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SUMMARY

We consider an initial boundary value problem for the equation describing heat conduction in
a spherical model of neutron star considered by Lattimer et al. We estimate the asymptotic
decay of the solution, which provides a plausible estimate for a “thermalization time” for the
system.

1 Introduction

We consider a simple model used by Lattimer et al. to describe the evolution of temperature [7]
in neutron stars. It supposes a linear dependence of the specific heat as a function of temperature
and assumes that a mechanical equilibrium is reached, so the problem reduces to the study of large
time asymptotic for a Fast Diffusion Equation satisfied by the temperature.

In fact this model supposes that the mechanical structure of the medium does not change as
the star cools and only considers the heat transfer problem for the temperature 6. It amounts to
suppose that we make v = 0 and p = pg in the complete thermo-mechanical system (Navier-Stokes
system if viscosity is taken into account), together with frozen internal energy e(p,8) = e(ps, 6),
specific heat cy (p,0) = cv(ps, ) and thermal conductivity k(p,0) = k(ps, 9).

Then the resulting problem reduces to solve an IBV problem for a Fast Diffusion Equation [9],
for which, one can prove global existence, uniqueness and precise large-time asymptotic.

So we consider the quasilinear parabolic problem for the temperature

e(e)t = Q(6‘79w)w7 (1>

in the domain @ := Q x R™ with Q := (0, M).
In (1), e is the internal energy of the medium e(f) = ﬁnf—;, where A > 0 and § > 0,

and the heat flux ¢ is defined as ¢(6) = x(60) % 0. In these definitions, n,r € W1°°(Q) are given
functions associated to a “frozen system” defined on Q (see [2] for physical motivations) such that

0<n<nxz)<n and 0< Ry <r(r) <Ry, (2)

where 71,7, Ro, Ry are positive constants.
We suppose that the thermal conductivity satisfies

k() >0 and s — rk(s) € CH(Ry). (3)

In the original model of [7], the following choice is made: x(6) = Gf,{ﬁ for A,, > 0, with the two
possibilities (m,a) = (1,1) or (m,a) = (0,2/3).
We consider the boundary conditions

q|z:0 = 0’ a‘a::M = 01—" (4)
for t > 0, with fr > 0, and initial conditions

0),_o=0x) onQ. (5)



We study weak solutions for the above problem with properties
0 € L=([0,T], L*()), /p b0z € L2([0,T], L*(2)). (6)

where Qr :=Q x (0,7).
We also assume the following conditions on the data:

0° € L*(Q), igf&o > 0. (7)

We look for a weak solution 6 such that, for any test function ¢ € L?([0,T], H'(Q)) with ¢; €
LY([0,T],L?(Q)) such that ¢(-,T) =0

/ ) [¢te+ m';e” qﬁx} dz dt = /Q $(0,2) 6°(z) da. 8)

Then our first result is the following

Theorem 1 Suppose that the initial data satisfy (7) and that T is an arbitrary positive number.
Then the problem (1)(4)(5) possesses at least one global weak solution satisfying (6) together
with properties (8). Moreover, the solution is unique.

For that purpose, we first prove a classical existence result in the Holder category. We denote by
C*(€2) the Banach space of real-valued functions on € which are uniformly Hélder continuous with
exponent a € (0, 1), and C**/2(Q7) the Banach space of real-valued functions on Q7 := Qx (0,T)
which are uniformly Holder continuous with exponent « in 2 and a/2 in ¢. The norms of C*(Q2)
(resp. C*?/2(Qr)) will be denoted by || - ||« (resp. ||| - |||a)-
Theorem 2 Suppose that the initial data satisfy

(60°,62,63,) € (C*()),

for some o € (0,1). Suppose also that 0°(x) > 0 on Q, and that the compatibility conditions
6°(0) =0 and 8°(M) = 6r,

hold. Then, there exists a unique solution 0(x,t) with 6(x,t) > 0 to the initial-boundary value
problem (1)(4)(5) on Q = Q x Ry such that for any T > 0

(0,04,0:,0.2) € (C*(Qr))*, and 0, € L*(Qr).

