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SUMMARY

The Dirichlet process prior (DPP) is used to model an unknown probability distribution, F. This eliminates
the need for parametric model assumptions, providing robustness in problems where there is significant
model uncertainty. Two important parametric techniques for learning are extended to this non-parametric
context for the first time. These are (i) sequential stopping, which proposes an optimal stopping time for on-
line learning of F using i.i.d. sampling; and (ii) stabilized forgetting, which updates the DPP in response to
changes in F, but without the need for a formal transition model. In each case, a practical and highly
tractable algorithm is revealed, and simulation studies are reported. Copyright © 2007 John Wiley & Sons,
Ltd.
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1. INTRODUCTION

All Bayesian methods for inference of an unknown quantity, x, require a probability
distribution (i.e. model), F(x), to be elicited. It can be difficult to propose such a model, and, if
we do, resulting inferences and decisions may not be robust, in the sense that they may be
affected greatly by modelling errors reflected in F. A parametric model, F(x|0), involving a
finite-dimensional unknown parameter, 0, is more flexible. Here, we elicit a prior on 6, and can
therefore explore the set of distributions generated by the allowed values of . A countable
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2 A. QUINN AND M. KARNY

number of parametric models, F;(x|0;), can also be compared [1], but, once again, there may be
strong dependence on the choice of models, and their associated parameter priors, Fi(6;).

The classical non-parametric approach [2] is to build F only from the data, via the empirical
distribution, >, J,,, which places probability mass only at i.i.d. observations, x,, of x. Kernel
density estimation is concerned with finding smooth variants of this, via convolution for
example. Other density estimation techniques—such as the maximum entropy (MaxEnt)
method [3]—match selected moments of the empirical distribution, subject to some desirable
regularization property (smoothness in the case of MaxEnt).

Bayesian non-parametrics [4-6] generalize the empirical approaches above by placing a
probability distribution, &, on the unknown distribution, F. Hence, a hierarchical modelling
approach is taken

x~F and F ~ %

Here, ‘ ~’ denotes ‘is distributed as’. F is the non-parametric process and  is the non-parametric
process prior. Since, F(-|F) = F(-), we may also view F as an infinite-dimensional ‘parameter’,
generalizing the role of 0 in parametric inference [7]. A special case is when x is finite-state
(i.e. discrete) a priori, in which case F is expressible as a finite set of unknown probabilities, p.
Then, & = F, is a parametric prior on the ‘parameters’ p in the finite measurable simplex,
A (see (4) in Section 2). The Dirichlet distribution, D, is the key example of F,, occupying
the important réle of conjugate prior for independent, identically distributed (i.i.d.) sampl-
ing from multinomials [1]. Its generalization to a non-parametric measure on continuous
probability distributions yields the Dirichlet process prior (DPP) [8], &, which is the non-
parametric model adopted in this paper. The Dirichlet process prior is favoured in the literature
for its convenient property of being conjugate under i.i.d. sampling from the unknown
measure, F.

Parametric modelling dominates in signal processing and control, and so it is not surprising
that a number of important techniques for on-line learning have been framed only in the
parametric context, relying, apparently, on prior elicitation of F(x, ). The main purpose of this
paper is to extend two important techniques for on-line learning to the non-parametric context.
These are:

(1) to assess the convergence of ¥ = &, under i.i.d. sampling, {xi,...,x,}, from F, and to
use this to design sequential stopping rules for i.i.d. sampling. This extends previous results
on parametric stopping [9, 10];

(2) to track slowly non-stationary Dirichlet processes, F;, via a tractable updating of our
knowledge, expressed by %,. This is achieved by extending the stabilized forgetting
procedure [11] to the non-parametric case.

In Section 2, we review those properties of the DPP which we will use later, notably its
relationship to the Dirichlet distribution, as well as its moment properties. In Section 3, we
address Problem 1 above, using Bayesian decision theory to design the stopping rules. Hence,
the Kullback—Leibler Divergence (KLD) [12, 13] will be central to assessing convergence of Z,,.
The Dirichlet process prior infers discrete distributions almost surely (a.s.), and so a technical
difficulty arises in attempting to derive a partition-independent KLD. The problem is overcome
via data-dependent partitioning (Section 3.3), and the appropriate algorithm (Algorithm 1) is
presented. In Section 4, we address Problem 2 above, showing that (i) the stabilized forgetting
operator may be applied to non-parametric priors, and, in particular, that (ii) the class of DPPs,
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NON-STATIONARY DIRICHLET PROCESSES 3

9,, is closed under this operator. This leads to a very flexible and tractable algorithm for
1.i.d. learning of a non-stationary Dirichlet process (Section 5). The stopping and tracking
algorithms are explored in simulations in Section 6. Discussion of the potential scope of
these non-parametric techniques follows in Section 7. Overall conclusions (Section 7) close
the paper.

2. THE DIRICHLET PROCESS, F ~ Z(F, vo)

Let X* be the space of elementary events, x, and let A be a g-algebra of subsets of X*, being
measurable events for x. Let F be the umknown probability distribution (measure) on
the measurable space, (X* A), of x. Consider the special case when (X*,A) = (R, B), where
B is the o-algebra of Borel subsets of R™. Then the distribution of x € R” may be specified
by F = F(x), which we use to denote either the unknown probability (density) function
(p.(d.)f.) or cumulative distribution function of x [14], with the context making clear which
is meant.

In general, F is a non-parametric stochastic process [8], whose measurable space is (F*, Ar).
Hence, F* is a function space in the case X* = R"™ above. Details of the required o-algebra, A,
of F* may be found in [7] or [8]. Let &# be a probability distribution on (F*,Ax), being an
appropriate prior for the non-parametric process, F. The distribution, %, is defined by
specifying the distribution of the finite set of unknown probabilities, (F(A4,), ..., F(4,)), induced
by F on every finite set of pairwise disjoint sets, 4; € A. The conditions under which # is
uniquely defined are given, for example, in Theorem 1 of [6].

In this paper, we will employ the DPP as our non-parametric prior

F ~ 9(Fy,vo) = 9y (1)

Here, the unknown distribution, F, is the Dirichlet process, F is an arbitrary known probability
measure on (X* A), and 0<vy<oo is a known real scalar. The role of the subscripts, ‘0°, will
emerge in Section 3. Qualitatively, (i) Z places mass on a space of distributions ‘centred’ on F\,
with the mass concentrating on F as vy increases; and (ii) for every finite measurable partition
of X* (defined below), the unknown probabilities, p, induced by F have the (parametric)
Dirichlet distribution, D. An important limitation of (1) is that it generates discrete distributions
with probability one. The practical construction of these discrete realizations from & is given in
[7]. The a.s. discreteness of the Dirichlet process will create difficulties for us when we attempt to
refine the partition of X* (Section 3). This limitation can be overcome by using extended DPPs,
such as the mixture of Dirichlet process model. A thorough review of this and other non-
parametric process priors is available in [6].

We now summarize more formally the consequences of the DPP (1) relevant to our work,
noting that I below constitutes the formal definition.

2.1. Relationship to the Dirichlet distribution

Definition 1 (Quantization operator, Qp,, and induced measure)
Let

Px = {X*.. X} c A, K<oo

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
DOI: 10.1002/acs
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4 A. QUINN AND M. KARNY

be any finite measurable partition of X*. Define the associated quantization operator, Qp,[x],
on X*

Qp, : X* - N*
Qp[x] = {k : gpe(x) = 1} ©)

where y,(x) =1, if x € A, zero otherwise, is the indicator function on the set A. If F is a
probability measure on (X* A), then the induced measure on Pg—i.e. on the random variable
(r.v.) k (2)—is the multinomial distribution, p = [p1,...,px], where p; = FXj), k=1,...,K.
The following notation is used:

Q
Fikp

Note

If {X|,..., Xk} is an alphabet of symbols representing the K partition cells, respectively, then %
is called the quantized value of x, if Qp,[x] = k (2). For convenience, we will assume that these
symbols are chosen such that %, € X}, Vk.

