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ABSTRACT. This paper deals with f -divergences of probability measures considered
in the same general form as e.g. in [12] or [45], where f is an arbitrary (not necessarily
differentiable) convex function. Important particular cases or subclasses are mentioned,
including those introduced by Bhattacharyya |3], Kakutani [32], Shannon [61] and Kull-
back with Leibler [38], Chernoff [7], Kraft [37], Matusita [47], Rényi [57] and De Groot
[15]. Some important relations between these subclasses are reproduced or reestab-
lished in a new manner. The main result is a new proof of the representation of general
f -divergence If(Py, P1) by means of the information gains G (FPo, P1),0 < 7 < 1 of
De Groot. This proof uses the generalized Taylor formula applied to arbitrary convex
functions derived in this paper. The basic known properties of general f -divergences
are deduced in a new manner from this representation, among them the convergence
for increasing sequences of o -algebras of observation events. Further, statistical suffi-
ciency and ¢ -deficiency (approximate sufficiency) are considered in the model of testing
the hypothesis Hg : Py against the alternative Hy : P;. New characterizations of these
properties by means of f -divergences are given. Finally, the above mentioned results
about convergence for increasing sequences of o -algebras are assessed by evaluating
the rate of this convergence in some important cases.

1 INTRODUCTION
Shannon [61] introduced the information between two random variables by comparing

the joint distribution P x yy) with the product distribution Py ® Py of the marginal
distributions Px and Py with the help of the divergence

P
Ki(Pixy), Px @ Py) = [In| oY ) gp s
1( (X,Y), X Y) /n<d(Px®PY)> (X,Y)

The divergence

S (4R) dpy if Py < Py

%) otherwise

Ki(Po, P1) =
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of arbitrary distributions Py, P; was systematically studied by Kullback and Leibler
[38], Gelfand et al. [22] and others who recognized its importance in information
theory, statistics and probability theory. Rényi [57] introduced a class of measures of
divergences of distributions Py, P; with properties similar to Ky (P, P;) and containing
K1(Po, P1) as a special case. Csiszar [11] (and independently also Ali and Silvey [1])
introduced the f-divergence

dP, dPy/d
l¢(Po, Pr) :/T;f (dP(l)de) dp,

for convex f : (0,00) — R where p is a o-finite measure which dominates Py and P;
and the integrand is appropriately specified at the points where the densities dPy/du
and dP; /du are zero.

For f(t) = tInt the f-divergence reduces to the classical Ky (Py, P1) which is some-
times denoted by (P, P;) and called information divergence or Kullback-Leibler di-
vergence. For the convex or concave function f(t) = ¢*, s > 0, we obtain the so-
called Hellinger integrals Hy(Py, P1) which are related to the divergences Ry (Fo, P1)
of Rényi [57] by Rs(Py, P1) = (s — 1)t InHg(Py, P1). Note that the divergence mea-
sures In Hy (P, P1) were considered for 0 < s < 1 already by Chernoff [7] and Kraft
[37], and the special case for s = 1/2 also by Bhattattacharyya [3], Kakutani [32] and
Matusita [47]. As pointed out in LeCam [42, p. 29], the expression Hs(Py, P;) does
not seem to have been considered by Hellinger. He considered integrals of the type
f %}‘j& for Py and P, dominated by p. Similar developments were given by Riesz
[60] and by Dieudonné [18] for general “homogenous functions of measures”.

Among the f-divergences one can find also the basic divergence measures of prob-
ability theory and statistics, such as the total variation ||Py — Py|| for f(¢) = |t — 1|
and the Pearson divergence x2(Py, P;) for f(t) = (t — 1)2.

Statistical applications of f-divergences were considered e.g. by Ali and Silvey [1],
Csiszar [11}, 12], Nemetz [49], Arimoto [2], Vajda [68, [70] and many others. Decision-
theoretic applications can be found e.g. in [35], [50], [56], [41], [9], [66], [65] and
Fedotov et al. [17]. Information-theoretic applications of f-divergences were studied
e.g. in [31], [64], [6], [13], [], [29], [25], [10] and [14].

Due to the growing importance of divergences in information theory, statistics
and probability theory, each possibility to simplify or extend the general theory of
f-divergences deserves attention. The first half of this paper is devoted to a consid-
erably simplified derivation of the most important basic properties of f-divergences.
The classical approach to these properties is based on the stability of the Jensen
inequalities for the expectation and the conditional expectation. These inequalities
are quite convoluted if they are rigorously established for all desirable functions f, cf.
[12] and [45]. The approach of this paper is based on an extension of the classical
Taylor formula to all convex or concave (not necessarily differentiable) functions f.
The second derivative of f is replaced by a o-finite measure one-one related to f —f(1).
The support of this measure is given by the areas where f is strictly convex.

In the first section of this paper we collect more or or less known properties of
convex functions and establish the new generalized Taylor expansion that will be
systematically used in the sequel.
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f-divergences are introduced in Section |2 and discussed for special convex func-
tions f in order to demonstrate that this type of functional covers many important
divergences from different areas of probability theory, mathematical statistics and
information sciences. The main result of this section is an integral representation
of f-divergences. In this representation the Bayes’ errors corresponding to different
priors are weighted according to the curvature measure of the convex function f. This
representation allows us to prove the information processing theorem for f-divergences
and the continuity of f-divergences (approximability by f-divergences on finite sub-o-
algebras) in a much simpler way than was achieved in the previous literature.

The integral representation of f-divergences allows a simple discussion of the sta-
bility in the information processing theorem. The curvature measure of the convex
function f plays a crucial role in this respect. Our approach allows a unification of
different characterizations of the sufficiency of a statistic. These characterizations
are the classical factorization theorem of Neyman, the information-theoretic charac-
terization of Csiszar [12], the characterization by the testing problem which is due
to Pfanzagl [55] and the characterization with the help of the variational distance
which was established by Mussmann [48] and Torgersen [66]. When dealing with the
sufficiency of a statistic one compares the original model with the model reduced by
the statistic. More generally, in decision theory the statistical models are related
by means of a less known tool called e—deficiency and the related so-called concave
function criterion. Using the integral representation we show that this criterion is
equivalent to a comparison of certain f-divergences. This equivalence characterizes
the meaning of f-divergences in statistical decision theory by connecting the dissim-
ilarity of statistical models specified by f-divergences with basic decision-theoretic
concepts.

In the last section we apply Hellinger integrals to establish the exponential rate
of convergence to zero for testing a simple null hypothesis versus a simple alternative
if the sample size tends to infinity. This leads to the results known in the literature
as theorems of Chernoff and Stein. It also allows us to find the exponential rates for
a classification problem and obtain in this manner the results of Krafft and Puri [36]
in this area.

2 CoONVEX FUNCTIONS

We introduce and study classes of distances in the space of probability distributions
which originated from different roots. Some of them were introduced in informa-
tion theory to describe the amount of information or the amount of uncertainty in
a random sample. Others are information functionals obtained by investigating the
rate of convergence of error probabilities when the sample size tends to infinity. Still
others resulted from the Cramér-Rao inequality and its generalizations. Hellinger in-
tegrals are the Laplace transforms of loglikelihood ratios and thus completely describe
the structure of binary statistical models. Information functionals were also used to
characterize the sufficiency and the approximate sufficiency of a statistic.

First we summarize well-known properties of convex functions which will be used
in the sequel. A function f : (0,00) — R is called convez if for every x, z € (0,00) and
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0 < a <1 we have,
(2.1) flax + (1 — a)z) < af(z) + (1 — a)f(2).
If f : (0,00) — Ris convex and 0 < z < y < z then, for a = (z —y)/(z — x),

f(y) = f(z) _ F2) = @) _ f(:) = F(w)

2.2
(22) y—x z—x z—y

The properties of convex functions stated in the next lemma are known. For the sake
of completeness we give their short direct proofs.

Lemma 2.1. Every convex function f : (0,00) — R is continuous in (0,00) and has
at each x € (0,00) a derivative from the left D~ f(x) which is left continuous and a
derivative from the right DVf(z) that is right continuous. These derivatives satisfy
for all0 < a < b < o0, the relations,

(2.3) f(b) — f(a) > (b —a)D*f(a),
D~ f(a) < D*f(a) < D f(b) < DTf(b)

(2.5) £(b) — f(a) = / " D t(s)ds = / " Dt(s)ds.

Proof. The continuity is implied by the existence of the one sided derivatives which we
deduce from (2.2). Namely, the second inequality in (2.2)) implies that the difference
quotient is nondecreasing in the increment so that the derivative from the right exists
and satisfies (2.3). The proof of the existence of the left hand derivative and of (2.4))
is similar. The monotonicity follows from (2.2). To prove the right continuity, add
en | 0toa and bin (2.3) and get, for a < b, the relation (b—a) t[f(b+e,) —f(a+e,)]
> Dtf(b+ey). If first n — oo and then b | a we get DTf(b) > lim,, oo DTf(b+&,,).
Since D™f is nondecreasing, this gives the right continuity. The left continuity of D~f
is proved similarly. Finally, the inequality (2.2) yields

(2.6) D f(u) < flv) = £(u)

< DTf(v), 0<u<uw.
v—u

For h,, = (b — a)/n we get from (2.6))

n

b a+ihgy, n
/ D (s)ds = Z/ D*f(s)ds <Y hoD™f(a+ihy,)

i=1 7 at(i—1)hn i=1

> [f(a+ (i + Dhn) = f(a+ ihn)] < F(b+ hy) = fa+ ha),
i=1

and analogously f; D*f(s)ds > f(b— hy,) — f(a — hy,). The continuity of f completes
the proof. i
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The statement (2.5) implies that the limits lim,|o f(2) and limgje f(2) exist. We
extend f by setting f(0) = lim, o f(x) and f(00) = limg1eo f(2), where f(0) may attain
the value co and f(oco) may attain the values —oo or co.

As DTf is continuous from the right there is a uniquely determined o-finite mea-
sure ¢ on the Borel sets of (0, 00) that satisfies, for every 0 < a < b,

(2.7) Ye((a,5]) = D*(b) — D*f(a).

If f is twice continuously differentiable then D*f = f’ and this function is continuously
differentiable so that,

D*f(b) — DV f(a) = /

a

b
(), and ~(B) = / £ (1) dt.
B

Therefore ~; can be viewed as a measure of the curvature of f. We use this curvature
measure to establish a generalized second order Taylor expansion.

Lemma 2.2. Iff: (0,00) — R is convex then, for a,b > 0,

SO —=t)I@p(t)ve(dt) if a<b
2.8)  f(b)—f(a) — D*F(a)(b—a) =
St =) (t)re(dt) if b<a.