Then Theorem 1 will be obtained from Theorem 2 through a regularization process.
Finally we prove

Theorem 3 Suppose that the initial data satisfy (7). Then the solution of the problem (1)(4)(5)
follows the following large time behavior:

1. There exist positive constants Tys, C and X such that for t > T,
10 = Orllcg) < Ce™™. (9)

2. Let m € [0,1]. There exists T,,, > 0 a positive constant Cp, and a function U, such that for
any t > Ty,
. “Amt _
t1i>1£10 H9 —0r — Cne Um(y)HHé(w) =0. (10)

After the previous result, we get a pointwise (rough) estimate of the cooling time T as the inverse
of the constant A in (9), which is of qualitative nature as it depends on the initial data and the
physical constants of the problem. The major improvement shown in (10) is to get a more precise
behaviour of the type § — 0g — Cpe”*tU,, — 0, with a constant )\, independent of the initial
data. Moreover the pair (A, U,,) is obtained as the solution of a precise eigenvalue problem (see
Propositions 3 and 4 below).



Remark 1 In a more general setting, it is also interesting to consider the complete problem where
temperature is coupled to density and velocity fluctuations through a thermo-mechanical system and
to solve the associated compressible Navier-Stokes system. The simplest description of such a model
is achieved in [2] in which asymptotic stability is proved. Unfortunately more severe constraints on
the growth of the thermal conductivity are required.

The plan of the article is as follows: in section 2 we give a priori estimates sufficient to prove
in section 3 global existence of a unique solution, then we give in section 4 the precised asymptotic
behaviour of the solution for large time, leading to a plausible notion of “thermalization time”.

2 A priori estimates

We first suppose that the solution is classical in the following sense
6 € C'([0,7],C°(Q2) N C°([0,T],C*(2)), 6> 0. (11)
Our first task is to prove the following regularity result

Theorem 4 Suppose that the initial-boundary value problem (1)(4)(5) has a classical solution
described by Theorem 2. Then the solution (6,0,) is bounded in the Hélder space CY/3/6(Qr)

16111173 + 1162[11/3 < C(T),

where C' depends on T, the physical data of the problem and the initial data. Moreover there exist
two positive numbers 6 and 0 such that

0<9<0<0.

Let N and T be arbitrary positive numbers. In all the following, we denote by C' = C(N) or
K = K(N) various positive non-decreasing functions of N, which may possibly depend on the
physical constants but not on T'.

Lemma 1 Under the following condition on the data

16 <N, (12)

Hy@

1. The following energy-entropy identity holds

d A _ w(0)r?
- I c L _ 2 200 —
= /Q 23 -1) n°~" (0 —0r)° dx + /Q 0 0dz = 0. (13)

2. The following estimate holds

(0 — 0p)2
nt=r~

< K(N), (14)
L= (0,T;L*(2))

Proof: Adding (1) to the same equation multiplied by —%F and integrating by parts on 2, we get

d A 0 r rd
R R [ (1) (T - / L _g2 1
g /Q 55 —1) "= (0 00r) dx /Q< 9> (H ; 9z>xdx Or Qﬁn029mdx7 (15)

which gives (13), from which (14) follows O

Proposition 1 Under the previous condition on the data, there exists positive constants n and 1
depending only on N such that

0<8<0(x,t)<0 for (t,x) € Qr. (16)



Proof: Let us consider the symmetrized problem
e(0): = q(0,0,)., (17)

in the symmetric domain Q := (=M, M).
We consider the boundary conditions

0 =0 18
omtr (18)
for ¢t > 0, with fp > 0, and initial conditions
0 0 6°(z) onQ, (19)
t=

with 6°(z) = 0°(z) if z > 0 and 0°(x) = 0°(—z) if = < 0.
Applying the maximum principle to this problem, we find

0 < 0 := min{6fr, 1nf 0°(x)} < O(x,t) < max{Hp,bup 0°(x)} =: 0,

reQ)

which is (16) O

Now, following [2], let us define the positive quantities

Y (t) := max / 02 dx and X (t) := 62 dx ds.
0<s<t Q:
Lemma 2 The following inequality holds
Xt)+Y(t)<C, foranyte]|0,T]. (20)

Proof: Defining K(0) := ff rlnls) ds, multiplying (1) by K; and integrating by parts on §, we
get

4
/Qm?ds:/f(mm do = —/ KoKy do = —i/ K2 dz.
Qn Q Q dt Jo

Integrating on (0,7, we get

4 8
sup / eq(0) T #(0) 0?dx +/ % K2(0) 62 dx dt < C.
(0,1)JQ n N

As r,n and 6 are bounded after (2) and Proposition 1, the estimate (20) follows O

Corollary 1 For any T >0

max/ 02 dv < K and max6? € L'(0,T). (21)
[0.7] Jo Q

Proof: From Lemma 2, we see that X (¢) < C, for any ¢t < T. The first inequality (21) follows
directly. The second estimate is a direct consequence of Lemma 2 [