Consider the Dirichlet process, F ~ Z(F, vo)

Then the unknown multinomial, p, has a Dirichlet Distribution, expressed via its p.d.f., with
parameters py and v
(T Qe A —l/n : vopo,i—1
(Fo,v0) = D(Po,0) = o (Po,v0) [ [ 21" 1 (P)
i=1

P ~ D(po,vo) (3)

Here

K
AK:{pkaO,kzl,...,K, Zpkzl} 4)
k=1
is the standard simplex in R for the K-term multinomial, p, equipped with a o-algebra of Borel
sets induced by Ag. Furthermore

Tt T(vopos)
I'(vo)

is the normalizing constant, where I'() is the Gamma function [15].
We recall that D(p, vo) [8] has the following mean and variances, respectively:

E oo [P] = Po

ol
VAR pgalpe] =P =Pon) ey 5)
vo+ 1

where the subscript of E specifies the distribution used in the expectation.

o(Po, vo) =

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
DOI: 10.1002/acs
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NON-STATIONARY DIRICHLET PROCESSES 5

Later, we will use the KLD [12], KLD[f|m, which measures the proximity of a density, f(x), to
another density, f(x):

f(x)} dx (6)

KLD[fIIf1= | f(x)In|
1= [ 1 L,(x)
We note that (i) if /(x) = 0 implies that /(x) = 0 a.s., then KLD[f||f]< co; and (ii) KLD[f]|f] = 0

iff f(x) = f(x) as.

Lemma 1
Let p,q € A be two multinomials, with p ~ D5, v,), ¢ ~ D(4,v,). Then
K .
. ) ) . . T'(v
KLDIDG, vylIDG vl = 3 |k — vgdih () + In ( 1adt)
— L(vppr)
k=1 P
I'(vy)
— (v, — v (v,) + ln< d )
O = o) + I )
where ¥(v) = (d/dv)In(I'(v)) is the digamma (psi) function [15].
2.2. Learning under i.i.d. sampling
Let
xjii~(lF, i=1,...,n
{x}”E{XI,...,X”} (7)

be n i.i.d. samples from the unknown distribution, F (1). Occasionally, we will refer to {x}, (7)
as the data. The formal meaning of i.i.d. sampling from a non-parametric process is given as
Definition 2 in [8]. Under i.i.d. learning, the a posteriori distribution of F is also Dirichlet

F|{x}n ~ @(Fnavn) =Y,

Ve =Vo+n

. 1 . -
F,= v—[voFo + nk,) ®)
n
F, is the empirical distribution on (X* A), given i.i.d. samples {x}, (7) [2,6]
~ 1 <&
Fn = _Z 5x,- (9)
e
Here, J,, is the probability measure with unit mass (i.e. degenerate) at x; [§].

2.3. The mean distribution

Egg(ﬁo,vo)[F] = FO (10)

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
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6 A. QUINN AND M. KARNY

2.4. The expectation of g(x)

Consider a real-valued (moment) transformation, g, defined on (X* A). Er[g,] is therefore a
random variable, and

E oty lErled] = Bl = [ g dFg

assuming that EF-0[|gX|]< 0o [8]. When (X*,A) = (R™,B), then, from (8), the posterior mean of
g(x), given i.i.d. samples {x}, (7), is

) 1 ; n
Eo, ) [EFIEON] = €(x), = o [Vog(x)o + Zg(xi)] (11)
where g(x), = [g(x) dFy(x) is the prior mean.
2.5. The predictive distribution

Lemma 2
IfF ~ 9(13"03 vo) (1), then F,—the predictive distribution on (X*, A) given i.i.d. samples {x}, (7)
from F—is F, (8).

Proof i
Since F|{x}, ~ 2(F,,v,) (8), then, by definition

Fn = Eg(ﬁnsvn)[F] = ﬁn

using (10). O

From 2.1-2.5, we conclude the following:

® The Dirichlet process prior, Z(Fy, vo) (1), which places probability on the (function) space,
F*, is a generalization of the Dirichlet Distribution, D(py, vo) (3), which places probability
on the multinomial simplex, Ag. 9(13" 0, Vo) allows the unknown probabilities on any sets in
A to be modelled. In particular, the unknown multinomial induced on any finite
measurable partition, Px, K> 1, of X* is modelled, whereas D(py, vo) is specific to just one
such partition. 2(Fy, vo) may be understood as a non-parametric model at the inpur to a
specific quantizer of x (2), and D(py, vo) is the (parametric) model for the quantizer output,
¥ = Qp[x], consistent with the input model and this specific quantizer.

® 9(Fy,v) is the conjugate non-parametric prior for ii.d. sampling from an unknown
distribution F (see (1) and (8)). This generalizes the role fulfilled by D(py,vo) as the
conjugate prior for Bayesian learning of an unknown multinomial, p, under i.i.d. sampling.

e From (10), we recognize Fy as the mean function of the Dirichlet process, sometimes known
as the ‘centre’ or ‘base measure’ [5] of 2. From (5), vp may be interpreted as the precision
parameter of Z(Fy,v,), controlling the degree to which probability mass is localized
around Fy. From (8), vy may also be interpreted as the unnormalized weight (in units of
‘number of i.i.d. samples’) of the prior.

e Known base measure, Fy, may itself be parameterized. These parameters, and vy, can be
modelled hierarchically, as described in [6, 16].

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
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NON-STATIONARY DIRICHLET PROCESSES 7

® From (8), we note that the sufficient statistics for identification of F are the complete i.1.d.
sample set, {x},, itself. This generalizes—to uncountable spaces X*—the case of the
Dirichlet distribution for the unknown measure, p, on a fixed partition, Px. In this case,
the sufficient data statistics are the counts (see (3))

Kn = nFu(XF), .. viF(X5)) (12)

2.5.1. Non-informative prior, 2(0)

If vo = 0 for any Fj, then, from (8)
vo=n and F,=F,

From (10), the minimum Bayes’ risk estimate of F under quadratic loss is the classical choice in
this case, namely the empirical distribution, F, [6, 17]. For this reason, we will regard

9(Fy,0) = 2(0)

as the non-informative non-parametric prior for F [6]. The induced Dirichlet distributions, D(0),
are improper.

3. A STOPPING RULE FOR ON-LINE I.I.D. LEARNING OF F

A fundamental problem in designing a learning algorithm is to propose an optimal number, N,
of data for reliable inference of a quantity of interest. The Bayesian perspective views this as a
decision task, minimizing the expected loss (i.c. maximizing the expected utility) [17] associated
with a particular choice of N. Bayesian parametric stopping is reviewed in [18], while a non-
parametric method, using the Bayesian bootstrap, has recently been proposed in [19]. These
are a priori methods, in that the decision is taken before sampling begins. A more useful
paradigm for on-line learning is sequential stopping, where a choice N >n is made, based on the
current data {x}, (7). Bayesian sequential stopping for particular parametric models was
derived in [9] using a quadratic loss function. More recently, the KL D [12] between consecutive
parametric densities was used for sequential stopping [10]. The parametric treatment has two
shortcomings:

(1) the tractability of the computations is highly dependent on the choice of models;
(2) in the initial stages of sampling, when the number of samples, 7, is small, there is need for
robustness to the choice of model, since model checking is unreliable [6, 19].

In order to overcome both of these difficulties, we will relax the parametric assumption via an
unknown distribution, F, and model our evolving knowledge of F using the non-parametric
DPP (1). Firstly, we review the parametric case.

3.1. Parametric sequential stopping

We assume that the posterior p.d.f., £(0|D,) = f,, on unknown parameters, 0 € ®*, is available,
given sequential observations, D, = [dy,...,d,]. The notation, D,, emphasizes the fact that
observations may be dynamic (correlated) [10]. For stopping, we assess f, as a functional
approximation of the p.d.f. given more data. Thus, f, can be accepted as an approximation of
frok, k=1,2,..., if f, is shown to converge and be close to its asymptotic value.