Moreover, the function,
(2.9) fo(z) = f(z) — f(1) — (x — 1)DTf(1)
has the representation,

(@ =t Ax) 1 o) (t)ye(dt)  if x>1
(2.10) fo(z) =
J(t =t Ax)Igq)(t)ve(dt) if 0<z<l1.

Proof. For a < b we have, from (2.5) and the theorem of Fubini,

b
f(b) — f(a) — D*f(a)(b—a) = / (D" f(s) — D" f(a))ds

- / (/ I(“vb](S)I(ms](t)’w(dt)) ds

~ [ = Dl on(ar).
By interchanging the role of a and b we get, for a > b,
f(b) — f(a)—D*f(a)(b— a)
= —(f(a) — f(b) — DFf(b)(a — b)) + (DT f(a) — DTf(b))(a — b)

- / (a— )Ty (E)1e(dt) + / (a— )0 ()e(d)
- / (= )y (D)e(dt).
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The statement (2.10) follows from (2.8) as fo(1) = D*fo(1) = 0. I

A convex function f is said to be strictly convex at xo € (0,00) if for no € > 0 the
function f is linear in (zg—¢, xo+¢). It is called strictly convez on (0, 00) if it is strictly
convex at every zg € (0,00). The representation (2.8) shows that f : (0,00) — R is
strictly convex at zo € (0,00) if and only if v ;((zo — €, 20 +¢)) > 0 for every € > 0.
If f is twice continuously differentiable and f”(z) > 0, 0 < 2 < oo then the function f
is strictly convex on (0, c0).

We inspect the function fp in (2.9)) in more detail. The representation (2.8)) shows
that fo(x) > 0 and

(2.11) f is strictly convex at 1 <= (A) V (B), where

(A) fo(z)>0for0<a <1
(B) fo(z) >0forl <z <oo.

For later purposes we define the *-conjugate function by,

(2.12) F(2) = of (1> . x>0

T

If f : (0,00) — R is convex, then f* : (0,00) — R is convex as well. Indeed, for
0<a<land0<z <x2, g =axy + (1 — a)zs,

(2.13) £* (o) = wof (1)

o T1 o xTo

< xoﬂf (1) + xoi(l — a)ng (1>
X0 X1 Zo T2
= of*(z1) + (1 — a)f"(z2).

Furthermore, it follows from the definition of f* that,

(F) =f, £(0) = lim ~f(z),

r—00 I

where f*(0) € (—o00, o0]. For later purposes we need also the boundary values f(0) and
f*(0) expressed in terms of the curvature measure ;¢ as follows.

Lemma 2.3. The following result holds:

(2.1 i (2) = 7((1,00) + D),
(2.15) li f(2) = / Ho 1) (8)(db) + F(1) = DH(1).
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Proof. Tt is enough to consider the function fy defined in (2.9). The representation
(2.10), the monotone convergence theorem and ¢ = ¢ give

tim o) = Tim [ 21 (1)~ B ) = 3((1, 00))

T—00 I T—00
tim o) =i [ Loy (O — 2, (d0) = [ Lo (@ere(a)

3 f-DIVERGENCES AND RELATED DISTANCES

Now we introduce a general class of information functionals. Let Py, P; be probability
measures defined on (X, ) which are dominated by the o-finite measure p and denote
by po and p; the respective p-densities, i.e. let

dPy and dPy
= —— an = —.
Po dp p1 dp

Definition 2. For every convex function f : (0,00) — R the functional,

B2 WP = [ oo/p0pLpsopeods
+f(0)Py(po = 0) + f*(0) Py(p1 = 0)
is called the f-divergence of Py with respect to P;.
The right hand term is well defined because f(0), f*(0) > —oo and the inequality
(2.3)) implies,
f(po/p1) L 1py>01p1 = F(L)p1 + (DTF(1))(po — p1)-

As the right hand function is integrable we see that the integral in (3.1) is well defined
but may take on the value +oo. Note that P;(py = 0) and Py(p; = 0) are the weights
of the singular parts of P and Py with respect to Py and P, respectively. They are
independent of the special choice of the dominating measure u. This follows also for
the integral in (3.1) by the chain rule of measure theory. Therefore the definition of
l¢(Po, P1) is independent of the special choice of p.

The functional l¢(Py, P1) — f(1) depends only on the nonlinear part of f in the
following sense.

Proposition 3.1. If g(x) = f(z) + ax + b then,
(3:2) l¢(Fo, Pr) — f(1) = Ig(Po, P1) — g(1),

and, for g =fo from (2.9), we have l¢(Py, P1) — (1) = l¢, (Po, P1).
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Proof. By the definition of l¢(Py, P;) in (3.1),

lg(Po, P1) := /g(Po/pl)Plf{po>o,p1>o}dM
+g(0)Py (po =0) +g"(0) Py (p1 = 0)

:/f(pO/pl)pl-[{po>0,p1>0}d/~L+/a(pO/pl)pl‘[{l)o>0,p1>0}d/~L

+ / bplj{p0>0,p1 >0}dl’t

+ (f(0) + ) P1 (po = 0) + (f*(0) + a) Py (p1 = 0)
=l¢(Py, 1) +a+b,

so that |f(P0,P1) - f(l) = |g(P07P1) — g(].) I

Although the functional l¢(Py, P1) does not satisfy the axioms of a metric for
general f, it has several properties that allow us to interpret this functional as a
“distance measure”.

Proposition 3.2. For every convex function f we have l¢(Py, P1) — (1) > 0, with
equality for Py = Py. Iff is strictly convex at xg = 1 then l¢(Py, P1)—f(1) = 0 implies
Py = Py. Moreover, the functional l¢« is conjugate to ls in the sense that,

(3.3) l¢(Po, P1) = lg= (P1, Py),
so that gy« (Po, P1) = l¢(Po, P1) + l¢= (Py, Py) is symmetric in Py, Py.

Proof. The function fy is nonnegative so that the expression, l¢, (P, P1) = l¢(Po, P1) —
(1), is nonnegative as well. If Py = P; then py = p; p-a.e. and Py(pg = 0) = Py(p1 =
0) = 0 so that the integral on the right hand side of (3.1) has the value f(1). Assume
now that f is strictly convex at x¢g = 1. In view of Proposition [3.1] it is sufficient to
consider fy. By (2.11)) fo(z) > 0 for every = > 1 or fo(x) > 0 for every 0 < = < 1.
Assume the first condition holds, then fo(xz) > 0 and l¢(Py, Py) — f(1) = 0 together
with (3.1)) for f = fo show that u(pg > p1) = 0. This implies,

0= /(p1 —po)dp = / (p1 — po)dp,
{p1>po}

and, therefore, pu(p; > pg) = 0. Hence p(p; # po) = 0 and P, = Py. The case when
fo(z) > 0 for every x > 1 is similar. The statement (3.3) is an immediate consequence
of (2.12) and (3.1). 1

l¢(Po, P1) — f(1) does not satisfy the triangular inequality and is not symmetric
in (Py, P1), in general. From Definition 2] it follows that the symmetry in (P, P;)
holds if f(x) = f*(z) := 2f(1/z). To keep the notation simple we will use the symbol
l¢(Po, P1) also if f is concave. The next display presents special parametrized classes
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of functions which are either convex or concave and provide well-known information
functionals.

f l¢(Po, P1)
X, =lz*—1]7 ifo<s<1 xs(Po, P)
X =lz—1] if1<s< o0 X°(Po, Pr)
S ifs£0,#1
(3.4) hy = { T i;:: o H,(Py, P)
) i s 0, £ 1
ke = zlnz—z+1 ifs=1 Ks(Po, P1)

—Inz+x—-1 ifs=0

gr =7ANQ—-7m)—(me)AN(1—-7),0<7 <1 | Gr(Po,Pr)

The functionals x*(Py, P1) were called x®-divergences in [68]. The particular
2 (p1 — po)?
(3.5) X~ (Po, P1) = Tf{p1>o}du + ooPy(p1 =0)

is the well known y2-divergence. Furthermore, X%(PO, Py) = [(yPo — \/pT)Qdu is the
squared Hellinger distance,

(3.6) D(P,, Py) = [/(\/]T—\/Efdu

It is clear that D(Pp, P1) is a metric on the space of all distributions since it is the
Lo (u)-distance of the roots of the densities. For s = 1 we get the variational distance,

(3.7) XM (Po, P) = / i1 — poldu = | Po— P,

which is a metric on the space of all distributions as well.

Since one has often to approximate one statistical model by another in the strong
sense of variational distance, then inequalities relating the variational distance || Py — Py ||
to the better tractable Hellinger or Kullback-Leibler distance are useful. Such in-
equalities were applied in different areas of probability theory, information theory,
and statistics, and thus were independently established by various authors, see [49],
[31], [67], [40], [63], [58], [30] and [17].
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Proposition 3.3. The following results hold.

[SE

D*(Py, P1) < ||[Py — Pi|| < [4— D*(Py, P1)]? D(Py, P1) < 2D(Py, P1),
(3.8) D2(P0,P1)§2(1—BXP{—;|(P07P1)}>,
(3.9) [Po — Pil < 2v/1(FPo, P1).

Proof. The first inequality follows from (\/a; — \/az)? < |a; — aa|. To prove the
remaining two, let us start by applying the Schwarz inequality to

Ipo — p1] = [v/Po — /P1l [v/Po + /D1l
and obtain,

/Wpﬂ Vil du = 4 - D*(Po, P1) < 4.

To get (3.8) we may assume Py < P as otherwise Ky (P, P1) = oo and the inequality
becomes trivial. But if Py <« P; then (3.1) implies |(Py, P1) = Ep, In(dPy/dP1). By
the convexity of the exponential function and Jensen’s inequality,

D2(Py, Py) =2 (1—/\/ﬁdu>

= 2(1 — Ep, (dPy/dPy)~'/?)

_9 (1 —Ep, exp {_; ln(dPo/dPl)}>
<2 (1 —exp {—;Epo ln(dPO/dPl)}> .

The last statement follows from 1 — exp{—a} < x, z > 0. I

The inequality |[|[Po — Pi|| < e/Ki(FPo, P1) with some constant ¢ was indepen-
dently established by many authors and has a long history, see [17] where one can
also find improved bounds. An important application of inequality (3.9) can be found
in [58], where the following result has been established.

