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Let’'s have a probability space (2, F, p) equipped with a filtration F3,
wheretec 7 ={1,..., T}
We have to solve a general optimization task

max  E[U(Wiin)|Fi] (1)
Tty Tt+h—1

where 7; : Q — U are policies (F; measurable functions) and U is a
given concave utility function — can be solved by Dynamic
Programming or some of its approximations.

Wealth
t
Wips = W+ [Yier = YD) me — K| (2)
k=1

where Y; is the market price and K are transaction costs.
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Or sometimes we use a simple approximation of the general utility
through Taylor expansion around the mean value of wealth
U(Wiin) = UWein)+ U (Wepn)[Wepn — Wepn] + (3)
% U (Wsin)[Wish — Wepn]?
\évgtere Wiy h = E [W,p|Fi]. By applying the mean value operator we
E[U(Win)|F] = U Wein)+ U (Wen) E [(Wern — Ween)|Fe] + (4)

0

1 _ _
5 U (Wein) E [(Ween — Wea? 7]

var[WHh\]-_t]
— mean-variance optimization

Remark: We can use a different measure of risk to solve a mean-risk
optimization problem.

We need to model the evolution of the price.
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Modelling using BVAR(p) process

VAR(p) process:

Divi =A1-Di+Ax-Diq 4+ Ap- Dy p+X €444 (5)

where Dy; = Y;,Vte T.

Rewritten into recursive, Markovian form:

i Dt+1 i _A1 A, Ap,1 Ap c|
D; I 0 0 0 0
D; 4 0o |1 0 0 0

Dis1p 00 I 00

1] 10 0 0 0 1]
Lo A

D;
D; 1
D; >

thp

—_———
&,

0 0],
00 O fo“
L]0 0...0 :
0 0 o_\°,
Tez+1

@ L(et+1) =N(0,1),Vt e T,vh+# 0 ety independent of e;
@ O = A X are parameters not measurable F; — Bayesian

viewpoint, generally time dependent
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Modelling using BVAR(p) process

All random variables are absolutely continuous with respect to the
underlying Lebesgue measure — densities exist. Parameters © are
difficult to model — not observable. We suppose

£(010;_1,....0p, F1t) = [(B|F1) VteT (6)
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@ The model is assimilated using Bayesian parameter estimation

@ Prior distribution is chosen in a conjugate form — in the AR model
case the Gauss-Inverse-Wishart distribution

@ The model is made adaptive using exponential forgetting between
data updating steps

f(6: = 6|F;) = (811 = 0| F) (7)
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Modelling using BVAR(p) process

All random variables are absolutely continuous with respect to the
underlying Lebesgue measure — densities exist. Parameters © are
difficult to model — not observable. We suppose

£(010;_1,....0p, F1t) = [(B|F1) VteT (6)

@ The model is assimilated using Bayesian parameter estimation

@ Prior distribution is chosen in a conjugate form — in the AR model
case the Gauss-Inverse-Wishart distribution

@ The model is made adaptive using exponential forgetting between
data updating steps

f(8; = 0| F) = F(0;_1 = 0|F;)* (7)

@ The structure of the model can be estimated using Maximum
Likelihood hypothesis testing.
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Predictions using Monte Carlo sampling

Suppose we learn the parameters perfectly - fixed,known. From
equation (5) we get a full distribution prediction

h—1
& h=A"® +> ATern (8)
i—0

where A® = | and we can also compute first two moments this random
variable

pp = E[®15|F,0] = Ao,
h—1

Ry, = cov [®yp|Fr 0] = Z[Ai): (A"z)'} 9)
i=0

and if e; ~ N(0,1) — specifies the distribution fully.
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Predictions using Monte Carlo sampling

Bayesian setup = parameters unknown = infinite number of
recursions in (5)

I

Instead we draw Monte Carlo samples 6;,i € 1,2,..., N from
distribution f(0|F;)
1l

We use averaging instead of integration to get

N
fn(Benlpr) = Z (drinl o 0)) (10)

should converge pointwise to general solution for N — oo
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Predictions using Monte Carlo sampling

First two moments:

N
1
En[®enlFi] = > E[®n|Fr, 0]
i—

coVn [®rp| Fil = En [(Prsn — En [@rinl F]) (Prin — En [y nl F]) | F] =

1 1
N > Rpi+ N > (E[®¢in|Ft,0)]) (E[®114]F2, 01]) —
i i

1
_W <ZE [¢f+h]:t70i]) ZE [¢t+h|ft,0j}
; -

)

where Rh;,' = COV(¢t+h|ft, 9,’).
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Predictions using Monte Carlo sampling

Example

Forgetting factor A = 0.98, parameters time-dependent, 2 data
channels, 50 Monte Carlo steps

Xts1 = 0.85x; —0.95x_1 + 0.6y; + 1.4€4.141
Yirr = ayi—0.7y; 1 —c+0.9en, 1

where
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Future plans

@ Better structure estimation
@ Optimization
e Jan Zeman
e Mean-variance optimization
o use of the Monte Carlo
e Properties of the Bellman function
o Portfolio optimization instead of a single asset case
o Derivative pricing
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Future plans

Thank you for your attention.
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