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
DOI: 10.1002/acs
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8 A. QUINN AND M. KARNY

The Bayesian decision framework [17] requires quantification of the loss function,
L(fy, furr), associated with using f, as the approximation of f, 4. In [13], it was shown that
the choice

L fps0) = In (f f*k> (13)

is appropriate for density approximation under very general conditions. Its expected value—i.e.
the Bayesian risk—is

Rn,k = / In (f;:_k> dF(H, dl’l+k9 s dn+1 |Dn) = EII+k|H[KLD(,ff.1+k|IfI;I)]) k, nz 1

using (6). E,ks[-] denotes expectation with respect to the k-step-ahead predictor, f(dy1«, ...,
d,.1|Dy). Expanding (13), then

k
Rn,k = Z Eﬂ+l€\n[KLD(ﬁ1+KHﬁ’I+K71)]

k=1

If £, is a bounded martingale with respect to the g-algebra generated by the observations, D,
then f, converges almost surely [20], and so E, u[KLD(f,«llfn)] ="~ 0. Given these
considerations, a minimum Bayes’ risk criterion for stopping after N observations is

N =min{n: R, <e, Yk=1} (14)

for a chosen small stopping threshold, ¢. This sequential stopping rule [10] is computationally
expensive, since multi-step predictors, f(dyix,--->dur11Dy), kK = 1,2,..., must be computed at
each sampling time, n. A simpler version of the stopping rule examines only the realized risk,
given n observations, in accepting f, | as an approximation of f,

N =min{n: KLD, <¢} where KLD,, = KLD[f,||f,-1] (15)

and KLD['] is defined in (6). Note that a computationally tractable stopping rule is essential, if
the cost of its implementation is not to outweigh the cost of the sampling it proposes to stop.
The following result provides guidance in setting the value of e.

Lemma 3
If

n _ﬁ171
Jn—1

where ¢ is a small positive constant, then 0 <KLD, <e.

<¢ as. VHeO*

Proof
Given the stated condition, then In(f,/f,—1) ~ (f,/fu—1) — 1 € (—¢,¢). Hence

Ey,[In(fs/fu-1)] = KLD[fyllf—-1] € (=&, €)
Since KLD >0, it follows that 0 <KLD <. O

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
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The necessity of the condition is not proved. Nevertheless, it encourages the setting of ¢
as the maximum relative change allowed in the update f, | — f,. A typical value for
conservative stopping is 0.01 (i.e. 1%). A more detailed analysis can be based on the results
in [21].

Remark 1 (Modelling of KLD,,)

The stopping rule (15) may be strongly dependent on the data realization, D,. Outlier sensitivity
can be reduced by modelling the sequence of realized KLDs, KLD,. The following choice is
appropriate:

KLD, = (ni) Liw G 2N, n=1,2,... (16)
where ¢ > 0, and Z.A°(1,r) denotes the log-normal distribution [1] for positive, multiplicative,
modelling error, {,. In this case, In({,) ~ A47(0,r), the normal density with zero mean and
variance r. (16) is an appropriate choice for modelling a simple monotonic decrease in positive
quantity, KLD,. The least squares (LS) estimate of ¢ after n samples is found by standard
methods [22] to be
n .
¢, = 2z I0KLD)In@ (17)
i In()

Note that (i) this may be estimated recursively using just one multiplication and one division,
which is an acceptable overhead for stopping, and (ii) the posterior mean estimate of ¢ —which,
for this model, differs from the LS estimate above—requires estimation of r, and,
correspondingly, more computations. Given (ii), and the fact that —¢, In(n) is the modelled
value of In(KLD,,), it cannot be used directly in the predictive stopping rule (14). However, (15)
may be replaced by the following criterion:

N =min{n : LKLD, <In(¢)}
LKLD, = — ¢, In(n) (18)

An appropriate choice of ¢ is the n-dependent value ¢, = \/E, though, once again, computations
can be saved by employing a fixed value, such as in Lemma 3.

3.2. Convergence of @y = G(F,,vy)

We return to i.i.d. learning of the non-parametric Dirichlet process, F (1). After n i.i.d.
observations of x, i.e. given the current i.i.d. set, {x},, our knowledge of F is expressed by
D, = D(F,,v,) (8). For stopping, the question arises as to when the sequence, &, has converged
in some manner, so that learning via i.i.d. sampling might be considered to be ‘complete’. Our
approach is to examine the KLD for the induced (parametric) Dirichlet distributions on
increasingly refined partitions, Py, of X*. For the present, we assume that F is stationary, an
assumption we will relax in Section 4.

Theorem 1

Let F ~ 9(Fy,vy) = %y, with Fy>0 a.s., and vy >0. Then, F|{x}, ~ D(F,,v,) =Dy, n=
1,2,..., using (8), and the associated sequence of predictors is F,, = F,, using Lemma 2.
Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
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10 A. QUINN AND M. KARNY

Consider a K-cell finite measurable partition, Px = {X7,..., X3}, K>1, in (X* A), such that
F >%« p e Ak (Definition 1). Then:

(i) The sequence of measures induced by &, forms a non-zero, bounded martingale
with respect to the g-algebra generated by {x},. The convergent sequence of associated
KLDs is

KLD[Z,|| %015 Pi] = Y(aFu(XE)) — [y Fu(XE) = 1] = [Y () — In(v, — D] (19)
where, using (2)
ky, = Qp,[x,] (20)

(i) The sequence of predictors induced by &, forms a non-zero, bounded martingale with
respect to the g-algebra generated by {x},. The convergent sequence of associated KLDs is

v, — 1 A " VnFn(X;:)
KLD[F,||Fp—1;Px] =1n + F,(X;)In| ————|, K=2
vn D) 1

=0, K=1 @1

The convergent sequence of associated reverse KLDs is

v F (X)) — 1 v F (X)) — 1
KLD[F‘n_l ||Fn; [FDK] _ ln( Vn ) + ( kn) ln E k;x) , K>2
Ve — 1 vy — 1 V,,F,,(lel)

=0, K=1 (22)

Proof

(i) The proof of the first statement follows trivially from Definition 1; i.e. from (3)
Q
F = p ~ D(pr,v)

This sequence of induced Dirichlet distributions is known to be a bounded martingale with
respect to g-algebra generated by {x}, [10], positive given the stated condition. From (8)
vaFy = vy 1 Fooy + 0y, (23)
x, falls in the k,th bin of the partition (20). Hence, from (23)
vaFu(XE) = va By (X)) + 1
and so
VP = Vn—1Pn—1 + 1, (24)

Here, 1, k = 1,2, ..., K, is the kth elementary vector in RX. Using (24) in Lemma 1, noting
that v, = v, + 1 (8), and recalling that p,;, = Fn(X,j‘”), the result (19) follows.
(i) From Lemma 2 and Definition 1

- Qpg
Fn:Fn_’pn

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
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NON-STATIONARY DIRICHLET PROCESSES 11

Since D(p,,v,) is a bounded martingale with respect to the o-algebra generated by {x},,
and since p, is its expectation, then p, is itself a bounded martingale, positive given the
stated condition. Hence

KLD[Fn”anl; |]3)1(] = KLD[ﬁn”ﬁnfl]

K .
6 . ¥,
= Z Dnk In APL)
k=1

n—1,k

. v, — 1 . )
K§2 (1 - pn,/cn) 1n< “ > + Pk, In <pApn’kn )
Vi n—1,k,

where we have used (24) in the first term on the right-hand side. Using (24) once again in
the final term above, result (21) follows. When K =1, p, = F,,(X *) = 1, and, similarly,
Pu—1 = 0. Hence, KLD[-] = 0 (6). The result (22) for the reverse KLD follows in the same
way. Note, finally, that all the expressions in the Theorem are bounded since the term

vaFu(X5) = 1200 Fo(XE) >0 as.

under the conditions of the theorem. O

Remark 2 ( Behaviour for large n)

Using standard expansions [15] of y/(x) and In(x), then it may be shown that
11 = F(x;

KLDIZul|Zn-1:Pk] = — |2 = n(*k”) , n large

2F,(X})

Vn

This confirms the martingale requirement that (19) converge to zero, and is in agreement with
the model (16) for the choice ¢ = 1. Similarly

KLD[F||Fy-1; Pg] — KLD[F,—1||Fy; Pk]
1

1[1=Fu(X})
v

- , nlarge
2F,(X})

in agreement with (16) for the choice ¢ = 2.