Proposition 3.4. The Hellinger distance and the variational distance of the binomial
distribution and the Poisson distribution satisfy,

D(B(n,A\/n),Po(\) < V3\/n  and
[B(r, A/n) — Po(A)[| < 2A/n.
These inequalities imply, as a special case, the well known convergence of B(n, A/n)

to Po(A) for fixed A. But they also allow an approximation of the binomial distribu-
tion B(n,p,) by Poisson distributions if p,, tends to 0 at a lower rate than 1/n. For
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applications and extensions of Proposition 3.4 to binomial processes and curve esti-
mation we refer to [59]. Other applications of the inequalities in Proposition [3.3| can
be found in [27] and in [44], where Hellinger integrals of distributions of stochastic
processes have been evaluated and used to examine the variational distance between
such distributions.

The functionals My (P, Py) are termed Matusita distances and have been intro-
duced in [47] and reintroduced by many authors, cf. [26]. A closer look at the families
X*(Po, P1), Ms(Po, P1), Hs(Po, P1) and Ks( Py, Py) reveals that they intersect at several
important special cases and contain many well known functionals. First of all, notice
that the functionals x*( Py, P1), Ms(Py, P1), Hs(Py, P1) and K4 (P, P;) are symmetric
in (Py, P1) for s = 1/2 in each family. The functionals,

fpgpfsf{ppo}du +ooPi(pp=0) if s<0,

[ pip1*dp if 0<s<l,
(3.10) Hs(Po, P1) = )
Jpep1 Ip,>0ydp + 0Py (pr = 0) if 1<,

1 if s=0orl,

are called Hellinger integrals and are mainly used in the literature for 0 < s < 1. For
some purposes their extension to s < 0 and s > 1 is useful. These extensions are
f-divergences but for 0 < s < 1 they are f-divergences only up to the sign because the
functions hg are concave when 0 < s < 1.

In general, f-divergences or simple transformations of them do not satisfy the
axioms of a metric. The reflexivity l¢(Py, P1) = 0 if and only if Py = P; is easily
obtained for f strictly convex at ¢t = 1, see Proposition 3.2, The symmetry l¢(Py, P1) =
l¢(Py, Py) holds for f = f*. If this equality is not fulfilled we could turn to f=f+f
The main problem is the triangular inequality which can be verified only for special f.
Examples are the Hellinger distance and the variational distance. The next example
contains another class of divergences that satisfy the triangular inequality.

Example 6. The functional
o 1 1/ 1/a]¢
AQ(PO,Pl)—i [po +py ] du—1, 0<a<l1

was introduced by Osterreicher and Vajda [53] who proved that it is an f—divergence
satisfying the triangular inequality. Since this divergence was motivated by a previous
work of Arimoto [2], it was called the Arimoto divergence by these authors.

From (3.4) and (3.10) we see that,

1
(3.11) Ks(Po, P1) = m(l—Hs(Po,Pl))7 s#0,8 #1,
(3.12) Ki(Po, P1) = / [ln z(j Itp,>0ydPo + 0o Py(p1 = 0),
(313) 2K2(P07P1):HQ(Po,Pl)—1:X2(P0,P1).
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Since ks(x) > 0, by construction we get 0 < Ks(FPp, P1) < oo. As mentioned above,
K1(Py, P1) is sometimes called the Kullback-Leibler divergence.

We illustrate by examples that Hellinger integrals, and consequently the diver-
gences Ks(Py, P1), can be explicitly evaluated for a large variety of distributions that
are important in statistics. We consider the class of exponential families which plays
a central role in mathematical statistics. Let (X,2) be a given measurable space and
T : X — R? be a statistic. For any o-finite measure p we put

A= {9 : /exp{(&T)}d,u < oo} C RY,
K(0) =1In (/ exp{(@,T}}d,u) . feA.

If0 <a<1and 61,0s € A then Hélder’s inequality yields

exp{K (ab; + (1 — a)b2)} = /exp{(oz&l, T)} exp{{(1 — )02, T)}du

< </exp{<91,T>}du>a (/GXP{<927T>}C;H)1_“

=exp{aK(0;) + (1 — a)K(02)}.

This means that the set A is convex and that the function K is convex. Further, for
every 0 € A,

(3.14) Py(A) = /A exp{(0,T) — K(0)}du, Ac2

is a probability measure on (X,2l), and the family of distributions (Pp)gea is called
an exponential family with generating statistic T and natural parameter space A.

Example 7. Assume that Py,0 € A C R? is an exponential family with natural
parameter § € A and generating statistic T : X — R®. The p-density of Py is then
given by pg = exp{(T,0) — K(0)}. Consequently, (3.10) implies, for all s and 01,65 €
A satisfying s61 + (1 — s)02 € A and s # 0,s # 1, that,

(315) Hs(P917P92) = /p;lpéz_sd/l

=exp{—(sK(01)+ (1 — s)K(02) — K(s01 + (1 — s)02))}.

Due to the convezity of A, the condition s61 + (1 — s)f2 € A is fulfilled by 0 < s < 1.
To calculate the Kullback-Leibler divergence Ki(Py,, Py,) we note that, by (3.1) and

the fact that Py, and Py, are measure theoretically equivalent and Eg,T exists for
91 € AO,

Kyi(Py,, Py,) = Eg, m% = —K(01) + K(05) + Eg, (T, 0, — 05)
= <E91T,91 —92>—K(91)+K(92), 91 EAO,GQ c A.
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It is well known, see e.g. [5], that the moments of T can be calculated by taking the
derivative on both sides of the identity,

(3.16) [exolto.1) ~ K(0))du =1,

where on the left hand side the derivative can be carried out under the integral sign.
This yields EgT = VK (0). Together with (3.15) we get,

Ki(Py,, Po,) = (VK (01),01 — 02) — K(01) + K(02)

— Jim sK(01)+ (1 —s)K(f2) — K(s61 + (1 — 8)62))
s—1 3(1 _S)

= lim (1 —Hs(Py,, Fy,))
s—1 3(1 _ S) .

A similar statement holds for s = 0.

The family {N(u, o) ueR,0? > 0} of normal distributions is an exponential
family on the real line so that we could obtain the corresponding Hellinger integrals
by applying (3.15). In this case, however, a direct calculation is simpler. Let o2
be the density of the normal distribution then,

(317> HS(N(MDO’%)?N(M%U%))
— [ i, el @

1
2(1-s) 2 z 2
1 _
90 | g {—3(1 ) gm 1) i } .
so5 4+ (1 — s)o? 2 so5+ (1—s)o

Further, by (3.12),

Ki(N(ar, 02) NGz 03) = [ 02 (@) 10 (0, 02 (2)/ 0, 03() ) de

M\H\

(3.18) = (01/03 =1 =1In(01/03) + (11 — pa)?/03).

Similarly, for —oo < s < 00,
(3.19) Ho(Po(A1), Po(X2)) = exp{AAS ™ — sA; — (1 — s)Aa},

for the family of Poisson distributions {Po(\) : A > 0}.

To give a statistical interpretation of the f—divergences G, (P, P;), introduced for
0 <7 <1in (3.4), we consider the problem of testing the simple null hypothesis Hy :
Py versus the alternative H; : P;. A statistical test ¢ is then a measurable mapping
© : X —[0,1] where the value ¢(z) represents the conditional probability of rejecting
Ho when the observation is z. Consequently, [ ¢dP, is the probability of rejecting Ho
when Hy is true, called the error probability of the first kind. Similarly [(1 — ¢)dP;
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is the probability of rejecting H; when H; is true, called the error probability of the
second kind. The mix,

ﬂ/gdeo-l-(l—ﬁ)/(l—cp)dPl

of the error, probabilities taken for the prior probability of the hypothesis 0 < 7 < 1,
is the Bayes’ error probability or the Bayes’ risk. Each test which minimizes the
Bayes’ error probability is a Bayes’ test. Next we present a well known result on the
Bayes’ test and the minimal Bayes’ error probability.

Lemma 3.5. In the binary model (X, A, {Py, P1}) the test o : X — [0,1] defined by

1 if cpo <pr
(3.20) g =« arbitrary if cpo=p1 ,
0 if cpo = p1

s

for ¢ = {7, is a Bayes’ test and the minimal Bayes’ error probability,

b (P, P1) = inf (w [etr+a-m [a- @)dP1>
s given by,
(3.21) bu(Po, 1) = [ (xpo) A (1 = m)ps ),

where 1 is a o-finite dominating measure and p; = dP;/dp.

Proof. We have,
w/pdpo +(1—mn) /(1 —@)dP, = /(wpo + (1 =m)(1 = @)p1)dp
= =m)+ [ elm = (- mpr)d
The right hand side becomes minimal if we set w5 =1 if wpy < (1 — 7)p1, pg = 0 if

o > (1 — m)p1 and let g be arbitrary if mpy = (1 — m)p;. The Bayes’ error of this
test is given by,

/ (om0 + (1 — )(1 — pp)pr)du = / (mp0) A (1 — m)p1)dp.

We see from (3.21) that the minimal Bayes’ error probability is related to the
divergence G (Pp, P1) defined by means of g, in (3.4) as follows:

(322) G.,T(P(),Pl) = Ig-n (P07P1) =7 AN (1 - 7T) - b.n-(Po,Pl).
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The functional G;(Py, P1) admits the following interpretation proposed by De
Groot [15, [16]: the first term 7 A (1 — 7) is the minimal Bayes’ error probability
that can be achieved before the observation in the model {P,, P1} is made and the
second term b, (Py, P;) is the minimal Bayes’ error probability achievable after this
observation is made. The non-negative difference G, (P, P1) between these two errors
thus represents an information gain achieved by taking the observation.

We will show in the next theorem that l¢(Py, P;) — f(1) is a superposition of the
information gains G (Py, P1) with respect to a curvature measure pf on (0,1) defined
by,

(3.23) w(B) = [+ 0t (1;) ().

The measures pf and ¢ satisfy, for every measurable h : (0,1) — [0, 00), the relation,

(3.24) [ nmodan) = [ on ()t

We denote by,

(3.25) Sp, =1z €(0,1): pf(xr —e,2+¢) >0 foralle>0}
the support of the measure ps.

Theorem 3.6. For every convez function f : (0,00) — R and arbitrary distributions
Py, Py we have,

(326) |f(P0,P1) 7f(1) == 0.1) Gﬂ(Po,Pl)pf(dTr).

Corollary 3.7. The following holds.

dr, —o00<s< o0,

G (Po, Pr)
Ks(Py, P1) = —_—
(Fo, P1) /(0’1) (1 — 7)iFsg2=s

H.(Py, 1) = s(1 _5)/ b (Po, P1)

(0,1) Wdﬂ—v 0<s<l.

