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Convergence of solutions of a non-local
phase-field system

Stig-Olof Londen Hana Petzeltova *

1 Introduction

This paper is devoted to the study of asymptotic properties and convergence to equi-
libria of a two-phase model involving non-local terms. Considering a binary alloy with
components A and B occupying a spatial domain §2, and denoting by v and 1 — u
the local concentrations of A and B respectively, Gajewski and Zacharias [5] studied a
model describing also long range interaction of particles. This phenomenon is repre-
sented by spatial convolution with a suitable kernel, cf. Chen and Fife [2]. The system
in question reads:

u— V- (Vo) =01in (0,7) x £, 1.1

(
o=+ [ Kz —y)(1 - 2u(t.y)dy, (o) €O.T)xQ
(
(

—
DO

uv - Vo =01in (0,7) x 09,

—
w

1)
2)
3)
1.4)

u(0,2) = ug, up € L>*(2), 0<wup(z) <1, 0< / up do = uy < 1. 4
Q

Gajewski and Zacharias [5] proved global existence, uniqueness of solutions and com-
pactness of trajectories in the space L?(£2) under assumptions stated below. However,
convergence of trajectories of this system to equilibria was proved only in the case when
the norm of the convolution operator is smaller than 2, which means that the global
interactions must be small compared with the convexity of f. This condition ensures
that the equilibrium state is uniquely defined, which need not be the case in general.

The convergence of solutions of various phase-field systems to equilibria have been
proved by many authors with help of the Lojasiewicz inequality. In our case, we
have compactness of trajectories in L?(2) space only, where the energy functional is
not twice continuously differentiable, so we have to use the non-smooth version of the
Simon-Lojasiewicz theorem which was proved in [6] and generalized in [4]. This version
is formulated in Section 4.

Also, boundedness od solutions was proved in [5] on compact time intervals only.
The aim of the present paper is to show that any solution with initial datum bounded
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away from ”pure states” stabilizes to a single stationary state, and any solution starting
from w satisfying (1.4) separates from 0 and 1 in the sense that

max { || Inu(t)

@y (1 = u(t) |z} < Crforallt >1, r > 1, (1.5)
and there is a sequence of times {¢,}, ¢, — oo, such that
max{H Inu(t)||zr@), |In(l— u(t))||Lr(Q)} < Cforallt>t,. (1.6)
We will proceed as follows. First, we start with the initial value such that
¢c<u(0,z) <1—cforaa z € and some 0 <c<1, (1.7)

and prove that u remains bounded away from 0 and 1 for all £ > 0. To this end, we apply
the method of Alikakos [1] in a bit different way than in [5]. Then we prove (1.5), (1.6)
(Lemma 3.3, Lemma 3.5). Finally, we apply a generalized version of the Lojasiewicz-
Simon theorem to show that the time derivative of u belongs to L'(T,+o0o0; H'(2)*)
which in turn allows us to show convergence of u in L?((.

2 Assumptions and Preliminaries

We assume that 2 C R" is a bounded domain with a smooth boundary 0€2. The
existence of global weak solutions of the problem (1.1)-(1.4) in the class

u € C(0,T; L>®(Q)) N L*(0,T; HY (), us € L*(0,T); H'(2)*), (2.1)
w= [ K(lz —yl)(1 = 2u(t,y)dy € CO,T; H*()), (2.2)
v=f"(u)+w, (2.3)

was proved in [5] under the following assumptions:

f(u) =ulogu+ (1 —u)log(l —u), (2.4)
= W, a satisfies some monotonocity conditions, (2.5)
u
/ / K (|Jz —y|)| dz dy = ko < o0, sup |K(|x —y|)|dy = k1 < o0, (2.6)

and the operator J defined by Jz = [, K(|y — z|)z(x) dz satisfies
1Tl < roll 2y, 1<p < 0. 27)

In addition, the existence of a triple (u*,v*,w*) and a sequence of times ¢, — oo
such that
u(t,) — u* strongly in L*(Q) (2.8)

w(t,) — w* strongly in H' (2.9)
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arctan(e”*")/2) — arctan(e™""/?) strongly in H', v* = const. (2.10)
with
1