Remark 3 (Partition-dependent stopping)

Theorem 1, along with Remark 1, can provide an operational stopping rule for i.i.d. learning of
a Dirichlet process. Essentially, a fixed partition, P, is chosen a priori, and the counts (12), 1,
k=1,...,K, are accumulated for each partition cell, X}, according to update (24)

K11:K)1—1+1k”s n= 132:3:“-
initialized by counts derived from the parameters of the DPP

KO,k:VOﬁ()(XZ‘), kzl,,K
A stopping rule consistent with Bayes’ risk minimization (15) would then employ either of the
KLDs (19) or (21), modelled via (16), i.e. the stopping rule (18). The choice (19) will be more
conservative, for the reason given in Remark 2.

This stopping rule is, per se, parametric, and so does not address the two limitations of
parametric stopping listed at the beginning of Section 3. In particular, the dependence of the

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
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12 A. QUINN AND M. KARNY

stopping on the choice and cardinality, K, of the chosen partition, P, is of concern. For
example, in the trivial case of one-symbol quantization (K = 1), then KLD =0 Vn=1,s0 N = 1
for all KLD choices in Theorem 1.

Note, finally, that

2 Qpy A
@(F,,(X], s >xn)> Vn) - D(pm Vi)

A B Qpy .
Q(Fn(xkl 5o an), Vu) = D(Pp, Vi)

where the statistics of £, (8) are now shown explicitly, and X, are the quantized values of the i.i.d.
samples (Definition 1). This expresses the fact that i.i.d. learning of induced (parametric)
multinomial, p, via Dirichlet distribution, D,, requires storage only of the counts, k,, (12), for the
quantized data, {x},. In contrast, learning of F via 9, requires storage of the exact record, {x},,
via the sufficient function, F, (8).

3.3. A partition-independent KLD for the Dirichlet process

Consider any sequence of increasingly refined, finite partitions, Px < A, with increasing
cardinality K. The phrase in italics is to mean that

lim F,(X/)=0 as. Vkn (25)
K—o00

Then, from (3) o
G(Fnyva) = DER,v,) = DI

i.e. DU is the sequence of Dirichlet distributions induced on Ax = RX with respect to the
partition refinement schedule, Pgx, K = 1,2,3,... . The general concept of divergence between
parametric measures was studied in [23], in the context of quantization. In particular, the
properties of a sequence of divergences between the measures induced by a partition refinement
schedule was studied. If this sequence converges for any refinement schedule, then it converges
for all refinement schedules. This result provides the essential pathway to construction of a
partition-independent KLD between non-parametric DPPs. We exploit the fact that the Dirichlet
distribution, D,, induced by Pg is indeed parametric for K <oo. The non-parametric case is
found in the limit as K — oo, but only if such a limit exists. The Lemma which follows will
provide pointers to how we might construct such a partition-independent limit.

Lemma 4

Consider the sequence, &, = @(F 2 Vi), Of posterior distributions of the Dirichlet process, F, under
1.i.d. learning, with 1 <n<o0, vo > 0 and F, > 0 a.s. The associated sequence of predictors of x is
F, = F, (Lemma 2). Then the following properties hold for associated (partition-free) KLDs

() KLD[Zy||Zp_1] = +00  as.
(i) KLD[F,||Fy-1] = 400 a.s.
) "
KLD[F,_,||F,] = In a.s. (26)
Vn—1
Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
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Proof
All results follow immediately from the identities in Theorem 1, by considering any partition
refinement schedule, Pk, as defined by (25). Under the stated conditions, From (8)

woFo(X;) - 0" as.

where the superscript ‘4’ denotes ‘from above’. Hence, from (8)

+
Fu(X§) *1}_ a.s. (27)
Qualitatively, the nth i.i.d. sample falls, a.s., into a cell devoid of point masses (arising either
from degeneracies in F, or from the previous i.i.d. samples, {x}, ;), in the limit of any
partition refinement schedule. Substituting (27) into (19) and (21), the first two results
follow, respectively. Substituting (27) into (22), and using I’Hopital’s rule, the result (26)
follows. [

Notes
(a) From (26),

1
KLD[F,—1lIFa] — -~ n large
n
in agreement with model (16) for the choice ¢ = 1.
(b) Using (26), the following simple stopping rule may be used, without the need for model

(16):
N:min{n:ln( I )<?} (28)
Vn—1

with unique deterministic solution

_ | exp(e)
e =

Here, [-1 denotes the smallest integer greater than or equal to the argument. An effective
stopping rule should take account of the disposition of x, with respect to previous
samples, {x}, |, and with respect to the prior base measure, Fy. The rule (28) fails in these
respects. Furthermore, (26) is a reverse KLD, and so a Bayes’ risk interpretation (Section
3.1) of stopping rule (28) cannot be advanced. Nevertheless, Lemma 3 shows that the
stopping rule does bound the relative change in predictor F,. This consideration, along
with the intuitive appeal of the test statistic (28), recommends it as a stopping rule for
i.1.d. learning with Dirichlet processes.
(c) For completeness, we note that

KLD[Z,_1]|Z,] = +00  a.s.

under the conditions of Lemma 4.

(d) Result (i) above is a direct consequence of the fact that &,,, Vn, assigns probability zero to
any continuous probability measure on (X*, A) [6, 8]. Partition refinement induces these
zero-probability continuous distributions, causing divergence of the associated KLDs.
Other non-parametric priors [6] might be considered as a means of overcoming this
difficulty.

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
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14 A. QUINN AND M. KARNY

3.4. Data-dependent stopping

Convergence of the KLD with increasing # is certain for any finite partition (Remark 2). We
now consider a schedule where the partition is refined in tandem with the number of i.i.d.
samples, so as to achieve a bounded partition-free KLD suitable for non-parametric

stopping.

Lemma 5
Consider i.i.d. sampling, x, ~ F, n=1,2,3,..., from the Dirichlet process F on (X* A), such
that F|{x}, ~ Z(F,,v,) (8). Define the data-dependent sequence of quantizers (2) Qp,,, such
that F —%x, pk,- Here, K = K, is the number of cells in the data-dependent partition, Pg, < A,
after n 1.1.d. samples, and pg, is the finite parameter synonymous with the induced multinomial
in Ag, (3). Let K,, = O(g(n)) when n is large. Then

lim KLD[Z2,||Z,-1; Pk,] = nh_)n; KLD[Z,||Z,-1] =0 as. (30)

n—o00 "
if and only if
0<g'(n)<l 31

where g'(n) denotes the derivative of g(n). In words, the KLD converges and is partition-
independent iff the partition is refined more slowly than the rate of accumulation of samples.

Proof

(i) For partition independence in the limit, Pgx, must constitute a partition refinement
schedule [23], such that (25) be satisfied. Hence, K, must be monotonically increasing for
large n, requiring that g(n) be a monotonically increasing function. This proves the lower
bound in (31).

(i1) If condition (30) is imposed on (19), then we require that

lim v, F,(X{) = +00  as. (32)
n—00 "
This, in turn, requires that n increase more rapidly than the number of cells, K,,, when n is
large. This proves the upper bound in (31). O
Notes

(a) (30) is a necessary condition for &, to be a bounded martingale with respect to the o-
algebra generated by the i.i.d. samples {x},.
(b) (30) suggests the following data-dependent stopping rule:

N =min{n : KLD[Z,||Z,-1; Pk, ] <&} (33)

which—though again partition-dependent—is guaranteed to achieve partition indepen-
dence as n — oo (i.e. for ¢ —» 0). The rule is informal in the sense that this limit is not
reached if ¢ >0, meaning that K, <n<N <oo. Nevertheless, the stopping rule greatly
improves on the fixed partition case, using (19) and (21).

(c) There are many partition refinement schedules that satisfy the conditions of the Lemma.

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
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(d) If (30) holds for the sequence of predictors, F, (21), then the associated data-dependent
stopping rule is

N = min{n : KLD[F,|F,-1: Py, ] <e} (34)

In fact, inspection of (21) reveals that (30) is satisfied for the predictor sequence, F;, under
the weaker condition

0<g'(n<l (35)

(e) The realized KLD sequences in (33) and (34) may be modelled as in Remark 1—i.e. using
the modelled KLD in the stopping rule (18)—so as to improve robustness to outliers
occurring in the realized i.i.d. data, {x},.