Proof. Due to the invariance property (3.2), the left hand term in (3.26) remains
unchanged if f is replaced by fo in (2.9). As ¢ = 74, , the right hand term also remains
unchanged. Hence we may assume f(1) = DTf(1) = 0 without loss of generality. We
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see from (2.10)) that,

/I(o,oo)(Po Apr)f (i?) dP,

- / ( / Tt.00)(8)(Po — (tp1) A po) + Loy (6)(tp1 — (tp1) Apomf(dt))
X I{po/\lh >0}d/’6

- / (Po(pr > 0) — (1 + D)byy 0y (Po. Pr)) 1o (£ (dt)
+ / (tPy (po > 0) — (1 + Dby a0 (Po P)) 0.1y (6)75(dt):

Now we use (2.14) and (2.15) to obtain,
(P02 = [ a1 = (14 Db (Pos POe(d)
+ [ Lo ®(t = (14 010110 (Pay Pl

1 t
= /I(O,oo)(t)(l +1t) <1+t A T b1 /(141 (Po, Pl)) Ye(dt).

To complete the proof of the theorem we need only employ (3.22) and (3.24). In order
to prove the corollary we use ky(z) from (3.4), then v, (dz) = x°~2dz and hence, for
every Borel set B C (0, 1),

P (B) = /IB <1it> (1+ )t 2dt = /[B(Tr)(l — )25

which proves the first statement of the corollary. For the second statement, we use,
5(1—5)/ (TAQ=7)1—n)2r "%dr =1, 0<s<l,
(0,1)

and (3.11). n

The representation of the f-divergence in Theorem 3.6 was established by Osterreicher
and Feldman [51] for twice differentiable functions f, and by Torgersen [66] for the
special case of Hellinger integrals. Extensions of these representations were stud-
ied later by Guttenbrunner [23] and Osterreicher and Vajda [53]. We see that this
representation connects the concept of the distance of distributions measured by the
f-divergence with decision theoretic concepts represented by the minimal Bayes’ prob-
ability of error.

We now establish the monotonicity property of f-divergences. The basic idea is as
follows. Suppose we are faced with two distributions Py and P; and employ a statistic
T for data compression. By doing so we are aware of the fact that the distance
between Py and P; may be reduced, in the sense that it is harder to distinguish
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between PyoT ! and P, oT~! than between Py and P;. The question then arises as
to how much information has been lost, and how to quantify it. An answer is given by
the monotonicity theorem (also called the data processing theorem, see [12] or [10])
which is the next object of our interest.

Consider the binary statistical model M = (X, 2, { Py, P1}), suppose that (), B)
is another measurable space and that K : 8 x X — [0,1] is a stochastic kernel from
(X,2) to (V,B). We obtain the reduced model N' = (¥, B,{Qo, Q1}) for Q; = KP;
defined by,

(KP,)(B) = /K(B|x)B(dx), Be®.
It is intuitively clear that the model N is less informative than M as it is harder to
distinguish between KF, and KP; than between Py and P; and we can anticipate the
inequality l¢(KPy, KPy) < l¢(Py, P1). This inequality is the content of the following
theorem that goes back to Csiszar [11]. Preparatory to this theorem we study the
information gain G (Fp, P1) in (3.22). For any test ¢ : J — [0,1] in the reduced
model N we get,

[ear = [ ot ([ caorn) = [ ([ ewriai) s

where z — [ ¢(y)K(dy|z) is a test in the original model M. As b, (KP,, KPy) is the
minimal Bayes’ error in the testing problem Hg : KFPy versus Hy : KP; we obtain,

G (KPy, KPy)

= sup <7r A(l—m)— W/cpd(KPo) —(1-m) /(1 — cp)d(KP1)>

gs:lpp(71'/\(1—ﬂ')—ﬂ'/deO—(l—ﬂ)/(l—w)dP1)7

where the supremum is extended over all tests for M on the right hand side. Hence,
(3.27) Gr(KPy,KPy) < G (P, Pr).

This inequality says that the information gain decreases when observation is taken in
the reduced model. Now we are ready to formulate the main result of this section,
the so called information processing theorem.

Theorem 3.8. If (X,2) and (Y,B) are measurable spaces and K : B x X — [0,1] is
a stochastic kernel, then for Py, Py € P() and every convez function f: (0,00) — R
we have,

(3.28) I¢(KPo, KPy) < I¢(Py, P).
If
(3.29) bﬂ-(KIDQ7 KPl) = bﬂ-(P(),Pl), 0<nm<1
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then l¢(KPy, KPy) = I¢(Po, P1). Conversely, if l¢(KPy, KPy) = l¢(Po, P1) < oo then,
(3.30) by (KPy, KPy) = b (Po, P1), ™€ Sy,

where S, is the support of pg in (3.25).

Corollary 3.9. If T : X — ) is a statistic then,

lf(PooT 1, PLoT™Y) < I¢(Py, P1).
For strictly convez f and |y(Py, P1) < oo the equality holds if and only if
br(PooT ™, PLoT ) =b,(Py,P), 0<7<l.

Proof. The inequality (3.28) follows directly from (3.27) and Theorem [3.6/ where
equality holds if (3.29) is satisfied. Suppose now, l¢(KPy, KPy) = l¢(Py, P1) < 0o, then
by Theorem (3.6,

0=1¢(Py, P) — l¢(KPy, KPy) :/[b,r(KPO,KPl) — by (Py, Py)] pe(dr).

The integrand is nonnegative in view of (3.27). Consequently,
(331) pf({ﬂ'! bﬂ—(KP(),K.Pl) 7& bﬂ—(P(hPl)}) =0.

It follows from the Lebesgue theorem and (3.21) that the function 7 — b, (P, P;) is
continuous. As P; are arbitrary, we may replace them by KP; obtaining that 7 —
b (KPy, KP;) is continuous too. This implies the continuity of = +— b, (KPy, KPy) —
br(Po, P1). This continuity, in conjunction with the definition of the support S,
implies br(KFPy, KPy) = b (P, P1) for all 7 € S, , which completes the proof. The
corollary follows from the fact that measurable mappings are special kernels. i

There are many approaches to reduction of a large sample Xy,...,X,. One of
them is to use a partition p = {A;,..., A, } of the sample space X and to replace the
observations by the relative frequencies of these observations in the partition cells.

Here, and in the sequel, a partition p means a collection {Ay,..., A,}, of subsets of
X such that,
(3.32) A;edd, AnNA;=0 for i#j and AU---U A, =2X.

Instead of the original sample space (X,2l) we now use the sample space (X, c(p)),
where o(p) is the algebra generated by the partition p. Assume now that we have
an increasing sequence of partitions p,, so that the sequence of o-algebras 2(,, gener-
ates 2, then we can approximate 2(-measurable tests by 2(,-measurable tests. We,
therefore, achieve the minimal Bayes’ risk approximately, registering the cells visited
by observations instead of the observations themselves, provided n is large enough.
Denote by P the restriction of P; to the sub o-algebra 2,,.

Lemma 3.10. IfA; C2As C --- is a nondecreasing sequence of sub-o-algebras of A
which generates A then Gﬁ(POQl”,Pf‘") 1 Gr(Po, P1).
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Proof. The monotonicity follows from (3.27). Set P = 1(Py + P;) and consider the
densities p; = dP;/dP, i = 0,1, as random variables on (X ,A, P). The conditional
expectation p; , = Ex(p;|2,) with respect to P satisfies, for every A € 2,

/ Ep(ps|2,)dP — / pidP = PP (A),
A A

iQ’[n .
which implies p; , = dPiQI” /dP~". Hence, by the Martingale convergence theorem
of Levy, see [33], Ep|lpi — pin| — 0, as n — oo. Using the elementary inequality
la ANb—cAd| <la—b|+|c—d| we arrive at the relation,

/ |(mpo) A (1 — m)p1)dP — (mpo.n) A ((1 — 7)p1n|dP — 0, asn — oc.

Combining this statement with (3.21) we get by (Pa", P2") 1 by (Py, Py). The desired
result is clear from here and (3.22). 1

Theorem 3.11. If Ay C A C -+ is a nondecreasing sequence of sub-o-algebras of
A which generates A, then,

(3.33) lim Iy (P(?‘n,Pf‘n) = 1¢(Po, P), as m— oo.

n—oo

Corollary 3.12. We have,

(3.34) l¢(Py, Py) = sup Zf
Pacp

(2 A

where the supremum is taken over all partitions p with p C A and the conventions
f(%)() =0 and f(§)0 = af*(0) for a >0 are used.

Proof. The statement (3.33) follows from Lemma 3.10} the representation (3.26) and
the monotone convergence theorem. To prove the corollary we first notice that,

I¢ (P(;’(P)’Pf(l’)) — ZAEpf (i?gﬁ;) PI(A) < |f(P0,P1),

where the last inequality follows from (3.28). To show that here the equality can be
achieved by taking the supremum we set B = o(po, p1). If P® and ?% denote the

restrictions of P; and P on B then, by the definition of B, p; = dP¥/ dﬁ%. Hence
B.(Po, P1) = B.(P¥,PP®) by (3.21) and (3.22) so that I¢(P, P®) = I¢(Py, P1) by
(3:26)). As the open intervals (a,b) with rational endpoints generate the o-algebra of
Borel sets of the real line and the complete images of (a,b) under py and p; generate
B, we see that B is countably generated. This means that we find a nondecreasing
sequence of algebras 2, that generate B. If p,, is the system of atoms of 2, then p,,
form a nondecreasing sequence of partitions with 2,, = o(p,,). The rest of the proof
follows from (3.33)). N
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4 f-DIVERGENCES, SUFFICIENCY AND £—DEFICIENCY

If a model M = (X, 2, (Py)gea) is given and (Y, B) is a measurable space then a mea-
surable mapping T : X — ) is called a statistic and the model N' = (¥, B, (Qg)oca)
with Qg = Py o T~ ! is said to be reduced by the statistic 7. Recall that the statistic
T:X — ) is said to be sufficient if for every A € 2 there is a function k4 : Y — R
with the property,

(4.1) Eg(IA‘T) = kA(T), Py-a.s., 0 A.

The statistic T is called pairwise sufficient if it is sufficient for each binary model
(X, A, {Py,, Py, }),01,02 € A. It is well known, see e.g. [63], that for dominated
models a statistic T is sufficient if and only if T is pairwise sufficient.

The independence of the conditional probability on the parameter 6 extends easily
to the independence of the conditional expectation of any random variable. Suppose
that S : X — R is a random variable with Ey|S| < 00,8 € A. If T is sufficient, then
there is some measurable function kg : 7 — R such that,

(4.2) Eg(S|T) = ks(T), Py —a.s., 0 e A.