0= e oy U= eonst w' = [ (e -1 2ty (201)

was proved.
In what follows, for the sake of simplicity, and without loss of generality, we will
assume that

a = const, | =1. (2.12)
Then
a U
u:f”(u):au(l—u), vzlnl_u—i—w. (2.13)
3 Global boundedness
Assume that
0<c<u(0,z)<1—¢, foraa.ze. (3.1)

Then there is o > 0 such that 1 € L2(0,t0; H*(Q2)). It follows that time derivative of
JoInu dz is L'—function and we have

jt/g | Inwu(t)| de = —(i/ﬂlnu(t) dz = /Q u12Vu aVu(t)—;Vu(t) au(l—u)Vw(t) dz
=~ [aVinu@®)P do - [ a(l = )VIuVe() do

1 1
< —7/ a|V Inu|? dx+7/ a|Vw|? dz.
2 Ja 2 Ja

Similarly,
d 1 1
— | —In(1— - - 1—
% /Q n(l —u) dz /Q = u)QVu aVu = u)QVU au(l —u)Vw dz
- _ 2 _
- /Qa|Vln(1 w)? dz +/QauV In(1 — u)Vu de

1 1
< —f/ alVin(l —u)* dz + f/ alVwl|? dx.
2 Ja 2 Ja

Denote a
Ci = Sesssup [[[Vu(t)][1%, (3.2)
2 >0
1
O ={z e Qutz)> §ua} (3.3)
Then, necessarily,
1
Q4 > S la for all £ > 0. (3.4)



Indeed, if it is not the case, then we have
o= t, d:/+ —a1+—QQ<a,
" /Q u(t,z) de o Jow 2 ] <

a contradiction.
To estimate [, a|V Inul? dz, we use the following lemma, which is a particular case
of Theorem 4.2.1 in [7].

Lemma 3.1 Let Q be a connected, Lipschitz domain and suppose u € HY(Q). If
L e [HYQ)]* and L(xq) =1, then

[ = L(w)l| z2(0) < CollLI[[Vull 2, (3.5)
where Cy = C(2).

(Here we denoted by L(u) both the value of the functional and the corresponding
constant function). We apply Lemma 3.1 with the functional L given by

1
Lz=— z(x) dx, Qi C €.
‘Ql| o ( ) 1

Then ]
1Ll = =
||

and we have for a.a. t > 0:

2

/Q|V1nu( )% da > (' 1 (y| mu(t) — Lnu(t)| o))

QP Q
_|2C|2 /11 (1)) dz)” — | |\1 (3.6)

It follows that q
2
&/QHnu(t)] dx+62</gllnu(t)| dz)’ < N
where 0 U2 )
2= (2 N? = In 2o Ch.
g 20§<2)’ 202’ ‘JF !
Then [, |Inu(t)| do is dominated by a solution b of the equation

b(t) + B202(t) = N2, b(0) = /Q | Inw(0)| dz. (3.7)

The solution of this equation is bounded by % if the initial value b(0) < %, and it is

given by
_ Nexp(2Np(t+ k) +1

"~ BexpNB(t+ k) —1

S
—~

~+
~

(3.8)



for b(0) > %, where k is chosen such that the initial condition is satisfied. We see that
for t > 1 and any k& > 0, the estimate

Nexp(2Np) +1
B exp(2NB) — 1
holds true, where m; depends only on u,, the integral mean of wuy.