3.5. A proposal for a data-dependent partition refinement schedule
The final choice of schedule satisfying Lemma 5 must be made pragmatically

(1) the computational cost of evaluating the KLD at each » is strongly influenced by the way
in which the repartitioning, Px, , — P,, takes place;
(2) we must examine the influence of Pk, on the sequence of KLDs at finite .

Note, from (19) and (21), that the principal computational overhead is associated with re-
evaluation of F WX '), .e. the measure on the partition cell occupied by the new sample, x,, in
the re-defined partltlon Pk,. This, in general, requires re-quantization (classification) of the
entire 1.1.d. sample set, Vn

{xh, (5,

The effort can be significantly reduced if the repartitioning minimally disturbs the cells, but care
is needed to ensure that the partition is actually being refined in this case.

Consider a partition refinement schedule where the partition vertices, v, are chosen
coincident with the i.i.d. samples, {x},. In this case, the number of cells is K, = n + 1. In order
to quantize x, in this case, the following ordered vertex set, must be maintained:

\/(n) = {V(l)a-«~»V(n+2)} = {)ga {x}(n)!x}s n= Oa 1a23"- (36)

where {x}, = sort[{x},] denotes the ordered set of i.i.d. samples with kth element x(), x and ¥
are appropriate bounding elements of X*, and {x} g, = {x}, = {} by convention. Update (24)
now becomes

VnFn(Xk*”) = VOFO(X[:) +1 (37)

where X ,f” is the new cell delimited by x, and its neighbour, v, 1), in the ordered set V). (37)
follows from (8) and the fact that X; ,’fn is solely occupied by x, under this partition refinement
schedule. A straightforward and admissible ordering scheme for X* < R" is to sort {x}, in any
one of the m co-ordinates, with [P, | then defined by partitioning R™ along this co-ordinate. In
general, this requires that the marginal prior base measure be available for this co-ordinate, so
that Fo(X; i) (37) can be evaluated.

Under this proposal, g’(n) = 1, failing condition (31) in Lemma 5. However, (35) is satisfied,
and so this partition refinement schedule is appropriate for use with the stopping rule for
predictors (34).

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
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16 A. QUINN AND M. KARNY

By way of illustration, we now give the algorithm for data-dependent stopping using the
proposed partition refinement schedule. For further clarity, we assume that X* =[x, ¥] = R,
equipped with the usual o-algebra of Borel subsets, B. Thus, the Dirichlet process, F, is
expressible as an unknown univariate, finitely supported distribution. The realized KLD
sequence (34) is modelled recursively via (16)—(18).

Algorithm 1 ( Realization-dependent stopping (scalar case) )

n=20
Vo) = {vay, vy} = {x, X} % ordered partition vertices at n=0
choose N, ¢, vo, Fo, 8(x)g, ao, bo % choose g(x), consistent with Fo
initialize LKLDy = In(e) + 1 % ensure starting
for (LKLD,, > In(¢)) AND (n< N)
n=n+1
Vi = V1 + 1
realize x,, ~ F
8(x), =8(x),_; + ‘,i[g(x,,) — 8(x),_1] % recursive moment tracking via Eq. (11)
Vi = tvay, -+ s V(n:IFZ)} = sort{V,_1), X, } % insert x, into ordered vertex set
kp =1k 1 X0 = v} % Qp,.,[x,] (2) is the position of x, in V,
Pok, = Fov, 1) — Folxn) % interpreting Fy as a c.d.f.
Do, = b % special case when Fj is the uniform on [x, X]
KLD, = In[l — ‘i] + %(l + voPoy,) In[1 + Voﬁlok,l] % Eq. (21), using Eq. (37)
a, = a,_1 + In(KLD,) In(n)
by = b,_1 + In*(n) % recursive update of (17)
611 = _Z_::
LKLD,, = —¢é,1Inn
end
N=n

report g(x)y

4. THE NON-STATIONARY DIRICHLET PROCESS, F, ~ %(F,,v,)

We now consider the case where the Dirichlet process, F (1), is non-stationary. We examine how
our state of knowledge, expressed by the DPP, %, can be updated in order to track this non-
stationary behaviour. The update is supplemental to any data-based learning 2y — 2, (8)
which may be taking place as a result of i.i.d. sampling, {x},, from F.

Let F; be a non-stationary, non-parametric, unknown marginal distribution (i.e. random
process) on (X*, A), Vt, where 7 € R is the independent index against which the process varies (it
is referred to as ‘time’, but might equally denote frequency, space, etc.).

Definition 2 (Stationarity interval)
The stationarity interval is a prior knowledge object associated with the non-stationary process
F,, and is defined as follows:

T = max{{|F; = F;;; ass. Vt}

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
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NON-STATIONARY DIRICHLET PROCESSES 17

We will assume that 7 >0. The stationarity interval has a ‘natural’ meaning in most
applications, corresponding, for example, to (i) the sampling period of incoming data for a
system, (ii) the minimum possible time between operator interventions in an industrial process,
etc. It is used to calibrate the time axis.

Let t =0,1,... (a discrete time index) be the total number of complete intervals, 7', observed
since T = 0 (i.e. since the beginning of the observation window). Equivalently, 7 is the index into
the changepoint set, T, = tT. Let the associated sequence of unknown (marginal) distributions on
(X*, A) be denoted by F;. As before, our task is to model the non-parametric process F;, V¢. In
the context of the DPP (1), we need to elicit, for example, the following marginals:

FINQ(FIJVI)EQD t:())l)

For the time being, we suppress the subscript ‘n = 0, 1,...” associated with i.i.d. learning (1), (8),
returning to it in the next section. Under Definition 2, this prior measure is a.s. constant in the
time interval [t,,7,11). One way to model the transitions is to justify closure of the marginal
Dirichlet measure under the update, i.e. 4, —» %,,, and deduce appropriate transition rules on
the parameters, F, > 13",+1 and v, - v, (1). We will approach the problem in this way. This
avoids full modelling of the time series to arbitrary order ¢ = 1,2,... . The latter requires, for
example, a measure, ., on the unknown gth-order non-parametric distribution, F, on
extended measure space, ((X*)?, (A)?). We assume that this is unavailable.

4.1. Non-parametric stabilized forgetting

An optimized forgetting operator was proposed in [11] as a means of parameter tracking in non-
stationary parametric time-series analysis. It copes with situations where no explicit transition
model is available. In this section, we verify that this concept extends successfully and tractably
in the non-parametric context. Following [11], but in the context of non-parametric measures, we
make the following modelling assumptions about the unknown distributions, F,, t =0,1,2,...:

Fo ~Fy
F, 1 ~ %, with probability /,
with probability 1 — 4, (38)

T
Fror ~ 71

/¢ 1s a sequence of known forgetting factors and ¢ is a sequence of known alternative

distributions for non-parametric F;,. For convenience, we assume that all non-parametric
process distributions, .#, are finite, non-null, and defined on identical measurable spaces, (F*,
Ar) (Section 2).

Denote by F, the parametric measure induced on Ax by %, via quantization operator Op,
(Definition 1). In the non-stationary case

Q Q
F, 5 F,, and F, 5 p, (39)

so that p, ~ F,,. For any such partition, then, from (38), the minimum Bayes’ risk decision
(Section 3.1) in respect of the updated parametric measure, F), 41, is

Fpper = argmin (4B, [L(Fy, Fp )l + (1 = 20Bg | [L(Ep, Fy 1 )1} (40)

where L(F),, F,,;), for example, is the loss associated with the decision F,, when F,, is the true
distribution on (X* A). In common with [11], we use the reverse KLD to approximate the

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
DOI: 10.1002/acs



11
13
15
17
19
21
23
25
27
29
31
33
35
37
39
41
43

45

ACS 949

ACS: 949

18 A. QUINN AND M. KARNY

expected loss
Er, [L(Fp, Fy)] = KLD[F,||Fp,] (41)

Under the stated conditions for %, the required KLDs exist and are finite. It has been shown in
[11] that the unique solution of (40) under assignment (41) is

Fyq o (Fp,r)ir(F,;I,[H)(l_z’) (42)

We choose this minimizer for every finite measurable partition, Px < A. More generally,
it is this operator (42) that we use to construct the measure on the unknown probabilities,
(Fs1(41), ..., Fi1(Ay)), for every finite set, (Ay,...,4,), of pairwise disjoint sets, 4; €A
(Section 2). Then there exists a unigue non-parametric process prior on (F*, Ar) which induces
them [8]. It is denoted by

Foi~Fq o (g;t)i'(g;?ﬂ)(lii') (43)

Notes

(1) (42), with (39), defines the non-parametric stabilized forgetting operator, (43), being true
for any partition, Px < A.