The independence of the conditional probabilities of the parameter was historically
the starting point of the concept of sufficiency. This concept can be traced back to
Fisher [11] who considered a statistic T to be sufficient if the conditional distribution
of any other statistic S given T is independent of the parameter so that T contains
the complete information. This means that if the value T = t is observed then
the knowledge of the value x leading to the observation t contains no additional
information about the parameter.

As pairwise sufficiency and sufficiency are equivalent for dominated models, in the
sequel we deal only with binary models. Let M = (X, 2, {Py, P1}) be a binary model
(¥,B) a measurable space and T : X — Y a statistic, then N = (¥,B,{Qo, @1}),
Q; = P; o T is the reduced model. We set,

ﬁ:l(Po—f—Pl), and @:%(QO""QlL

2
dP; dQ; .

(4.3) Li:=—, and M,;:= g , 1=0,1.
dP dQ

The first consequence of the sufficiency of a statistic T' is that the hypotheses
testing problems

(4.4) Ho: Py versus H;: P and Ho: Qo versus H;p: Qi

are equivalent in the sense that for each test in one of these problems achieving certain
error probabilities of the first and second kind there is a test in the other problem
achieving the same error probabilities of the first and second kinds. Indeed, if ¢ is a
test for Hg : Qo versus Hy : Q1 then ¢(T) is a test for Hp : Py versus Hy : P; and we
obtain,

Jo@ir= [vaqu and [ -v@par = [ -v)iQ.
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Therefore, in the model {Py, P1}, we find at least as good a test as in the model
{Qo,Q1}. If T is sufficient we establish the converse statement. If ¢ is a test for the
model M then we set ¥(t) = Ep,(¢|T = t), which is independent of i according to
(4.2) and put k,(T') = (7). We then have,

(45) Ein = EPi(EPi (‘P'T)) = EP,L'%Oa

which completes the proof of the equivalence of the two testing problems in (4.4).
The densities L; and M; are related by the conditional expectation. Indeed, by
the definition of the conditional expectation and QQ = P o T~ !, for every B € B,

[ Ep(LiT = i@ = [ 1n(DERLITIP = [ 1n(T)iP; = Qu(B).
B

This implies,

(4.6) M;(y) = Es(Li|T =y), Q-as.

The next lemma studies the stability of the Schwarz inequality for the conditional
expectation.

Lemma 4.1. Let X, X; be nonnegative random variables on (2, §, P) with EX; < oo,
1=0,1. If §o C § is a sub-o-algebra of § then,

(4.7) E((XoX1)"?[S0) < (E(XolF0)E(X1/30))"/%,  P-a.s.

where the P-a.s. equality holds if and only if

(4.8) XoE(X1[80) = X1E(XolZ0), P-a.s.

Proof. Put Y; = E(X;|80), A; = {Y; = 0}, then EI4, X; = E(14,X;|80) = 0 and
Ela,E(XoX1)Y?[30) = El4,(XoX1)Y? =0,

so that both sides of (4.7) are P-a.s. zero on Ay U A;. Hence we may assume Y; > 0

P-a.s. for i = 0,1, giving E((X;/Y;)|80) = 1, P-a.s. so that the inequality (4.7) is
equivalent to,

E((Xo/Yo) (X /YD) ?[30) < 5 (E((Xo/ Yo) o) + E((X1/Y)I30).
or, equivalently,

e ((Cro/v2 - (xra/1)2) i) 0

which completes the proof. I

Now we are ready to give an information-theoretic characterization of the suffi-
ciency.
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Theorem 4.2. Given M = (X, A,{Py,P1}) a statistic T : X — Y and N =
(V,98,{Qo0,Q1}) with Q; = P, o T~ i = 0,1, the following statements are equiv-
alent

A) T is sufficient for {Py, Py},
B) L;= M;(T) P-a.s. fori=0,1,
C) (PyoT= Y PoT 1) =I(Py, P) for every convex function f,
D) (PyoT 1, PLoT ) =1¢(Py, P) < oo for a strictly convex function f,
E)  br(Qo,Q1) = by (Py, P1) for every 0 < 7 < 1.
Proof. The proof is carried out according to the following scheme

¢) - D) - E) — O
A) — E) and C) — B) — A)°

In a first step we proof the equivalence of the conditions C'), D), and E). C) — D)
is clear. D) — E) : If f is strictly convex then the support S, in (3.25) is the interval
(0,1). Hence E) follows from (3.30). E) — C) follows from (3.26)).

Now we relate the conditions C'), D) and E) to the conditions A) and B). To
prove A) — E) let pg be a Bayes test for Hg : Py versus Hy : P;. Then by (4.2) there
is some 9 such that ¥(T') = Ep,(¢p|T) Pi-a.s. Hence Eg,9 = Ep,pp by (4.5) and
therefore

br(Qo, Q1) igf(ﬁ/won +(1—m) /(1 —¢)dQ1)
w/wdczw(l—w)/(l—w)dczl

= W/(dePO +(1-mn) /(1 —@p)dP = b (P, P1).

IA

The converse inequality is trivial as the set of tests ¢ : X — [0, 1] which are functions
of T is a subset of all tests.
For C') — B) we use the strictly convex function f(t) = —t'/2. Then the condition
() reads
Hijo(Poo T, ProT™ 1) = Hyo(Po, P1).

Using (4.6) and (3.10) for s = 1/2 we see the last equality is equivalent to
Hyy2(Po, P1) = Ep(LoLn)'"? = Ep(Ep((LoL1)"/?|T))
1/2 1/2
= Ep((Ly*TER((11*|T)),
or

Ep (Ep((L*IT)ER((LY2IT)) = Ep((LoL1)/2T) ) =0
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for Lo, Ly defined by (4.3). Using Lemma 4.1l and the fact Ly = 2 — Ly which follows
from the definition of Ly and L, we get

LoE5((2 — Lo)|T) = (2 — Lo)Ep(Lo|T), P-a.s.

This together with (4.6) implies Ly = Ex(Lo|T) = Mo(T). To complete the proof
of B) it suffices to notice that 2 — My(T) = Mi(T). B) — A) : We show that
ka(T) = Ep(La|T) is a version of the conditional expectation Ep, (I14|T) for i = 0, 1.
It holds for every B € B

/ I5(T)Ep(I4|T)dP; = / I5(T)Es(I4|T)M;(T)dP
= / I5(T)Es(I4M;(T)|T)dP
= / I5(T)IAM;(T)dP = / I5(T)14dP;.

Remark 4.1. Condition B) is the factorization criterion of Neyman. The equivalence
of A) and D) is an information-theoretic characterization of sufficiency which for
general divergence goes back to [11] and for the special Kullback-Leibler divergence
back to Kullback and Leibler [38]. For the Hellinger distance this relation can also be
found in [{1]. The equivalence of condition A) and E) in Theorem /.2 is a testing-
theoretic characterization of sufficiency which is due to Pfanzagl [55], who, however,
used the a—level tests instead of the Bayes tests.

In the previous theorem we used strictly convex functions to establish the suf-
ficiency of a statistic 7. The question remains open whether this function has to
be strictly convex at each point. It is clear from the continuity of the function
m — br(P, P1) and the condition D) that we need only strict convexity at suffi-
ciently many points, say on a dense subset. An equivalent formulation is obtained if
we turn from one convex function to a family of convex functions. More precisely, let
gi(z), € Ry, t € R be any family of functions convex in the variable x. Further, let
v be any measure on the Borel sets of the real line. We assume that the following
conditions are satisfied:

(t,z) — g¢(x) is measurable,

/|gt(x)|'y(dt) < oo for every x > 0.

Obviously f(z) := [ gi(z)y(dt) is a convex function and, moreover, it follows from the
Fubini theorem that,

l¢(Po, Pr) Z/lgt(Poypl)’Y(dt)
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The idea of constructing convex functions by a mixture of a given family has been
implicitly contained in the representation of fo in (2.10). Indeed, if we put

(@) r—tAz if z>1

€T =

& t—tAx if O<ax<l1

and v = ~y then fo(z f gi(z)y(dt) by (2.10). Using the monotone convergence

theorem it is not hard to see that
D+f / D+gt

which implies v¢(B) = [ Ve, (B . From here we see that f is strictly convex at
each x > 0 if and only if for every € > 0 with x —e > 0,

/ (D*g(x + ) — D gyl — )y(de) > 0

The following characterization of sufficiency is due to Mussmann [48] and can also be
found in Torgersen [66].

Corollary 4.3. Given M = (X,2,{Po, P1}) a statistic T : X — Y is sufficient if
and only if

(4.9) [Py — P1|| = [[tQo — Q|
for every t € D, where D C R, is dense in Ry.

Proof. Introduce, for every ¢t > 0, the convex function g;(z) = |tz — 1|, then,

I, (Po, P1) = [[tPy — Pi|, and g, (Qo, Q1) = [[tQo — Q1] ,

so that the necessity of (4.9) follows from C) in Theorem [4.2. To prove the converse
we introduce the measure 7 by setting v = Zzo 1 _kéaw Where Dy ={ay,as,...}1s
a subset of D that is dense in Ry. Set f(z) = [ gi(z , then the support of ¢ is
(0,00) so that f is strictly convex. As HtPo — P < 1 +t we get,

l¢(Po, P1) = /lgt(PO,Pl)'y(dt) < /(1 +t)y(dt) < o0

If (4.9) holds for every t € D then l¢(FPo, P1) = l¢(Qo, Q1) so that condition D) in
Theorem 4.2! is satisfied and the proof is complete. |

So far we have compared the reduced model N' = (¥, B, {Qo, Q1}), Q; = P, o T~ 1
with the original model M = (X, 2, {Py, P1}) and we characterized the sufficiency of
a statistic by the fact that the two hypothesis testing problems in (4.4) are equivalent.
Now we deal with statistics that are only approximately sufficient. This leads to the
problem of characterizing the situations where one model is only by ¢ less informative
than the other model. This problem leads to the general theory of e-deficiency in
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statistical decision models. Here we restrict the presentation of this theory to the
testing problems in binary statistical models. Model M = (X, 2, {Py, P1}) is said to
be e-deficient with respect to N' = (V,B, {Qo, @1}), in symbols M =¢ N, if for every
test ¢ : Y — [0,1] of Hy : Qo versus Hy : Q1 there exists a test ¢ : X — [0,1] such
that,

/gadPo < /won +¢ and /(1 —p)dP; < /(1 —)dQ1 + €.