If u(0) satisfies (1.4) but not (3.1), we find a sequence of functions u™(0) satisfying
(3.1) such that

[nu(t)]; <my = (3.9)

u™(0) — u(0) in L>(Q),
and use the following lemma on continuous dependence of solutions on the initial data:

Lemma 3.2 Let uy, us be two solutions of (1.1), (1.2). Then

1(ur = u2)(t)][72(0) < CO (w1 = u2)(0) |72 (3.10)
Proof: . We subtract the corresponding equations (1.1) and multiply by u; — uy. We
get
d1 9 9 4
ai”ul — Us||72(0) = —/Qa|Vu1 — Vus|” — (1 Vwy — e Vwy(Vuy — Vuy) dz

< —/Qg|Vu1—Vu2|2+g[ul(l—ul)(le—Vw2)+(U1(1—U1)—U2(1—U2))V’w2(t)]2dl"

a
< T6va1 — Vws|2(q) + al| Vs || 7o g lur — ual|* < Cllur — ual|72q).-

Hence (3.10) follows.
q.e.d.
Consequently, u™(t) — u(t) in L*(2), for any ¢ > 0, and also in L"(Q2) for any 7 > 0
because [|u(t)| L= < 1. Moreover, [, |Inu™(t)] dv < my for any n and any ¢ > 1,
which allows us to deduce

/ ()| de < my, t> 1. (3.11)
Q

The same procedure applies to [, | In(1 — )| dz, which, together with (2.7) yields:
Lemma 3.3 Let ugy satisfy (1.4), (u,v,w) be a solution of (1.1)-(1.4). Then
o)) £ My + 1o forall t>1, (3.12)
[w(t) || 10e < 7oo for t >0, (3.13)
where my, Too are giwen by (3.9), (2.7) respectively.

Next, we derive estimates of the norm of Inu(t) in the space L"(2), r > 2.

Lemma 3.4 Let u be a solution of (1.1)-(1.4). Then there ezist constants By, B, Bs,
depending only on u,, and a sequence of times {t.} such that the following estimates
hold for r > 2:



i)  Nnu(t)|zr@ < Bil|Inu(0)|/zr@q) for all t > 0,
(i) [[Inu(t)||rr@) < Bor? for all t > 1,
(iii) || Inw(t)||zr@) < Bs for all t > t,.

Proof. For r > 2 we denote

() = [ (=nu@®) dz, 14
My(t) = [ (~lu(t))de (3.14)
and estimate its time derivative: d
&Mr(t)
d — (—Inu)™! B (—Inu)"!
= &/Q(—lnu(t)) de = —r A " w(t) doe = r/{ZV( " )qu(t) dz
B (r—1)(—=Inu)"2Vu+ (—Inu)""'Vu
= T/Q " a(Vu+ u(l —u)Vw) dz

_ _r/ga[(r_ (= w2 + (= nw) Y] [[VInul® + V(nu)(1 - )V dz
<~ [ a[r = 1)(= w2 + (~ lnuy ] [;yvmuﬁ - ;(1 — | Vul? do
< = [atr=D)(=uy 2 [ Vinul de+ [ [r(r=1)(~ )y 4 r(~nuy ¢, de
_ —2CL<TT_1)/Q‘V(—IHU)£
- _2‘1(7“—1)[51/9(_1%@))7“ do — =75 ([ (~mu(t)? da)’|

- T

+C’1/Q7"(T —D)(=Inu(®)?+r(=Inu(t)" dz,

e+ C’l/ r(r —1)(=Inu)"? +r(—Inu)"" do
Q

where we used the inequality
€172 < el VEIIZ2 + Ce72 €12

With the notation (3.14) we have My(t) < M, (t) whenever s < r and M, (t) > 1.
Then, taking ¢ = &', we arrive at

M, () < —Curlr — M, (1) + 2C,rCa 3 CF (r — 1) (M (1)) -
< 20 M, () + 200 At (M (1) |
provided that r > 4 and A = Ca="/2C™*. This yields
M, (1) < 2max{l, ess sup A (M5 (1)), M,(0)). (3.16)

te(0,t0)

Consequently, choosing r = 2*, we get

k—1 k

Mo (t) < A2HOH2). (Ag(k—l)(n+2)>2 e (Ag(k—(k—l))(n+2)>2 : (Mmk)z . (3.17)
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where

M, = max{1, esssup M;(t), M,.(0)}.
>0
The right hand side of (3.17) becomes

Azk—l (M172k)2k . 2[n+2][k:+2(k—1)+22(k—2)+...+2k*1(k—(k—l))]

Taking the 1/2% power of both sides of (3.17) we obtain

[ Inu(t)||pro) < AM;, - 220D = 2k (3.18)
which implies (i).