(2) (42) is not the minimum Bayes’ risk decision, since the unreversed KLD, i.e. KLD[F), || F}],
is the Bayes’ risk in approximating F,, by F,, as discussed in Section 3.1 [13]. (41) was
chosen since any parametric distribution belonging to the exponential family [1] is closed
under this operator. This is confirmed for the case of the Dirichlet distribution in the next
Lemma. The minimum Bayes’ risk decision chooses the arithmetic mean operator in place
of the geometric mean (42). The resulting binary mixture requires a projection step back
to the exponential family [24].

Lemma 6
The space of Dirichlet process distributions is closed under non-parametric stabilized
forgetting (43).

Proof
Let F be a non-parametric process on (X*, A), with prior

F ~ [2(F 012 F v
0<A<1. Consider any Px < A, such that F -»%®x p (Definition 1). Using the definition (42) of

the non-parametric operator (43), and recalling the definition of the Dirichlet distribution, D (3),
then

p ~ DG D@ v
Here, p and p* are the multinomials induced on Px by F and F, respectively. Using (3)

K
-1 A A Avpr+(1=2)vipi—1
p~ B o5 p D ] Pl ac®) (44)
k=1
Noting that leleﬁk = Z,’;lﬁz = 1, then, from (44)
P~ D(p;,v7) (45)
Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
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NON-STATIONARY DIRICHLET PROCESSES 19
with
v, = v+ (1= ip? (46)
A 1 197 a Ad
i = ;[/LVP + (1 = App“] (47)

with normalizing constant, f(-) in (44), given by a(p,,v;) (3). Since (45) is true for all finite,
measurable partitions, then, by Definition 1 of the DPP [§]

F ~ 9(F;,v))
with v, given by (46) and

. 1 . .
F, = v—[/lvF + (1 — AIW'F9 O
A

4.2. Stabilized forgetting and flattening for the non-stationary Dirichlet process
We make the following modelling assumptions concerning the non-stationary process F;:
Fo ~ 9(Fy,v)
FI=g(F' v, t=1,2,... (48)

with an associated sequence of forgetting factors 4, (38). Then, using non-parametric stabilized
forgetting (Lemma 6), F, is distributed approximately as a Dirichlet process V¢

Fl+] NQ(ﬁt+l>vl+1)a 120,1,2,...

. 1 . 3
F= [AvF + (1 — it)";q-]F;l-&-l]
Vet
Vf+] — /1,\1, + (1 - ;L,)V;l+1 (49)

In this sense, F; is approximately a non-stationary Dirichlet process. As will be seen in the next
section, this is important for ensuring a tractable learning schedule for F;.

Consider two special cases:

1 Stabilization via the Prior:

F=G(Fo,v), t=12,...
Substituting into (49)
F,=9(Fo,vg), 1=0,1,2,...

II Exponential forgetting (flattening): If v¢ = 0 (48), then #{ = 2(0), t = 1,2,..., the non-
informative DPP (Section 2.5.1). Then, from (46) and (47), and assuming for simplicity that
A = A, we have

F, ~ 9(Fo,'v), t=0,1,2,...
This is a much weaker update than the stabilized update (49), since lim,_,~ Z(F.,v;) = 2(0) in
this case.
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20 A. QUINN AND M. KARNY

5. LEARNING FOR THE NON-STATIONARY DIRICHLET PROCESS

We now consider the substantive task, namely, learning for F; under i.i.d. sampling at all times
t=0,1,2,... . We summarize the following key points:

® The stabilized forgetting operator commutes with the Bayes’ rule operator (i.e. prior-to-
posterior updating) in the parametric case [11]. By considering the measures induced for
any partition, Px < A (42), we see that the non-parametric operator (43) possesses the
same property.

® The space of Dirichlet process distributions is closed (i.e. conjugate) under i.i.d. sampling
from F; (8).

® The space of Dirichlet process distributions is closed under stabilized forgetting (Lemma 6).

Taken together, these reveal an important role for the DPP in ensuring a tractable algorithm for
tracking of non-parametric processes.

Definition 3 (N)

Consider the task of learning F, via ii.d. samples, {x;;,x2,...}, taken during the rth
stationarity interval, whose duration is 7' (Definition 2). If § is the time taken to generate one
i.i.d. sample and complete the associated updates (8), then N = [T/4), is the maximum allowable
number of i.i.d. samples per stationarity interval. Here, |-] denotes the greatest integer less than
or equal to the argument.

We assume that there are 0< N, <N i.i.d. samples available from F; at each time >0
{X}I,N, = {xl,l - ,X[,N/} (50)

Our knowledge, modelled by the Dirichlet process distribution &, ,, evolves in response to two
distinct and interleaved events:

(i) stabilized forgetting at each changepoint, indexed by the first subscript, . We adopt
stabilization via the prior (case I in Section 4.2), and a constant forgetting factor, 4, = 4;

(i) i.1.d. learning—indexed by the second subscript n—during each stationarity interval. The
required updates are governed by (8).

From (8) and (49), the posterior distribution of the non-stationary Dirichlet process, F;, is

(t=0,n=0) .
Fl|{x}t,n ~ EZ(Ff,mvf,n)

t—1

Vin = V0,0 + ANt (l) Z )vtijN,‘ +n
=0

1—1

A 1 . I o
Frn=—|v00Fo0+ an+ () > A NiFyn, + nF, (51)
Vin =0
where .
Fo ~ 9(Fo,,v00)
N 1 &
Fin, = N, Z O,
J =1
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NON-STATIONARY DIRICHLET PROCESSES 21

are, respectively, the DPP and the empirical distribution (9) based on the i.i.d. sample set, {x}; y.
(50), gathered during the jth stationarity interval. Hence, the sufficient statistics are the entire
archive of i.i.d. samples, j =0,...,1.

5.1. The stopping rule for i.i.d. learning of F,

Algorithm 1 may be used to determine the stopping number, /V,, in each stationarity interval.
The data-dependent partition refinement schedule proposed in Section 3.4 implies that the
required set of ordered partition vertices, V), after n i.i.d. samples in stationarity interval, #, be
comprised of the entire archive of i.i.d. samples. Two immediate difficulties arise:

(1) the cost of storing and sorting this set prohibits its use for stopping when ¢ is large;

(2) K;n — +oo for ¢ large, where K, is the current number of cells in the partition (Lemma
5). In contrast, forgetting ensures that v,, remains finite (51). Hence, the condition (31) is
violated, as is the weaker condition (35), leading to failure of the associated stopping rules
(33) and (34).

An appropriate adaptation of the partition refinement proposal (Section 3.4) is to decimate the
partition vertex set, V(,_1 v, ,) (36), at each changepoint, ¢; i.e. to transmit only a fraction of the
i.i.d. samples for use in partitioning X* during the next stationarity interval. If the fraction is
chosen equal to 4 (51), then the number of (interior) vertices is always equal to v,, — voo. Of
course, the active cell, X’ ,’: , (20), is now no longer solely occupied by x,,. Hence, evaluation of
the required probability measure F ,,,1(X,’(“,”) (in (21)) necessitates quantization (and, therefore,
storage and sorting) of the entire i.i.d. archive, obviating the benefits of the vertex decimation
proposed above. Consider, therefore, an approximation which—at changepoint r—replaces the
latest i.i.d. set, {x}, ;y,_,, with a set quantized with respect to the newly decimated vertex set,
V0. Then, the i.i.d. samples are always coincident with the partition vertices, sole occupancy is
re-established for all partition cells, and so F (X ;: ,) is again evaluated simply, via (37). Note
that this quantization of {x}, ,y,, does not have to be implemented, and so the net
computational requirement at each changepoint is merely fo decimate the vertex set, V,_1 n, )
(36), keeping fraction .

