3]). Finally we obtain mixed-hybrid
formulation of the problem specified in the previous section.

Definition 1. We say that (u, p) is MH-solution of the problem if the composed velocity u
and the composed pressure p belong to the spaces

u = (uz,wy) €V =Vp x Vi = [[ H(div, Q) x [ [ H(div, Q) 4)
i€l i€l
p= (p2,p1,P2,D1) € P =Py x P, x Py x Py, 5)

Py=1*Qq), Py=H"*T,uTy).
and they satisfy abstract saddle point problem
a(u, w) + b(w, p) = (G(p"), w) Vw = (pa 1) €V, ©)
b(u,q) —c(p, q) = (F(f,u"),q) Vg = (42,0102, %) € P, (7
where

ww) = T3 [ vkt

d=1,2i€ly

Z Z/ _leUde+/ [”d]Qd+/ (va - M)qy

d=1,21€l,

c(p,q) = /Q (p1 = P2)(@1 — @)
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Note that in definition of bilinear form ¢(p, ), we need trace p, on €2y, which is available
because of the condition (3)).

The existence and uniqueness of the MH-solution is a direct corollary of Theorem 1.2 in [1].
Furthermore, one can use Raviart-Thomas elements to construct approximation spaces and use
again theory from [1]] to get an O(h) estimate:

lw = wally + [lp = pall, < Ch(l[el s + o] )- (®)

Note that according to the regularity theory for the linear elliptic equations one can expect
p € W?Pandu € WHP forall 1 < p < oo, provided data from L> and certain beter regularity
of the boundary conditions.

3 Mixed-hybrid formulation on non-compatible meshes

In practical applications, we frequently use statistically generated fractures. In this situation,
it could be nearly impossible to produce a regular mesh satisfying the alignment condition
(3). In order to relax this condition, we have to construct an approximation of the trace of the
pressure on the fracture Q. Let {Q%}, i € I, be a regular triangular decomposition of 2, with
diameter of elements bounded by & and let

leQZQle,

be elements of the induced decomposition of €2;. On these decompositions we consider spaces
V" and P" similar to and (5). Splitting further the triangles intersecting €2;, we obtain an
aligned decomposition of {2, on which we can build spaces V' and P. Finally, we denote €2;-
the union of (2;-subdomains intersecting 24

Oy = U QL where I, = {i € L] # 0}.
i€ly

Let II be a continuous linear operator from F} to the functions piecewise continuous on
subdomains Q%, i € I;. Then we can define an approximation T of the trace operator for the
functions p € P, by the formula T'(p) = T'rq, (II(p)), locally on each triangle Q%, i € I;. In
particular, we can use an average approximation

Iy

0y (p) = 101 Q%102 de, VYiel

or a piecewise linear approximation II; such that

/Sm Qg<p>=/5ﬁ2

for every side S of the triangle Q5,7 € I;.
The operator " can be used to extend the trace component p, of the space P}, on the fracture
2;. Consequently, we can treat the space P}, as a subspace of P with a norm

(EAIPl AP g PR ©)

In view of this convention, one can use Definition 1 with spaces V;, C V and P, C P to in-
troduce a semi-discrete solution (uy, py,). Then again, Theorem 1.2 in [1] implies the existence
and uniqueness of the solution.
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Now we want to compare the MH-solution (u,p) € V x P to the semi-discrete solution
(up, pr) € Vi, X Py. Following the proof of Proposition 2.11 in [1]], we can show

B B < . B . B ‘
lw = wnlly, +[lp = pall, < C( it [lu = o[y, + inf [[p—an]],) (10)
Taking v, = u — u*, where u* is a divergence free extension of [u]g, to 22, we can bound
the first term by O(h) times L?-norm of [u]q,. Further, we take ¢, equal to the projection of p
on the space P, then according to (9) we get

1
o= aullp = 1P = Tl ey < C( Xl = Tl ) )

i€l

If II preserves polynomials up to the order k, the standard approximation estimates (see [2]
Theorem 16.2) leads to

HP — HPHLQ% < C|Qé|é_%hk|]9|k,q,gg-

Since we assume regular triangulation, we have Q] < ChY and |I;| < Ch'™Y, where N = 2
is dimension of €)5. Then we conclude

1
N(i_Iyyk 2 @
1= Toll /2y < CHVE (S0 00) < CRplisrg,
i€ly
where
1 1 q—2 1 1

a:N<§—5>+k:+(1—N)2—q bty (11

4 Conclusion

We have proposed two approximations of the original MH-problem on the non-aligned
meshes. The first is based on the operator Iy, which preserves only polynomials of zero or-
der. Hence, o < 1/2 for all ¢ and we obtain a suboptimal convergence compared to (§)). In
the later case, the approximation is based on the operator II;, which preserves polynomials of
the first order. We get a = 1 for ¢ = 2 and an optimal convergence rate O(h). In both cases,
we have to assume certain regularity of the exact solution. Although we did our analysis only
in 2D case with simple geometry, the abstract formulation and the results hold also for more
complicated geometries and 3D-2D communication.
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