The next theorem clarifies the decision theoretic meaning of the f-divergences. It
connects the concept of the distance being defined by the divergence with the purely
decision theoretic problem of testing statistical hypotheses.
Choose arbitrary o € (0,1), set Fy(t) := Py(p1 < tpo) and denote by ¢1_, the
(1 — a)—quantile
Cloq =Inf{t > 0: Fy(t) > 1 — a}.

The test,
1 if p1>ci—apo
(4.10) Vo =14 Yo i p1=ci_abo
0 if p1 <ci—aPo

with the constant v, = [Fo(ci—o) — (1 — @)] /Po(p1 = c1—apo) and 0/0 := 0, is the
best a—level test in the sense that it minimizes the error probability of the second
kind [(1—¢)dP; in the class @, of all a—level tests, i.e. the tests satisfy [ @dPy < a.
For the proof of this famous Neyman-Pearson Lemma we refer to [43].

Theorem 4.4. For the two binary models M = (X, 2, {Po, P1}), N = (V,8,{Q0,Q1})
and any € > 0 the following conditions are equivalent

A) M=EN,
B)  b(Po,P1) < br(Qo, Q1) +¢, for every 0 < 7 < 1,

C)  16(Qo, Q1) — f(1) < lg(Po, P1) — (1) + €pe((0,1)) for every convex function
f:(0,00) — R for the measure p; given by (3.24).

Proof. The conclusion B) — C) follows directly from (3.6). Conversely, if we put
f(t) =g« (t) :=7 A (1 —7) — (7t) A (1 — 7) then g, is convex and by (3.22)

GTF(Po,Pl) =7TA (1 — 7T) - bﬂ-(Po,Pl).

It follows that Dtg.(t) = —mif 0 <t < (1 —7)/m and DT g,(t) =01if t > (1 —7)/7.
The measure v, in (2.7) is therefore v, = m(1_r)/x, Where §, is the delta measure
concentrated at a. Hence p, in (3.23) with f = g, satisfies the equalities,

O = [ (o) =1
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This shows that C') implies B). It remains to prove the equivalence of A) and B).
This is the statement of Theorem 15.6 in [63] and we follow the proof given there.
Denote by ¢ = ¢ the Bayes’ test for the model {Qg, @1}. If A) is satisfied then,

b,-r(P(),Pl) § W/(pdpo+(].*ﬂ') /(lfw)dpl

< 7T/SDBon +(1—m) /(1 —pp)dQ1 +¢
- b‘n'(QOan) +€7

so that B) is satisfied. To prove the converse we consider the Lebesgue decomposition
Py = vPj+ (1 —+)Py with distributions P} and P}’ that satisfy Pj <« P, and P} 1L Py
and 0 < v < 1. The case v = 0 is trivial. For v > 0 we firstly suppose that
a:= [1dQo+e <. Let p, be the test in (4.10) and set 7 = ¢4 /(1 +co). We obtain
from Lemma 3.5 that,

w/goadPo +(1-m /(1 —y)dP1 = by (Py, P1)
<br(Qo, Q1) +¢
Sﬂ/¢on+(1*W)/(1*¢)dQ1 +e,

which yields [(1—¢,)dP; < [(1—1)dQ; so that the first case is completed. Suppose
now [9%dQo+ e > . As Py L Py, we find a test ¢ with PJ(y = 0) = 1 and
Pi(p=1)=1, then [pdPy =~ < [¥dQo+ ¢ and

Ja-our = [a-oar=o< [0 -v)iqi+e

which completes the proof. I

For special classes of convex functions the total mass p¢((0,1)) of the curvature
measure p; appearing in Theorem 3.6/can be directly expressed in terms of the function
f and its derivative.

Lemma 4.5. If f : (0,00) — R is a convex function such that lim;of(t) = 0,
lim; o0 f(t) > —o0, lim¢jo DT(t) > —oc and f is nonincreasing then f*(t) = tf(1/t)
has these properties too and

lim f(¢) = ltifélD+f*(t)’ lim DTf(¢) = lim f*(¢),

t—o0 t|0 t—o00

(0. 1)) = = Jim £(2) ~lim D*(t) = - (0, 1),

Proof. We see from (2.13) that f* is convex. Further,
pre=e(2) Lo ()
s s s
1/8 1
(4.11) = 7/ (D*f (> — D*f(t)) dt <0
0 S
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because DTf(t) is nondecreasing. Application of (2.5) to f* yields that f* is nonin-
creasing. Convexity of f* shows that DTf*(s) is nondecreasing so that lim, g DTf*(s)
exists. By assumption, lim;_, f(¢) exists and is finite. Hence,

A= lim }DJrf <1) = lim tD*f(¢)

s—0 8 S t—o00

exists and —oo < A < 0. If A < 0 then there exists a < 0 and o such that DTf(t) <
a/t for t > tg. In this case,

t
lim f(t) = tlim Dtf(s)ds + f(tg) < tlim a(lnt —Intg) + f(tg) = —0

t—o0 to

which contradicts the assumption. Hence lim; o, tDTf(t) = 0 which implies
lim; oo DTF(t) = 0 and limyyo £ () = limg o tf(1/¢) = limyyot f)/* D*(s)ds = 0.

The relation (4.11) yields limg o DTf*(s) = limgo fol/s DT (t)dt = limy_ o f(t) and
in view of (f*)* = f this implies lim;|o DV f(t) = limy_, o f*(t). Furthermore,

/ u+w%ww:u+@uﬁﬂmeﬂm»+/ g/ ds)y(dt)
(a,b] (a,t)

(a,b]
= (14 a)(D*f(b) — D*f(a)) + (b — a)D*f(b) — f(b) + f(a)
= DTf(b) — D™ f(a) + bDTf(b) — aDTf(a) — f(b) + f(a)

p(O.0) = [ (Lt = = Jim 6) ~ lig D40

because lim, | f(a) = 0 by assumption and limp_, o, bDTf(b) = limy_..c D1f(b) =0 as
established above. |

If the convex function f satisfies the assumptions of the last theorem then we may
transform the condition C') in Theorem [4.4] to the form known in decision theory as
the concave function criterion, see Theorem 17.1 in [63]. Using Lo and L; from (4.3))
we introduce the likelihood ratio of P; with respect to Py by Lo = %I(O,oo)(LO) +
oolt0y(Lo). Mo,1 is similarly defined by means of Qo, Q.

Corollary 4.6. The conditions A), B) and C) in Theorem 4.4 are equivalent to
(412) Epoh(LO’l) S EQOh<MO,1) + E(D+h(0) + tliglo h(t)),

for every nondecreasing concave function h : [0,00) — R with h(0) = 0 and the sum
DTh(0) + limy_,o0 h(2) is finite.

Proof. The necessity follows from C') in Theorem 4.4l and (3.3) if we set f* = —h
and use Lemma [4.5] to see that f(0) = f*(0) = 0. To prove the sufficiency we use the
concave function h.(t) := ((1 — m)t) A 7w which is nondecreasing, concave and satisfies

D*h,(0) + lim hee(t) =1
EPoh‘n'(LO,l) = b7r(P07P1)7 and EQohTr(MO,l) = bTI'(QO?Ql)?
Hence (4.12) implies B) in Theorem [4.4/ and the proof is completed. I
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5 RATE oF ERROR PROBABILITIES FOR INCREASING SAMPLE SIZES

In this section we apply information functionals to characterize the quality of sta-
tistical tests for increasing sample size. It is intuitively clear that decisions are the
easier the larger is the distinction between the distributions in the statistical model.
In this section we study the rate of convergence at which the error probabilities in
testing a simple hypothesis versus a simple alternative tends to zero when the sample
size tends to infinity. Our aim is to quantify this rate. This will lead to the famous
statistical results known as the Theorems of Chernoff and Stein.

To describe the convergence of the error probabilities to zero we will use the
concept of exponential rate. This means that for any sequence of nonnegative numbers
a, tending to zero we characterize the rate of convergence to zero by the value R :=
—lim,, % Ina,, provided the limit exists. We call the nonnegative value R the
exponential rate of the sequence {a,}. If 0 < R < oo then we obtain a,, = exp{—n(R—
en)} for e, ;= R+ %ln an tending to zero. Although the value R is useful to reflect
the convergence rate, it is only a rough measure describing nothing more than the
exponential rate. Constants are suppressed, e.g. for any ¢ > 0, lim,,_, %ln(can) =
lim,, o %111 an holds. Moreover, the exponential rate characterizes only the worst
case in the following sense. Let a,, and b,, be two sequences of nonnegative numbers.
As max(an,b,) < a, + b, < 2max(an,b,), we see that the exponential rate for
max(an, b,) exists if and only if the exponential rate of a,, + b,, exists and in this case
the two rates are identical.

For the problem of testing the hypothesis Hy : Py versus Hy : P; we denote by &,
the set of all a—level tests, i.e. the set of all tests ¢ such that [ @dPy < a. By

do(Py, Py) = inf {/(l—cp)dpl,<p€<1)a}

PEPA

we denote the second kind error probability of the best a—level test. We know from
the Neyman-Pearson lemma that the test in (4.10) attains the infimum

doc(PO7P1) = /(1 - (pa)dpl.

Now we relate the minimal error probability of the second kind to the minimal Bayes’
error. This relation is well known and can be found e.g. in [66, p. 590-591].

Lemma 5.1. We have,

(5.1) b (Po, P1) = 01<nir<11[7ra + (1 —m)do (P, P1)], we€(0,1),

(52) da(PO,Pl) = Inax

o<n<l 1l — 1

(bs(Po, P) — ma), a € (0,1).

Proof. For fixed 7 € (0, 1) the inequality,

br(Po, P1) < ma+ (1 —m)do (P, P1), «a€(0,1),
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follows from the definition of d,(Pp, Pr). It implies,
(5.3) b (P, P) < O<inf<1[7ra + (1 = m)do (P, P1)], 7€ (0,1),

(5.4) do(Po, P1) > sup

o<n<1 1l —m

(br(FPo, P1) —mar), «€(0,1).
If ag € (0,1) is fixed, then ¢, in (4.10) is, according to Lemma 3.5, a Bayes’ test for
T = Cloag/(l 4+ C1—a,). This yields,

O + (1 - 7T)E1(1 — 90040) = bﬂ-(Po, Pl),

and the proof is complete. i

To establish bounds for d, (P, P1) we use the Hellinger integrals in (3.10). The
following result has been independently established by Kraft and Plachky [35] and by
Osterreicher [50]. For the proof we need the elementary inequalities,

(5.5) zV1<az*+1, s>1,2>0,a=(s—1)""ts"%,
(5.6) Z2AN1<2% 0<s<1,2>0.