To get estimates independent of the size of the initial value || Inu(0)| @), we
proceed in a similar way as in the proof of Lemma 3.3. Dominating the equation for
1

M by a quadratic differential equation, we get an estimate which does not depend
on the size of the initial datum, but it grows as r2. It is sufficient to show (ii) for some
to € (0,1], and then proceed as in the proof of (i) starting at t,. We denote

M,(t) = Mi (1) = || Inu(®)]| 1y

and estimate its time derivative:

d 1, 1., d
—M, = M: - —M,.
dt TM dtM

We proceed in the same way as above but this time we do not neglect the term
r—1 1 2
—ar(—Inu) §\Vlnu] :

Thus we have

d
—M, =
dt

2 —1
— a(r /‘V (—Inwu) dx

Mo ((r = 1)M, 5 + M,y
Now, we apply Lemma 3.1 with

dx—(+1 /‘V Inw) ;1
r

'r+1

z=|Inul?, z=|Inu|>

respectively. Taking (3.4) and (3.6) into account, we get

/Q‘V(—lnu)ﬁ ’

u
> o U oy
dz 802M 2|1n2 ,
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r12 a ua,r 1
AJV@JHWI2 dz _8C;MH1 Cﬂl !
If .
U u
Ya — a 1 Hor+l
28C2 ’°—02 | 2802MT+1_C2|H2| ’

at some point ¢ty € (0,1) then we can start at this point and proceed as in the proof
of (i) to show that M, (t), M,.(t) are bounded for all ¢ > ¢y. If it is not the case, we
arrive at the estimate

d au? r—1 au? 1

—M, < ——2__" M, — —“ M?+Ci((r— 1M1 +1). 3.19
dt™ "= 403 r? 16C% (r + 1)2 r+ Gullr = DM 4 1) (3.19)

Again, we are done if we can find a constant C3 > 0 such that M,.(t;) < C3r for some
t1 € (0,1). Otherwise we have

2
auz r—1
4C3 12

M, > Cy((r—1)M; " +1)

for t € (0, 1), which implies that M, satisfies a quadratic differential inequality, and we
deduce that
3207

R
aug,

M,«(l) S 047’2, C4 =

(3.20)

Hence (ii) follows.

To prove (iii), we use (ii), (2.8), and the interpolation inequality. There is a sequence
of times {t,)} — oo such that

u(t,) — u* strongly in L*(Q),
and || Inu(t,)||z2() < 4B:. Hence, we get
In(uy, ) — In(u*) strongly in L*(2),
where, due to (2.11),
masx{ =y, 11 — 0"l zegey} = m < 1
and, subsequently,
max{|| Inu*|| L= (q), [ In(1 — u*)|| L) < C5 = —Inm.

Now, we find a sequence {e,} such that
1 r—1
“=<(imeva)

and a corresponding sequence of times {¢,} such that

| Inu(t,) — Inu*|| 2 < &
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It follows that

r—1

1 r—1
| M, ()| 2y < || Inu(t,) — 1nu*||£§(19) ) Inwu(t,) — lnu*||£§f(m + Cs

1

< 87?71 (4327’2 + 05) + 05.
Again, starting at ¢,, we repeat the proof of (i) to get (iii).

Remark 1. This procedure applied to ||In(1 — «)]||” yields the same estimates also in
this case. With Lemma 3.3 at hand, we can also deduce the convergence of a sequence
v(t,) to v* in L*(2), in addition to (2.10).

Remark 2. Assuming that
[ (ug) € L=(Q), (3.21)
we can take the limit as & — oo of both sides of (3.18) to infer that there is a constant
B (which does not depend on time) such that
|lv(t)||Le(y < B forall t >0, (3.22)

which extends the assertion of Theorem 3.5 in [5]. We also have the L*°-estimate for
u, namely, there exists a constant 0 < £ < 1 depending only on u, such that

kE<u(t,z)<1—k foraa ze€Q, t>1. (3.23)

4 Lojasiewicz-Simon Theorem

In this section, we state the generalized version of the Lojasiewicz-Simon Theorem
proved in [4].