Proposition 2 The following bounds hold

max 0] 2@ < C(D). [Barlzzan) < OT), max e 12y < O(T). (22)

Héaxﬁi < (D). (23)

T



Proof:
1. Rewriting the equation (1) as
699t =z,

differentiating this equation with respect to ¢ (this can be made rigorous as previously), and

multiplying by egf;, we get
1
/ ( e%&f) dx = / egliqr dx
Q 2 t Q

T4 K}T’4
__ / (contnate + cantods + catlr) (ko010 + 0.1 ) do
Q

4 4 4
= —/ egnf-sgr— nwﬁfﬁg; dx —/ 69,7i 1200, dx — / BQQHQL 932591:2 dx
Q n Q n Q n

4

4 4
7/ oo 0,0,0,; do — / corg— 00,0, dr — / o 02, du =: A.
9 n Q n Q n

Integrating on (0,t) for 0 < ¢t < 7T, we find that, for two positive constant o and /3

5
1
amax [ 02dz+ 3 602 dx dté/ < 6292> z,0) dx + Ey, 24
was [ dhde o [ 0 (3 0) o a3 m (24)

where the E}, correspond to the various contributions corresponding to the integrand in A.
Let us estimate all of these terms, using previous bounds (see (2) and (20)) and Cauchy-Schwarz

inequality.
T
|E1| <c/ 026,| dx dtgc/ max 62 1+/9§da; dt
Qr 0 Q Q

T 1/2
< C/ max 02dt < C ( 62, dx dt) .
0

Qr

2| < 10| do dt < € x dt + C; x dt
Byl < C 0:0¢| dx d 02,dx dt + C 02dx d
Qr Qr Qr

T 1/2
|E3\<C’/ 0262 dx dtgc/ mgxef dt<C+C</ 02,dx dt) :
Qr 0

T

|Ey| < C/ 04044 da dt < 5/ 62,dx dt + C. 0? dx dt.
QT Qr Qr

1/2
|E5|<s/ HitdxdtJrC’E(lJr(/ agtdzdt) )
QT T

Finally, plugging all these estimate into (24) for € small enough, we get

1/2
62,dx dt) ,
[0.7]

1
amax/@tzdx+fﬂ GEIdxdthJrC’(/
Q 2 Qr

T

which implies the first two estimates (22).
2. Equation (1) rewrites

4 1
eww:*’rlez"‘ieeot"‘*nxw_ﬁei'
73 Kré 7 K

Taking the square and integrating on €2, we get

/efm dxgc/ (05 + 02+ 67 +62) da.
Q Q



Using Corollary 1, together with the first bound (22), we can bound the right-hand side, which
provide us with the last estimate (22).
3. The inequality (23) follows after (22) O

Proof of Theorem 4
From Proposition 2 we have

T 1/2 T 1/2
|9<x,t>0<x,t’>|<tt’1/2</o efms) <0|tt'|1/2</0 /Qeitd:rdt> <Cle— "2,

and after Proposition 2

T
0(z,t) — 0(2',t)| < Cla — ' |}/? T~max/9t2 der/ /Git dz | < Clax—a'|Y/?,
[0.7] Jo 0 Jo

so we find that 6 € C'/21/4(Qr). As we have also after Propositions 2

1/2
wﬂaw—edf¢n<x—xwﬂ(/e;d0 <lo— a2,
Q

we conclude using an interpolation argument of [6], that 6, € C''/3/6(Qr), which ends the proof
of Theorem 4 [

3 Existence and uniqueness of a solution

1. We recall the classical Leray- Schauder fixed point theorem

Theorem 5 Let B be a banach space and suppose that P : [0,1] x B — B has the following
properties:

e i) For any fired A € [0,1] the map P(\,.) : B — B is completely continuous.

e i) For every bounded subset S C B the family of maps P(.,x) : [0,1] — B, x € S is uniformly
equicontinuous.

e iii) There is a bounded subset S of B such that any fized point in B of P(\,.), A € [0,1] is
contained in S.

e iv) P(0,.) has precisely one fized point in B.
Then, P(1,.) has at least one fized point in B.