Lemma 5.2. For every 0 < o < 1 the second kind error probability of the best a—level
test for testing Py versus Py satisfies the inequalities,

Z (Hy(Po, P)YO=9) 0<s<1,

61 By <0 (2)7

(5.8) da(Po, Pr) > (1= a) /U= (Hy(Py, )"0 1<t < o,
Proof. We have,

(5.9) / (1 — cpo) v O)d = 1 - / ((epo) Apr)dp = / ((cpo) V pr)dpt — c.

Taking ¢ = 7/(1 — 7) we get, from (5.2)),

do(Py, P) = sulg {/(cpo) A prdp — ca]
c>

= sup {1 - /(cpo) vV prdp+ (1 — a)} .

The application of (5.5) yields,

/ ((epo) v pr)dp < (s — 1)L / DD I0.00) (p1)da + 1
<c(s— 1)S_IS_SHS(P0, P)+1,
and

da(Py, P1) > sup [c(l —a) — (s — 1) " ts T H (P, Pl)]

c>0

=(1—a)suple—cd] = (1 —a)(s —1)s~*/ (= Dg=1/(s=1),
c>0
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Inserting the value d = (1 — a) (s — 1)*~1s~*H4(Py, P1) on the right hand side we
get (5.8). The proof of (5.7) is similar if we use (5.6) to estimate [(cpo) A p1)dp. I

Now we characterize the exponential rate of the probability of an error of the
second kind if the error probabilities of the first kind are supposed to be bounded by
a fixed a.

Consider the case of an increasing sample size. Let Xi,...,X,, be a sample of
size n consisting of independent and identically distributed random variables where
the joint distribution is P{™ or P?". Here and in the sequel ® is the symbol for
product measure. We want to study the hypotheses testing problem Hy : P{?" Versus
Hs : PP". Our aim is to investigate the rate of convergence to zero of the error
probabilities of the second kind of level « tests.

Theorem 5.3. If the Kullback-Leibler divergence Ky(Py, Py) is finite then for any
0 < a < 1 the error probability of the second kind do (P, PP™) of the best level
a-test p,, for testing {P$"} versus {PP™} satisfies

(5.10) — lim l1mda(P(;@’",Pf@”) =Ky (P, P1).

n—oo N,
Proof. We give a proof only under the restricted condition that for some sy > 1,
Hs, (Po, P1) < oo holds. For the general case we refer to [35]. A simple consequence
of the fact that the density of a product measure with respect to another product
measure is just the product of the densities, is that the Hellinger integral Hy in (3.10)
satisfies

(5.11) Hy (PE™, PR™) = (Hs(Py, P1))™.

Hence, by the application of (5.7) and (5.8) for 0 < s <1 <t < s,

1 1
(5.12) T3 InH;(Py, P1) < liminf — In[d, (P$", PE™)]

n—oo N

1
< limsup — In[d, (P$", PE™)]

n—oo N
1

— S

<

11’1 HS(P07P1).
The function k, in (3.4) satisfies ks(1) =k’ (1) = 0 and k”(z) = 2°~2. Hence,

0 < K!(@) < Kijole) + K., (2),

IN
IN

s < sg,x >0, therefore

0 < ks(z) < kyja(x) + koo (), 0.

IN
®
IN
v

S0,

N = N =

Thus, from the Lebesgue theorem,

h%[ll KS(Po,Pl) = h?ll Ks(Po,Pl) = Kl(PQ,Pl).
s s
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Using (3.11) we arrive at

. 1 . 1
i 3= I Hs(Po, ) = lim =

InH (P, P1) = =Ky (P, Pr).

Combining this statement with inequality (5.12) we get the desired result. I

Chernoff [8] and Kullback [39] refer for the statement (5.10) to an unpublished
paper by C. Stein. This statement is, therefore, known as Stein’s theorem.

In the previous theorem we assumed the Kullback-Leibler distance Ky (Pp, P1) to
be finite. The infinite case Ky (P, P1) = oo was studied by Janssen [28].

Example 8. We illustrate the above theorem for distributions from the same expo-
nential family, say Po = Pp,, Pr = Pp,. Example|7 gives,

Hs(Poy, Po,) = exp{—(sK(0p) + (1 — s)K(61) — K(sbo + (1 — $)61))},
for s0p+ (1 —s)01 € A. Due to the convexity of A the condition sfy+ (1 —s)01 € A
is certainly fulfilled for 0 < s < 1. Hence, by Theorem 5.2,
—nllrréo % In da(Pgi",szl’") = Ky (Py,, Po,)
= (VK(6y),00 — 01) + K(61) — K(6y).
Note that in the example under consideration, even the restrictive condition Hs, (Py,, Po,) <

oo for some so > 1 is fulfilled if 8 € A®. Then there is some so > 1 such that
so00 + (1 — s0)01 € A which yields Hg, (Py,, Pp,) < c0. If Py = N(0,03) then,

(0 — 1)
Ky (NOO,Jg, N01,U[2)) = T‘g
by (3.18). This means that
. on  non | _ (0o —01)°
(5.13) — lm —Ind, (NJ"L NG ) = o

We compare this rate with the exact value of dg N?;Y’LG%N(%?U?) which is nothing but

the probability of an error of the second kind of the Gauss test being given by the

formula
90 ,Ug ) 01 ,Ug

da <N®n N®n ) = @0)1(11,1,& — 0'077171/2(01 — 00)),

where ®q 1 is the distribution function of the standard normal distribution. In order
to evaluate the right hand term for large n we use Mill’s ratio, i.e. the inequality,

2] _ ®oa()
L+22 = ¢pq()

1
]

< for x < 0.
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We get for a, = u1_q — ‘0/—5(91 —6p) and all sufficiently large n,

—lanl exp —ﬁ <d (N®" N&”™ )
(14 a2)v2mog 202 f = "%\ 00,057 01,03

< v a)
— expl{——% .
~ an V270 P 203

Aslim, oo % In|a,| = 0 we again obtain, via another method, the result (5.13). From
this example we also see that the exponential rate provides an asymptotic expression
ignoring the factor (|an|v2roe)~" ~ n~Y2. This means that in our example the
real error probability of the second kind tends by the factor n='/2 faster to zero than
indicated by the exponential rate.

Now we turn to the exponential rate for the Bayesian as well as for the minimax

risk. Our aim is to calculate the exponential rates of the sequence of Bayes’ risks
b, (PO®”7 P1®") , see (3.21), and of the minimax risks given by

m, (P5" ") = inf (max <ﬂ/<PdP§§"7 (1-p) /(1 - so)dPé‘@")) :
Using the inequalities,
(5.14) my (P, PE) < b, (PE", PE™) < 2m, (BE™, PE")
we immediately see that the exponential rates of the two sequences of risks are iden-
tical provided they exist. As a preparation of the next result we bound the error

probabilities by terms of Hellinger integrals. If ¢ is any likelihood ratio test for Py
versus P; rejecting the null hypothesis at the critical value 1/¢ then,

(5.15) /sodPo < /pép}_sdu = ¢! *H (P, P).

Similarly, b, (FPo, P1) in (3.21) satisfies

(5.16) br(Py, P1) < (1 — 1) ~*H (P, Py).

A lower bound for b, (Py, P1) is given by the inequality,

(517)  w*(1=m)' " Ha(Po, P1) < (be(Po, P1)™ 77 (1 = br(Po, P1)™ T
established by Vajda [67].

Lemma 5.4. If Py and Py are neither identical nor mutually singular then the func-
tions s — Hg(Py, P1) and s — InHg(Py, Py) are strictly conver and infinitely often
differentiable in (0,1).
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Proof. If T : X — R is any statistic then by the same arguments as in Example [7
one can see that {s : [exp{sT}dp < oo} is an interval and one can show (see e.g.
[5]) that the function s — [exp{sT}du is analytic in the interior of this interval
and the derivatives can be carried out under the integral. Applying this fact to
dv = I{py>0,p,>01dP1 and T' = In(po/p1) we find that the function s — H,(Fo, P1) is
infinitely often differentiable in (0, 1) and if Py, P; are neither identical nor mutually
singular then we have,

d2
@HS(PO,Pl) = /I{po/\p1>0} exp{sln(po/pl)}(ln(po/pl))QdPl > 0.

The convexity of In Hg(Py, Py ) follows from the Holder inequality applied to Hs(Py, P1) =
J(po/p1)*dPy. N
We introduce a family of distributions (Py)ge(o,1) by

(5.18) dPy = (Ho(Po, P1)) ' pipi—du, 0<6 <1,
for which
Hoo(Po, Pr)
1 Hy(Pp, P) = ———=.

If we have a sample of size n then by (5.11) and (5.16),

(5.20) limsuplln(bw(PO@”,Pf@"))g inf (InHg (P, P1)).

n—oo N 0<s<1

Our aim is to show that in (5.20) holds in fact the equality which means that
—InHg« (Py, Pp) is the exponential rate of bW(PO®”, P1®”). Next follows the correspond-
ing result which is due to Chernoftf [7].

Theorem 5.5. The Bayes’ risk b (PS™, PE™)  for testing { PS™} versus { PP} with
prior (m,1 — ) satisfies, for every 0 < m < 1, the relation,

1
lim — In(b, (P$", PE™)) = inf (InHy(Po, Pr)).

n—oo n 0<s<1

Corollary 5.6. The minimax risk mp(P(j@”,Pl‘Z’") satisfies, for every 0 < p < 1, the
relation,

1
lim —In(m,(P$", PE™)) = inf (InHy(Py, Pr)).

n—oo n 0<s<1

Proof. The case in which Py and P; are mutually singular is trivial as in this case
InHy(Py, P1) = —o0 and b, (PY"™, PE™) = 0. Similarly, if Py = P; then InH(Py, Py) =
0. Therefore we can assume that Py and P; are neither mutually singular nor identical.
First of all notice that in view of (3.21)) we have,

((m A (L= m)byya(BP", PP™) < ba (P, PP™) < 2by jo (P, PP™),
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so that we may assume without loss of generality @ = 1/2. As limg)o Hs(Po, P1) =
Pi(po > 0) and limgy1 Hy(Py, P1) = Py(p1 > 0) are finite the function s — Hy(Py, P1)
can be extended to a continuous function on [0, 1] that attains the infimum in, say
s* € [0, 1]. The strict convexity of Hs(Pp, P1) in (0,1) yields

Hs(Py, P1) > Hs« (Po, P1)  for s#s",0<s<1.