From (51), and using the decimated refinement schedule above, the following procedure is
revealed for (on-line) learning of the non-stationary Dirichlet process, F,. For convenience, we
again assume that (X*,A) = (R",B), and track the posterior mean g(x),, of g(x) recursively,
using (11). In the algorithm below, recall, from (36), that V(,,, = {vq),v),...} refers to the
current set of ordered vertices, V).

Algorithm 2 (Learning for the non-stationary Dirichlet process (scalar case))

Vo0 = {vay, vy} = {x, %} % ordered partition vertices at n=0
choose N, €, 90,0, Fo’(), gA(X)O’O, ao,0, bo,o, A
forr=0,1,2,...
n=20
initialize LKLD,, = In(¢) + 1 % ensure starting
for (LKLD,,, > In(g)) AND (n<N)
n=n+1
Vin = Veu—1+ 1
Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
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realize x,, ~ F,
g(x)rn g('x)tn 1+ Vin [g(xrn) g(x)t,n—l]

V(i m = sort{V 1),,\,,1} % insert x,, into ordered vertex set
ktn - {k xtn - V(k)} .
pOOk,n F() O(V(k,,,+1)) - F() 0(x,) % interpreting Fop as a c.d.f.

KLD,,, = In[l — —] +—(1 + v0,0P0,0.k,,) In[1 +
Ay = Arp—1 + ln(KLDrn) In(n)
bin=bip1+ In? (n) % recursive update of (17)

”tn

]

‘ooﬂooh

Ctn =
LKLD,” = —c,n Inn
end
N, =n
Vip10 = ;LVtN, + (1 = Avoo
()10 = ‘,H&[/Wr N &), + (1 = A)vo08(x)g 0]
Av10 = diy,s bl-H 0= th,
V(i+1,0) = decimate{V y,)} % keep fraction 4 of vertices, preserving x and X
end
report g(x), y,, t =0,1,...

Notes

® the prior moment should be chosen consistently with the prior base measure: g(x),o =
Ef,,[g(] (11).

® The algorithm initializes the LS estimator of ¢, (17) via ¢,+10 = ¢, n,. This is important in
ensuring a stable recursive update even in cases when N, is small.

® When 4 — 1, most of the information in the i.i.d. sample, {x}, y, is propagated across the
changepoint at ¢ + 1. This corresponds to an assumption of very slowly non-stationary F;.
Conversely, when A — 0, then, from (51), F,y1 ~ @(ﬁo,o, Vo), i.e. the prior distribution.
While this may be appropriate in coping with fast non-stationarities, all learning from
previous i.i.d. sampling has been lost. Hence, the proposed algorithm is appropriate for
slowly non-stationary processes.

5.2. The choice of 1
Consider the case of i.i.d. learning of F, via non-parametric stabilized forgetting (case I in
Section 4.2). Taking N, = N (Definition 3) V¢, and assuming that /<1, then, from (51)

lim vy, = veo = Vo + = vy + ;N (52)

N

=00 1-7
is the Dirichlet weight at a changepoint, in the long-run. However, N is the actual number
of i.i.d. samples gathered in the stationarity interval, and so an immediate interpretation of
s; =1 is as the number of stationarity intervals since the last actual changepoint in the
random process. This is modelled by the observer, via the prior setting of 4, to reflect the
expected dynamics of F,. For s; =1+4,;, then a factor 6, of the i.i.d. record is
‘remembered’ from the previous stationarity interval (or intervals). For A=, small,
s, =(1— 51)_1 ~ 1+0;, in which case 100i% of the previous record, {x}, ;y_,,

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
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is remembered. For example, about 10% are remembered when A= 0.1. Since stabilized
forgetting is operating here in batch mode, with N,>1 typically, the considerations above
encourage the setting of 4 to small or moderate values. This is in contrast to the usual on-line
context for forgetting [11], where, effectively, N, = 1, Vt.

6. SIMULATION STUDIES

Our purpose in this section is to provide illustrative examples of the application of the Dirichlet
learning algorithms in two important contexts: (i) density estimation (Algorithm 1), and (ii)
tracking of non-stationary random processes (Algorithm 2).

6.1. Comparison of stopping rules for i.i.d. learning

Stopping rules for i.i.d. learning of an unknown probability measure, F(x), on (R,B) are
compared. Student’s z-distribution [1] is chosen as the true underlying measure. Its parametric
probability density is

. T+ D2y 12 1 Sk
Fxlm,r,py = ZE A D/D )<—) [1 LY m)Z]
LE/2r@E \rt r{
where E[x] = m e R, re R" is a scaling parameter, and { e R is known as the ‘degrees-of-
freedom’ parameter. In the current simulations, we choose
o
2, % #(x[20,4,3)

whose small value of { induces a strongly non-Gaussian density with heavy tails (Figure 1). The
non-parametric prior is, as always in this work, Dirichlet (1)

F ~ 2(U-100+1000, 3)

0.4 . . . . . . . 180
035 1601
140}
03}
120}
025}
_ 2 100}
x
s 02f =]
8 8ol
015}
60}
01} sl
005 20}
p : , , , 0 -
0 5 10 15 20 25 30 35 40 230 20 -10 0 10 20 30 40 50 60 70
X X

Figure 1. Left: Student’s z-distribution, f(x) = ¥ (x|m,r,(), for m = 20 and r = % The degrees-of-freedom
parameter is { = 3 (full) and { = 300 (dashed), for which case f(x) ~ A (m,r). Right: Typical sample set,
{x} y, realized from ¥(x|20,1/3,3), with stopping at N = 811 (Algorithm 1).
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Here, Fy = % denotes the uniform measure on the stated interval. Three proposals for stopping
are compared

(1) Algorithm 1;

(2) the data-independent criterion (28);

(3) a simple density estimation approach is considered, based on the principle of maximum
entropy (MaxEnt) [3]. MaxEnt estimates a maximally smooth density consistent with any
evaluated moments g;(x), (11). When the mean, X,,, and variance, 63, are tracked, then the

MaxEnt density estimate is Gaussian, /", = A"(£,,62). A heuristic stopping criterion

examines the KLD between consecutive Gaussian density estimates

N = min{n : KLD(AN ,||A 1_1) <&} (53)
where [10]

22
n

o) ) L 5
KLD(/VML/VH,I) = %|:]n (m) — 14+ &gn + (xn xnfl)

n—1

In all three cases of stopping, the threshold is set at ¢ = 0.01.

A typical sample set at stopping, {x} y, is illustrated in Figure 1 (right), with stopping induced
at N = 811, using Algorithm 1. Several outliers are realized, being characteristic of this heavy-
tailed distribution. The associated realized sequence of predictive KLDs (21) is plotted in Figure
2 (left), along with the recursively modelled KLD, n~¢ (18), and the data-independent reverse
KLD, In(v,/v,—1) (26). The latter is a far less conservative criterion, and induces stopping
deterministically at N = 98 (29) for the chosen values of ¢ and vy.

The data-dependence of the stopping criterion in Algorithm 1 is explored in a Monte Carlo
(MC) simulation. The realized stopping numbers, N, for 200 repetitions is illustrated in Figure 2
(right). In each trial, the terminal posterior mean, Xy (11), is evaluated (Figure 3) (left). The
realized terminal means for deterministic stopping with In(v,/v,_;) are shown in Figure 3
(centre). Their variability suggests that stopping has occurred prematurely. Finally, the realized

0.9
0.8
0.7
0.6
0.5

KLD
counts

04
03f.
02 k-

0.1

o b= A o e g 0
0 100 200 300 400 500 600 700 800 900 790 800 810 820 830 840 850 860 870
n N

Figure 2. Left: realized KLD sequence, KLD[F,||F;,_1; P,11] (21), up to stopping, using Algorithm 1 (dots);
modelled KLD, n~ (18) (full line); In(v,/v,—1) (26) (dashed line). Right: histogram of stopping numbers in
200 trials with Algorithm 1.
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Figure 3. Terminal posterior means, Xy (11), realized in a Monte Carlo simulation with 200 repetitions.
Stopping was implemented via three different KLDs: KLD[F,||F,—1;P,1] (21) (left), In(v,/v,—1) (26)
(centre), and KLD(A ][4 —1) (53) (right).

means under MaxEnt-based stopping (53) are shown in Figure 3 (right). In this case, stopping
occurs a.s. at N = 5, and is therefore unsuccessful.