In our case B will be Banach space of functions # € B on Qr with 6,6, € C'/3Y/6(Qz) with the
norm
015 = [11011]1/3 + [110z][11/3-

For A € [0,1] we define P(),.) as the map which carries {f} € B into {§} € B by solving the
problem

@ww@—wwﬁemztmﬁr>%m+“mm%7 (25)
n n
n

together with the boundary conditions
a:v'x:() = 07 0|1:M = gF» (26)
for t > 0, and initial conditions

0(x,0) = (1 — X\)br + Xp(z). (27)



We can consider the parabolic equation (64) and apply the classical Schauder-Friedmann estimates
10201173 + 11011/ < Cll0xl1/5-

It implies that P(A,.) : B — B is well defined and continuous.

Using a priori estimates from Section 2 it follows that for any 6 from any fixed bounded subset
the family P(.,{0}) : [0,1] — B of mappings is uniformly equicontinuous.

Now, in order to verify (iii), we observe that any fixed point of P will initially satisfy original
problem, therefore 6 cannot escape from [6, 8] up to time T". This fact follows clearly from Theorem
4. To check (iv) we see by inspection that the unique fixed point of P(0,.) is given by 0(z,t) = Or.

All the previous facts allow us to apply Theorem 5, which imply the existence of classical
solutions of (1)(4)(5) in € x (0,¢*). This ends the existence part of the proof of Theorem 2.

2. Let us now prove the existence of a weak solution. From previous results it follows
e 0, converge to 6 in L?(0,t*,C°(Q)) strongly and in L?(0,t*, H*(Q)) weakly ,

e 0, — 0 ae. in Qx[0,t*] and in L>(0,t*; L*(Q)) weakly,

Then from the previous computations, it follows that

nkr,%(ek)z

— Ay weakly in L?(0,t*, H'(2)).
Mk

Then applying similar technique as in [3] it follows that

kr2(0),

Ui

Ay =

in L*(0,t*, H'(Q)),
which ends the proof of existence.

3. Finally let us prove uniqueness of the solution. Let 6;, i = 1,2 be two solutions of (1), and
let us consider the differences: T' = 6; — 5. Dividing the equation (1) by ey, we can rewrite it as

4 4
Qx Kr Kr%€egg o 9
0= —=|— 0, 0: =: 0)6.,, 0)0:,
t €p <7769 )L " 7765 ! (al( ) )x +a2( )

where one checks easily that the coefficients a; satisty |a;(61) — a;(02)| < C|T|, for j =1,2.
Subtracting this equation written for #; from the same for #; multiplying by 7" and integrating
by parts we obtain

1d
- T2dsc+/ a1(61)T? dx < c/(T2 +|TT,|)dx < g/ T2 dm—i—CE/ T?dx.
2dt Jo Q Q Q Q
Choosing ¢ small enough, we get
d
— | T%dz < O|T|3,
dt Jq

which clearly implies uniqueness and ends the proof of Theorem 2..

4 Asymptotic behaviour

4.1 Asymptotic stability

Let us begin with the very simple proof of the first part of Theorem 3.
From (13), we have

d _ 2(8—1) . . k(O)rt _
dt Qnﬁ ) da : A ) it nﬁ¢)92 /Qnﬁ 105dz = 0. (28)




Using the estimate (§ — 0r)? < M [, 02dx we have

d 28-1) .
g YW= f T 5

where X (t) := [, 7~ (6 — 6r)? dz.
This implies
X(t) < X(0) e,

with \ = 2M(ﬁ D infg, ”n(ggi and finally
||0 - 0F||L2(Q) <C e M.
Going back to (28), we have

2(6—-1) . “(9)7”4 B—1p2 d
< | —
I néf pETE /Qn Ordx < o X(t)

/ 02dr < C ‘d X(t)‘ <Ce M.
Q dt

We conclude that [|6 — 6r| 1) < C e~ and the pointwise estimate (9) follows, which ends the
proof of Theorem 3.

)

then using (29)

4.2 Precised asymptotics

We split the second part of Theorem 3 in two parts, depending the value of m.
We consider the problem (1), with

A 02 A
2w "0

for A, A,, > 0, with the two possibilities considered by Lattimer et al. in [7]:

e(d) =

(B,m,a) = (2/3,1,1) (CaseI), or (B,m,a)=1(2/3,0,2/3) (CaseII).