Let V and W be Banach spaces densely and continuously embedded into the Hilbert
space H and its dual H*, respectively. Assume that the restriction of the duality
map J € L(H,H") to V is an isomorphism from V onto W = J(V). Moreover, let
H = Hy+ H; where H; C V is a finite-dimensional subspace and Hj is its orthogonal
complement in H. Denote by H{ the anihilator of Hy:

HY) ={g € H*{(g,2) =0 for all z € Hy}.

Let
F=o+ 7, (4.1)
with &, W satisfying the following conditions:

® is a Fréchet differentiable functional from an open set U C V' — R. Moreover,
assume that the Fréchet derivative D® : U — W is a real analytic operator which
satisfies

(D®(u) — DP(v),u—v) > allu—vllf;, [[DP(u) — DP(v)|

e < |u = vlla,
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for all u,v € U and some constants o,y > 0. In addition, the second Fréchet derivative
D?*®(u) € L(V,W) is assumed to be an isomorphism for all u € U.

1
U(u) = §<Tu,u> +(l,u) +d,u € H,

where T' € L(H, H*) be a self-adjoint and completely continuous operator such that
its restriction to V' is a completely continuous operator in L(V,W). [ € W and d € R
are fixed.

Theorem 4.1 Let F' be given by (4.1) and the above assumptions be satisfied. Let
(u*,v*) € U x HY satisfy DF(u*) = v*. Then we can find constants §, X > 0, and
0 € (0,3] such that for all u € U which satisfy u—u* € Hy and |ju—u*||g < & we have
the following inequality:

|F(u) = F(u)'"™" < Xinf{|| DF(u) — fllu-: f € Hy}. (4.2)

5 Convergence

In this section, we prove that there is 7' > 0 such that u; € L'(T, 00; (H')*), which
enables us to show convergence of the whole trajectory of u to u*, a stationary solution
given by (2.11). We will apply Theorem 4.1 to the energy functional associated with
our system, i.e.,

Flu) = /Qf(u) 4 ud(u) +u- K *1dz, (5.1)

the corresponding spaces beeing

H = H* = L[*(Q), Hoz{ueH,/udxzo}, HY = {v = const}, V = L>(Q),
0

() :/Qf(u) de, T(u) = -2 (), | = K *1, d =0,

Multiplying (1.1) by v and (1.2) by w,, integrating over 2 and subtracting, we
obtain the energy equality

C(litF(u(t)) - jt /Q Flu(t)) — u(t)J(u(t)) + u(t)ide = — /Q u|Vol2dz (5.2)

As u(t) stays bounded away from zero and one, the functional F' is bounded from
below and the hypotheses in Theorem 4.1 are fulfilled.
The limit energy
Fy = tlgglo F(u(t)) = F(u")

is the same for any u* in the w—limit set of w.
The Fréchet derivative of F'(u(t)) is represented by

F'(u(t)) = f'(u(t)) = 2J (u(t)) + I = v(t).

10



Now, let (u*,v*, w*) belong to the w-limit set and satisfy (2.11). (Existence of such
solutions was proved in [5]). Then

F'(u*) = v,
and integrating (5.2) from ¢ to oo, we get
/t°° /Q U Vo2 dedt = F(u(t)) — Fa = F(u(t)) — F(u*). (5.3)
By virtue of Theorem 4.1, we have
[F(ult)) = F)'™" < Ainf{]lu(t) = 2l|r20); 2 = const} = A[o(t) — v(t)||z20)

provided that
lu(t) — u*|| 20 < 0. (5.4)

This, combined with (5.2) and taking into account (2.12), (3.21), yields
VRS 9 oo ) B ﬁ
= [T [l ededs < [T [ ulVol deds < Ao —v@) 5 (55)