Clearly, the KLD induced by the Dirichlet process (34) can track higher-order moments of &
not assessed by the MaxEnt-based Gaussian density approximation. Of course, higher-order
moment-matching techniques might be attempted, using MaxEnt or other parametric density
estimators. However, a major advantage of the Dirichlet learning algorithms over any such
parametric methods is revealed by these simulations; namely, these non-parametric techniques
do not depend on any prior choice of moments.

6.2. Tracking of a non-stationary random process

A slowly non-stationary (i.e. broadband) random process is simulated with the following non-
stationary marginal distribution on (R, B), V¢

X; ~ Fy= A (my,r)
The time-variant mean is realized from the following AR(1) (AutoRegressive of order 1) process
m; = —(1 — pym;_1 + ye,

p controls the bandwidth of m,, and is set to p = 10~* in this simulation, giving a baseband
process. Taking r = 0.3 and y? = 1.4 x 1074, then the signal-to-noise ratio (SNR) of x, is E[n?
1/r = 3.7 dB. Once again, the non-parametric prior is chosen as Dirichlet

Fo ~ 2(U-100,+1000, 5)

Algorithm 2 was used to track the posterior mean of x; under i.i.d. sampling, i.e. X, (11).
Two choices of forgetting factor were considered, 2 = 0.1 and 0.7, respectively, and ¢ = 0.01.
The terminal posterior mean, X, n,, t =0,1,..., is plotted along with the realized mean m;,, in
Figure 4. We note the following:

(a) The mean squared error (MSE) in tracking m, was found to be —36 dB (41 =0.1) and
—32 dB (4 = 0.7) in this simulation. A average saving of about 75% in the amount of i.i.d.
sampling per stationarity interval 7' (Definition 2) has therefore been achieved, with only
a small reduction in the quality of tracking. A >0 allows transmission of sampling
statistics across changepoints, ¢, as discussed in Section 5.2, compensating successfully for

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2007; 20:000—000
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Figure 4. The posterior mean, X;y, (11) (full line), of x, ~ F;, with F|{x}, y, ~ @(F,,N,,v,,N/) (8), and
forgetting factor A = 0.1 (top), 4 = 0.7 (bottom). The realized mean, n1,, is also shown (dashed line). The

(b)

©

numbers of i.i.d. samples at stopping, V1, are plotted on the right-hand side in each case.

this reduction in sampling. To underline this point, we note that the MSE rises to —25 dB
when the 4 = 0.7 stopping numbers, N,, are used in a naive scheme that does not
propagate statistics across the changepoints.

The optimal choice of 4 depends on the bandwidth of the random process, as explained
in Section 2.5. This is controlled by the parameter p in these simulations. In Figure 4
(bottom) (4 =0.7), there is some evidence of slow adaptation of the Ilearning
algorithm. Since s; = 3.3 (52) in this case, an assumption of stationarity over a period
of 3.3T, or, equivalently, over as many as 3.3V i.i.d. samples, is being made. This under-
lines the need to keep 4 small in most practical situations. The choice 4 = 0.1 (s, = 1.1)
provides a good compromise between the opposing goals of i.i.d. savings and effective
tracking.

In all cases, N, — const. a.s. as t — 00. The rate of convergence and the terminal value are
functions of the prior bounds, x and X (36), and of «.
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7. DISCUSSION AND CONCLUSIONS

The Dirichlet process prior (DPP), £, has proved to be a convenient non-parametric model in
most respects. In particular, we have exploited the following three properties:

(1) itis conjugate with respect to i.i.d. sampling from the unknown distribution, F, leading to
extremely tractable updates of moments (11);

(2) the set of Z is closed under the non-parametric stabilized forgetting operator (43),
yielding a very simple algorithm for adaptation of statistics when the Dirichlet process is
slowly non-stationary;

(3) the martingale property of the induced Dirichlet distributions in the case of finite
partitions of X* allowed a stopping rule to be formulated.

However, a technical difficulty arose in the third task above, when attempting to derive a
partition-independent divergence between successive DPPs under i.i.d. sampling. The DPP
assigns zero probability to the resulting continuous distributions on (X*, A), and so the effect of
the new i.i.d. sample on our state of knowledge cannot be assessed in such cases. The problem
was circumvented by ensuring that the number of i.i.d. samples grew at least as fast as the
number of partition cells. Some of the other non-parametric process priors available in the
literature specifically overcome this limitation of the DPP, and therefore warrant consideration
for the problem of designing partition-independent non-parametric stopping rules. The mixture
of DPP assigns unit probability to the space of continuous distributions [6], and therefore
warrants consideration in the current context.

In Section 3.4, we described one technique for refining the partition successfully, using the
data themselves as the partition vertices. The advantages of the approach were (i) the
a.s. convergence of the predictive KLD (Lemma 5) with an increasing number of i.i.d. samples;
and (ii) the dependence of the stopping criterion only on the realized data and the prior,
9(Fy, vo). Two disadvantages are also evident: (i) the partition refinement schedule is too fast to
allow convergence of the KLD for the Dirichlet distributions themselves (Lemma 5); and (ii) the
computational overhead in maintaining (i.e. storing and sorting) the set of @/l i.i.d. sample sets,
{x},n, t=0,1,2,..., can become prohibitive, possibly outweighing the cost of maximal i.i.d.
sampling (i.e. up to N), when ¢ is large. The problem was overcome via a vertex decimation
procedure (Section 5.1). The proposed non-parametric sequential stopping rule (Algorithm 1)
performed well in simulation, leading to a reliable stopping schedule for both stationary and
non-stationary non-parametric processes. The algorithms presented in this paper can be
understood as a Bayesian generalization of simple histogram comparison criteria for stopping,
in that it provides both prior-based regularization, and a schedule for data-based partitioning.
The In(v, /v,_1) rule (28) performed reasonably, but is insensitive to (i) realized values, {x},, and
(ii) the prior base measure, Fj.

The simulation examples in Section 6 point to the relevance of the non-parametric learning
algorithms in density estimation and tracking of non-stationary random processes. Work will be
reported shortly on the use of these stopping rules in more ambitious practical contexts
involving multivariate density estimation.

Many other data-dependent partition refinement schedules can be proposed to satisfy the
requirements of Lemma 5, and merit further study.

The extension of the stabilized forgetting framework to the non-parametric case can be
important in a wide variety of problems where adaptation is appropriate. An application in
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rejection sampling for difficult parametric distributions will be reported shortly. Its relevance to
Markov chain Monte Carlo (MCMC) techniques, and, in particular, to particle filtering
techniques, merits further study.

The paper addressed only the case of i.i.d. sampling from the Dirichlet process, F. It would be
interesting to examine the possibilities for extending the reported results to dynamic data, using
non-parametric modelling to ‘relax’ the parametric assumptions which are typically made in this
case. The need then arises to model a non-parametric posterior process, F,, which changes in
response to the arrival of data. Hence, the non-stationary Dirichlet process (Section 4) may be
an appropriate model in this context.

The use of non-parametric Bayesian techniques is synonymous with robustness. Their
eschewing of a known parametric family in favour of a measurable space, (F*,Ar), of
distributions allows robust and flexible inference for problems with significant model
uncertainty. Learning algorithms—such as the stopping and forgetting procedures developed
in this paper—can potentially achieve far greater applicability by relaxing the parametric
assumptions in favour of a non-parametric distribution modelled with a Bayesian non-
parametric process prior.

To conclude, the DPP has been used to derive practical algorithms for learning of non-
parametric processes via i.i.d. sampling. A tractable data-dependent sequential stopping rule
was derived, using the KLD adapted to this non-parametric context. Likewise, a schedule for
stabilized forgetting of i.i.d. samples was derived for non-stationary Dirichlet processes, by
extending the appropriate parametric theory to the non-parametric case. The implied algorithm
for on-line learning of a non-stationary Dirichlet process was reported. Effective tracking of the
process was demonstrated in simulation.
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