Depending the value of m, we consider two cases for the (known) variable coefficients in 1. We
note

(@) <
a(zx) =
A(B = 1)n' =P ()
and A
m! (xl) if m#£ 1,
b () = | (Lm0t
m 24174 ()
- itm=1
Setting u := 62, = 602, u’(z) = (0°)*(z) and using the previous symmetry z — y = —z, (
with a(z) = a(—z b (z) = by (—x) and u°(z) = u®(—z) for z € (—M,0)), the previous problem
rewrites on w = (—M7 M)



for m # 1, and
a(y)ue = (b1(y) (logw), )

“y|y:—M = ur, u|y:M = ur,

ul,_y=u’(y) foryeuw,

for m = 1.
The following conditions on the data:

u’ € L?(w), infu® >0
w

4.3 Precised symptotics in the case m =1

Using the transformation v = log (u%), problem (31) becomes
a(y) (€"), = (b1 (y)vy),, ,
U|y:_M = ”|y:M =0,
v ="(y)  forye (w),

(32)

(33)

with ¥ = log (%) If one expects as in [1], that v is small for large time, a plausible guess for

the asymptotic behavior is v(y,t) ~ Ce *1*U; (y), where the eigenpair (A, U;(y)) is the solution

of the eigenvalue problem
{ - (bl(y)Uly)y = Ala(y)Ula
Ul‘y:—M = Ul‘y:M = 07

(34)

where A\; > 0 is the smallest eigenvalue of the operator —a’lﬁ (bld%-), with zero boundary

conditions.

Proposition 3 There exists T > 0 and a positive constant Cy such that for any t > T and any

e > 0, the solution v of the problem (33) satisfies
: —Art _
tlirgo ||v(y,t) —Ce ™M Ul(y)HHé(w) = 0.

Moreover, one has the upper bound

Joar bty fo by tde [ by (0°)? dy

C< -
[ bt dy [, 01U} dy

and, provided that v° < 1, the lower bound

I a(e“0 - 1)Uy dy

Cc>
|, aUy dy

Proof: The proof essentially follows the arguments of [1], so we only sketch the main steps.

1. Using v| y—M = v y=um = 0 and Cauchy-Schwarz inequality, one has

y 2 y y
2= ([ a) < [ ot [ b,
—-M —M —-M
M 2 M v
V2 (y,t) = (/ b}“bll/%ydy> </ byt dy/ bio? dy.
y y -M

and also



Adding these inequalities, we obtain
R0 < CO = Cr [ bk (33)

b ldy [MbTld
where C7 = f‘“ly—!‘ily
fu by dy

;From (35), we see that v < ¢, uniformly in ¢, or eV~¢ < 1, so
674/ av?e’ dy < / av? dy,
w w

/ Av? dy < Cy / bivy dy, (36)

and using once more (35)

where Cy := C [ a dy.
But, after Courant-Fisher theorem

Ju, brvy dy
M ST
[, av? dy
so we get
biv2 d
A < eCM. (37)
|, av?e? dy
Now, integrating by parts and using Cauchy-Schwarz, we see that
2 2 2
(/ blvi dy) < (/ (blvy)yv dy) < (/ val/2e3 (blvy)y a~1/2e% dy)
2
< / av?e dy x / {(blvy)y] a te™ dy.
Plugging into (37)
eS 2
Mg /w [(bluy)y} a"le™" dy. (38)
As a direct computation gives
d
7 () =2C1 | bivyvy dy = =2C1 | (brvy), ve dy,
we have finally
d¢ 2C4 24
i —T/w [(blvy)y} a” e dy. (39)
Putting into (38), we get the differential inequality
!
*eC % > >\13
which, as in [1] can be integrated and provides the estimate
SO < ¢0)e ™. (40)
2. Changing v into u = e*'v gives the following equation satisfied by u
up = Mu—+ate? (b1uy),, - (41)

Y

As we know that v — 0 as t — oo, it is sufficient to prove that u; — 0 as ¢ — oo in order to prove
that u ~ Cte x U; for large time.

10



Multiplying (41) by ae’u and integrating by parts, we get
/ ac’uuy dr = / Ae’u? dy — M\ / bluidy =: —J(u).
w w w

As the second contribution in the right-hand side is bounded by C;*¢(0), after (40) and the first
one is bounded by e¢(OC1¢(0), after (36), we find that The functional J(u) is bounded.
Computing the derivative of J gives

d
J(u) = Ale_’\lt/uUZ dy—2/ ac'u? dy, (42)
dt w 7 w

where the first integral in the right-hand side is bounded by a K > 0 after (40).
Supposing that |lu¢|/z2(,) does not tend to zero as ¢ — oo amounts to have, for a ¢ > 0, the
inequality

2/ae”uf dy = ¢ >0,
which implies, after (42)
d
T J < 764’2)\167)\115}{,

and after integrating
J < —ct+ 2K,

which contradicts the boundedness of J. Thus we have proved that
i fluel| 22wy = 0.