If s* € {0,1} then we may assume s* = 0 as for s* = 1 we may interchange the
role of Py and Py. Denote by ¢,, a likelihood ratio test for PS" versus PP" at ¢ = 1,
see (3.20), then by the construction of Py in (5.18)) the test ¢,, is also a likelihood
ratio test for Py versus PP™ at ¢, = [Ho(Py", PP™)]~1. Fix 0 with s* < 6 < 1 and
0 < s <1 with s* < s < 6. Then Hg(Py, P1) < Hg(Py, P1). Hence, by (5.15) and
(5.19),

Heo(Po, P1)

5.21) o, = dPZ™ < cISH (PE™, PE™) = [
( ) /Qpn 0 —= *n ( 0 1 ) Hg(Po,Pl)

} — 0, asn — oo.
The inequality (5.8) yields, for 1 < ¢ < %7

1 t 1 1

—In(1- dP®" ) > —— —1In(1 — o) — —— InHy(Py, Py).

b (1= [ puarpn) 2 i - an) - (e )

By (5.21)

1
liminf — In (1 - /gpndPl@n)
n—oo N

1
>
1t

1 1
:1_t[1nHt9(P0,P1)—tlan(Po,Pl)}, 1<t<§

InH,(Py, P1)

If s* = 0 then we take 6 | 0 and obtain

1
liminf —In (1 — /(pndP1®”> >InH,-(Py, P1) = Oinf 1ln Hs(Po, P1).
<s<

n—oo N

Suppose now 0 < s* < 1. The function s — Hs (P, P1) is continuous in (0, 1). Taking
0| s* we get, for 1 <t< 2L

s* 7

n—oo N - t

1 1
liminf — In (1 — /(pndezm> > 7 [lnHgx (Po, P1) — tInHg- (Py, Py)].

Since s* is a local minimum point of the differentiable function s +— H4 (P, P), the

derivative %HS(PO,Pl) vanishes at s*, therefore,

1
ltllnllm[ln Hts* (Po,Pl) — tln HS* (P(),Pl)] = ln HS* (P(),Pl)
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and

n—oo N

1
lim inf — In (1 - /(pndpf@") > InH- (P, P1).

The likelihood ratio test ,, for PY™ versus PP™ at 1 is a likelihood ratio test for P"
versus P0®” at 1. Hence, by the last inequality and the trivial fact,

In Hs* (Po, Pl) = Oi13f<11n HS(PQ, Pl) = 0i2f<1 In Hlfs(Po, Pl)

we get

1 1
liminf — In </ gondsz’") = liminf — In (1 - /(1 - cpn)dPo®">
n—oo N n—oo N
> InHg (P, Py).

As the likelihood ratio test ,, for PS" versus PP" at ¢ = 1 is a Bayes’ test with prior

T = % we obtain, from the concavity of Inz,

1 1. (1 1
liminf ~ In(by /o (PC™, PP™)) = liminf ~ In (2 /sondP(?” +3 /(1 - @n)dP§”>
n

n— o0 n—oo N

> .
> inf In H,(Po, Pr)
The opposite inequality has been already established in (5.20). The proof is complete.
The proof of the corollary follows from inequality (5.14).

Remark 5.1. There is a large number of papers dealing with the exponential rate of
convergence for error probabilities for increasing sample sizes. Without giving a com-
plete list we just remark that some of these papers study stochastic processes instead
of i.i.d. samples, see [34|], [69] or [46]. Linkov used the concept of Hellinger processes
to study the error probabilities. In general large deviation theory, arbitrary sequences
of distributions are studied and the exponential rate of error probabilities is expressed
with the help of the asymptotic behavior of the moment generating functions of the log
likelihood, which is nothing but the Hellinger integral, see [62], [19], and other books
on large deviations.

The quantity
(522) C(Po,Pl) = 70i1;l£1h’1H5(P0,P1)
is called the Chernoff index of Py and P;. It gives the exponential rate at which the

Bayesian risk b, (P, P?™) tends to zero. Using the Chernoff index the statement
of Theorem 5.5/ and Corollary 5.6/ may be written as,

1 1
: - Qn Ny _ 13 - ®n ®mn
(5.23) nlgrolo - Inb,(Py", P2™) nlgr()lo - Inm,(P", PP")
= —C(P, P1).
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Example 9. To illustrate the above statement we suppose that Py,0 € A CR? is an
exponential family with natural parameter 6 and generating statistic T : X — R®. It
follows then, by (3.15)), that,

C(Poy, Po,) = inf {sK(61) + (1 - s)K(02) — K(s01 + (1 — 5)02))}.
If Py = N(0,0?) then by (3.17),

InH, (N(0o, 02), N(63, 02)) = —%s(l — $)(00 — 01)2)/0?, and

(5.24) C(N(90,0'2),N(91,0'2)) = (90—91)2/(802).
The next example is a simple decision model with a special symmetry.

Example 10. Assume we are given two distributions Qu, Q1 on the sample space
(X,2) and two samples Xy, ..., X,,Y1,...,Y, where the (X;,Y; ), i=1,...,n, are
i.4.d. with common distribution which is either Qo @ Q1 or Q1 ® Qo and we have to
decide between the two cases. Set Py = Qo ® Q1,P1 = Q1 ® Qo, then by Corollary
5.6,

lim - In(m, (P, PE")) = ~C(Qo © Q1. Q1 © Q).

n—oo N

To evaluate the Chernoff index we use (5.11) and Hs(Q1, Qo) = H1-s(Qo, Q1) giving,

C(Qo®Q1,Q1 ® Qo) = — Oilslfd[hl Hs (Qo ® @1, Q1 ® Qo)]
= —Oigil[ln H(Qo, Q1) +InHi_(Qo, Q1)]
= *2IHH%(Q0,Q1)

as InHy(Qo, Q1) + InH1_5(Qo, Q1) is convex in view of Lemma 5.4 and symmetric
around s = % Consequently we have proved that,

(5.25) lim %ln m,((Qo ® Q1)®™, (Q1 ® Q)®™) = 2In Hi1(Qo, Q1).

n—oo

We now apply Theorem 5.5 to the classification problem.  Assume that
(X, 2, (Py)oca) is a statistical model with finite parameter set A = {1,...,m} and
we want to estimate the parameter 6, i.e. we want to find the true distribution. We
call this decision problem a classification problem. A classification rule is a vector
q(z) = (q1(z),...,gm(x)) consisting of measurable functions ¢; : X — [0,1] with
Yot gi(x) =1 for every x € X. Let g;(x) be the probability of selecting the distri-
bution P; if x was observed. The probability of a false classification is called the risk
and is given by

R(0,q) = /(1 — qo(x)) Py(d).
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If 61 # 65 then > 1", g;(x) = 1 implies 1 — gp, (z) > g, (z) and

(5.26)  max(R(6:,q),R(05,q)) = max ( Ja=andra, [0~ q92>dpe2>

> max (/(1 — QQl)dpgl,/QQldP92>

>2my 5( Py, Py,).

Now we suppose that a sample of size n is available so that we deal with the sequence
of statistical models (X", A®" (P9®")9€A). If ¢ is any sequence of classification
rules then,

max(R(Ol,q(")), R(927q(”))) > 2m1/2(P§?”,P£”).

If we apply Theorem 5.5/ to the right hand term we obtain the following statement:

1 1
(5.27) liminf —In < max R(6, q("))> > liminf — In < max ml/g(Pg?",Pgin))

n—oo n 1<6<m n—oo N 1<61#62<m

> _
= 1§0111;13é}2(§m( C(P913P92))

- 1§9?71'519r;§mC(P917P92)’

where C(Py,, Py,) denotes the Chernoff index of Py, and Py, from (5.22)). The natural
desire is to search for a classification rule that attains asymptotically the lower bound
for the risk in (5.27). Roughly speaking, we show that the maximum likelihood
classification rule has this property. More precisely, fix u € M?(2) which dominates
all Py and set py, g = dPy" /du®™. Put for any z € A",

Bua) = {1 € (1oveesmnb s puafo) = . prole) ).

1<0<m

If B,(z) C {1,...,m} is a singleton then we choose this value, otherwise we select
randomly a point from B, (z) according to the uniform distribution on B, (x). This
means that the maximum likelihood classification rule is given by,

1

(5.28) A\ (z) = B @D o, (),

where | B, (z)| is the number of elements of B, (z). To derive an upper bound for the
risk of the maximum likelihood classification rule we note that I, (5)(i) > 0 implies
Pn,i(T) = MaxyeA Pny(x) > pno(x) for every 0 € {1,...,m}. Hence,
(n)y _ 1 A pen
(5.29) RO.05) =3, [ Ty e (OB ()
®n i

S Zz;ée P9 (pn,G S pn,z)

< N dp®m

= Zz;ﬁ@ /(pn,e /\pn,z)dﬂ

<2 ) byp(PP PR,

1,117
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where the last inequality follows from (3.22). The following statement was first es-
tablished by Krafft and Puri [36].

Theorem 5.7. If ¢ is a sequence of classification rules for the respective models
(Xn791®n7 (Pégn)QG{l,...,m}) L‘hen,

1
(5.30) liminf — In (1%21<x R(@,q(”))) >—  min C(Py,,Ps,).

n—oo N 1<01#602<m

The mazimum likelihood classification rule qul) in (5.28) attains the mazimum expo-

nential rate of the probability of incorrect classification, i.e.

o1 (n) .
nlirrgoﬁln <1r<neaéx R(0, ¢y, )> —1gefr;£10r;SmC(Pgl,Pg2).

Proof. The first statement follows from (5.27). To prove the optimality of the max-
imum likelihood classification rule we use the fact that for any sequences a,,, b, > 0
we have,

1 1 1
(5.31) lim sup — In(a,, + b,) = max <lim sup — In a,,, limsup — In bn> .
n

n—oo n—oo n n—oo

Applying this statement to (5.29) we arrive at,

1
limsup In(R(6, q(n))) <limsup —In (22 N _bl/z(Pj(gm,PZ@”))

n—oo T n—oo T JHiE]

1
< max hmsupfln(blm(P@” PE™).

T 4,J1A] n—oo
To complete the proof we have only to apply (5.23)) to the right hand side. I

Example 11. Suppose (Py)gea is an exponential family with natural parameter 6
and A° = {01,...,0n} is a finite subset of A. If we replace P; by Py, and use
Ezxample |9 we obtain the exponential rate of the maximum error probabilities of the
asymptotically optimal classification rule.

1goil£gfjgm C(Py,, Ps,)

{sK(0:) + (1 = s)K(0;) — K(s0; + (1 = 5)0;))}-

inf
1<9 £6;,<m,0<s<1

If Py, = N(0;,0%) then by (5.24)

1
: o2 o2V L g2
1§6i1££j§mC(N(0“0 ), N(8;,0%)) 52 rgg_l(@l 0;)°.
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