< A(ak®) " Vol ()] 2l
where k is the bound from (3.23).
At this point, we employ the following lemma, the proof of which can be found in
[3].
Lemma 5.1 Let Z > 0 be a measurable function on (0,00) such that
Z € L2(07 OO): HZHLQ(O,OO) <Y
and there ezist o € (1,2), £ > 0 and an open set M C (0,00) such that
(/ Z2(s) ds)® < € Z2(t) for a.a. t € M.
t

Then Z € LY (M) and there exists a constant ¢ = c(¢,a,Y) independent of M such

that
Z(s) ds < c.
/M (s) ds <c
Setting Z(t) = ||p|Vv|(t)] L2y in Lemma 5.1, we get

/M |tV v(s)|| L2)ds < oo, (5.6)

where
M =U,{J | J is an open interval where (5.4) holds}.

Since u* € w(u], M is non-empty, and we get
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/M 10vu(®) | a1y (@ At < o0, (5.7)

Our next goal is to show that there exists 7 such that (7,+00) C M. To begin
with, realize that from the energy inequality (5.2) we deuce that

uy € L*(0, +o0; H'(2)%)

|Vu| € L*(0, 4+00; L*()).
Denote
N = |[ullzeo0,+00:22(2)) + (VW[ (0, 100512(02))- (5.8)
To any § > 0 we find 7'(§) > 0 such that

|we]| L1 M (T (8) o0 (%) < 6 (5.9)
vt L2((7(8), 400511 (02)7) < O (5.10)
V| L2 ((7(8) 40052 (02)) < O (5.11)

Next, let (¢1,t2) C M, t; > T(6) for some 6 < 1. In view of (5.11), (5.8) we find
t3 € [t1,t1 + 1] such that ||u(t3)|| g1 < N + 1. Then

lu(t) = u(t2)lF2) < 2[lults) = ults) 32y + llults) — u(ta)l[}2(0)]

and we have

Sllutty) = u(t)laey = [ (us) ults) = u(s)

t3
< /t lue(9) @ [lults) | + u(s)llr2@ + [Vw(s)ll2) + IVo(8) [ 2]
1

< el e rrprcn [N + 1+ [ull oo +soizz@) + | V0]l Lo ociz2(@)]

—i—||ut||L2(T(5)7+OO;H1(Q)*) VUHLZ(T(S),—i-oo;L?(Q)) < 5(2]\] + 1+ (5)

The same estimate holds for ||u(t3) — u(t2)||2() provided that t5 > t5, and also for
ts3 < to, where we use (5.9). Summing up, we have

[u(ty) — u(ta) |72y < 86(2N + 1+ 0) (5.12)
and we can find ¢ and the corresponding 7'(9) = 7 such that
lu(ty) = ulto)ll @) < 5
whenever (5.13)
|u(t) — w*|| 12y < € for all t € (t1,15) where 7 <t < t5.
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Since u* € wlul, a large 7 can be chosen so that

lu(r) — u|lp2) < g, (5.14)
and then (5.13) yields [r,00) C M. Indeed taking
t=inf{t > 7 | u(t) = v"||2@) = €},
we have £ > 7 and
lu(t) — u*|| 2 > € if T is finite. (5.15)

On the other hand, by virtue of (5.13), (5.14),
. 2 i
u(t) — vl 2 < |ut) — u(T)|r2@) + |u(T) — u*|| 2 < 3¢ forall 7 <t <%

which, together with (5.15), yields ¢ = oo.
We have proved the following result.

Theorem 5.1 Let (u,v,w) be a solution of the problem (1.1)-(1.4) with the data given
by (2.4),(2.6),(2.7),(2.12), and let (3.21 hold. Then there is (u*,v*,w*) satisfying
(2.11) such that,

u(t) — u* strongly in L*(Q),

v(t) — v* strongly in L*(Q),
w(t) — w* strongly in H'(Q),

as time goes to infinity.

Remark 3. It is still an open question whether any solution with the initial datum
ug satisfying (1.4) stabilizes to a single stationary state as time tends to infinity even
in the case that there is a continuum of equilibria.
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