Then finally, as t — oo
u~CUp, in H'(w).

3. In the same way as [1], we can give rough estimates for the constant C.
After (35), we have

1/2

1/2 1
C(t) = 011/2 (/ bl’U; dy) ~ 011/267)‘1tc </ b1U132/ dy> s
w -1

1/2
eMi((t) = C (/ bUi dy) < ¢(0),

which gives the upper bound
—1/2
C <((0) (/ biUy dy> .

To get a lower bound, we multiply (33) by Uj, integrate by parts and use (34). We get

then

d

T a(e’ — 1)Uy dy = /U1 bivy)y dy = / v(b1Ury)y dy = —)\1/ alUyv dy

> -\ / aUy (e’ — 1) dy,

which can be integrated, giving
/ a(e’ — 1)Uy dy = Coe™ Mt

where Cp := [ a(e”0 — 1)U, dy.
Replacing v by its asymptotic form, we get the required lower bound, which ends the proof of
Proposition 3 [

11



4.4 Precised asymptotics in the case m # 1

Let us consider problem (30). As we know after Theorem 3 that u — ur is small for large time, we
set
u(y,t) —ur = z(y, t) + large order terms,

where z is small in a suitable sense.
Plugging in (30), we see that z satisfies approximately the linear problem

a7 = (Buly)zy),
2y =0, 2|, =0, (43)
2| = uo(y) —ur foryew,

1-m
up to small corrections, where By, (y) := 352 up® by, (y).
So we expect that the asymptotic behavior of u is |u(y,t) — ur| ~ Ce=*»tU,,(y), where the

eigenpair (A, Unn(y)) is a solution of the eigenvalue problem

{ — (Bu(®)Unmy) ,, = Ama(y)Un,

44
Um‘y:_]\/[ - Um|y:M = O ( )

It is well known (see for example [4]) that this problem admits an increasing sequence of eigenvalues
0< )\5711) < )\7(73) << )\%L) < - -+ tending to +oo for n — oo, then z(y,t) ~ C’me’Asi)tUm(y) for t
large.

The precise result is as follows

Proposition 4 There exists a positive constant Cy, such that the solution v of the problem (30)
satisfies

3 _ _ _Ag‘rl),)t H =
tlir(I)lo Hv(y7 t) —or — Cpe U (y) 3 () 0
Proof:
As the method is in the same style as in the case m = 1, we only sketch the proof.

1—m

1. We use the transformation v = u* 2" — up? , the problem (30) becomes

a()d()0e = (bmy)vy),
U|y:—M = ”|y:M =0, (45)
v ="(y)  forye (w),
14m 1-m Lem 1-m
where ¢(v) := 2= (v+ovr) ", vpi=up® and V(y) = (uO(y)) 2 —up’
Defining the function (, (t) := [ bmv; dy with (negative) derivative ¢}, (t) := 2 [ bpvyvye dy,
integrating by parts and using (45) we get

2

)= =2 [ o) [bury), ] an (46)

Using Cauchy-Schwarz inequality, we have also

G0 < [ a o) [uw),] dux [ ast) o dy

Using Taylor’s formula, we modify the last integral
1 -
/agb(v) v? dy = $(0) / av? dy +/ / av3¢(sv) ds dy.
w w w JO

12



After Proposition 1, v is uniformly bounded, then using once more Cauchy-Schwarz, we have

/ ap(v) v? dy < ¢(0) / av? dy + CCHA3(t).
Plugging into (46) and using the Courant-Fisher’s bound

2
\O g e Bmwy dy
W M e dy

b

we get the inequality

¢ <_% L—FC’CUQ
m 2 )\’Srll) m °

Integrating this differential inequality, and using the boundedness of ¢, (see Lemma 2), we obtain
the estimate

(G (B)] < K, (47)
2. Changing v into u = 'ty gives the following equation satisfied by u
up = AVu+ao (b)), - (48)

As we know that v — 0 as t — oo, it is sufficient to prove that u; — 0 as t — oo in order to prove
that u ~ Cte x U, for large time.
Defining the following functional on Hg (w)

T (1) == A / ap(v) u? dy — / bmui dy = / ap(v) uuy dx,

and computing its derivative, one get

d
T Im (u) = / ag(v) u2 dy — 2\LV / bmuui dy.

One checks that .J,, is bounded, by a K > 0 after (47). Studying the derivative % Im (1) we
conclude as in the case m =1 that

i {fuel| 22wy = 0.

Then finally, as t — oo
u~ CUp,, in H'(w).
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